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Abstract. We model the process of high-order harmonic generation by solving
the time-dependent Schrödinger equation for H+

2 in the fixed nuclei approximation
including full 3D electron motion for nonvanishing angles between the nuclear axis
and the linear polarization of the driving pulse. We show that the coherent laser
coupling induced between the 2Σ+

g (1sσg) ground state and the first excited 2Σ+
u (2pσu)

state leads to two dominating amplitudes for the high-order harmonic generation that
may interfere: amplitudes describing recombination back into the σg and σu states,
respectively. These two amplitudes may interference destructively or constructively.
The effect of a destructive interference is very clear through the occurrence of a
minimum in the high-order harmonic spectrum. We show cases where such a minimum
in the spectrum is approximately at the position predicted by the simple two-center
interference formula.
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1. Introduction

Signatures of interference in terms of minima in high-order harmonic generation (HHG)

spectra from small linear molecules has raised a lot of interest both theoretically

and experimentally since structural and dynamical information may be retrived from

the position of these minima (see, e.g., references [1–25]). In all these works, the

interpretation of the origin of the minima is based on the three-step model [26, 27]

or extensions therefore. The model describes how electrons that are released from

the highest occupied molecular orbital, or from a few of the least bound valence

shells [11, 15, 20–25] in a tunnelling-like process, propagate freely in the external field,

without influence from the molecular potential, and finally some 2/3 of an optical period

later, revisit the core and recombine into the original orbitals under the emission of

radiation. Hence, the essential quantum mechanical ingredients in the model are the

coherent addition of amplitudes describing the transition from initial orbitals into the

Volkov continuum and back via the ionization and recombination dipole matrix elements.

As we show in the present work, a minimum in the HHG spectrum may, however, also

occur due to excited states, i.e., a property of the molecular electronic structure. The

pump pulse used to produce HHG may transfer population from the ground to an excited

state and the HHG process may now take place from the ground or the excited state, or

more precisely will involve amplitudes describing recombination into the ground or the

excited state. Since the harmonic signal is proportional to the norm square of the sum

of amplitudes effects of constructive or destructive interference may influence the HHG

spectrum and, for example, give rise to minima at particular internuclear distances and

alignment angles. The influence of excited states has been investigated before for an

initially prepared coherent superposition in the atomic case [28] and for N2 [29]. Here

we address the problem fully dynamically, starting out in the ground state and focus on

a minimum in the spectrum originating from the destructive interference between the

amplitudes.

Minima in HHG spectra were first reported for H+
2 and H2 in numerical

investigations of the dependence on the molecular alignment with respect to the external

field polarization [1, 2]. The position of the minimum is dependent on the internuclear

distance and orientation angle of the molecule [2, 4]. The origin of the minimum

was analyzed in the spirit of the three-step model [26, 27]. Assuming that most of

the harmonics are generated by the recombination of the continuum electron wave

packet into the initial ground state [27], and approximating the ground state by a

linear combination of atomic orbitals, and the continuum electron wave packet by a

plane wave, the minimum in the spectrum was shown to result from a destructive

interference between the radiation emitted from the two nuclear centers. In this two-

center interference model [2, 4], the interference structure is related to the internuclear

distance R, the angle β between the molecular axis and the laser polarization direction,

and also the symmetry of the molecular orbital. For a symmetric orbital, the two-center
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interference is governed by the term [2]

I(k) = e−ik·R/2 + eik·R/2 = 2 cos

(
1

2
k · R

)
, (1)

and the two-center interference minima are expected to occur when the argument of the

cosine in equation (1) is an odd multiple of π/2, i.e., following the formula (here and

throughout atomic units are used)

kR cos β = (2n+ 1)π, n = 0, 1, 2, . . . ,

N ti
minω0 = k2/2, (2)

where k is the electron momentum, N ti
min is the harmonic order at the two-center

interference minimum and ω0 the center frequency of the laser field. Because

recombination occurs near the nuclei and the electron is approximated by a plane

wave, the electron momentum k in equation (2) accounts for the effect of the Coulomb

potential [2, 4, 7]. The two-center interference model was, for example, used to explain

the minima in the HHG spectrum of H+
2 and H2 calculated by the time-dependent

Schrödinger equation (TDSE) [2, 4] and the model was extended to the dynamic two-

center interference taking into consideration the attosecond nuclear motion [17]. The

two-center interference minimum relates directly to the internuclear distance and the

symmetry of the highest occupied molecular orbital (HOMO) of the molecule.

In addition to the effects relating to the HOMO, it was found for multi-electron

molecules that states lying energetically below the HOMO can contribute to the HHG

spectrum [11,15,20–25,30,31]. Hence, measurement [15] and theory [11] of the alignment

dependence of the HHG spectrum of N2 have showed that the second least bound

orbital, the HOMO-1, can also influence the spectrum. More recently, both the HOMO

and the HOMO-1 of N2 have been reconstructed tomographically using HHG [23].

Moreover, studies on the HHG spectrum of CO2 have demonstrated that the HOMO-2

also influences the HHG spectrum [20–22, 24, 25]. Multiple orbitals provide different

channels for the processes of ionization and recombination, whose relative phases and

amplitudes lead to interference. A minimum in the HHG spectrum of CO2 can be

associated with an interference between the HOMO and HOMO-2, which suggests that

multi-electron dynamics in molecules can be imaged from the HHG spectrum [21, 22].

Note that earlier work [13, 14, 18] ascribed the minimum in the HHG spectrum of CO2

to the two-center interference effect discussed above, i.e., a single-electron mechanism.

The observation that the minimum changes its position for varying wavelength and

intensity [24, 25] clearly shows that it has a different origin than solely the two-center

interference effect.

In this work, we demonstrate yet another mechanism that may lead to a minimum

in the HHG spectrum. We show that the electronic states lying energetically above the

HOMO can also influence the HHG spectrum and interference between the amplitudes

describing recombination into excited states and into the HOMO, respectively, may

give rise to a minimum in the HHG spectrum. This is a surprising effect since HHG is

normally understood to be completely dominated by recombination back into the initial
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state (HOMO). As an example illustrating the effect, we consider the H+
2 molecule

and perform 3D time-dependent Schrödinger equation (TDSE) calculations for fixed

internuclear distance and an alignment angle β 6= 0. We analyze the total HHG

spectrum Stot(ω) in terms of the components Sg(ω) araising from the recombination

into the 2Σ+
g (1sσg) ground state (in short σg) and Su(ω) from the recombination into

the 2Σ+
u (2pσu) excited state (in short σu) and also the interference term from the two

amplitudes.

2. Theory and discussion

The total wave function ψtot(r, t) is calculated in the length gauge by solving the TDSE

using a grid method for the radial coordinate and a representation in terms of spherical

harmonics, Ylm(θ, φ), for the angular part [32,33]. The linearly polarized external pulse

has a trapezoidal envelope with a total duration of 7 optical cycles and linear ramps of

1.5 optical cycles. The calculations were performed at 800 nm and peak intensities of

1.7×1014 W/cm2 and 4.0×1014 W/cm2. We use an equidistant grid with 2048 points

that extends up to 90 Bohr. The angular basis set contains 41 spherical harmonics.

The calculations were repeated in a larger box (125 Bohr with 3072 grid points) with a

larger angular basis (46 spherical harmonics), and the results are converged. We note

that for nonparallel geometries, β 6= 0, there is no azimuthal symmetry, and the problem

is fully 3D, so, e.g., for each l we have 2l + 1 values of m. Our method, including a

comparison of the computational efficiency in length and velocity gauges, is described

in reference [34].

The HHG spectrum is calculated by the absolute square of the Fourier transform

of the time-dependent dipole acceleration [35].

S ê
tot(ω) =

∣∣∣∣
∫

ê · {〈ψtot(r, t)|∇V (r)|ψtot(r, t)〉 + E(t)}eiωtdt

∣∣∣∣
2

. (3)

Here V (r) and E(t) are the molecular potential and the electric field, respectively. We

consider the spectrum emitted along the laser polarization direction, i.e., the direction

of the unit vector ê in equation (3) is parallel to the laser polarization direction (see

reference [36] and references therein for a discussion of the perpendicular component).

The total wave function describes fully coherently the electron wavepacket generated

by the external field. For the following discussion is it advantageous to represent

this wavepacket in an expansion accounting explicitly for the two lowest-lying field-free

bound states ψtot(r, t) = ψg(r, t) + ψu(r, t) + ψres(r, t). In this expression ψg(u)(r, t) =

cg(u)(t)ψg(u)(r) with ψg(u)(r) the σg ground (σu first excited) state wavefunction and

cg(u)(t) are the time-dependent expansion coefficients obtained by projection on the total

wavepacket. In the description of the total wavepacket, ψtot(r, t), the part ψres(r, t)

denotes the rest of the wavepacket, i.e., the part that is not in σg or σu, and which

in an expansion on field-free eigenstates populates many excited bound states and the

continuum up to a characteristic cut-off depending on the laser parameters. By inserting
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the expression for the total wave packet into equation (3), we obtain

Stot(ω) ≈ |Ag(ω) + Au(ω)|2

= Sg(ω) + Su(ω) + 2Re [Ag(ω)A∗
u(ω)] , (4)

with

Aξ(ω) =

∫
2Re [〈ψξ(r, t)|∇V (r)|ψres(r, t)〉] eiωtdt

Sξ(ω) = |Aξ(ω)|2, ξ = g, u. (5)

In equation (3), we neglect the Fourier transform of the external field E(t),

and the Fourier transform of the coupling between the two bound states,

2Re [〈ψg(r, t)|∇V (r)|ψu(r, t)〉], because these two terms only contribute to the lower

orders of the spectrum that are not of interest for the present study. In equation (4)

we also neglect the Fourier transform of 〈ψres(r, t)|∇V (r)|ψres(r, t)〉, which, we have

checked, has a very small contribution because the recombination into the higher excited

states and the continuum is very weak. Thus, equation (4) represents what we have

found from our TDSE calculations: the total HHG spectrum mainly consists of terms

describing the recombination into the initial ground state Sg(ω), the recombination

into the first excited state Su(ω), and the interference term 2Re [Ag(ω)A∗
u(ω)]. In the

following, we will refer to the interference term as the orbital interference term, and we

will demonstrate that both the terms describing recombination into the excited state

and the orbital interference term between the σg and σu states play important roles in

the formation of the total spectrum.

The different components of the HHG spectrum are shown in figure 1 for the

internuclear distance fixed at the equilibrium R = 2.0 Bohr. The laser peak intensity is

4×1014 W/cm2, and the angle β between the molecular axis and the laser polarization

direction is β = 20◦. In figure 1(a) the total HHG spectrum Stot(ω), which contains

the orbital interference term 2Re [Ag(ω)A∗
u(ω)] according to equation (4) is shown as

the solid (black) curve, and the sum Sg(ω) + Su(ω) by the dashed (red) curve. The

two spectra are on top of each other in most parts of the spectrum, showing that the

interference term is typically negligible. At harmonic order 21, however, we find a

dip in the total spectrum Stot(ω). Since this dip is not present in the Sg(ω) + Su(ω)

result, it is caused by the orbital interference term included in Stot(ω). In order to

obtain a good estimate of the minimum position and to make a detailed analysis of

the HHG spectrum, we calculated the smoothed spectra,
∫
S(ω̃) exp(−(ω̃ − ω)2/σ2)dω̃

with σ = 3ω0 [2]. In figure 1(b), the dotted (blue) curve and dash-dotted (green) curve

are the spectra associated with recombination into the σg ground state Sg(ω) and into

the σu first excited state Su(ω), respectively. It can be seen that there is a minimum

in Sg(ω), as pointed to by the dotted (blue) arrow at harmonic order 25, which is in

good agreement with the prediction of the two-center interference model equation (2).

In figure 1(c), we present a zoom-in of the region of the interest.

To analyse this situation more closely, we first note that for the excited σu state,

which is an antisymmetric orbital, the two-center interference condition of equation (1)
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Figure 1. HHG spectrum of H+
2 for internuclear distance R = 2.0 Bohr, alignment

angle between the linear polarization and the internuclear axis β = 20◦, I = 4 × 1014

W/cm2, 800 nm, and 7 optical cycles. (a) Total HHG spectrum Stot(ω) [solid (black)
curve] including the orbital interference term, and the sum Sg(ω)+Su(ω) [dashed (red)
curve] without the orbital interference term. (b) Smoothed spectrum components.
The total HHG spectrum Stot(ω) [solid (black) curve], the component Sg(ω) from σg

[dotted (blue) curve], the component Su(ω) from σu [dash-dotted (green) curve], and
the sum Sg(ω) + Su(ω) [dashed (red) curve]. The solid (black) arrow points to the
orbital interference minimum in Stot(ω) and the dashed (blue) arrow points to the
two-center interference minimum associated with the recombination into the ground
state, equation (2). (c) Zoom-in of (b).
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changes to [4]

I(k) = e−ik·R/2 − eik·R/2 = −2i sin

(
1

2
k · R

)
. (6)

Thus, the component Su(ω) will show maxima at the harmonic order N ti
min obtained by

equation (2), where the component Sg(ω) shows minima. As the dash-dotted (green)

curve shows in figures 1(b)-(c), the signal of Su(ω) in the vicinity of N ti
min = 25 is indeed

a little stronger than Sg(ω). This difference occurs because the antisymmetric orbital

structure of the σu state leads to constructive two-center interference at N ti
min = 25 for

Su(ω). As a result, the sum Sg(ω) + Su(ω) as shown by the dashed (red) curve does

not represent the two-center interference minimum at N ti
min = 25 due to the effect of

Su(ω). However, the total spectrum Stot(ω) [solid (black) curve], which contains the

interference term 2Re [Ag(ω)A∗
u(ω)], shows a minimum at harmonic order 21 as pointed

to by the solid (black) arrow. Comparing Stot(ω) with Sg(ω) + Su(ω), we see that the

minimum in the total HHG spectrum is not caused by the two-center interference, but

instead caused by the orbital interference between the initial σg ground and σu first

excited states. At R = 2.0 Bohr, the coupling between these two bound states is weak,

which leads to a relatively small magnitude of Su(ω). Because the destructive two-center

interference associated with recombination into σg(ω) and the constructive two-center

interference associated with recombination into σu(ω) occur around the same harmonic

order N ti
min as predicted by equation (2), the contributions from the two components

are comparable and hence the orbital interference term 2Re [Ag(ω)A∗
u(ω)] contributes

considerably to the total spectrum. As a result, the orbital interference leads to the

minimum in the total HHG spectrum. The orbital interference term may also give rise

to an increase in the HHG signal due to constructive interference. This is observed in

figure 1(c), where the total signal is higher than the sum of signals from recombination

into the σg and σu states for harmonics between ∼ 27 − 39.

For larger internuclear distances, the orbital interference minimum can take place

at smaller laser intensity, since the transition dipole moment between the σg and σu

states increases with R [37]. In figure 2, the HHG spectrum is shown for R = 3.0

Bohr, peak intensity I = 1.7 × 1014 W/cm2, and alignment angle β = 55◦. In figure

2(a), no minimum structure can be found in the sum Sg(ω) + Su(ω) [the dashed (red)

curve], which does not include the orbital interference term. When we take the orbital

interference into account, i.e., consider the total HHG spectrum Stot(ω) as shown by the

solid (black) curve, a minimum is observed around harmonic order 33, pointed to by the

solid (black) arrow. As shown in figure 3, although the laser intensity used in figure 2 is

weaker than that used in figure 1, the temporary population of the σu state for R = 3.0

Bohr is larger than that at the equilibrium, which means, due to the smaller binding

energy of the σu state, that more population can be transferred into the continuum

and later recombine. As a result, at R = 3.0 Bohr, the magnitude of Su(ω) increases

significantly. As shown by the smoothed spectrum components in figure 2(b), Su(ω)

is stronger than Sg(ω) for the harmonic orders 30 ∼ 40. According to the two-center

interference formula equation (2), for R = 3.0 Bohr and β = 55◦, the HHG spectrum
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Figure 2. As figure 1, except that the internuclear separation has been increased to
R = 3.0 Bohr, the alignment angle changed to β = 55◦ and the laser intensity decreased
to I = 1.7 × 1014 W/cm2. The solid (black) arrow points to the orbital interference
minimum in Stot(ω).

should exhibit a minimum around N ti
min = 29. However, as shown by the dotted (blue)

curve in figure 2(b), a minimum due to the two-center interference is not observed in

Sg(ω). The two-center interference model fails in this case, because the wave function

ψres(r, t) in equation (5) is not accurately described by a plane wave, but contains

effects of electronic structure in the bound and continuum parts of the spectrum [19]. It

is clear from figure 2 that the minimum in the total HHG spectrum as pointed to by the

solid (black) arrow is caused by the orbital interference. In figure 2(b), the magnitude

of Sg(ω) is comparable to Su(ω) for harmonic orders 25 ∼ 40, which enhances the

orbital interference term and accordingly leads to destructive structure in Stot(ω) for

such a region. Although the two-center interference model fails in this case, the orbital
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Figure 3. Time-dependent population of the σu first excited state for the cases of
the laser parameters of figure 1 [dashed (black) curve] and figure 2 [solid (red) curve],
respectively.

interference between the σg and σu states still forms a destructive structure in the total

HHG spectrum, once the σg and σu components acquire comparable amplitudes.

3. Summary and conclusion

In summary, we demonstrated the important dynamical effects of an excited state in the

HHG process, by calculating the HHG spectrum of an aligned H+
2 molecule in linearly

polarized laser fields. The 3D TDSE was solved for the electronic part, and the results

show that the amplitudes describing HHG via the ground and the first excited state may

interfere and give rise to a minimum when calculating the spectrum. At the equilibrium

distance, due to the antisymmetric orbital structure of the σu state, the corresponding

spectrum component Su(ω) exhibits a constructive interference structure at the order of

the two-center interference minimum of Sg(ω). Accordingly, the two-center interference

minimum structure has been suppressed, and meanwhile, the orbital interference term

has been enhanced since the recombination probabilities into the σg and σu states are

comparable. The orbital interference forms a dip in the total HHG spectrum whose

position is shifted slightly with respect to the prediction of the two-center interference

formula. At larger internuclear distance, though the two-center interference model fails,

the recombination probabilities into the two states may become comparable due to the

strong coupling between the σg and σu states, which enhances the orbital interference

and forms a minimum in the total HHG spectrum. The present results show that

excited orbitals can play a role in the formation of distinct features, such as minima,

in HHG spectra in addition to two-center interference [1,2,13,14,18] and multi-electron

dynamics [21, 23–25].
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