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Adaptive wavelet deconvolution

for strongly mixing sequences
Christophe Chesneau

Abstract: This paper studies the estimation of a density in the
convolution density model from weakly dependent observations.
The ordinary smooth case is considered. Adopting the minimax
approach under the mean integrated square error over Besov
balls, we explore the performances of two wavelet estimators: a
standard linear one based on projections and a new non-linear
one based on a hard thresholding rule. In particular, under
strong mixing conditions, we prove that our hard thresholding
estimator attains a particular rate of convergence: the optimal

one in the i.7.d. case up to a logarithmic term.

Key words and phrases: Deconvolution, Strongly mixing, Adap-
tivity, Wavelets, Hard thresholding.

AMS 2000 Subject Classifications: 62G07, 62G20.

1 Introduction

Let (Y,)vez be a strictly stationary process such that, for any v € Z,
Y, = X, + €, (1.1)

(Xy)vez are identically distributed random variables and (€,),c7 are identi-
cally distributed random variables, also independent of (X,)yecz. The den-
sity of X is unknown and denoted f. The one of ¢y is known, denoted g

and satisfies the ordinary smooth case i.e. the Fourier coefficients of g have
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a polynomial decrease (see Section 2). The goal is to estimate f when only
n random variables Y7,...,Y,, of (Y,)yez are observed.

When (Y,)yez are i.i.d., (1.1) becomes the standard convolution density
model studies in many papers. See e.g. [1], [9], [21], [10], [11], [4], [7] and
[14]. Since the i.i.d. assumption is not realistic in some applications, several
authors have investigated the dependent case. We refer to e.g. [17, 18], [5],
[13] and [24]. In particular, under strong mixing conditions on (Y)yez, van
Zanten and Zareba [24] have developed a new linear wavelet estimator for f
n (1.1). Taking the mean integrated square error (MISE) over Besov balls,
[24, Theorems 3.1 and 3.2] show that it attains a sharp rate of convergence.
However, this rate is deteriorated by the considered dependence condition
and it is slower than the optimal one related to the i.i.d. case.

In this paper, we provide two complementary contributions to the wavelet

estimation of f in the strong mixing case:

1. We extend [24, Theorems 3.1 and 3.2]. More precisely, we prove that
the linear wavelet estimator developed by [10] attains the standard rate
of convergence i.e. the optimal one in the i.i.d. case. It is constructed
from the Daubechies wavelet basis instead of the Meyer wavelet basis
as in [24]. The properties of this basis allows us to apply sharp prob-
abilistic inequalities which improve the performance of the considered

linear wavelet estimator.

2. We treat the adaptive estimation of f. To the best our knowledge,
this has not been addressed earlier via wavelets and for the ordinary
smooth case (the supersmooth case has been done by [24]). We develop
a new wavelet hard thresholding estimator and prove that it attains
a sharp rate of convergence, close to the one attained by our linear
wavelet estimator. The difference is an extra logarithmic term. And
only this logarithmic term is deteriorated by the dependence of the

observations.

The rest of the paper is organized as follows. Section 2 is devoted to the

assumptions on (1.1) (strong mixing, ordinary smooth case, ...). In Section



3, we present wavelets and Besov balls. The considered wavelet estimators
(linear and hard thresholding) are defined in Section 4. Our upper bounds

results are set in Section 5. The proofs are postponed in Section 6.

2 Assumptions on the model

2.1 Assumptions on f and g

We suppose that the support of f is included in [—2, Q] and that there exists
a constant C' > ( such that

sup f(z) < C < 0. (2.1)
z€R

We define the Fourier transform of an integrable function h by
F(h)(z) = / hy)e ™dy, xR

The notation —= will be used for the complex conjugate.
The ordinary smooth case on g is considered: we assume that there exist

three constants C' > 0, ¢ > 0 and § > 1 such that, for any x € R,

e the Fourier transform of g satisfies

Cc

T (2.2)

| F(9)(@)| =

e for any ¢ € {0,1,2}, the ¢-th derivative of the Fourier transform of g

satisfies
lig(l)\(f(g)(w))“)\ <C, lim 2" (F(g) (@)W =C. (2.3)

These assumptions control the decay of the Fourier coefficients of g and, a
fortiori, the smoothness of g. They are similar to those considered in [10,
(B2) and (B3)].

A simple example is the Laplace density: g(z) = (1/2)e”1*l, z € R. We
have F(g)(x) = 1/(1+ 2?), z € R, so g satisfies (2.2) and (2.3) with § = 2.



2.2 Dependence assumptions
1. Strongly mixing case. For any m € Z, we define the m-th strongly

mixing coefficient of (Y,)yez by

U = sup IP(AN B) — P(A)P(B)],
(A.B)EFY o XFY oo

where, for any u € Z, FY,

—00,u

is the o-algebra generated by ..., Y,_1,Y,
and ]-'1{ o 1s the o-algebra generated by Y, Y41, ...

We formulate the two following assumptions :

e there exist two constants v € (0,1) and C' > 0 such that
o0
> mla), < C. (2.4)
m=1

e there exist three constants v > 0, ¢ > 0 and 6 > 0 such that, for
any m € 7,

am < vexp(—c|m|?). (2.5)

Such strongly mixing conditions are satisfied by some GARCH pro-
cesses. See e.g. [23], [8], [20] and [2]. Remark that, for (2.5), the

standard i.7.d. case corresponds to 6 — oo.

Naturally, (2.5) implies (2.4).

2. Let g be the density of Yy and, for any m € Z, q(y,y,,) be the one of
(Yo, Y:,). We suppose that there exists a constant C' > 0 such that

sup  sup  |q(vy,vi) (7, ) — a(z)q(y)| < C. (2.6)
mELZ (z,y)€[0,1)2

Assumptions (2.4) and (2.6) are similar to those used in [17].



3 Wavelets and Besov balls

Let N € N*, and ¢ and v be the Daubechies wavelets dbN. We chose N
such that ¢ € C¥ and ¢ € C" for v > 1+ § where J refers to (2.2) and (2.3).
Set

o r(x) = 29227 — k), Pin(x) = 2022 — k).
Then there exists an integer 7 and a set of consecutive integers A; with a

length proportional to 27 such that, for any integer ¢ > 7, the collection

B={¢ek(), k€ Aes ¥ji(); jEN-{0,....0 -1}, k€ Aj}

is an orthonormal basis of L2([-Q,Q]) = {h: [-Q,Q] — R; fle h?(z)dz <
oo}. We refer to [3] and [16].

Note that this wavelet basis satisfies [10, (A2) and (A3)].

For any integer £ > 7, any h € L2([-£, Q]) can be expanded on B as

W)=Y aukder(@) + DY Bistyn(e),

ke, j=t keA,
where o ;, and f3;;, are the wavelet coefficients of h defined by

Q Q
k= /_Q h(x)¢; i (x)dx, Bjx = /Qh(x)wjjk(x)dx. (3.1)

Let M >0,s>0,p>1and r > 1. A function h belongs to B, (M) if
and only if there exists a constant M* > 0 (depending on M) such that the

associated wavelet coefficients (3.1) satisfy

1/p
97(1/2=1/p) Z i [P +
keAs
. 1/p\ " 1/r
Z 9 (s+1/2—1/p) Z 18;.x]P < M*.
j:’T k’eA]

In this expression, s is a smoothness parameter and p and r are norm pa-
rameters. Besov balls contain the Hélder and Sobolev balls. See e.g. [19]
and [16].



Details and results on wavelets in nonparametric estimation can be found
in [12].

4 Estimators

For any integer j > 7, k € Aj, v € {¢,9} and y € R, set

(Kv)jn(y) = % /_ Z me‘”ydm. (4.1)

We estimate the unknown wavelet coefficients o = f?Q f(x)oji(x)dx
and 8,1 = f?Q f(2)¢; p(x)dx by respectively

. 1 o - 1 o
Qg = > (K¢)jx(Ya), Bik = > (Kp)jk(Ya). (4.2)
v=1 v=1

Statistical properties of these estimators are given in Propositions 6.1, 6.2
and 6.3 below.
Suppose that (2.2) and (2.3) are satisfied and f € By (M) with p > 2.
We define the linear wavelet estimator fL by
fL(x) = Z ajo,k(bjo,k(x)? (43)
kGAJ‘O
where jo is the integer such that

%n1/(2s+25+1) < 90 < pl/(25426+41)

This estimator is the one in [10, eq (4)] with i.7.d. Y7,...,Y,.
Suppose that (2.2), (2.3) and (2.5) are satisfied. We define the hard
thresholding estimator fH by

271 Jj1 291
Fla) =" Grprp(@) + > Biwlyi, 12nn;) Vi (2), (4.4)
k=0 j=7 k=0

where, for any random event A, 1 4 is the indicator function on A, ji is the

integer satisfying

1
2 ( (Inn)i+1/0

)

/(2541 1/(26+1)
J1
) <= <<1nn>1+1/9>
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Kk is a large enough constant (the one in Proposition 6.3 below) and

(lnn 1+1/6

A\, = 207
J n

(4.5)

Note that, if 6 — oo (the i.i.d. case), ]ﬁ{ becomes the hard thresholding

estimator considered by [10].

5 Upper bounds

Theorem 5.1 (Upper bound for f) Consider (1.1) under the assump-
tions (2.1), (2.2), (2.3), (2.4) and (2.6). Suppose that f € B, (M) with
s>0,p>2andr>1. Let fI be (4.3). Then there exists a constant C > 0
such that

E (/Q (fL(x) _ f(x))zdx> < On~25/(25+26+1)
-Q

The rate of convergence n~2%/(25+20+1) ig the optimal one in the minimax
sense when Y7,...,Y, are i.i.d. (see [10, Theorem 2]). Theorem 5.1 proves
that our wavelet linear estimator fL attains this rate without deterioration.
This extends the results [24, Theorems 3.1 and 3.2].

Theorem 5.2 (Upper bound for f#) Consider (1.1) under the assump-
tions (2.1), (2.2), (2.3), (2.5) (implying (2.4)) and (2.6). Let FH e (4.4).
Suppose that f € B, (M) with v > 1, {p > 2 and s > 0} or {p € [1,2) and
s> (20 +1)/p}. Then there exists a constant C > 0 such that

A )

Theorem 5.2 shows that, besides being adaptive, ]/C\H attains a rate of

) 2s/(25+25+1)

convergence close to the one of fL. The only difference is the logarithmic
term (Inn)(1+1/0)2s/2s+1)

Note that, if we restrict our study to the independent case i.e. # — o0,
((Inn) 1 H1/0 /p)2s/@s+20+1) — (logn/n)?s/(25+20+1) and this is the standard

one for the corresponding hard thresholding estimator. See [10, Theorem 7].



6 Proofs

In this section, C' denotes any constant that does not depend on j, k and n.

Its value may change from one term to another and may depends on ¢ or .

6.1 Auxiliary results

We will need [10, Lemma 6]. The proof is based on some properties of B, the
ordinary smooth conditions (2.2), (2.3) and a double integration by parts.

Lemma 6.1 ([10]) Suppose that (2.2) and (2.3) hold. Consider the wavelet
basis B defined in Section 3. For any integer j > 7, k € Aj, v € {¢,¢} and
y € R, let (Kv);x(y) be (4.1). Then there exists a constant C > 0 such that

1
(1 + 127y — k[)*

[(Kv)jx(y)] < C270/249)

Proposition 6.1 Consider (1.1) under the assumptions (2.1), (2.2), (2.3),
(2.4) and (2.6). For any integer j > 7 such that 27 <n and k € A;, let o
be the wavelet coefficient (3.1) of f and & be (4.2). Then there exists a
constant C > 0 such that

1

E <|aj,k - Oéj,k|2> <C2i=
n

This inequality holds for ﬁjk (4.2) instead of &j and ;1 instead of o .

Proof of Proposition 6.1. First of all, let us prove that &, is an unbiased
estimator for ajx. Since Xy and € are independent, we have E (e~*¥0) =
E (e_ixXO) E (e_i“o) = F(f)(x)F(g)(x). This combined with the Fubini

theorem and the Parseval-Plancherel theorem yield

E(aj,k) _ 1 * ~7:(¢j,k)($)E(e—imYO) da

o | Flo)(@)
_ % / F@R@F() @)

o0 9)
- o | Fiwrn @~ [ @
Ak (6.1)



Therefore
E (|a;r — ajnl®) = V(@) (6.2)

and, by a standard covariance decomposition,

V (@) QZZC (K)j (Vo). (K);(Y2)

v=1 /=1
n v—1
= —V((K¢);x(Y0)) +7Z C (K9)jk(Yo), (Ko);x(Ye))
v=2 {=
n v—1
< %V((/w)j,k(mwé S 3 (D) (V). (K6)5(4))] (6.3
v=2 {=1

Let us bound the first term in (6.3). Since X and ¢y are independent, the
density of Yy is q(z) = (fxg)(z) = [T g(t) f(xz —t)dt, x € R. By (2.1) and

the fact that g is a density, we have sup,g q(z) < C f y)dy = C. This
with Lemma 6.1 and the change of variables u = 272 — k 1mply that

V((/w)j,k(m) < B (0600 0)?) = [ 1060)ia0)Patw)dy

—00
1

C |(Ko) ¢1<0MHM/" Ldy

1
2253/ ——du < 022, 4
oY | Graptes© (6.4)

IN

It follows from the stationarity of (Y},),ez that

n v—1
D> C((Ke)jr(Ya), (Kb);k(Ve)
v=2 (=1
= D (n—m)C((K¢);r(¥0), (’C¢)j,k(Ym))|
m=1
< n Y |C((K$)jk(Yo), (Ko)jk(Yim)) - (6.5)
m=1
We can write
n > |C((K¢)jn(Y0), (K)jk(Yim))| = T1 + To, (6.6)
m=1



where _
27 -1

Ti=n)_ [C((K$);x(Yo), (Ke)jn(Ym))l

m=1

and

To=n Y |C((K¢);n(Y0), (Kd)jx(Ym))| -

m=2J
Let us now bound T4 and Ts.
Upper bound for T1. Using (2.6), Lemma 6.1 and doing the change of

variables u = 27y — k, we obtain

1€ ((C8);4(Y0) ()5 (Yon))]
- ‘ I / Qv (@ 9) — q(@)a <y>></c¢>j,k<:c><fc¢>j,k<y>da:dy‘

< / / Qv (@ 9) — a(@)a@)] [(0C0)55(2)| [(K6) (1) dly

C (/OO |(Ko)jr(y )|dy>2 <C <2j(1/2+6) /O; i |2j1y — k:|)2|dy)2

(%) 2
= (277920 Ldu = (02799297
—oo (14 Jul)?

Therefore

IN

T, < Cn2%927797 = 02%n, (6.7)

Upper bound for To. By the Davydov inequality for strongly mixing pro-
cesses (see [6]), for the considered v € (0, 1) in (2.4), it holds that

€ ((K6);4(Y0). (K6);4(Yn))| < 10a3, (E ([000),5(¥0) /7))
< 1063 sup |60, (B (1060, 00)7))

yEeR

By Lemma 6.1, we have

. 1
sup | (K¢ < ¢2i(1/2+9) sup < 02i(1/2+9)
R |( )] k:( )| JeR (1 + ‘QJy k\)Q

and, by (6.4),
E (|(K),(¥o)") < €227,

10



Therefore
IC ((K£¢)(Y), (K) 1 (Yin))| < C22727 0.
By (2.4), we have

n n
T, < Cn2203973 Z a), < Cn2%01 Z m’a),

m=2J m=2J

oo
< Cn2% Z mYa), < Cn2%. (6.8)

m=1

It follows from (6.6), (6.7) (6.8) that

n Y IC((K$)jr(Yo), (K¢)jk(Yin))| < Cn2*. (6.9)

m=1

Therefore, combining (6.2), (6.3), (6.4), (6.5) and (6.9), we obtain
-1
~ 2 26
E (’aj,k‘ - Otj’k’ ) S 02 ];.
The proof of Proposition 6.1 is complete.
O

Proposition 6.2 Consider (1.1) under the assumptions (2.1), (2.2), (2.3),
(2.4) and (2.6). For any integer j > T such that 27 < n and k € A;, let B
be the wavelet coefficient (3.1) of f and Bj,k be (4.2). Then there exists a
constant C > 0 such that

~ 4 .
E (‘@;k - ﬁg;k’ > < coiur L
n

Proof of Proposition 6.2. Using Lemma 6.1, we obtain

R . 1 ,
| < sup [(Kv) ; < 0211/240) gy : < 021(1/2+9)
|5‘]7k‘| = yeﬂg |( /lzz))],k(y” — yEIIRS (1 + |2]y _ k,’)Z =

By (2.1), we have |3} | < C. Therefore

1Bik — Binl < |Bixl + 185kl < C270/240) 4 1) < 0270249 (6.10)

11



It follows from (6.10) and Proposition 6.1 that
> 4 (1426 > 2 i(1440) 1
K Oﬂm - 5j,k’ ) < C2I0T0R (’@yk - /Bj,k‘ > < C2iH40)
n
The proof of Proposition 6.2 is complete.

g

Proposition 6.3 Consider (1.1) under the assumptions (2.1), (2.2), (2.3),
(2.5) and (2.6). For any integer j > 7 such that 27 < n/(Inn)"*t/? and
ke Ay, let Bjj be the wavelet coefficient (3.1) of f, Ejk be (4.2) and \; be
(4.5). Then there exist two constants k > 0 and C > 0 such that

B 1
P (\Bj,k — Bkl = /ﬁ)\j/Q) <O

Proof of Proposition 6.3. We will use a Bernstein inequality for ex-
ponentially strongly mixing process. The proof can be found in [22] and
[15].

Lemma 6.2 ([22] and [15]) Let v > 0, ¢ > 0, § > 1 and (Y;)iez be a
stationary process such that, for any m € Z, the associated m-th strongly
mizing coefficient (2.5) satisfies ay, < vexp(—clm|?). Letn € N*, h: R — C
be a measurable function and, for any i € Z, U; = h(Y;). We assume that
E(U1) = 0 and there exists a constant M > 0 satisfying |U1| < M. Then,
for any m € {1,...,n} and A > 4mM /n, we have

1 n
P(n;m

We can write

\2n n
>\ <4 - 4y — —em?).
= )‘ eXp( m(64E (U§)+8AM/3)>+ Vo erp(=em’)

—~ 1 &
B = Bie = — > U,
v=1
where, for any v € {1,...,n},

Uy = (K¥)j1(Yo) = Bjk-

12



So

1 n
22U

v=1

P (\Bj,k — Bjkl > nAj/2) =P (

> Ii)\j/Q) ,
where Uy, ..., U, are identically distributed, depend on (Y,),cz satisfying
(2.5),

e by (6.1), E(U;) =0,

o by (6.4), E (|U1[*) = V ((Ky);x(Y1)) < C2°,

e in a similar fashion to (6.10), |U| < 2/(1/2+9),

Lemma 6.2 applied with Uy, ..., Uy, A = kO)\j, A\j = 207 ((Inn)'+1/0 /n)1/2)
m = (ulnn)Y/? with u > 0 (chosen later), M = C2/(1/219) and 27 <
n/(Inn)' 1/ gives

1 n
P(n;m

Z /ﬁ:)\j/2>

4 o _an 4y ’
o0\ @ ) | T e

toxp [ - K22203 (In ) 1+1/0
(ulnn)/9(2207 + 120/2220) ((Inn)1+1/0 /n)1/2)

IN

IN

+ 4y exp(—culnn)

"
(ulnn)i/e
k2 Inn 1
= 4 —-C - 4y—Fr
P < ul/0(1 + HZJ/Z((lnn)HI/(’/n)l/?)) * ’Y(ulnn)l/en
< C <n70n2/(u1/9(1+n)) + nlfcu> '

l—cu

Therefore, for large enough ~ and u, we have
3 1
P (Wj,k — Bkl > m\j/2) < Cﬁ'

This ends the proof of Proposition 6.3.

13



6.2 Proofs of the main results
Proof of Theorem 5.1. We expand the function f on B as

F@) =" ajordior(@) + Y Y Bistn(@),

keAj, J=jo k€EA;

where o, = f?Qf($)¢jO7k(x)dx and ;) = f?Q f(@)Y; k(z)d.
Since B is an orthonormal basis of L2([—2,€)]), we have

Q 2
B([ (7w r@) ar) =
—-Q
> E (e — ojonl®) D0 D 1Bkl
ke, j=jo kEA,
Using Proposition 6.1 and the definitions of Aj; and jg, we obtain

2670

2
Y E(l@jor —ajul?) < 027 < Cp 28/ (2552040

kEAjO

Since p > 2, we have B, (M) C B3  (M). Hence

[e.e]
Z Z |/8]k;|2 < 02—2]'05 < Cn—?s/(25+25+1).

j=jo k€A,

Therefore

E < /ﬂ (") - f(:r))2 dw) < Cm-2o/(2s+254),
-Q

Theorem 5.1 is proved

Proof of Theorem 5.2. We expand the function f on B as

F@) =Y arpdrr(@) + Y D Bistjk(e),

keA, J=7 keA;
where arx = [, F(2)¢rx(@)dz and B = [ f(2); k()dz.

14



Since B is an orthonormal basis of .?([—2,§)]), we have

Q 2
E </ (fH(x) - f(:c)) d:c) —R+S+T, (6.11)

-Q

where
Ji R N
R= Z g (’aT’k a O[T’k‘2> ’ 5= Z Z g (‘ﬁj’kﬂ{gj,kbmg} B ﬁjvk’ >
keA, j=7 keA,
and o
T= ) > |6l
J=j1+1keA;

Let us bound R, T and S (by order of difficulty).
Using Proposition 6.1, we obtain

R < C27(1+2) (6.12)

S|

n

2s/(2s+26+1)
1+1/6
<cleo (<1>>
n

For 7 > 1 and p > 2, we have By (M) C B; ,,(M). Therefore

2s/(26+1)
) ) . 1+1/6
C Z 9—2js < 09218 <C ((lnn))

n
Jj=n+1

25/(25+20+1
C((lnn)1+1/9> /(@st “'

T

IN

n

For 7 > 1 and p € [1,2), we have B, (M) C B;:;/Z_I/p(M). Since s >
(20 +1)/p, we have (s+1/2—1/p)/(26 +1) > s/(2s + 20 + 1). Hence

T < C Z 9=2i(s+1/2=1/p) < (9=21(s+1/2-1/p)
J=n+1

2(s+1/2—1/p)/(26+1) 2s/(2s+26+1)
. ((lnn)”l/") s ((lnn)uﬂ/e) |

n

IN

n

15



Hence, for r > 1, {p > 2 and s > 0} or {p € [1,2) and s > (26 + 1)/p}, we

have
2s/(254+26+1)
1+1/6
T<C (%) . (6.13)

Let us now investigate the upper bound for S. We can write

S=S;+S2+S3+ Sy, (6.14)
where
il ~ 2
- Z Z E <‘6j’k B Bj’k‘ ]I{lgj,k|>n>\j}]1{|5j,k<H>\j/2}> ’
J=T k€A,
7 2
S22 2 F (‘EJ’“ B /319’“‘ ]I{|Bj,k|>mj}ﬁ{|ﬁj,kzmm}) ’
J=T k€A;
J1
Z:: ZA: (18545, con Ui iz200 1)
and

Ji
Sy = Z Z E (’ﬁj’k’2]I{|B\j,k|<’{)‘j}H{'ﬁj,k‘<2l{)‘j}) )

J=T k)EAj
Let us analyze each term Si, Sg, S and Sy in turn.

Upper bounds for S1 and Ss. We have

{’Bj,k| < KAj, [Bjkl = 2"%‘} < {!Bj,k = Bjkl > Mg‘/?},

{1Biad = 1Ay, 18ial < w732} € (1B = Bl > ws/2}

and

}

{@k\ < RAjy [Bjkl = ZH/\j} < {Wj,k\ <203k — Bin
So

Ji R 9
max(S1,85) <Y S E <)ﬁjvk ~ ] ]1{|3j’k_ﬁjyk|>mj/2}> .

Jj=T kEAj
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It follows from the Cauchy-Schwarz inequality, Propositions 6.2 and 6.3 and
2J < 271 < p that

R 2
E (‘@m - Bj,k‘ H{Bj,k—ﬁj,kmj/z})

<IE (‘Bjk - ﬁj,lc‘4>>1/2 (IP’ (\Bj,k: — Bjkl > /<)\j/2>)1/2

1/2 1/2
< C (2j(1+45>1> / <14> : <ol < cﬁﬂM.
- n

IN

n n? n
We have
(In n)1+1/9 & (1426) (In ")Hl/a j1(1426)
max(Si,S3) < Cni ZQJ ) < CTQﬂ
] =T
2s/(2s+26+1)
141/6 14+1/6
< C(lnni <C ((lnnzl> . (6.15)
Upper bound for So. Using Proposition 6.1, we obtain
N 2 1 14+1/6
E (‘ﬁj,k - ﬁj,k‘ > <ol < o267 ) T
n n
Hence
lnn 1+1/6 J1
S2=C 22 KD DR FFANE
keA;
Let jo be the integer satisfying
1 n 1/(2s+20+1) n 1/(25+25+1)
il J .
5 <(lnn)1+1/9> <22 < ((lnn)1+1/9> (6.16)

Then we have
Sy < 8271 + 82,27

where .
(In n)1+1/9 J2

_ AInn) Y S o
Se1=C " 22 Z ]I{Iﬂj,k|>fi>\j/2}

Jj=T kEAJ
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and
(ln n 1+1/9 Jn

D 2N M)

.7 ]2+1 kel g

S0 =
We have

J
Su1 on n)1+1/9 22: 0i(1+26) < oo n)t 1/ 0i2(1+420)
’ n

] T

s/(254+26
o ((1nn)1+1/9>2 /(2542 +1).

IN

n
For r > 1 and p > 2, since By (M) C B3 (M), we obtain
(ln n)1+1/9 J1

Sa2 < CT Z 22 L 2 Z‘ﬁyk’2<c Z Z‘B]»

Jj=j2+1 J keA; j=ja+1kEA,

2s/(25+25+1)
>0 . . 141/6
C E : 2—2]5 < 02—2]25 <C ((lnn) > .

IN

. n
Jj=j2+1

For r > 1, p € [1,2) and s > (26 + 1)/p, since B, (M) C B;:;/z_l/p(M)
and (2s+20+1)(2—p)/2+ (s+1/2—1/p+ 3 —25/p)p = 2s, we have

(ln n>1+1/9 7

S22 < O ) 92 L 7 O 1Bkl

J=j2+1 J keA;

(2—-p)/2
0 oo
C (Un”)m/) Z 978(2=p)9—j(s+1/2-1/p)p

n

IN

Jj=j2+1

(2-p)/2
c ((ln n)Hl/e) 9—J2(s+1/2—1/p+5-25/p)p

IN

n

2s/(25+26+1)
1+1/60
- c ((l)) .

n

So, forr > 1, {p > 2 and s > 0} or {p € [1,2) and s > (26 +1)/p}, we have

2s/(25+26+1)
1 1+1/6
S, < C <(nnzl> . (6.17)
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Upper bound for Sy. We have

J1
2
1< 35 P s

j:T k’eA]

Let jo be the integer (6.16). We have
Sy <S4+ Sap,

where

J2 J1
Sa1 = Z Z 18).kl Tis, 1<omn ) Sa2= Z Z 1B Tt16, nl<2m}

Jj=T kEA]‘ j=jo+1 kEAj
We have
j2 1+1/6 J2_ 1 1+1/6
iz = o) S ir20) o AT 1420)
Si1 < 022Aj_0 - 22 <o ——2"
j=7 j=T
2s/(25+20+1)
1+1/6
. c <<lnn>> |
n
For 7 > 1 and p > 2, since By (M) C B3 (M), we have
2s/(254+26+1
g . 0o ) e [e's) e s s - (lnn)1+1/9 s/(2s )
4,2_”2 D 1Bkl < Z SO <O
J=J2+1keA; Jj=j2+1

For r > 1, p € [1,2) and s > (26 + 1)/p, since B, (M) C B;’J;/%l/p(M)
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and (2s+20+1)(2—p)/24+(s+1/2—1/p+ 0 —25/p)p = 2s, we have

Ji
C Y AT 1Bl

Sy2 <
j=ja+1 ken;
2-p)/2
14+1/6 J1
_ C(“Im)/ ) S 2 Y (g
J=ja+1 keA;
1+1/6
S c( (Inn)+1/ ) S 9GPy et/
Jj= ]2+1
0
< C’( (Inn)t+Y/ ) 9—J2(s+1/2-1/p+5-25/p)p
(In )1 +1/6 2s/(25+26+1)
S ( HTL )

So, forr > 1, {p > 2 and s > 0} or {p € [1,2) and s > (26 +1)/p}, we have

2s/(25+26+1)
1+1/6
S, <C (aM)) (6.18)
n
It follows from (6.14), (6.15), (6.17) and (6.18) that
2s/(25+20+1)
1+1/6
s<c (am)> (6.19)
n

Combining (6.11), (6.12), (6.13) and (6.19), we have, for r > 1, {p > 2
and s > 0} or {p € [1,2) and s > (20 + 1)/p},

Q , 2 (lnn)l+l/9
Hig) - f(x €T -
feggf)(M)]E</_Q(f (=) = 1 )) d)§0< n

The proof of Theorem 5.2 is complete.

) 2s/(254+25+1)
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