
HAL Id: hal-00569931
https://hal.science/hal-00569931

Submitted on 25 Feb 2011

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Excitonic coherence in a confined lattice : a simple model
to highlight the relevance of the perturbation theory

Vincent J.C. Pouthier

To cite this version:
Vincent J.C. Pouthier. Excitonic coherence in a confined lattice : a simple model to highlight the
relevance of the perturbation theory. Physical Review B: Condensed Matter and Materials Physics
(1998-2015), 2010, 83 (8), pp.085418. �10.1103/PhysRevB.83.085418�. �hal-00569931�

https://hal.science/hal-00569931
https://hal.archives-ouvertes.fr


Submitted to Phys. Rev. B

Excitonic coherence in a confined lattice : a simple model to highlight the relevance of

the perturbation theory
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The exciton-phonon system in a confined environment is revisited within standard perturbation
theory. Special attention is paid for describing the time evolution of the excitonic coherences at
finite temperature. To proceed, the system involving an exciton dressed by a single phonon mode
is considered. Due to its simplicity, it is solved exactly so that the relevance of the perturbation
theory is checked. Within the nonadiabatic weak coupling limit, it is shown that several time scales
govern the coherence dynamics. In the short time limit, the coherences behave as if the exciton was
insensitive to the phonon bath. Then, quantum decoherence takes place. Finally the coherences
recur almost periodically at specific revival times. Coherence decay and revival strongly depend on
the nature of the excitonic states. In particular, for odd lattice sizes, the coherence of the state
exactly located at the band center survives over a very long time scale. Therefore, confinement-
induced decoherence softening favors high fidelity quantum state transfer and allows to encode the
information on a quantum bit almost insensitive to quantum decoherence.

PACS numbers: 03.65.Yz,63.22.-m,71.35.-y,71.38.-k

I. INTRODUCTION

Molecular lattices, large molecules and biopolymers
exhibit regularly distributed atomic subunits. Due to
dipole-dipole interaction, the energy of a specific elec-
tronic transition, or a high frequency vibrational mode,
delocalizes between these subunits. It gives rise to
narrow-band excitons able to move coherently and that
play a key role in understanding various phenomena1,2.
In light-harvesting complexes, Frenkel excitons propagat-
ing along the array of pigment proteins allow the conver-
sion of solar energy into chemical energy3–7. In α-helices,
amide-I excitons promoting vibrational energy flow may
participate in the transduction of the chemical energy
into mechanical work8–19. In adsorbed molecular nanos-
tructures, vibrons provide an alternative to nanoscale
electronics and enhance surface reactions20–29. Finally,
since quantum bits may be encoded in high frequency
vibrational modes30–32, vibron-mediated quantum state
transfer is a promising way for quantum information
processing33. Unfortunately, the exciton does not propa-
gate freely but it interacts with the phonons of the host
medium34,35. The phonons are responsible for dephas-
ing and they tend to destroy the coherent nature of the
exciton.

So defined, the exciton-phonon system is a prototype
of an open system (exciton) coupled with a thermal bath
(phonons)2,36,37. Therefore, information about the ex-
citon properties is encoded in the reduced density ma-
trix (RDM) whose dynamics is governed by a generalized
master equation (GME). Among the different strategies
elaborated to derive exact GME, the time-convolutionless
method (TCL-GME) plays a central role37–42. Within
this method, a specific projector is used to obtain a time
local GME in which the influence of the bath is encoded
in a time-dependent relaxation operator. Its form is par-

ticularly suitable for describing non-Markovian processes
and for building approximate equations through a sys-
tematic perturbation expansion.

In many situations, narrow-band excitons propagate
slower than the phonons and the nonadiabatic weak cou-
pling limit is reached. The Born approximation is in-
voked and a second order expansion is performed to de-
rive a TCL2-GME. The relaxation operator is thus de-
fined in terms of the exciton-phonon coupling correlation
functions whose dynamics is governed by free phonons.
In an infinite lattice, the phonons behave as a reservoir
insensitive to the exciton43. The correlation functions
vanish after a short time scale and the Markov limit is
reached. The TCL2-GME becomes a system of first or-
der differential equations with constant coefficients whose
solution provides information about the exciton proper-
ties (coherence dynamics18, coherence transfer44, diffu-
sion coefficient16,17,45...).

In a finite size lattice, a different behavior takes
place due to the discrete nature of the phonon energy
spectrum46,47. As shown recently48, the confinement
yields the occurrence of quantum recurrences. These re-
currences provide to the relaxation operator an almost
periodic nature whose main contribution results from
the coupling with the lowest frequency phonon mode
(LFPM). The GME reduces to a linear system of differen-
tial equations with almost periodic coefficients. In accor-
dance with the Floquet theory, unstable solutions emerge
for particular values of the model parameters. They orig-
inate in parametric resonances between specific excitonic
frequencies and the frequencies of the relaxation opera-
tor that involve the LFPM. The parametric resonances
give rise to an unphysical exponential growth of the RDM
indicating that TCL2-GME breaks down. Moreover, out-
side parametric resonances, the TCL2-GME fails in re-
producing the dynamics.
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To overcome the problems inherent in the non-
Markovian dynamics, different strategies have be elab-
orated. Examples among many are the correlated pro-
jection superoperators method49–51, the time-dependent
projection-operator approach52–54, the effective-mode
representation of non-Markovian dynamics55,56, the non-
perturbative quantum master equation57,58, the con-
tinuous fraction method59–61 and the quantum jumps
approach62–64. In the present paper, the non-Markovian
exciton-phonon dynamics is revisited within the standard
perturbation theory (PT)65,66. Following recent works,
it will be applied for describing a confined exciton cou-
pled with acoustic phonons, i.e. the so-called Fröhlich
model46–48. Special attention will be paid to characterize
the excitonic coherences. They measure the ability of the
exciton to develop superimpositions involving the vac-
uum and the one-exciton states and they play a key role
in understanding various phenomena (optical response67,
quantum state transfer68...). The aim of this work is to
show that PT is more accurate than TCL2-GME pro-
vided that the lattice size is not too large. To proceed,
we shall restrict our attention to the system formed by
the exciton dressed by the LFPM, only. The general-
ization to the coupling with all the phonon modes will
be addressed in a forthcoming paper. Our motivation is
twofold. First, the system ”exciton+LFPM” is so sim-
ple that numerical simulations can be carried out eas-
ily. Consequently, it will be straightforward to check the
relevance of PT. Second, treating the system ”exciton+
LFPM” may appear as a first step to renormalize the
influence of this mode and to avoid instabilities. In a
second step, standard open system theories may be ap-
ply, the remaining phonon modes being viewed as a new
thermal bath.

The paper is organized as follows. In Sec. II, the
exciton-phonon Hamiltonian is described and the exci-
tonic coherences are defined. Then, PT is applied to
evaluate the eigenenergies and the eigenstates of the sys-
tem. An approximate expression for the coherences is
finally established. In Sec. III, a numerical analysis is
performed in which PT is compared with exact calcula-
tions. These results are discussed and interpreted in Sec.
IV.

II. THEORETICAL BACKGROUND

A. Model Hamiltonian

The Fröhlich model in a finite size lattice with N sites
x = 1, ..., N has been described in numerous papers46–48.
We only give here a brief summary with a special empha-
sis on the coupling with the LFPM.

Within this model, one-exciton states are the first ex-
cited states of N coupled two-level systems. They define
N superimpositions of incident and reflected plane waves
with quantized wave vectors kπ/L, with k = 1, .., N and

L = N + 1. They are expressed as

|k〉 =
N

∑

x=1

√

2

L
sin

(

kπx

L

)

|x〉, (1)

where |x〉 is the first excited state of the xth two-
level system. The corresponding eigenenergies ωk =
ω0 + 2Φ cos(kπ/L) involve the Bohr frequency of each
two-level system ω0 and the hopping constant between
neighboring sites Φ (~ = 1 will be used throughout
this paper). The exciton Hamiltonian is thus written

as : HA =
∑N

k=1 ωk|k〉〈k|. Note that the vacuum state
|⊘〉 describes all the two-level systems in their ground
state with zero energy. The phonons refer to the ex-
ternal motions of the lattice sites that behave as point
masses M connected via force constants W . They de-
fine N normal modes with wave vectors pπ/L and fre-
quencies Ωp = Ωc sin(pπ/2L), with p = 1, .., N and

Ωc =
√

4W/M . The dynamics of the LFPM p = 1 is gov-

erned by the Hamiltonian HB = Ωa†a, where Ω ≡ Ω1, a
†

and a being the standard phonon operators. Finally, the
exciton-phonon interaction V results from a stochastic
modulation of the energy of each two-level system by the
external motions of the lattice. Restricting our attention
to the influence of the LFPM, this interaction favors the
exciton scattering from |k〉 to |k±1〉 mediated by phonon
exchanges48.

As a result, the exciton-phonon Hamiltonian is defined
as H = H0 +V where H0 = HA +HB is the unperturbed
Hamiltonian. The coupling V is written as48

V =

N−1
∑

k=1

η(a† + a)[|k〉〈k + 1| + |k + 1〉〈k|], (2)

where η = [(EBΩ/L)(1 − (Ω/Ωc)
2)]1/2, EB being the

small polaron binding energy expressed in terms of the
coupling strength χ as EB = χ2/W . Since H conserves
the exciton number, the Hilbert space is partitioned into
independent subspaces E = E0 ⊕ E1. In the zero-exciton
subspace E0, V = 0 so that the unperturbed states are
eigenstates of H . They correspond to tensor products
involving the vacuum |⊘〉 and the phonon number states
|n〉 and they describe n free phonons with energy nΩ.
In the one-exciton subspace E1, the unperturbed states

|k, n〉 = |k〉 ⊗ |n〉, with energy ǫ
(0)
k,n = ωk + nΩ, refer to n

phonons accompanied by an exciton in state |k〉. Since
V turns on in E1, they are no longer eigenstates of H .
The exact eigenstates |Ψµ〉, with eigenenergies ǫµ, are
superimpositions of the unperturbed states.

This model Hamiltonian will be used for describing
the exciton dynamics and PT will be applied to evaluate
|Ψµ〉 and ǫµ. To proceed, we shall consider the nonadi-
abatic weak coupling limit: ω0 ≫ Ωc (high energy exci-
ton), 4Φ < Ωc (nonadiabatic limit) and EB ≪ Φ (weak
coupling limit). As a result, Ω > |ωk − ωk±1|, ∀k so
that there is no resonance between coupled unperturbed
states. Nevertheless, both η and the Bohr frequencies
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connected to coupled unperturbed states decrease with
L. Since Bohr frequencies decay faster than η, quasi-
resonances occur for large lattice sizes. Consequently, as
explained in Sec. II.C., PT can be applied provided that
L is not too large.

Although the present model is rather general, it will
be used for describing amide-I excitons in α-helices, i.e.
a situation in which the lattice temperature is about to
or higher than the phonon cutoff frequency8–19. In α-
helices, peptide units linked by H bonds are regularly
distributed. Each unit contains a high frequency C=O
vibration (amide-I mode) that gives rise to vibrational
excitons coupled with the phonons of the H bond net-
work. Such a system is a prototype of a finite size lattice
since helices containing from 3 to 15 residues are the most
abundant in nature69.

Of course, the present model is too simple to accurately
describe vibrational energy flow in a real protein whose
dynamics exhibits a tremendous complexity due to the
rather large number of degrees of freedom. In particu-
lar, this model is unable to describe energy relaxation
because it conserves the number of amide-I exciton. In
proteins, the amide-I lifetime, typically of about 1 ps, re-
sults from intramolecular energy redistribution due to the
anharmonic coupling between each amide-I mode and a
set of intramolecular normal modes whose displacements
are strongly localized on the C=O groups15,16,70–72. Con-
sequently, we do not claim that the model is relevant to
explain in details the vibrational dynamics in a protein.
Nevertheless, its interest lies in the fact that it provides
a simple approach to promote the idea that PT is more
accurate than the TCL2-GME method which has been
applied recently to a similar model48. A more detailed
study will be addressed in a forthcoming paper.

B. Excitonic coherences

Coherences are RDM elements that measure the abil-
ity of the exciton to develop superimpositions involv-
ing the vacuum and the one-exciton states. As de-
tailed previously18,44,47,48, coherences switch on when
the exciton-phonon system is brought in a configura-
tion out of equilibrium. To proceed, the exciton is pre-
pared in a superimposition |ψA〉 = c0|⊘〉 + c1|k1〉, with
|c0|2 + |c1|2 = 1. By contrast, the phonons are assumed
to be in thermal equilibrium at temperature T . Their
properties are encoded in the density matrix ρB so that
the initial state of the whole system is specified by the
density matrix ρ = |ψA〉〈ψA| ⊗ ρB.

In the excitonic eigenbasis, the coherence σk2⊘(t) is
thus defined as

σk2⊘(t) = 〈k2|TrB[e−iHtρeiHt]|⊘〉, (3)

where TrB is a partial trace over the phonon degrees of
freedom. After simple algebraic manipulations, the co-
herence is rewritten as σk2⊘(t) = Gk2k1(t)σk1⊘(0), with

σk1⊘(0) = c∗0c1. The matrix element Gk2k1(t) is ex-
pressed as

Gk2k1(t) =

∞
∑

n=0

Pne
inΩt〈k2, n|e−iHt|k1, n〉, (4)

where Pn = [1 − exp(−βΩ)] exp(−βnΩ) is the equilib-
rium population of the nth phonon number state (β =
1/kBT , kB being the Boltzmann constant). The coher-
ence σk2⊘(t) measures the ability of the exciton to de-
velop a superimposition involving |⊘〉 and |k2〉 at time t,
given that a superimposition involving |⊘〉 and |k1〉 was
initially created. Consequently, Gk2k1(t) generalizes the
concept of transition amplitude and it defines the effec-
tive propagator of the exciton. It yields the probability
amplitude to observe the exciton in state |k2〉 at time t
given that it was in state |k1〉 at t = 0. The effective
nature of the propagator results from the fact that the
exciton interacts with the phonons during its transition.
More precisely, the full system being prepared in the fac-
torized state |k1, n〉, Gk2k1(t) measures the probability
amplitude to observe the system in a factorized state
exp(−inΩt)|k2, n〉 that characterizes an excitonic transi-
tion during which the phonons evolve freely. An average
over the initial phonon number is finally performed.

In the local basis, the effective propagator gives in-
formation about coherence transfer along the lattice. A
particular element Gx2x1(t) measures the ability of the
exciton to develop a superimposition involving the vac-
uum and the local state |x2〉 at time t, such a superimpo-
sition being initially created on the site x1. From Eq.(1),
Gx2x1(t) is defined as

Gx2x1(t) =

N
∑

k2=1

N
∑

k1=1

uk2x2uk1x1Gk2k1(t), (5)

where ukx =
√

2/L sin(kπx/L).
The effective propagator is the central object of the

present study. It characterizes the way the phonon bath
modifies the excitonic coherences in either the eigenba-
sis or the local basis. Moreover, it provides information
about exciton-mediated quantum state transfer. Finally,
it yields the spectral response (S(t) ∝ ∑

x1

∑

x2
Gx2x1(t))

whose Fourier transform is the exciton absorption spec-
trum. For the simple system ”exciton+LFPM”, the nu-
merical diagonalization of H can be carried out. As a
result, we are able to build |Ψµ〉 and ǫµ so that Eqs.(4)
and (5) can be computed easily. In Sec. III, these exact
calculations will be compared with PT that is presented
in the next section.

C. Perturbation theory

1. Eigenenergies and eigenstates

According to standard PT65,66, ǫµ and |Ψµ〉 can be
expanded as Taylor series around the unperturbed quan-
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tities as

ǫk,n = ǫ
(0)
k,n + ǫ

(1)
k,n + ǫ

(2)
k,n + ...

|Ψk,n〉 = |k, n〉 + |Ψ(1)
k,n〉 + |Ψ(2)

k,n〉 + ..., (6)

where ǫ
(q)
k,n and |Ψ(q)

k,n〉 stand for the qth order corrections.

Note that the index µ now reduces to the indexes (k, n)
that refer to unperturbed states.

The eigenenergies up to second order in the exciton-

phonon coupling are written as (ǫ
(1)
k,n = 0)

ǫk,n = ωk + δω
(2)
k + n(Ω + δΩ

(2)
k ), (7)

where δΩ
(2)
k and δω

(2)
k are expressed in terms of µk =

1 − δk,N and νk = 1 − δk,1 as

δΩ
(2)
k =

2η2µk(ωk − ωk+1)

(ωk − ωk+1)2 − Ω2
+

2η2νk(ωk − ωk−1)

(ωk − ωk−1)2 − Ω2

δω
(2)
k =

η2µk

ωk − ωk+1 − Ω
+

η2νk

ωk − ωk−1 − Ω
. (8)

As shown in Eq.(8), δω
(2)
k is the correction of the en-

ergy of an exciton in state |k〉 due to its coupling with the
phonons. This correction does not depend on the phonon
number. It results from the spontaneous emission of a
phonon in the course of which the exciton realizes tran-
sitions from |k〉 to |k± 1〉. However, in the nonadiabatic
limit, the energy cannot be conserved during such pro-
cesses so that the phonon emission is not a real process.
The exciton is only able to exchange a virtual phonon
which is first emitted and then immediately reabsorbed.

In accordance with the small polaron concept, δω
(2)
k is

the manifestation of the so-called dressing effect. The
exciton does not propagate freely but it is dressed by a
virtual phonon cloud.

Similarly, δΩ
(2)
k is the energy correction of a phonon ac-

companied by an exciton in state |k〉. As shown in Eq.(7),

the energy correction nδΩ
(2)
k now involves the phonon

number and it results from two mechanisms. First, the
phonon can be absorbed giving rise to excitonic transi-
tions from |k〉 to |k ± 1〉 . Such a process does not con-
serve the energy within the nonadiabatic limit so that the
phonon is immediately re-emitted. Second, the phonon
induces the stimulated emission of a second phonon in
the course of which the exciton realizes transitions. But,
as previously, the emitted phonon is immediately reab-
sorbed. Both mechanisms correspond to virtual processes
indicating that a phonon does no longer evolve freely. It
is dressed by an exciton that realizes virtual transitions.

In Appendix A, PT is applied to derive eigenstates
up to second order in the exciton-phonon coupling (see
Eq.(A1)). Due to this coupling, the eigenstates do no
longer factorize and a quantum entanglement occurs.
The first order correction to |k, n〉 involves the neigh-
boring states |k ± 1, n ± 1〉 which are directly coupled

through V . By contrast, the second order correction ex-
hibits three contributions. The first contribution modi-
fies the weight of the unperturbed state ensuring the nor-
malization of |Ψk,n〉 to unity up to second order. The sec-
ond contribution involves second nearest neighbor states
|k ± 2, n ± 2〉. The last contribution reveals that the
eigenstates involve unperturbed states in which either the
phonon number or the exciton state is conserved.

At this step, let us discuss the validity of the second
order PT. Indeed, PT works quite well provided that
the coupling between two unperturbed states |k, n〉 and
|k± 1, n± 1〉 is smaller than the corresponding Bohr fre-
quency. To establish a criterion at finite temperature,
one first assumes that the phonon number is about the
average phonon number n̄ = [exp(βΩ)−1]−1. Then, since

Ω ≪ Ωc, the coupling strength scales as η ≈
√

EBΩ/L.
Finally, the smallest Bohr frequency involving excitonic
states close to the band center, it is about Ω(1 − 2B),
B = 2Φ/Ωc being the adiabaticity. In that context, for
kBT ≫ Ω, PT can be applied provided that

2

π

√

EBkBT

Ω2
c

√
L

1 − 2B
< x, (9)

where x specifies the desired accuracy for the approx-
imate eigenenergies (for a two-level system, x = 0.286
ensures an error lower than 1%). Eq.(9) defines a crit-
ical curve in the parameter space. As a result, for a
given temperature and a fixed coupling strength, it re-
veals that a critical length L∗ discriminates between two
regimes. For L < L∗, PT is expected to correctly de-
scribe the exciton-phonon dynamics whereas it certainly
breaks down for L > L∗. Of course, the smaller the
coupling and the temperature are, the longer the critical
length is.

2. Excitonic Coherences

Inserting Eqs.(7) and (A1) into Eq.(4) yields the effec-
tive exciton propagator up to second order in the cou-
pling. It is expressed in terms of the renormalized ener-

gies ω̂k = ωk + δω
(2)
k and Ω̂k = Ω + δΩ

(2)
k as

Gk2k1(t) =

N
∑

k=1

e−iω̂kt
∞
∑

n=0

Pne
−inδΩ

(2)
k

t
∞
∑

m=0

ei(n−m)Ω̂kt

[δkk1δkk2δnm + 〈k2, n|Ψ(1)
k,m〉〈Ψ(1)

k,m|k1, n〉

+δkk1δnm〈k2, n|Ψ(2)
k,n〉 + δkk2δnm〈Ψ(2)

k,n|k1, n〉]. (10)

From the expression of |Ψ(1)
k,m〉 (Eq.(A1)), m is either

equal to n or n ± 1 so that the sum over m simplifies.
By contrast, the sum over n defines an average according
to a time dependent distribution function written as

P k
n (t) =

e−n(βΩ+iδΩ
(2)
k

t)

Zk
B(t)

, (11)
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FIG. 1: Energy difference ǫµ − ǫk,n versus ǫµ for N = 11.

where Zk
B(t) = [1 − exp(−βΩ − iδΩ

(2)
k t)]−1. Strictly

speaking, P k
n (t) is not a probability distribution since it

is a complex-valued function. Nevertheless, it reduces to
the equilibrium population of the phonon number states
at t = 0, i.e. P k

n (t = 0) ≡ Pn ∀k. In that case, the nor-
malization factor Zk

B(t = 0) is the equilibrium partition
function ZB = [1 − exp(−βΩ)]−1.

Since the sum over k simplifies one finally obtains the
effective propagator whose expression is displayed in Ap-
pendix B.

III. NUMERICAL RESULTS

In this section, the previous formalism is applied for
describing amide-I excitons in a finite size lattice of H-
bonded peptide units18,44,47,48. To proceed, typical val-
ues for the parameters are used: ω0 = 1660 cm−1,
W = 15 Nm−1, M = 1.8 × 10−25 kg and Φ = 7.8 cm−1.
The phonon cutoff frequency is equal to Ωc = 96.86
cm−1 indicating that the nonadiabatic limit is reached
(B = 0.16). The coupling strength is about χ = 8
pN (EB = 0.21 cm−1), i.e. a value close to ab initio

estimate73. With these parameters, Eq.(9) shows that
the critical length L∗ ≈ 20 ensures the PT validity over
the temperature range T ∈ [0, 300] K.

As shown in Fig. 1, PT yields a very good estimate
of the energy spectrum over a large energy scale (up to
1000 cm−1). The smaller the energy is, the better the
agreement is. The energy difference ∆ǫ = ǫµ − ǫk,n

increases with ǫµ indicating that the PT accuracy de-
creases as the phonon number n increases. This feature
results from the n dependence of the exciton-phonon cou-
pling that scales as

√
n. For instance, for the eigenstate

µ = 100 (ǫ100 = 108.88 cm−1) that refers to the un-
perturbed state (k = 4, n = 8), the energy difference

h (cm
-1
)

0.0 0.2 0.4 0.6 0.8 1.0 1.2

e
n
e
rg

y
(c

m
-1
)

744

745

746

747

748

FIG. 2: ǫµ (thin x) and ǫk,n (circles) versus η for N = 11.

∆ǫ = 4.44 × 10−5 cm−1 is very small. By contrast, for
the eigenstate µ = 900 (ǫ900 = 1026.10 cm−1) connected
to (k = 1, n = 80), ∆ǫ increases to reach 4.32 × 10−3

cm−1. Nevertheless, ∆ǫ is always smaller than the en-
ergy level spacing so that PT remains valid. Note that
the curve ∆ǫ vs ǫµ behaves almost periodically indicat-
ing that the PT accuracy depends on the nature of the
unperturbed states. Over a large energy scale, it seems
that unperturbed states involving k = N are the less
well-corrected.

Although ∆ǫ increases with χ, Fig. 2 reveals that PT
mimics quite well the η dependence of the energy levels,
even in the intermediate coupling regime (for N = 11,
χ = 20 pN yields η = 1.18 cm−1). In particular, PT de-
scribes the energy level crossing phenomena that affects
the dressed states. Due to the coupling V , unperturbed
states hybridize giving rise to energy shift and splitting
characteristic of anti-crossing processes. Consequently,
some energy levels repel each other whereas other energy
levels get closer. These levels describing exact uncoupled
eigenstates, energy level crossing occurs.

At this step, we have verified that PT yields good esti-
mates of the eigenstates (not drawn). For χ = 8 pN, the
main contribution of each eigenstate is collinear to the
corresponding unperturbed state whose weight is well-
accounted by PT. Nevertheless, for high energy levels or
for larger χ values, a small discrepancy occurs between
numerical calculations and PT, especially for describing
the weight of the states |k± 1, n± 1〉. This feature arises
because these contributions result from first order PT
whereas the other contributions are exact up to second
order.

The η dependence of the phonon energy correction

δΩ
(2)
k is illustrated in Fig. 3. The intensity and the sign

of δΩ
(2)
k depend on the nature of the exciton that accom-

panies the phonon. An exciton whose energy is above ω0

yields a red-shift of the phonon energy. Moreover, the
closer to the band edge the exciton energy is located, the

larger δΩ
(2)
k is. By contrast, an exciton whose energy



6

h (cm
-1
)

0.0 0.2 0.4 0.6 0.8 1.0 1.2

-0.02

-0.01

0.00

0.01

0.02

d
W

k( 2
)

( c
m

- 1
)

-0.02

-0.01

0.00

0.01

0.02

k=10

k=9

k=8

k=7

k=6

k=5

k=4

k=3

k=2

k=6

k=1

k=11

k=10
k=9
k=8

k=7

k=5

k=4
k=3
k=2

k=1

(a)

(b)

d
W

k( 2
)

( c
m

- 1
)

FIG. 3: (Color online) η dependence of the phonon energy
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correction δω
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k for N = 11.

is below ω0 leads to a blue-shift of the phonon energy.
As previously, excitonic states near the band edge yield
the largest phonon energy shift. A surprising effect takes
place for odd lattice sizes. In that case, a phonon clothed
by an exciton whose energy is exactly located at the band
center is not perturbed. In other words, for k = L/2, one

obtains δΩ
(2)
L/2 = 0 ∀ η.

Fig. 4 displays the η dependence of the exciton energy

correction δω
(2)
k . Note that δω

(2)
k is almost insensitive to

the parity of the lattice size so that only the case N = 11
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FIG. 5: Excitonic propagator in the local basis for N = 8,
T = 300 K and χ = 8 pN. (a) Exact calculation, (b) PT and
(c) TCL2-GME.

is reported. The figure shows that the dressing by vir-
tual phonons is responsible for a red-shift of the exciton

energy so that δω
(2)
k decreases as η increases. In absolute

value, it is typically two orders of magnitude larger than

|δΩ(2)
k |. Fig. 4 reveals that the sensitivity of the states

k = 2, ..., N − 1 to the dressing effect is almost k inde-
pendent. In other words, these states experience a similar
energy shift whose value is typically of about −2EB/L.
By contrast, the states located at the band edges k = 1
and k = N appear weakly coupled with the phonons.
They exhibit almost the same energy shift whose value,
of about −EB/L, is typically two times smaller than the
energy correction of the other states.

To characterize the coherence transfer along the lat-
tice, let us consider the time evolution of the effective
exciton propagator in the local basis (Eq.(5)). Special
attention is paid to describe the ability of the system to
transfer a quantum state between the two lattice sides,
x1 = 1 and x2 = N . Such information is encoded in
the propagator |GN1(t)| whose time evolution is shown
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in Fig. 5 for N = 8, T = 300 K and χ = 8 pN. Note
that Fig. 5 displays results provided by exact calcula-
tions (Fig. 5a), PT (Fig. 5b) and TCL2-GME method
(Fig. 5c)48.

Although it is not really clear over the time scale shown
in Fig. 5, we have verified that both PT and TCL2-
GME yield a quite good estimate of the propagator in
the short time limit (t < 100 ps). However, as time
increases, TCL2-GME fails in reproducing the time evo-
lution of the propagator and suggests, wrongly, that an
efficient coherence transfer occurs over a rather long time
scale. This is no longer the case for PT that describes
accurately the time evolution of the transmitted coher-
ence, even in the long time limit. According to Figs. 5a
and 5b, the exciton propagator behaves as follows. Ini-
tially equal to zero, |GN1(t)| reaches a first maximum
that characterizes a direct exciton transfer between the
two lattice sides. Then, due to the confinement, |GN1(t)|
does not vanish but it exhibits peaks which are almost
periodically distributed. These peaks define quantum re-
currences that occur at either classical periods, revival
times or super-revival times47,74. Nevertheless, as time
increases, the intensity of the quantum recurrences de-
creases indicating that a rather slow quantum decoher-
ence takes place. Note that the coherence decays rather
algebraically than exponentially. For instance, around
100 ps, the maximum value of the propagator is about
0.75. It becomes typically of about 0.2 around 1000 ps
and reduces to 0.1 near 2000 ps. In other words, the
transmitted coherence exhibits small amplitude fluctu-
ations around a mean value which apparently tends to
zero as time reaches 2000 ps. We have verified that such
a behavior is characteristic of a lattice whose size is an
even number.

As shown in Fig. 6, similar results are observed for
N = 9. Note that the TCL2-GME method is not re-
ported in Fig. 6 since it gives a time evolution quite
similar to that displayed in Fig. 5c. Both PT and
TCL2-GME yield accurate results in the short time limit
and they reveal the occurrence of peaks regularly dis-
tributed. Nevertheless, as time increases, TCL2-GME
breaks down and only PT provides results in good agree-
ments with the exact calculations. The transmitted co-
herence still displays quantum recurrences whose inten-
sity slightly decreases as time increases. However, it is
as if the transmitted coherence converged to a non van-
ishing value of about 0.17 by exhibiting high frequency
oscillations whose amplitude is about 0.8. In fact this
feature is rather general and it occurs for an odd lattice
size.

At this step, let us mention that long time simulations
have been carried out over a time scale equal to 20000 ps
(not drawn). Coherence revivals have been observed in-
dicating that the transmitted coherence does not vanish
whatever the parity of the lattice size. These features will
be discussed later. Moreover, for larger χ values, we have
observed that PT remains quite good. For instance, for
χ = 16 pN, PT captures the main part of the propaga-
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FIG. 6: Excitonic propagator in the local basis for N = 9,
T = 300 K and χ = 8 pN. (a) Exact calculation and (b) PT.

M
a

x
[

|G
N

1
(t

)|
]

N

0 2 4 6 8 10 12 14 16 18 20

0.6

0.7

0.8

0.9

1.0

1.1

c=0 pN

c=8 pN

c=12 pN

FIG. 7: (Color online) Maximum value of the transmitted
coherence over 1000 ps versus lattice size for χ = 0, 8 and 12
pN. Exact calculations (full lines) and PT (x symbols).

tor whereas TCL2-GME yields an unphysical exponential
growth.

Information about the optimized coherence transfer is
displayed in Fig. 7 for T = 300 K. For a lattice containing
N sites, Fig. 7 shows the maximum value of the trans-
mitted coherence, i.e. tN = Max[|GN1(t)|], which occurs
over an observation time scale equal to 1000 ps. For
χ = 0 pN, tN = 1 provided that N ≤ 7. Then, it slightly
decreases with N giving rise to a high fidelity transfer.
Note that a linear regression yields tN ≈ 1−0.013(N−7)
for N ≥ 7. In fact, when χ = 0 pN, the coherence proper-
ties are governed by the exciton Hamiltonian that favors
quantum recurrences. Consequently, the maximum of
|GN1(t)| occurs after the exciton has experienced several
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reflections. For instance, for N = 16, tN = 0.86 is very
close to unity, the maximum taking place at t = 852.2
ps. When the exciton-phonon interaction is turned on,
the intensity of the quantum recurrences is reduced (see
Figs. 5 and 6) so that tN decreases. For χ = 8 pN, it
typically scales tN ≈ 1−0.019(N−1) whereas for χ = 12
pN, it behaves as tN ≈ 1 − 0.022(N − 1). Note that a
critical size Nc ≈ 8 discriminates between two regimes.
When N < Nc, the maximum of |GN1(t)| takes place at
either a revival time or a super-revival time for which
the exciton has experienced many reflections. By con-
trast, for N > Nc, the most probable event giving rise
to the maximum of |GN1(t)| is a direct transfer between
the lattice sides.

Let us now study the time evolution of the coher-
ences expressed in the excitonic eigenbasis. To proceed,
we shall restrict our attention to the diagonal elements
Gkk(t) of the effective propagator. These elements define
the coherence of quantum states involving the vacuum
and the one-exciton eigenstates. To simplify, Gkk(t) will
be called the coherence of the state |k〉. Such a restric-
tion is valid because the propagator is diagonally dom-
inant. More precisely, our numerical study reveals that
Gk2k1(t) 6= 0 for |k2 − k1| = 0, 2, 4, ..., only. As predicted
by PT (Eq.(B1)), diagonal terms are the most intense
since they involve the contribution of the eigenstates
collinear to the unperturbed states. By contrast, non
diagonal terms |k2 − k1| = 2 remain small since they are
proportional to the square of the coupling. Finally, PT
does not account on non diagonal terms |k2−k1| = 4, 6, ...
that involve high order contributions of the coupling.
Fortunately, these latter terms almost vanish in the weak
coupling limit.

For an even lattice size (N = 8), |Gkk(t)| is displayed
in Fig. 8 for T = 300K and χ = 8 pN. The figure
clearly shows the agreement between exact calculations
(Fig. 8a) and PT (Fig. 8b). In the short time limit
(t < 50 − 100 ps), it reveals that the coherences exhibit
high frequency small amplitude fluctuations just below
their initial value equal to unity. Then, as time increases,
the coherences decrease indicating that quantum deco-
herence takes place over 2000 ps. Note that this decay
is rather algebraic than exponential. Each coherence fol-
lows a decaying function that supports a high frequency
small amplitude modulation. However, such a behavior
depends on the nature of the excitonic state. First, the
coherences evolve in pairs so that |Gkk(t)| typically be-
haves as |GL−kL−k(t)|. Second, the coherence of states
close to the band edges decays faster than the coherence
of states located near the band center. Finally, the mod-
ulation amplitude is more pronounced for states located
near the band center.

Let us mention that simulations carried out at differ-
ent temperatures have revealed that the temperature en-
hances quantum decoherence. The larger the temper-
ature is, the faster the coherences decay. In addition,
as the temperature increases, the modulation amplitude
increases. Note that we have verified that the TCL2-
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FIG. 8: (Color online) Time evolution of |Gkk(t)| for N = 8,
T = 300K and χ = 8 pN. (a) Exact calculations and (b) PT.

GME method provides quite good results in the short
time limit (t < 100 ps). However, as time increases, it
rapidly breaks down and it suggests, wrongly, that the
coherences survive over 2000 ps.

For N = 9, |Gkk(t)| is shown in Fig. 9 for T = 300K
and χ = 8 pN. As previously, a very good agreement is
observed between exact calculations (Fig. 9a) and PT
(Fig. 9b). Basically, the coherences behave as in Fig. 8.
They first exhibit fast oscillations just below their initial
value. Then, they follow a decaying function that sup-
ports a high frequency small amplitude modulation. Note
that the modulation amplitude appears larger, especially
for states near the band center. However, a surprising ef-
fect occurs that was not observed for an even lattice size.
Indeed, the coherence of the state exactly located at the
band center (k = L/2) evolves differently. In the short
time limit, it slightly decreases from unity by exhibiting
high frequency damped oscillations. As time increases,
the oscillations disappear and the coherence converges to
a finite value rather close to unity. In other words, the
coherence survives over a very long time scale in spite of
the coupling with the phonons at high temperature. Note
that the influence of the temperature is twofold. First,
as the temperature increases, the constant value reached
by the coherence decreases. For instance, for T = 100 K
it is equal to 0.96 and it reduces to 0.90 for T = 300 K.
Then, the amplitude of the damped oscillations increases
with the temperature. Nevertheless, the larger the tem-
perature is, the faster the modulation disappears.

According to the previous results, it would seem that
quantum decoherence arises for states k 6= L/2. However,
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FIG. 9: (Color online) Time evolution of |Gkk(t)| for N = 9,
T = 300K and χ = 8 pN. (a) Exact calculations and (b) PT.

this is a deceptive appearance as illustrated in Fig. 10 for
N = 9. Indeed, for k 6= L/2, each coherence decreases
from unity and it finally reaches a minimum value almost
k independent. Such a behavior is characterized by the
so-called decoherence time T d

k for which |Gkk(T d
k )| = 0.5.

However, as time increases, the coherence increases again
until it recurs at a specific revival time T r

k . This scenario
continues giving rise to a periodic evolution of the coher-
ence. Its dynamics is thus governed by both the deco-
herence time and the revival time, whose values strongly
depend on the excitonic eigenstates. The closer to the
band edges the states are located, the shorter T d

k and T r
k

are. For instance, one obtains T d
1 = T d

9 ≈ 110 ps and
T r

1 = T r
9 ≈ 5300 ps whereas T d

2 = T d
8 ≈ 170 ps and

T r
2 = T r

8 ≈ 8700 ps. The other coherences also recur
but for revival times longer than the time scale reported
in the figure. As mentioned previously, the decoherence
time decreases with the temperature. By contrast, the re-
vival time is typically temperature independent. Never-
theless, the temperature modifies the coherence revivals
whose intensity decreases as the temperature increases.

As shown in Fig. 10, PT mimics quite well the exact
calculations over a very long time scale. Nevertheless, a
small discrepancy occurs between exact calculations and
PT for describing the coherence of the state k = L/2. In-
deed, according to PT, this coherence converges whereas
Fig. 10a reveals that it slightly decreases as time in-
creases. In fact, this coherence exhibits both quantum
decoherence and coherence revival but over a very long
time scale. To illustrate this feature, Fig. 11 displays
the time evolution of this coherence for χ = 12 pN, i.e.
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χ = 12 pN.

a coupling value for which T d
L/2 is shortened to 11050 ps.

In that case, quantum decoherence is clearly evidenced,
as well as PT breakdown. Note that the other coherences
remain quite well-described by PT (not drawn). To over-
come this difficulty, a fourth order PT has been applied to
improve the energy correction of the unperturbed states
(Appendix C). Doing so, we have verified that the fourth
order PT only slightly modifies the time evolution of the
coherence of the states k 6= L/2. By contrast, it strongly
affects the time evolution of the coherence of the state
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k = L/2 whose long time behavior now resembles the
time evolution provided by exact calculations.

To conclude this section, let us mention that a nu-
merical simulation of the phonon reduced density matrix
r(t) = TrA[ρ(t)] has been carried out. The main idea
was to clarify if the presence of an exciton strongly affects
the phonon properties in the weak coupling limit. There-
fore, initially in thermal equilibrium, we have observed
that the phonon statistical state is only slightly modi-
fied. Indeed, the populations rnn(t) of the phonon num-
ber states |n〉 are no longer constant. They exhibit small
amplitude fluctuations around their equilibrium value.
In addition, phonon coherences rnn′ (t) switch on. When
the exciton occupies a local state at t = 0, coherences
with |n − n′| = 1, 2, 3... turn on. By contrast, phonon
coherences with |n − n′| = 2, 4, 6... occur when the ex-
citon is initially created in an eigenstate. Fortunately,
the phonon coherences are very small so that it is as if
the phonons still remained in a quasi-equilibrium with a
slightly fluctuating temperature.

IV. DISCUSSION

The numerical results show that PT is a powerful tool
for describing the exciton-phonon system in a confined
environment. Within the nonadiabatic weak coupling
limit, it yields a very good estimate of the spectral prop-
erties of the system over a rather large energy scale. The
behavior of the eigenenergies is encoded into two parame-

ters, namely the exciton energy correction δω
(2)
k and the

phonon energy correction δΩ
(2)
k . These parameters ac-

count for both the dressing of the exciton by a virtual
phonon cloud and the dressing of each phonon by exci-
tonic virtual transitions. Furthermore, PT is particularly
suitable for describing the dynamics of the excitonic co-
herences over short, intermediate and long time scales. In
that sense, it is more accurate than second order master
equation approaches that quite well mimic the dynamics
in the short time limit but break down over intermediate
and long time scales.

Our results reveal that the evolution of the excitonic
coherences is governed by several time scales. In the short
time limit (t < 100 ps for amide-I exciton), the coher-
ences in the excitonic eigenbasis exhibit high frequency
small amplitude fluctuations just below their initial value
equal to unity. It is as if the coherences survived in spite
of the exciton-phonon coupling at finite temperature. In
the local basis, the transmitted coherence evolves almost
periodically and it shows peaks that characterize quan-
tum recurrences. As time increases, quantum decoher-
ence takes place over a time scale specified by the so-
called decoherence time. The coherence of each eigen-
state slowly decreases rather algebraically than exponen-
tially. Similarly, quantum decoherence favors an alge-
braic decay of the transmitted coherence and the quan-
tum recurrences decrease as time increases. Nevertheless,
the coherences do not vanish, neither in the local basis

nor in the eigenbasis. Quantum decoherence is only tran-
sient and the coherences in the eigenbasis recur at specific
revival times. The main observation is that both deco-
herence times and revival times strongly depend on the
nature of the excitonic states. The closer to the band
center the states are located, the longer the decoherence
times and the revival times are. In particular, for odd
lattice sizes, they become extremely long for the state
exactly located at the band center.

To interpret the time evolution of the coherences, let
us introduce two simplifying approximations. First, the
effective propagator being diagonally dominant in the
excitonic eigenbasis, a diagonal element Gkk(t) charac-
terizes a coherence σk⊘(t), i.e. σk⊘(t) ≈ Gkk(t)σk⊘(0).
Then, in the weak coupling limit, the eigenstates being
almost collinear to the unperturbed states, one assumes
|Ψk,n〉 ≈ |k, n〉. Consequently Eq.(10) yields

Gkk(t) ≈ e−iω̂kt
∞
∑

n=0

Pne
in(Ω−Ω̂k)t (12)

The physics provided by Eq.(12) can be understood as
follows. At t = 0, the system is prepared in a factor-
ized state |Ψ(0)〉 = [c0|⊘〉 + c1|k〉] ⊗ |n〉. This state de-
scribes n phonons accompanied by an exciton in a su-
perimposed state, phonons and exciton being indepen-
dent. As time increases, this state evolves in an entangled
exciton-phonon state as

|Ψ(0)〉 ≈ c0|⊘〉 ⊗ |φ(⊘)
n (t)〉+ c1e

−iω̂kt|k〉 ⊗ |φ(k)
n (t)〉 (13)

where |φ(⊘)
n (t)〉 = exp(−inΩt)|n〉 is the state of n

free phonons whereas |φ(k)
n (t)〉 = exp(−inΩ̂kt)|n〉 de-

scribes the evolution of n phonons dressed by the ex-
citon. After performing a trace over the phonon de-
grees of freedom, the coherence scales as Gkk(t) ≈
exp(−iω̂kt)〈φ(⊘)

n (t)|φ(k)
n (t)〉. The phase factor charac-

terizes the evolution of the exciton dressed by a virtual
phonon cloud. It does not significantly modify the coher-
ence dynamics. By contrast, the so-called decoherence

factor36,37 〈φ(⊘)
n (t)|φ(k)

n (t)〉 measures the ability of the
phonons to evolve freely in spite of their interaction with
the exciton. When the phonons are initially in a pure
state, the decoherence factor reduces to a phase factor
exp(in(Ω − Ω̂k)t) that involves the energy difference be-
tween free and dressed phonons. This latter phase factor
does not affect the excitonic coherence. Unfortunately, at
finite temperature, the phonons are described by a sta-
tistical mixture of number states. As shown in Eq.(12),
the coherence is thus proportional to the average value
of the decoherence factor. Performing the average, its
modulus is written as

|Gkk(t)| ≈ 1
√

1 + 4∆n̄2 sin2
(

1
2δΩ

(2)
k t

)

(14)

where ∆n̄2 = n̄(n̄+1) measures the thermal fluctuations
of the phonon number. In spite of its simple appearance,
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Eq.(14) allows us to recover the main features observed
in our numerical analysis.

First, due to the symmetry of the phonon energy cor-

rection, i.e. δΩ
(2)
k = −δΩ(2)

L−k (Fig. 3), the coherences
evolve in pairs. One obtains |Gkk(t)| = |GL−kL−k(t)|, in
good agreements with the results displayed in Figs. 8, 9
and 10.

Second, Eq.(14) reveals that the average over the initial
phonon number leads to quantum decoherence. Indeed,

when δΩ
(2)
k t ≪ 1, the coherence, initially equal to unity,

slowly decreases as time increases. It does not decrease
in an exponential way. Instead, it exhibits an algebraic

decay and scales as |Gkk(t)| ≈ [1 + (∆n̄δΩ
(2)
k t)2]−1/2.

This decay is characterized by a decoherence time T d
k

defined as (|Gkk(T d
k )| = 1/2),

T d
k =

√
3

∆n̄|δΩ(2)
k |

(15)

Since ∆n̄ scales as T , Eq(15) shows that the tempera-
ture enhances quantum decoherence. Moreover, T d

k is in-
versely proportional to the square of the coupling through
its dependence with respect to the phonon energy cor-
rection (see Eq.(8)). From this dependence, we recover
that the closer to the band edges the excitonic state is
located, the shorter T d

k is. For instance, with the param-
eters used in Fig. 10, Eq.(15) yields T d

1 = T d
9 = 106.65

ps and T d
2 = T d

8 = 175.52 ps, in good agreements with
the numerical estimates. As observed in Fig. 9, Eq.(15)
reveals that the coherence of the excitonic state exactly
located at the band center (k = L/2) survives over an
infinite time scale. This feature occurs for an odd lat-
tice size only because δΩ

(2)
L/2 vanishes due to the symme-

try of the exciton energy spectrum. Indeed, during both
phonon absorption and phonon stimulated emission, the
virtual excitonic transition form |k〉 to |k + 1〉 is coun-
terbalanced by the transition form |k〉 to |k − 1〉. When
k = L/2, both contributions exactly compensate result-
ing in a zero phonon energy shift so that T d

L/2 → ∞.

Of course, such a behavior results from a second order
PT whereas exact calculations reveal that T d

L/2 is very

long but remains finite. To account on this feature, a
fourth order PT has been realized (see Appendix C). In

that case, fourth order corrections δΩ
(4)
k remain negligi-

ble when compared with δΩ
(2)
k , excepted for k = L/2

since δΩ
(2)
L/2 = 0. The corresponding decoherence time is

about T d
L/2 =

√
3/∆n̄|δΩ(4)

L/2|. With the parameters used

in Fig. 11, one obtains T d
L/2 = 11816 ps in quite good

agreements with the numerical results.

At this step, let us mention that the so-called deco-

herence rate Γd
k = ∆n̄δ|Ω(2)

k |/
√

3 depends quadratically
on the coupling strength. However, its temperature de-
pendence is encoded in the thermal fluctuations of the
phonon number. In that sense, it differs from the stan-
dard expression of the dephasing rate that characterizes

the decoherence of an open system coupled with a reser-
voir of harmonic oscillators2. In that case, GME meth-
ods show that the temperature dependence of the rate
originates in its dependence with respect to the aver-
age phonon number n̄. At high temperature, both ap-
proaches yield a similar temperature dependence since
∆n̄ ≈ n̄ ≈ kBT/Ω. This is no longer the case at low
temperature since ∆n̄/n̄ = exp(βΩ/2). Inserting Eq.(8)
into Eq.(15) for k = 1 (or k = N) reveals that the largest
decoherence rate scales as Γd

1 ≈ 13.85ΦEBkBT/(Ω
2
cL) at

high temperature. It decreases as L increases provided
that L < L∗. This latter condition ensures that Γd

1 re-
mains smaller than the smallest excitonic Bohr frequency
∆ω ≈ 3Φπ2/L2.

Finally, Eq.(14) shows that the coherence is a peri-
odic function of time so that quantum decoherence is
only transient. The coherence does not vanish and it

reaches a minimum at time tk = π/|δΩ(2)
k |. This mini-

mum, equal to 1/
√

1 + 4∆n̄2, only depends on the ther-
mal fluctuations of the phonon number. It thus decreases
as the temperature increases. As time increases, the co-
herence increases again and it finally recurs at a revival

time T r
k = 2π/|δΩ(2)

k |. The revival time is temperature
independent and it only depends on the invert of the
phonon energy correction. As a result, the closer to the
band edges the excitonic state is located, the shorter T r

k
is. For instance, with the parameters used in Fig. 10,
one obtains T r

1 = T r
9 = 5322 ps and T r

2 = T r
8 = 8758

ps, in good agreements with the numerical estimates.
As for the decoherence time, second order PT predicts
an infinite revival time for the coherence of the state
k = L/2. However, within fourth order PT (Appendix

C), δΩ
(4)
L/2 does no longer vanish. With the parameters

used in Figs. 10 and 11, one obtains T r
L/2 ≈ 2.98 × 106

ps and T r
L/2 ≈ 5.89 × 105 ps, for χ = 8 pN and χ = 12

pN, respectively. Note that Eq.(14) describes exact re-
vivals for which the coherence reaches unity. This feature
results form the assumption that the eigenstates reduce
to the unperturbed states. However, by using Eq.(B1),
the temperature effect is taken into account so that the
maximum of the coherence decreases as the temperature
increases.

In the local basis, the transmitted coherence is a su-
perimposition of the coherences in the eigenbasis as

GN1(t) ≈ − 2

L

N
∑

k=1

(−1)k sin2

(

kπ

L

)

Gkk(t) (16)

In the short time limit, GN1(t) scales as the propagator
of a bare exciton. It measures the ability of the system to
copy the initial state on the side site x = N . The initial
excitation on site x = 1 yields the emission of a wave
packet that propagates with a group velocity v ≈ 2Φ.
After a time τ0 ≈ L/v, the wave packet reaches the site
x = N and a peak occurs in GN1(t). As observed in Figs.
5 and 6, such a mechanism takes place almost periodi-
cally and some peaks in GN1(t) define recurrences that
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occur according to the so-called classical period 2τ0
47,74.

They describe situations in which the exciton quantum
state partially resembles the copy of the initial state but
localized on the site x = N . Moreover, the discrete na-
ture of the exciton energy spectrum provides both revival
times and super-revival times for which the reappear-
ance of the wave packet on the site x = N yields quan-
tum states that strongly resemble the initial state47,74.
Unfortunately, as time increases, quantum decoherence
takes place and the intensity of these quantum recur-
rences decreases. For an even lattice size, each coherence
Gkk(t) decreases as time increases so that |GN1(t)| slowly
decays. It finally exhibits small amplitude fluctuations
close to zero, as displayed in Fig. 5. By contrast, for an
odd lattice size, the coherence of the state k = L/2 sur-
vives so that |GN1(t)| shows small amplitude oscillations
around an average value of about 2/L, as illustrated in
Fig. 6. Note that over longer time scales, coherence re-
vivals in Gkk(t) give rise to quantum recurrences in the
transmitted coherence. However, these recurrences re-
main weak because different coherences Gkk(t) are char-
acterized by different revival times. It is unlikely that
coherences Gkk(t) will recur simultaneously to provide a
strong recurrence in GN1(t).

To conclude, we would like to point out that, in ad-
dition to its academic interest, the present work reveals
interesting features that may be applied to quantum in-
formation processing in condensed matter. Indeed, it has
been shown that the confinement softens the quantum
decoherence experienced by an exciton coupled with a
phonon bath, even at high temperature. This softening
is particular important, at least, for two main reasons.
First, the confinement enhances the ability of the system
to promote high fidelity quantum state transfer. Over an
observation time scale of about few times the decoherence
time, the maximum value of the transmitted coherence
decreases almost linearly with the lattice size. In short
lattices, the exciton realizes many reflections before ex-
periencing quantum decoherence so that the optimized
transmitted coherence occurs at either a revival time or
a super-revival time. By contrast, in longer lattices, a
direct quantum state transfer takes place between the
lattice sides. This feature is fully different from the be-
havior observed in an infinite lattice in which dephasing-
limited coherent motion yields a strong localization of the
transmitted coherence that decreases exponentially with
distance44. Second, the excitonic state exactly located at
the band center is almost insensitive to the phonon bath.
Consequently, a superimposition involving the vacuum
and this particular one-exciton state is able to keep its
coherent nature over an extremely long time scale. Of
course, this effect arises provided that the weak coupling
limit is reached. However, our results have shown that
the decoherence time remains very long even in the in-
termediate coupling regime. Consequently, at high tem-
perature, such a superimposition can be viewed as an
ideal quantum bit insensitive to quantum decoherence,
the public enemy number one in quantum computing.

V. CONCLUSION

In the present paper, the properties of the exciton-
phonon system in a confined environment has been re-
visited within PT. Special attention has been paid for
describing the time evolution of the excitonic coherences.
To proceed, the system involving an exciton dressed by a
single phonon mode has been considered. Due to its sim-
plicity, it was solved exactly so that the PT performance
has been checked. Within the nonadiabatic weak cou-
pling limit, it has been shown that PT is a powerful tool
for describing the spectral properties of the system over
a rather large energy scale. Moreover, it is particularly
suitable for characterizing the coherence dynamics over
short, intermediate and long time scales. It is thus more
accurate than second order master equation approaches
that rapidly break down.

We have shown that several time scales govern the dy-
namics of the coherences. In the short time limit, the
coherences behave as if the exciton was insensitive to the
phonon bath. Then, quantum decoherence takes place
over a time scale specified by the decoherence time. How-
ever, quantum decoherence is only transient so that the
coherences do not vanish in the long time limit. Instead,
they recur periodically at specific revival times. Both
decoherence times and revival times strongly depend on
the nature of the excitonic states. In particular, for odd
lattice sizes, it has been shown that the coherence of the
state exactly located at the band center survives over an
extremely long time scale. In that context, it has been
pointed out that confinement-induced decoherence soft-
ening favors high fidelity quantum state transfer. Fur-
thermore, it allows to encode the information on a quan-
tum bit almost insensitive to quantum decoherence, even
at high temperature.

Finally, since the present approach has revealed the
powerfulness of PT, it will be generalized for describing
an exciton coupled with all the phonon modes in a con-
fined environment and at finite temperature.
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APPENDIX A: EIGENSTATES OF THE FULL

HAMILTONIAN H

According to the standard second order PT, the eigen-
states of the full Hamiltonian H are expressed as

|Ψk,n〉 = |k, n〉
+

√
n+ 1

[

µ+
k |k + 1, n+ 1〉 + ν+

k |k − 1, n+ 1〉
]

+
√
n

[

µ−
k |k + 1, n− 1〉 + ν−k |k − 1, n− 1〉

]

− 1

2

[

(n+ 1)(µ+2
k + ν+2

k ) + n(µ−2
k + ν−2

k )
]

|k, n〉

+
√

(n+ 1)(n+ 2)µ+
k u

+
k |k + 2, n+ 2〉

+
√

(n+ 1)(n+ 2)ν+
k v

+
k |k − 2, n+ 2〉

+
√

n(n− 1)µ−
k u

−
k |k + 2, n− 2〉

+
√

n(n− 1)ν−k v
−
k |k − 2, n− 2〉

+ u0
k

[

(n+ 1)µ+
k + nµ−

k

]

|k + 2, n〉
+ v0

k

[

(n+ 1)ν+
k + nν−k

]

|k − 2, n〉
− λ

√

(n+ 1)(n+ 2)(µ+
k + ν+

k )|k, n+ 2〉
+ λ

√

n(n− 1)(µ−
k + ν−k )|k, n− 2〉, (A1)

where the different parameters are defined as

µ±
k = η(ωk − ωk+1 ∓ Ω)−1µk

ν±k = η(ωk − ωk−1 ∓ Ω)−1νk

u±k = η(ωk − ωk+2 ∓ 2Ω)−1µ′
k

v±k = η(ωk − ωk−2 ∓ 2Ω)−1ν′k

u0
k = η(ωk − ωk+2)

−1µ′
k

v0
k = η(ωk − ωk−2)

−1ν′k
λ = η/2Ω, (A2)

with µk = 1 − δk,N , νk = 1 − δk,1, µ
′
k = µk(1 − δk,N−1)

and ν′k = νk(1 − δk,2)

APPENDIX B: EXCITONIC COHERENCES

The approximate expression of the effective exciton
propagator up to second order in the exciton-phonon cou-
pling V is written as

Gk2k1(t) =
Zk1

B (t)

ZB
e−iω̂k1

t
[

1 − (nk1(t) + 1)(µ+2
k1

+ ν+2
k1

) − nk1(t)(µ
−2
k1

+ ν−2
k1

)
]

δk2,k1

+
Zk1+1

B (t)

ZB
e−iω̂k1+1t

[

eiΩ̂k1+1tnk1+1(t)ν
+2
k1+1 + e−iΩ̂k1+1t(nk1+1(t) + 1)ν−2

k1+1

]

δk2,k1

+
Zk1−1

B (t)

ZB
e−iω̂k1−1t

[

eiΩ̂k1−1tnk1−1(t)µ
+2
k1−1 + e−iΩ̂k1−1t(nk1−1(t) + 1)µ−2

k1−1

]

δk2,k1

+
Zk1

B (t)

ZB
e−iω̂k1

tu0
k1

[

(nk1(t) + 1)µ+
k1

+ nk1(t)µ
−
k1

]

δk2,k1+2

+
Zk1

B (t)

ZB
e−iω̂k1

tv0
k1

[

(nk1(t) + 1)ν+
k1

+ nk1(t)ν
−
k1

]

δk2,k1−2

+
Zk2

B (t)

ZB
e−iω̂k2

tv0
k2

[

(nk2(t) + 1)ν+
k2

+ nk2(t)ν
−
k2

]

δk2,k1+2

+
Zk2

B (t)

ZB
e−iω̂k2

tu0
k2

[

(nk2(t) + 1)µ+
k2

+ nk2(t)µ
−
k2

]

δk2,k1−2

+
Zk1+1

B (t)

ZB
e−iω̂k1+1t

[

eiΩ̂k1+1tnk1+1(t)µ
+
k1+1ν

+
k1+1 + e−iΩ̂k1+1t(nk1+1(t) + 1)µ−

k1+1ν
−
k1+1

]

δk2,k1+2

+
Zk1−1

B (t)

ZB
e−iω̂k1−1t

[

eiΩ̂k1−1tnk1−1(t)µ
+
k1−1ν

+
k1−1 + e−iΩ̂k1−1t(nk1−1(t) + 1)µ−

k1−1ν
−
k1−1

]

δk2,k1−2,

(B1)

where nk(t) = [exp(βΩ + iδΩ
(2)
k t) − 1]−1. At time t =

0, nk(t = 0) reduces to the average phonon number at
thermal equilibrium n̄ = [exp(βΩ) − 1]−1.

APPENDIX C: FOURTH ORDER ENERGY

CORRECTION

To third order, the energy correction ǫ
(3)
k,n vanishes due

to the symmetry of the coupling Hamiltonian V . By
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contrast, the fourth order energy correction is written as

ǫ
(4)
k,n = δω

(4)
k + nδΩ

(4)
kn (C1)

where δω
(4)
k and δΩ

(4)
kn are the fourth order correction

to the exciton energy and to the phonon energy, respec-
tively. They are defined as

δω
(4)
k = 2η(µ+2

k u+
k + ν+2

k v+
k ) − 2ηλ(µ+

k + ν+
k )2

+ η(µ+2
k u0

k + ν+2
k v0

k)

− η(µ+2
k + ν+2

k )(µ+
k + ν+

k ) (C2)

and

δΩ
(4)
k,n = η(n+ 3)(µ+2

k u+
k + ν+2

k v+
k ) + η(n− 1)(µ−2

k u−k + ν−2
k v−k ) − ηλ(n+ 3)(µ+

k + ν+
k )2 + ηλ(n − 1)(µ−

k + ν−k )2

+ ηu0
k[(n+ 2)µ+2

k + nµ−2
k + 2(n+ 1)µ+

k µ
−
k ] + ηv0

k[(n+ 2)ν+2
k + nν−2

k + 2(n+ 1)ν+
k ν

−
k ]

− η(n+ 2)(µ+2
k + ν+2

k )(µ+
k + ν+

k ) − ηn(µ−2
k + ν−2

k )(µ−
k + ν−k ) − η(n+ 1)(µ−2

k + ν−2
k )(µ+

k + ν+
k )

− η(n+ 1)(µ+2
k + ν+2

k )(µ−
k + ν−k ) (C3)

Eq.(C3) shows that the energy correction of a single
phonon is not well-defined due to the nonlinear depen-

dence of nδΩ
(4)
k,n versus the phonon number n. To over-

come this difficulty, a mean field procedure is applied. To
proceed, the effective energy of a single phonon Ω̂k is de-

fined according to the relation 〈nΩ+nδΩ
(2)
k +nδΩ

(4)
k,n〉 =

n̄Ω̂k, where the symbol 〈...〉 is an average over the phonon
number according to the density matrix ρB. The correc-
tion of the phonon energy up to fourth order is finally

expressed as δΩ
(4)
k = 〈nδΩ(4)

k,n〉/n̄. It is easily extracted

from Eq.(C3) by using the relation 〈n2〉 = 2n̄2 + n̄.
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