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Extending the strong-field approximation of
high-order harmonic generation to polar molecules:
Gating mechanisms and extension of the harmonic

cutoff
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Lundbeck Foundation Theoretical Center for Quantum System Research,
Department of Physics and Astronomy, Aarhus University, 8000 Aarhus C,
Denmark

Abstract. Polar molecules such as CO are interesting target systems for high-
order harmonic generation (HHG) as they can be oriented with current laser
techniques, thus allowing the study of systems without inversion symmetry.
However, the asymmetry of the molecule also means that the molecular orbitals
are Stark shifted in energy due to their interaction with the driving laser.
We extend the strong-field approximation of HHG by incorporating the Stark
shift into the Lewenstein model, and discuss its impact on two different gating
mechanisms in CO. In system-induced gating an oriented target molecule serves as
a gate by selecting every other half-cycle due to an increased (decreased) ionization
rate. In field-induced gating the waveform of the driving laser is tailored such that
the harmonic emission from an aligned molecule is damped (enhanced) every other
half-cycle. We show that the Stark shift weakens the strength of system-induced
gating, and also determines the relative contribution from opposite orientations
in field-induced gating. Finally, we propose a novel scheme for extending the
high-order harmonic cutoff by letting the two gating mechanisms counteract each
other, thus allowing for a higher laser intensity without increased ionization of
the target gas.
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1. Introduction

High-order harmonic generation (HHG) is a highly non-linear process that takes place
when an intense femtosecond laser pulse is focused onto a gas. The least bound
electrons experience a force comparable to that of the Coulomb interaction with the
nuclei, leading to the emission of a broad range of harmonics. HHG is often described
as three separate steps. First the electron tunnels out into the continuum due to the
laser interaction. The electron is then driven away from the parent ion by the laser
field, and back again when the field changes its sign. Finally, the electron recombines
and emits its excess kinetic energy as radiation.

Studies of HHG are largely driven by the desire to obtain a table-top source of
coherent attosecond pulses reaching into the water window (284–543 eV) and above.
The main problem so far has been to generate sufficiently intense attosecond pulses
for practical applications. The most efficient methods depend on a single-atom signal,
which is then phase matched in the target medium [1, 2]. Replacing the atomic
target with a target of aligned molecules adds a degree of control, and thus offers the
possibility of extending the natural obtainable harmonic cutoff.

Most models of molecular HHG are based on the simple man’s model [3] or the
Lewenstein model [4]. The Lewenstein model is often referred to as the strong-field
approximation of HHG. Both models rely on the assumption that the initial state of the
active electron is unperturbed by the electric field of the laser pulse. This assumption
yields surprisingly accurate results for non-polar molecules but breaks down for polar
molecules due to the dipole interaction between the molecule and the electric field.

We argue that the Lewenstein model can be extended to polar molecules by
including the Stark shift on each molecular orbital. In a single-active electron model
the total HHG signal is the coherent sum over the contribution from every occupied
molecular orbital [5]. These orbitals will experience an energy shift in response to
an electric field. As polar molecules generally have asymmetric molecular orbitals
this results in a first-order Stark shift as well as higher-order shifts, which can be
incorporated into the Lewenstein model by modifying the ionization potential of each
orbital according to the instantaneous value of the electric field. While not describing
the deformation of the target molecule, this method does allow us to study some of
the features that are unique for HHG from polar molecules within a well-established
framework.

As an example of the importance of including the Stark shift, we study the concept
of gating in HHG. Normally, only odd harmonics are emitted due to selection rules
relating to the inversion symmetry of the target and the driving laser [6, 7]. There
are two ways of breaking this symmetry. One is to use an initial target, which is not
symmetric along the polarization axis of the laser [8, 9, 10, 11, 12, 13]. The other is
to modify the waveform of the driving laser [14, 15, 16, 17, 18, 19, 20].

Breaking the inversion symmetry of the target molecule is made possible, e.g.,
by recent advances in field-free molecular orientation [21, 22, 23, 24]. As opposed to
aligned molecules, that only have a well-defined internuclear axis, oriented molecules
also have a well-defined head-to-tail direction. In general, such a molecule will have a
preferred direction of ionization [24, 25], which means that the harmonic contribution
will be larger from one half-cycle than the adjacent. We shall refer to this gating
mechanism as system-induced gating as it is the molecule itself that serves as a gate.
We show that it is important to include the Stark shift in HHG from polar molecules
as it tends to decrease the strength of system-induced gating.
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Figure 1. (Colour online) The result of adding 1% of the second harmonic
in terms of intensity to an eleven cycle laser pulse with a trapezoidal envelope
(indicated by the dashed line). The carrier envelope phase delay is set to zero in
order to dampen (enhance) every other half-cycle. Note that the integral of the
total field is zero as required of a physical pulse [26].

We also consider field-induced gating in which the waveform is changed so as to
dampen the harmonic emission from an aligned target in every other half-cycle. An
easy way to implement field-induced gating is to add a small amount of the second
harmonic of the driving laser to the driving pulse [15, 17, 20]. As illustrated in figure 1,
the second harmonic will dampen (enhance) every other half-cycle, thus damping
(enhancing) the harmonic emission. We show that the Stark shift plays an important
role in determining the relative HHG contribution from opposite orientations of the
aligned molecule.

Finally, we also present a novel scheme for extending the harmonic cutoff by
combining system-induced and field-induced gating. We use field-induced gating
to counteract the system-induced gating of an oriented molecule, thus lowering the
ionization rate. This allows us to increase the intensity of the driving field without
ionizing the target, which in turn leads to an extension of the harmonic cutoff. An
appealing feature of our method is that it can be combined with any other cutoff-
extension scheme that relies on modified waveforms.

This paper is organized as follows. Our extension of the Lewenstein model is
presented in section 2, supplemented by a discussion of the underlying physics behind
system-induced and field-induced gating. Section 3 contains numerical results on CO,
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and section 4 sums up our conclusions. Atomic units (h̄ = e = me = a0 = 1) are used
throughout unless stated otherwise.

2. Theory

2.1. Lewenstein model without Stark shift

The Lewenstein model for HHG has several variants [4, 27, 28, 29, 30, 31, 32, 33, 34, 35].
Our point of departure is the treatment in [35], where the extended stationary-
phase method is used to approximate the momentum integral (describing continuum
dynamics). Briefly, the HHG spectrum Sn(ω) of the harmonic component along n is
taken to be

Sn(ω) =
∣
∣
∣
∣
n ·

∫

eiωt d
dt

〈vdip(t)〉 dt
∣
∣
∣
∣

2

, (1)

where vdip(t) is the dipole velocity. The dipole velocity is split into a contribution
from each molecular orbital λ [5]

〈vdip(t)〉 =
∑

λ

Pλ 〈vλ(t)〉 . (2)

Introducing the Euler angles R = (φ, θ, χ) for the molecular orientation in the
laboratory frame the orientational distribution G(R) of the molecule is factored out
as a coherent sum [5, 12]

〈vλ(t)〉 =
∫

G(R) 〈vλ(R, t)〉 dR. (3)

Finally, the Lewenstein model states that given an electric field F(t) = −∂tA(t),

〈vλ(R, t)〉 = i
∫ t

0

dτ
∫

dkv∗
rec,λ(R,k, t)e−iSλ(k,t,t−τ)

× F(t− τ) · dion,λ(R,k, t− τ)
+ c.c., (4)

where nuclear vibration is ignored, which is justified for heavy nuclei such as carbon
and oxygen. We refer to [36, 37, 38, 39, 40, 41, 42] for a treatment that goes beyond
the frozen core approximation. The momentum integral in (4) is evaluated using the
extended stationary-phase method [29, 31, 35] in order to speed up calculations. Short
trajectories are selected by restricting the τ -integral from zero to a τmax of two thirds
of an optical cycle, which is the classical return time.

Equation (4) depends on the Fourier transform of the electronic wave function
ψ̃λ through the ionization term

dion,λ(k, t− τ) = i∇k+A(t−τ)ψ̃λ[R,k + A(t− τ)], (5)

and the recombination term

vrec,λ(k, t) = [k + A(t)]ψ̃λ[R,k + A(t)]. (6)

Propagation in the continuum is contained in the semi-classical phase factor

Sλ(k, t, t− τ) =
∫ t

t−τ

(
1
2

[k + A(t′′)]2 − Eλ

)

dt′′, (7)

where |Eλ| is the vertical ionization potential of the molecular orbital in question.
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2.2. Lewenstein model with Stark shift

The Lewenstein model (4) is derived by approximating the full time-dependent
molecular orbital with

|ψλ(t)〉 = e−iEλ(t−t0) |ψλ(t0)〉 − i
∫

dk
∫ t

t0

dt′ |ψk(t)〉

× e−iEλ(t′−t0) 〈ψk(t′) |F(t′) · r |ψλ(t0)〉 . (8)

Here |ψλ(t0)〉 is the molecular orbital before the influence of the laser pulse, and |ψk(t)〉
the eigenstate of a free electron in a laser field with momentum k, a so-called Volkov
state. Equation (4) is obtained by calculating the expectation value of the dipole
velocity, and keeping only cross terms.

The phase factors in (8) containing Eλ are the result of applying the field-free
time-evolution operator on a field-free energy eigenstate

exp
(

−i
∫ t

t0

Ĥ0dt′
)

|ψλ(t0)〉 = exp (−iEλ(t− t0)) |ψλ(t0)〉 , (9)

assuming that the effect of the laser field on the initial state can be completely ignored
up until the ionization step. However, a field-free eigenstate will experience a Stark
shift in response to an electric field F. Expanding in powers of the field, the shifted
energy reads

Eλ = E
(0)
λ − μi

λFi − 1
2
αij

λ FiFj − 1
3!
βijk

λ FiFjFk − . . . (10)

where μλ is the dipole, αλ the polarizability and βλ the first hyperpolarizability of the
molecular orbital expressed in the laboratory frame. We use Einstein summation for
the tensor products. The relevant molecular orbital is typically the highest occupied
molecular orbital (HOMO) due to its lower ionization potential.

We propose to extend the Lewenstein model by Stark shifting the molecular
orbitals according to the instantaneous value of the electric field

Eλ(t) = E
(0)
λ − μi

λFi(t) − 1
2
αij

λ Fi(t)Fj(t) − . . . (11)

In this quasi-static approximation it then follows that

exp (−iEλ(t− t0)) |ψλ(t0)〉 → exp
(

−i
∫ t

t0

Eλ(t′)dt′
)

|ψλ(t0)〉 , (12)

which reduces to first-order perturbation theory if the field is only included to first
order in (11). The appealing feature of our approach is that it leaves the Lewenstein
model in section 2.1 unchanged except for Eλ in (7) being replaced by Eλ(t) in (11).
The effect is thus to introduce a time-dependent ionization potential. The dipole and
polarizabilities are found by calculating the energy of each molecular orbital for a
range of static field strengths using standard quantum chemistry software [43], and
fitting the result to a polynomial.

Our model is expected to be valid in the regime where the higher-order
Stark shifts are small. In HHG experiments typical field intensities are of the
order of 1–2 × 1014 W/cm2, corresponding to a maximal field-strength of F0 ≈
√

2 × 1014/3.51× 1016 a.u. = 0.075 a.u. Taking CO as an example, our quantum
chemistry calculations [43] show that the HOMO, sketched in figure 2, has a permanent
dipole of 1.1287 a.u. leading to a Stark shift of 17% of the ionization potential. The
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z
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Figure 2. (Colour online) A sketch of the geometry. The molecule is oriented
along the x axis, which is also the polarization axis of the linearly polarized driving
pulse. Shown is the highest occupied molecular orbital (HOMO) of CO obtained
using standard quantum chemistry software [43]. There is a larger electron density
near the carbon nucleus to the left, leading to a dipole of 1.1287 a.u. pointing from
the carbon to the oxygen nucleus. Note that the total dipole of the CO molecule
is 0.112 D = 0.0441 a.u. pointing from the oxygen to the carbon nucleus.

maximal Stark shift is shown in figure 3 for the two possible orientations. The second-
order Stark shift is much smaller than the first-order shift indicating that the field
does not induce a large deformation of the molecular orbital or, equivalently, that
there is not a large degree of state mixing of the bound states.

Simple considerations show why it has not previously been necessary to include
the Stark shift in HHG modelling. The term that is linear in the field will always
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Figure 3. (Colour online) The two possible orientations of CO with the
associated Stark shifts drawn to scale using the maximal field strength and the
molecular parameters from section 3. The nuclei are drawn with an unequal size
(C being the larger) to reflect the charge distribution of the HOMO in figure 2.
(a) The HOMO dipole μλ is parallel to the electric field F so the energy of the
HOMO Eλ is shifted down. (b) The antiparallel geometry, in which the HOMO
is shifted up in energy. The second-order induced-dipole shift caused by the
polarizability αλ is independent of the orientation, and is much smaller than the
first-order shift.
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be exactly zero for non-polar molecules as their molecular orbitals do not possess a
permanent dipole. The second-order term is symmetric with respect to the sign of
the field and thus does not distinguish between half-cycles, and higher-order terms
are heavily suppressed due to the typical size of F0 in HHG studies. The net effect
is a slight lowering of the energy at the peak of the cycle due to the second-order
Stark shift, leading to a negligible suppression of the total HHG signal. Including
the first-order Stark shift is important for polar target molecules, however. We will
highlight the role that the Stark shift plays in the context of gating mechanisms.

2.3. System-induced gating

The first gating mechanism to be discussed is system-induced gating, where the
symmetry between half-cycles in HHG is broken due to a preferred direction of
ionization in the oriented target molecule [24, 25]. One possible cause of asymmetry
is the asymmetric charge distribution of the molecular orbital, which follows directly
from the Lewenstein model. To simplify the argument we only consider the parallel
geometry in figure 2, neglect the effect of the Stark shift, and restrict ourselves to a
driving field that is a sine with a constant amplitude. This means that all the following
vector equations can be restricted to just the x component along the polarization axis.

Applying the conventional stationary-phase approximation to the momentum
integral in (4) leads to a stationary saddle-point momentum ks of [35]

ks(t, τ) = −1
τ

∫ t

t−τ

A(t′)dt′. (13)

Changing half-cycle is the same as changing the sign of A, and thus of ks, because
of the sinusoidal driving pulse. The overall effect of changing half-cycle can now be
deduced from (4)–(7). Using general properties of the Fourier transform

ψ̃λ [R,−k] = ψ̃∗
λ [R,k] , (14)

and

∇−kψ̃λ [R,−k] = −∇kψ̃
∗
λ [R,k] . (15)

Changing half-cycle thus results in

v∗
rec,λ(R,k, t) → −vrec,λ(R,k, t), (16)

and

F(t− τ) · dion,λ(R,k, t− τ) → −F(t− τ) · d∗
ion,λ(R,k, t− τ). (17)

The semi-classical phase in (7) does not change so the integrand in (4) is changed from

iv∗
rec,λ(R,k, t)e−iSλ(k,t,t−τ)F(t− τ) · dion,λ(R,k, t − τ) (18)

to

ivrec,λ(R,k, t)e−iSλ(k,t,t−τ)F(t− τ) · d∗
ion,λ(R,k, t − τ). (19)

The contribution to the dipole velocity from either half-cycle is then obtained from (4)
by taking the real part of (18) or (19) and integrating two thirds of an optical cycle.
This will give different results as

Re
[

iv∗
rece

−iSF · dion

] �= Re
[

ivrece−iSF · d∗
ion

]

(20)
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when the molecular orbital is not symmetric along the polarization axis of the laser,
which is exactly the case for asymmetric molecular orbitals. On the other hand,
symmetric orbitals do yield the same dipole velocity in either half-cycle.

The above argument shows that one half-cycle will give a larger contribution to
the HHG signal than the other given an asymmetric molecular orbital. The argument
does not take into account the exchange harmonics [29, 31, 35] nor does it predict
which half-cycle is the dominating one. It turns out that the harmonic signal is
dominated by contributions corresponding to ionization in the half-cycle when the
field points parallel to the dipole of the molecular orbital. In figure 2 this corresponds
to the field pointing in the positive x direction, thus pulling electronic charge in the
negative x direction. That the other half-cycle should be suppressed can be intuitively
understood as a screening effect, where the main effect of the charge on the oxygen
nucleus is to prevent tunnelling in the positive x direction. These observations are
confirmed by the numerical results in section 3.

Reintroducing the Stark shift using (11) for Eλ(t) in (7) results in the ionization
potential being increased when the field is parallel to the dipole of the molecular
orbital, and decreased when the field is antiparallel as illustrated in figure 3. Increasing
(decreasing) the ionization potential will make it less (more) likely for the electron to
tunnel into the continuum so the Stark shift tends to counteract the geometric effect
just described. To account for the field-induced shifts becomes increasingly important
for higher field strengths. We should stress, however, that the term system-induced
gating refers to the total gating effect caused by the response of the target system to the
driving field, including the Stark shift. In more sophisticated models the modification
of the ionization and recombination steps due to the presence of excited states should
also be considered. The permanent dipole of the molecular potential (the dipole of
the unrelaxed cation) can also play a role in determining the ionization dynamics,
although this effect seems to be small for CO [44].

2.4. Field-induced gating

Field-induced gating refers to any gating mechanism, which relies on a waveform that
deviates from a pure sinusoidal field. One example is the use of pulses that are so
short that tuning the carrier envelope phase allows for the selection of one particular
half-cycle [19]. Another example is that of using a polarization gate, where only part
of the pulse has a linear polarization that allows the ionized electron to recombine
with the molecular ion [16, 18].

We will restrict ourselves to a very simple field-induced gating scheme. Adding
a small fraction of the second harmonic to the driving pulse with a relative carrier-
envelope phase delay of zero leads to every other peak in the resulting field being
enhanced (suppressed) as illustrated in figure 1. HHG scales exponentially with the
maximal field strength due to the first step being a tunnelling process, making it
possible to effectively weaken the HHG contribution from every other half-cycle. The
control parameter is the amount of second harmonic that is added to the fundamental
field.

In field-induced gating the target system is assumed to be inversion symmetric
along the polarization axis. This means that polar molecules are only aligned, not
oriented. An aligned molecule is the coherent superposition of two antiparallel oriented
molecules so by (3) the total HHG signal is a coherent sum of the individual signals [12].
At a given half-cycle, each orientation will experience either a parallel or an antiparallel
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electric field leading to system-induced gating as described in section 2.3. Assuming
that the Stark shift is negligible, and referring to the orientations in figure 3, P1
will dominate over A1 in the positive half-cycle, and P2 will dominate over A2 in the
negative half-cycle. The gating felt by each orientation is thus reversed in neighbouring
half-cycles, ensuring the overall inversion symmetry of the HHG process.

The symmetry between the two orientations is broken in field-induced gating due
to the broken symmetry of the electric field. Assuming that the maximal field-strength
is in the negative x direction, and ignoring the effect of the Stark shift, the contribution
from P1 will still dominate A1, and P2 will dominate A2. However, P2 will dominate
P1 due to the larger field-strength in the negative x direction. In the limit where the
system-induced gating is very strong, and the asymmetry of the field is very large,
the only HHG contribution will be from the P2 geometry, making the HHG signal
from field-induced gating indistinguishable to that from system-induced gating. The
correspondence between the two gating mechanisms is only approximate, however, as
the Stark shift weakens the effectiveness of system-induced gating. The exact weight
from the different orientations and half-cycles on the total signal is determined by the
size of the Stark shift.

3. Numerical results

Here we present numerical results for CO aligned along the polarization axis of the
driving laser. The internuclear distance is set to the equilibrium distance 1.1283 Å.
The molecular orbitals are obtained using standard quantum chemistry software [43].
The HOMO is a 3σ orbital shown in figure 2. The vertical ionization potential is
14.014 eV. The HOMO−1 is a degenerate 1π orbital with a nodal plane along the
internuclear axis. The nodal plane means that the contribution from the HOMO−1
in the polarization direction [5] is heavily suppressed. Contributions from lower-lying
orbitals are suppressed by the higher ionization potential so we only consider the
contribution from the HOMO.

The dipole and polarizability of the HOMO are found by calculating the ionization
potential for a range of static electric fields, and fitting the resulting curve to a
second-order polynomial. This yields a dipole of 1.1287 a.u. pointing from C to
O and a polarizability with α‖ = 3.2332 a.u., and α⊥ = 2.7668 a.u. Note that
the HOMO dipole points opposite to and is much larger than the molecular dipole
0.112 D = 0.0441 a.u. In our model the molecular dipole is only relevant if the
orientational distribution due to an alignment pulse is needed.

The 800 nm driving pulse is taken to be linearly polarized along the x axis.
The trapezoidal envelope is sketched in figure 1. Three optical cycles are allowed for
ramp-up, and three cycles for ramp-down, with five cycles at full field strength. The
relatively long pulse ensures that carrier envelope phase effects play a minor role in our
calculations. The field-strength is determined by the maximal intensity, which is set
to 2.0 × 1014 W/cm2 as default. Two-colour fields as the one in figure 1 are made by
adding the second harmonic with the same trapezoidal envelope and a relative carrier
envelope phase of zero.

In section 3.1 we directly compare results obtained with and without including
the Stark effect in (7) using (11). The Stark shift is included in section 3.2 and 3.3,
where system-induced and field-induced gating are compared, and our cutoff extension
scheme presented.
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Figure 4. (Colour online) Gabor analysis illustrating system-induced gating
when the Stark shift is omitted in (7). The driving field is an 800 nm pulse with
eleven optical cycles and five optical cycles in the plateau. The peak intensity
is 2.0 × 1014 W/cm2. The molecular target is the HOMO of CO oriented as in
figure 2. The vertical dashed lines indicate the times at which the electric field
peaks in the positive x direction. It is clearly seen that harmonic emission is
restricted to once every other half-cycle due to the asymmetry of the target.

3.1. Importance of Stark shift

A common way of analyzing HHG is to perform a Gabor transform [45, 46, 7]. A plot
of the Gabor transform yields information on the time at which a given harmonic is
emitted. Figure 4 shows such a plot without inclusion of the Stark shift given the
orientation in figure 2. The times at which the electric field peaks in the positive x
direction are indicated by vertical dashed lines. As seen from the figure, harmonics
are predominantly emitted every other half-cycle, corresponding to ionization in the
positive half-cycle, and recombination roughly two thirds of an optical cycle later.
Due to the asymmetry of the HOMO, the molecule itself acts as a gate for the HHG
process. This is in excellent agreement with the description of system-induced gating
in section 2.3.

The geometric effect described in section 2.3 always favours the parallel geometry
in figure 3. The Stark effect, however, increases the effective ionization potential in
the parallel geometry, resulting in a weakening of the system-induced gating. Figure 5
shows the Gabor analysis when the Stark shift is included in (7) using (11). It is
immediately clear that half-cycles suppressed in figure 4 now contribute much more
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Figure 5. (Colour online) Gabor analysis illustrating the weakening of system-
induced gating caused by the Stark shift. All parameters are the same as in
figure 4 except that the Stark shift is now included in (7) using (11) for E(t).

to the spectrum.
Spectra obtained with and without the Stark shift (not shown) exhibit differences

in the detailed structure but it is difficult to make any quantitative comparison.
Roughly speaking, the spectrum for oriented CO is more rugged when the Stark shift
is included. This can be understood as a consequence of added interference between
half-cycles.

3.2. Comparing gating mechanisms

The two different gating mechanisms both imply a broken symmetry, which should
result in even harmonics in the HHG spectrum. Figure 6 serves as a reference
spectrum in which the target CO molecule is aligned, and the driving field a trapezoidal
pulse with eleven cycles as described in the caption. Even harmonics are suppressed
due to the inversion symmetry of both target and field [6, 7]. Figure 7 shows the
HHG spectrum when CO is oriented, thus causing system-induced gating. The even
harmonics are due to the broken inversion symmetry of the target. Figure 8 shows
the spectrum from aligned CO with field-induced gating implemented using 1% of the
second harmonic as in figure 1. The even harmonics are due to the broken inversion
symmetry of the field.

Figures 7 and 8 both contain even harmonics but differ in their detailed structure.
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Figure 6. (Colour online) Reference HHG spectrum from aligned CO calculated
with the Stark shift included in (7) as dictated by (11). The electric field is
an 800 nm pulse with eleven optical cycles and a trapezoidal envelope with five
optical cycles in the plateau. The peak intensity is 2.0 × 1014 W/cm2. Only odd
harmonics appear due to the inversion symmetry of both target and field. The
smooth (red) curve is obtained by averaging over neighbouring peaks. The vertical
broken line indicates the harmonic cutoff calculated using ωmax = Ip + 3.17Up.
The Stark effect is not included in estimating the cutoff.

Figure 9 shows a Gabor analysis of the two orientations in the field-induced gating case.
One orientation, figure 9(a), is seen to have its system-induced gating counteracted
by the field-induced gating, and the other orientation, figure 9(b), to have its system-
induced gating enhanced. In the limit of perfect system-induced gating only the latter
orientation would contribute to the spectrum, as described in section 2.4. The exact
weight on each orientation is determined by the effectiveness of the system-induced
gating, which depends on the Stark shift as discussed in section 3.1.

3.3. Extending the harmonic cutoff

We propose to extend the harmonic cutoff by suppressing the system-induced gating of
an oriented polar molecule using field-induced gating as in figure 9(a). The combined
effect is to suppress tunnelling into the continuum in both half-cycles, thus suppressing
both HHG and ionization. Ionization of the target medium is one of the main
restrictions in attaining high cutoffs as it causes depletion of the target medium as well
as defocusing of the laser pulse due to free electrons. As a proof-of-principle calculation
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Figure 7. (Colour online) HHG spectrum using system-induced gating. All
parameters are the same as in figure 6 except that the CO molecule is now
oriented, making even harmonics possible due to the broken inversion symmetry
of the target. The vertical broken line indicates the harmonic cutoff calculated
using ωmax = Ip + 3.17Up. The Stark effect is not included in estimating the
cutoff.

we have used MO-ADK theory [47, 48] to calculate the ionization rates for oriented
CO with and without the added second harmonic, confirming a suppressed ionization
rate. According to the MO-ADK calculations an electric field with a peak intensity
of 2.4 × 1014 W/cm2 with 1% added second harmonic causes the same amount of
ionization as the original single-colour field with a peak intensity of 2.0×1014 W/cm2.
The corresponding spectrum is shown in figure 10. Comparison with figure 6 shows an
increase in cutoff of roughly five harmonic orders, corresponding to a 14% extension.
Note that this increase can be entirely ascribed to the higher intensity of the 800 nm
component of the driving field, as the harmonic cutoff is correctly predicted by the
usual cutoff rule.

The size of the obtainable cutoff extension depends on the exact reduction of the
ionization rate in a combined system-induced and field-induced gating scheme. Such a
calculation is beyond the scope of this article. The scheme itself is fairly independent
of the detailed dynamics, however. As long as the oriented target molecule has a
preferred half-cycle, suppression of this half-cycle with a specially tailored field will
allow for higher intensities, and thus higher cutoffs. This method can also be combined
with driving pulses in the mid-infrared, which also lead to higher cutoff energies [49].
Finally, the argument does not depend on long pulses so short-pulse schemes [19]
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Figure 8. (Colour online) HHG spectrum using field-induced gating. The target
molecule is aligned as in figure 6 but the driving field has had 1% of its second
harmonic added, resulting in the field in figure 1. The broken inversion symmetry
of the field allows even harmonics to appear in the spectrum. The vertical broken
line indicates the harmonic cutoff calculated using ωmax = Ip+3.17Up. The Stark
effect and the second harmonic are not included in estimating the cutoff.

for obtaining quasi-continuous spectra will also work, as will double optical gating
schemes [18].

4. Conclusion and outlook

We have addressed the problem of describing HHG from polar molecules in intense
laser fields. The conventional strong-field approximation [4] is not expected to be valid
for polar molecules due to the interaction between the permanent dipole of the field-
free molecular orbitals and the driving field. The Lewenstein model is extended to
polar molecules by applying a quasi-static approximation in which the energy levels
of the molecular orbitals are Stark shifted according to the instantaneous value of
the field. Qualitatively, the effect of the Stark shift is to increase (decrease) the
ionization potential in half-cycles where the field points parallel (antiparallel) to the
dipole of the molecular orbital thus causing a decreased (increased) contribution to
the HHG signal. The second-order Stark shift causes a very slight suppression of
the HHG signal for both half-cycles, and is largely negligible. Our model reduces to
the standard Lewenstein model for nonpolar molecules and corresponds to first-order
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(a)

(b)

Figure 9. (Colour online) Gabor analysis illustrating the different dynamics of
opposite orientations in field-induced gating. The total response of the aligned
molecule is the coherent sum of the two orientations. The electric field is the
same as that in figures 1 and 8. (a) The HOMO dipole is oriented in the positive
x direction as in figure 2. The Gabor analysis would be the one shown in figure 5 in
the absence of the second harmonic so the field-induced gating clearly counteracts
the system-induced gating. (b) The HOMO dipole is oriented in the negative
x direction causing the field-induced gating to enhance the system-induced gating.

perturbation theory in the limit of small linear Stark shifts.
The importance of including the Stark shift is evident when considering gating

mechanisms. The asymmetric charge distribution from an oriented molecule leads to
suppressed HHG signal in half-cycles where the field points opposite to the dipole of
the molecular orbital. This leads to a geometric gating which we refer to as system-
induced gating. We show that the Stark shift suppresses the HHG signal in half-cycles
where the field is parallel to the orbital dipole so the effectiveness of system-induced
gating is reduced by the Stark shift. We also compare system-induced to field-induced
gating, where the symmetry of the laser field is broken rather than that of the target.
It is shown that even though this broken symmetry is very similar to that in system-
induced gating, the coherent nature of the HHG process means that the dynamics in
a field-induced gating setup is more complicated.

Finally, we propose a novel scheme for extending the harmonic cutoff by combining
system-induced and field-induced gating. By suppressing half-cycles in which an
oriented molecule is most easily ionized it is possible to go to higher intensities without
suffering the usual drawbacks. This method is very general and does not depend on
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Figure 10. (Colour online) HHG spectrum illustrating the extension of the
harmonic cutoff in a combined system-induced and field-induced gating scheme.
The target CO molecule is oriented as in figure 2. The two-colour field is chosen so
as to counteract the system-induced gating, resulting in a reduced ionization rate
as described in the text. Using the combined gating scheme the peak intensity of
the 800 nm component can be raised to 2.4 × 1014 W/cm2 before the ionization
rate is the same as in figure 6. The vertical dashed line indicates the harmonic
cutoff calculated using ωmax = Ip + 3.17Up. The Stark effect and the second
harmonic are not included in estimating the cutoff. The dashed (green) line is the
smoothed spectrum from figure 6, confirming a 14% extension of the harmonic
cutoff energy.

the details of our modelling. A proof-of-principle calculation indicates that increases
on the order of 14% are obtainable.

In our current work we have focused on the influence that the Stark shift plays
on the spectrum. There is currently much interest in gaining information about HHG
from the phases of individual harmonics. Such phases are experimentally available
using, e.g., the RABITT technique [50] or by performing mixed gas experiments [51].
In order to extract the influence of the Stark shift on the harmonic phases it is
necessary to have a reference that is uninfluenced by the Stark shift. Krypton would
be a good second species in a mixed gas experiment as it has nearly the same ionization
potential as CO while only experiencing weak higher-order Stark shifts.
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