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Abstract. In a capacitively coupled radio frequency (CCRF) discharge the number
of positive and negative charges lost to each electrode must balance within one RF
period to ensure a constant total uncompensated charge in the discharge, Qtot, on
time average. This balance is the result of a compensation of electron and ion fluxes at
each electrode within one RF period. Although Qtot is constant on temporal average,
it is time dependent on time scales shorter than one RF period, since it results from
a balance of the typically constant ion flux and the strongly time dependent electron
flux at each electrode. Nevertheless, Qtot is assumed to be constant in various models.
Here the dynamics of Qtot is investigated in a geometrically symmetric CCRF discharge
operated in argon at 13.56 MHz and 27.12 MHz with variable phase shift θ between
the driving voltages by a PIC simulation and an analytical model. Via the Electrical
Asymmetry Effect (EAE) a variable DC self bias is generated as a function of θ.
It is found that Qtot is not temporally constant within the low frequency period, but
fluctuates by about 10 % around its time average value. This modulation is understood
by an analytical model. It is demonstrated that this charge dynamics leads to a phase
shift of the DC self bias not captured by models neglecting the charge dynamics. This
dynamics is not restricted to dual frequency discharges. It is a general phenomenon
in all CCRF discharges and can generally be described by the model introduced here.
Finally, Qtot is split into the uncompensated charges in each sheath. The sheath charge
dynamics and the self-excitation of non-linear Plasma Series Resonance oscillations of
the RF current via the EAE at low pressures of a few Pa are discussed.
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1. Introduction

Capacitively coupled radio frequency (CCRF) discharges are used for a variety of

technological applications such as plasma etching and deposition processes. These

processes are most important for e.g. semiconductor manufacturing and the production

of biocompatible surfaces [1]. For these applications the flux of charged particle species,

i.e. electrons and ions, to the surfaces in contact with the plasma and its dynamics

are essential. A detailed insight into charge dynamics is required for an optimization

of these applications and for understanding fundamental phenomena such as electron

heating [1–15] and ion bombardment of surfaces in CCRF discharges [2, 16–18].

In electropositive discharges there is a positive total uncompensated charge in the

discharge:

Qtot = Qi −Qe > 0 (1)

Here Qi = eNi and Qe = eNe, where Ni is the total number of positive charges in the

discharge, i.e. the number of ions, if all ions carry a single positive charge, and Ne is the

total number of negative charges in the discharge, i.e. the number of electrons. This

uncompensated charge is to a good approximation purely located inside the sheaths [19].

In various models describing CCRF discharges Qtot or σtot = Qtot/A, where A is the

electrode surface area, is assumed to be temporally constant within the RF period [19–

23].

Under typical processing conditions positive ions are continuously accelerated towards

the electrodes by the time averaged sheath electric fields. Only particularly light ions

such as hydrogen or helium ions can follow the fast modulation of the sheath potential

at frequencies similar to 13.56 MHz [2, 3]. The ion flux at each electrode is usually

constant within the RF period. However, the electron flux to the electrodes is strongly

time modulated, since electrons are lost to an electrode only during the short phases

of sheath collapse. During these time intervals the electron flux compensates the ion

flux to the respective electrode time integrated over the entire RF period to ensure

a constant total uncompensated charge in the discharge on time average, so that the

plasma does not continuously charge up. During the rest of the RF period the electron

flux to the electrode is zero, since the high sheath potential, φs, prevents electrons

from getting to the electrode during most of the RF period (φs À kTe, where Te is

the electron temperature). Only for particularly low sheath potentials or very highly

energetic electrons, such as secondary electrons, this might no longer be true. Due to

this qualitatively known charge dynamics σtot cannot be temporally constant within

the RF period, since it results from a balance of the temporally constant ion and the

strongly time dependent electron flux to each electrode.

In this work the dynamics of σtot within the RF period in a geometrically symmetric

CCRF discharge operated in argon at 13.56 MHz and 27.12 MHz with variable phase

shift θ between the driving voltages is investigated in detail based on PIC simulation and

model results. σtot is found to be time modulated by about 10 % around its time average
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value. This modulation is understood by an analytical model. It is demonstrated that a

negligence of this dynamics in models describing CCRF discharges can affect the correct

prediction of plasma parameters. As an example the model describing the Electrical

Asymmetry Effect (EAE) [2, 19, 24–31] in dual frequency discharges is discussed. In this

model any charge dynamics is neglected. It is demonstrated that the charge dynamics

leads to a phase shift of the DC self bias generated as an almost linear function of

the phase shift between the two driving frequencies by the EAE, which has not been

observed by the EAE model, but by a PIC simulation before.

Finally, the total uncompensated charge is split into the charges in each sheath. The

dynamics of the uncompensated charge in each sheath is investigated in charge phase

space. As a result self excited non-linear Plasma Series Resonance (PSR) oscillations

of the RF current in geometrically symmetric, but electrically asymmetric CCRF

discharges are observed at low pressures of a few Pa.

The paper is structured in the following way: In the second section basics of the

PIC simulation used to investigate the charge dynamics and the discharge conditions

examined in this work are outlined. In section three the analytical model used to

describe the charge dynamics in CCRF discharges is introduced. In the fourth section

the simulation results are presented. This section is split into two parts: First, the

dynamics of the total uncompensated charge in the discharge is discussed. Second, the

dynamics of the charge in each sheath is investigated. Finally, conclusions are drawn in

section five.

2. Particle in Cell simulation

The simulation used in this work is a one-dimensional (1d3v) bounded plasma particle-

in-cell simulation complemented with a Monte Carlo treatment of collision processes

(PIC/MCC). At the planar, parallel and infinite electrodes, electrons are reflected with

a probability α (typically 0 % - 20 %). The secondary electron emission coefficient γ is

chosen to be 0 - 0.1. The neutral gas temperature is taken to be Tg = 350 K. Electrode

gaps d of 6.7 cm and 2.5 cm are used. The discharge is operated as an electrically

asymmetric dual frequency discharge [2, 19, 24–31]. The following voltage waveform is

applied to the bottom electrode:

φ̃(t) = φ̃0 [cos(2πft + θ) + cos(4πft)] (2)

Here f = 13.56 MHz is the applied fundamental radio frequency, φ̃0 is the identical

amplitude of the applied fundamental and second harmonic, and θ is the fixed, but

adjustable phase shift between the driving voltages, which is used to generate a DC

self bias η as a function of θ via the EAE [2, 19, 26, 27]. For the sake of simplicity

identical voltage amplitudes for both harmonics are used, although a particular choice

of different amplitudes is known to allow the generation of a stronger DC self bias [30].

η is determined in an iterative way to ensure that the charged particle fluxes to the two

electrodes, averaged over one low frequency period, balance.
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The discharge is operated in argon. The cross sections for electron-neutral and ion-

neutral collision processes are taken from [32–34]. Details of the PIC simulation can be

found elsewhere [26, 35–37].

The charge in the sheath per area adjacent to the powered and grounded electrode, σp

and σg, are defined as:

σp(t) = e

∫ sp(t)

0

np
i (z)dz (3)

σg(t) = e

∫ d

d−sg(t)

ng
i (z)dz (4)

Here np,g
i (z) is the ion density in the respective sheath, that depends on the distance z

from the powered electrode. The powered electrode is located at z = 0 and the grounded

electrode is located at z = d. sp,g(t) is the time dependent width of the sheath adjacent

to the powered and grounded electrode, respectively. The sheath widths are defined by

the following criteria [20]:

∫ sp(t)

0

np
e(z, t)dz =

∫ d/2

sp(t)

[np
i (z)− np

e(z, t)] dz (5)

∫ d

d−sg(t)

ng
e(z, t)dz =

∫ d−sg(t)

d/2

[ng
i (z)− ng

e(z, t)] dz (6)

In this work σp,g(t) is calculated from the electric field resulting from the PIC simulation

directly adjacent to the respective electrode based on Poisson’s equation and assuming

an electron density ne = 0 in the sheath:

σp(t) = ε0E(z = 0, t) (7)

σg(t) = ε0E(z = d, t) (8)

Here ε0 is the dielectric constant and E(z, t) is the electric field.

Under the assumption that the bulk is quasi-neutral, the total uncompensated charge

density in the discharge, σtot, is the sum of the uncompensated charge densities in both

sheaths:

σtot(t) = σp(t) + σg(t) (9)

3. Analytical model to describe the charge dynamics

The uncompensated charge density in the discharge, σtot, is positive at all times, since

more ions than electrons are located in the plasma. Obviously, the assumption of a

temporally constant charge - made in different models of CCRF discharges [19–23] - can

only be approximately, however, not exactly true: Ions are continuously lost from the

discharge at a constant rate due to the ion fluxes to both electrodes. Only at the short

phases of sheath collapse at each of the electrodes electrons are lost and the total positive
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Figure 1. Sketch of the charge dynamics assumed in the frame of the analytical model
used to estimate ∆σtot. One sheath collapse at each electrode within one RF period
with equal time intervals TRF /2 in between is assumed. Although shown in the sketch,
the short times of sheath collapse, when electrons leave the discharge, are neglected in
the model calculations.

charge increases again (see figure 1 for a qualitative sketch of the charge dynamics). The

loss rate of σtot can be estimated based on the following analytical model:

The one dimensional continuity equations for electrons and ions are:

∂ne

∂t
+

∂

∂z
(neue) = neνiz (10)

∂ni

∂t
+

∂

∂z
(niui) = neνiz (11)

Here ne, ni is the electron and ion density, respectively, ue, ui is the electron and ion

velocity, respectively, and νiz is the ionization frequency. Subtraction of equations 10

and 11 yields:

∂

∂t
(ni − ne) +

∂

∂z
(niui − neue) = 0 (12)

The short phases of sheath collapse, when electrons compensate the ion losses to one

electrode, are neglected in the model calculations. Instead it is assumed, that the ion

losses accumulated over half an RF period are compensated instantaneously by the

electron losses to one electrode at the phase of sheath collapse. Thus, ne = 0 is assumed

at the electrodes and integration of equation 12 over the entire discharge length d yields:

∂σtot

∂t
+ [(niui)|d − (niui)|0] = 0 (13)
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Under the assumption of equal ion densities ni,el and absolute values of the ion velocities

ui,el at the electrodes equation 13 yields:

∂σtot

∂t
= −2ni,elui,el (14)

The spatially averaged ion density in the sheath n̄i can be approximated by the ion

density at the electrode n̄i ≈ ni,el [19]. Assuming one sheath collapse at each electrode

with equal time intervals TRF /2 between two sheath collapses, i.e. a single frequency

symmetric discharge operated at a frequency f = 1/TRF (see figure 1), the order of

magnitude of the relative fluctuation of σtot can be estimated:

∆σtot

σ̄tot

= − ui,el

smax

TRF (15)

Here σ̄tot is the time average value of σtot, ∆σtot = σmax − σmin (see figure 1), smax is

the maximum sheath width of the respective sheath, and TRF is the duration of one RF

period (σ̄tot = smaxn̄i).

Based on the assumption of a Matrix sheath smax is given by:

smax =

√
2ε0φ̂s

en̄i

(16)

Here φ̂s is the maximum sheath voltage. Based on the conservation of ion energy in the

sheath the ion velocity at the electrode can be calculated from the temporal average of

the sheath potential φ̄s ≈ φ̂s/2:

ui,el ≈
√

eφ̂s

mi

(17)

Substitution of equations 16 and 17 into equation 15 yields the following result for

argon, an applied RF frequency of 13.56 MHz, and a typical ion density in the sheath

of n̄i ≈ 1.1× 109 cm−3 taken from the PIC simulation:

∆σtot

σ̄tot

≤
√

2π
ωpi,s

ωRF

≈ 0.1 (18)

here ωpi,s and ωRF correspond to the ion plasma frequency in the sheath and the applied

RF frequency, respectively. Based on this model the total uncompensated charge in the

discharge is expected to fluctuate by about 10 % around its time average value.

4. Simulation results

4.1. Dynamics of the total uncompensated charge in an electrically asymmetric dual

frequency discharge

In this section the dynamics of the total uncompensated charge density, σtot, in a

geometrically symmetric electrically asymmetric dual frequency discharge operated at

13.56 MHz and 27.12 MHz with fixed, but adjustable phase shift θ between the driving
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voltages is investigated by a PIC simulation. Results are compared to the results of

the analytical model introduced in the previous section. The discharge is operated in

argon at 2.66 Pa (20 mTorr) and an electrode gap of 6.7 cm similar to conditions

investigated by Godyak et al. experimentally [38] and identical with the discharge

conditions investigated by the analytical model of the EAE and the Brinkmann sheath

model [19]. α = 0.2 and γ = 0.1 are used. The voltage waveform defined by equation 2

with φ̃0 = 315 V is applied to the bottom electrode.

-45 -30 -15 0 15 30 45 60 75 90 105

-200

-100

0

100

200

 sheath model
 analytical model
 PIC simulation

 

 

 [V
]

 [Degree]

Figure 2. DC self bias η calculated by the Brinkmann sheath model (solid black
line, [19]), the analytical model (red markers, [19]) and the PIC simulation (blue
markers and solid line, [26]) under the same discharge conditions. This plot is taken
from reference [26].

Via the EAE a DC self bias η is generated as an almost linear function of θ. Figure

2 shows η as a function of θ resulting from the analytical model of the EAE (red

markers, [19]), the Brinkmann sheath model (solid black line, [19]), and the PIC

simulation (blue markers and solid line, [26]) under identical discharge conditions. A

phase shift of about ∆θ ≈ 8◦ between the analytical model and the Brinkmann sheath

model on one side and the PIC simulation on the other side is observed.

In the frame of the analytical model of the EAE (red markers in figure 2) the DC self

bias η is calculated from the extrema of the applied voltage waveform and the symmetry

parameter ε [19]:

η = − φ̃m1 + εφ̃m2

1 + ε
(19)

Here φ̃m1, φ̃m2 is the maximum and minimum of equation 2, respectively. The symmetry
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parameter is defined as:

ε =

∣∣∣∣∣
φ̂sg

φ̂sp

∣∣∣∣∣ = cpg

(
Ap

Ag

)2
n̄sp

n̄sg

(
Qmg

Qmp

)2

(20)

Here φ̂sg, φ̂sp are the maximum sheath voltages, that drop across the sheath at the

grounded and powered electrode, respectively. Ap, Ag are the surface areas of the

powered and grounded electrode, respectively, and n̄sp, n̄sg are the mean ion densities

in the respective sheath. cpg = Isg/Isp is the ratio of the sheath integrals such as defined

in reference [19]. Generally, cpg is close to unity for all phase angles θ. For the discharge

conditions investigated here cpg ≈ 1 was explicitly verified by a PIC simulation [26].

Thus, for the geometrically symmetric (Ap = Ag) discharge investigated here:

ε =
n̄sp

n̄sg

(
Qmg

Qmp

)2

(21)

Bulk

Bulk
Q (t)tot

Grounded electrode

Powered electrode

Qmp

Qmg

f:          f fm2 m1

~ ~ ~

Figure 3. Sketch of the charge distribution in the discharge at the time of minimum
(φ̃m2) and maximum (φ̃m1) applied voltage. The floating potential is neglected, i.e.
the sheath is assumed to collapse completely at both electrodes at least once per RF
period.

Qmp, Qmg is the maximum charge in the sheath adjacent to the powered and grounded

electrode, respectively. As sketched in figure 3 the charge in the sheath at the powered

electrode is maximum, when the minimum voltage, φ̃m2, is applied to the discharge.

Neglecting the small floating potential of typically a few volts, the sheath at ground

collapses completely at this phase and Qtot = Qmp. The charge in the sheath at the

grounded electrode is maximum, when the maximum voltage, φ̃m1, is applied to the

discharge and when the sheath at the powered electrode completely collapses.

In the analytical model of the EAE [19] as well as the Brinkmann sheath model [20–

23] any dynamics of Qtot and, consequently, σtot is neglected, i.e. Qtot = Qmp = Qmg is

assumed. Under this assumption the symmetry parameter resulting from the Brinkmann
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sheath model, which is used in the analytical model of the EAE, ε′, depends only on the

ratio of the mean ion densities in both sheaths and no longer on the ratio Qmg/Qmp:

ε′ =
n̄sp

n̄sg

(22)

In the following it will be demonstrated that the phase shift ∆θ is a consequence of the

assumption of Qmg/Qmp = 1, i.e. the negligence of the charge dynamics.
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Figure 4. Sheath voltages φsg, φsp and the total charge in the discharge per area,
σtot, as a function of time within one lf period resulting from the PIC simulation of an
argon discharge at θ = 2.5◦. The vertical dashed lines indicate the phases of minimum
sheath voltage at the grounded electrode within one lf period.

Figures 4 - 6 show the sheath voltages, φsg and φsp, at each electrode (top: Grounded

electrode, bottom: Powered electrode) as well as the total charge in the discharge per

area, σtot, (middle plot) as a function of time within one low frequency (lf) period at

θ = 2.5◦, θ = 7.5◦, and θ = 12.5◦, respectively (PIC simulation). The vertical dashed

lines indicate the phases of minimum sheath voltage at the grounded electrode. At

t = 0 ns the sheath collapses at the powered electrode. The discharge conditions are the

same as used in the analytical model and the fluid simulation.

The dynamics of σtot is similar to the dynamics described by the analytical model: σtot

is positive at all times and fluctuates by about 10 % around its time average value. Ions

are continuously lost from the discharge at a constant rate due to the ion fluxes to both

electrodes. Only at the short phases of sheath collapse at each of the electrodes electrons

are lost and the total positive charge increases again. The only difference between the

analytical model described in the previous section and the PIC results shown here is the

number of sheath collapses at the grounded electrode and, as a consequence of this, the
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Figure 5. Sheath voltages φsg, φsp and the total charge in the discharge per area,
σtot, as a function of time within one lf period resulting from the PIC simulation of an
argon discharge at θ = 7.5◦. The vertical dashed lines indicate the phases of minimum
sheath voltage at the grounded electrode within one lf period.

time between two consecutive sheath collapses. Due to the applied voltage waveform

the sheath collapses twice at the grounded electrode within one lf period and the time

between two consecutive sheath collapses is about TLF /3. Here TLF is the duration of

one lf period. However, the analytical model still predicts the fluctuation of σtot quite

accurately.

The sheath dynamics and particularly the total number of sheath collapses at both

electrodes are affected by the choice of the phase angle θ. This is shown in figures 4 -

6: For all phase angles the sheath collapses once at the powered electrode at t = 0 ns.

However, the number of sheath collapses at the grounded electrode changes as a function

of θ. At θ = 2.5◦ the sheath collapses twice at the grounded electrode at times indicated

by the vertical dashed lines in figure 4. Thus, electrons are lost to the grounded electrode

twice per lf period. With increasing θ the minimum sheath voltage at the phase, when

the sheath at ground collapses the second time (second vertical dashed lines in figures

4 - 6), increases until no electrons can cross this potential barrier at θ = 12.5◦ and

electrons are only lost to the grounded electrode during the first sheath collapse. Figure

7 shows the minimum voltage drop across the sheath at ground at the phase of the

second sheath collapse. The vertical dashed line in figure 7 marks the phase angle of

12.5◦, when no electrons reach the grounded electrode anymore at this time within the

lf period. For 12.5◦ < θ < 77.5◦, ∂σtot/∂t remains constant around the second time of

minimum sheath voltage at the grounded electrode.
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Figure 6. Sheath voltages φsg, φsp and the total charge in the discharge per area,
σtot, as a function of time within one lf period resulting from the PIC simulation of an
argon discharge at θ = 12.5◦. The vertical dashed lines indicate the phases of minimum
sheath voltage at the grounded electrode within one lf period.

The number of electrons lost to each electrode within one RF period has to compensate

the number of ions lost to the same electrode within one RF period. Consequently, if

the sheath at ground collapses only once, all electrons required to compensate the ion

flux to this electrode will leave the discharge during this one phase of sheath collapse.

If the sheath at ground collapses twice, the electron flux to the grounded electrode

will be distributed between the two sheath collapses. Consequently, the total charge in

the discharge at the phase of the first sheath collapse at ground will be higher, if the

sheath at ground collapses only once compared to two sheath collapses. This causes the

maximum charge in the sheath at the powered electrode Qmp to increase as a function

of θ, while the maximum charge in the sheath at ground Qmg remains approximately

constant.

The ratio of Qmg to Qmp is determined from the strongest electric fields at each electrode

(PIC simulation) using equations 7 and 8. Figure 8 shows the square of this ratio as

a function of θ. Obviously, the ratio is generally not unity such as assumed in the

analytical model of the EAE and the fluid simulation (no dynamics of σtot). It decreases

as a function of θ due to the charge dynamics. This decrease particularly affects the

calculation of the symmetry parameter ε (equation 21).

Knowing the correct ratio of the maximum charges in both sheaths from figure 8, the

symmetry parameter resulting from the fluid sheath model performed under the same
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Figure 7. Minimum voltage drop across the sheath at ground at the phase of the
second sheath collapse indicated by the second vertical dashed lines in figures 4 - 6 as
a function of θ. The discharge conditions are the same as in figures 4 - 6. The vertical
dashed line marks the phase angle of 12.5◦, when no electrons reach the grounded
electrode anymore at this time within the lf period.

discharge conditions (equation 22 and blue line in figure 9) can be corrected for each θ:

εcorr = ε′ ·
(

Qmg

Qmp

)2

(23)

Figure 9 shows the result of this correction. The corrected symmetry parameter

reproduces the symmetry parameter resulting directly from the PIC simulation.

Obviously, the difference of the symmetry parameters resulting from the fluid sheath

model and the PIC simulation is caused by the charge dynamics.

If the symmetry parameter directly resulting from the PIC simulation, which is well

approximated by the corrected ε from the sheath model, is used as an input parameter

in the analytical model of the EAE, the DC self bias calculated by the analytical model

is essentially identical with the DC self bias resulting from the PIC simulation (see

figure 10). In conclusion, the phase shift ∆θ between the DC self bias resulting from

the analytical model/Brinkmann sheath model and the PIC simulation is caused by the

charge dynamics in the discharge, which is affected by the choice of θ (one or two sheath

collapses at ground).

Figure 11 shows the absolute value of the global minimum of the sheath voltage at

the powered and grounded electrode as a function of θ, respectively (PIC simulation:

φ̃0 = 100 V, 6 Pa). The minimum voltage drop across the sheath at the powered

electrode is about 1 V and essentially does not change as a function of θ. The minimum
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Figure 8. Square of the ratio of the maximum charge in the sheath at ground and the
maximum charge in the sheath at the powered electrode as a function of θ obtained
from the PIC simulation.
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Figure 9. Symmetry parameter resulting from the fluid sheath model (triangles), the
PIC simulation (squares), and resulting from equation 23 (circles).

voltage drop across the sheath at the grounded electrode, however, changes as a function

of θ: A maximum of about 4.5 V is observed at small θ around 0◦. This phenomenon
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Figure 10. DC self bias η calculated by the analytical model using ε from the PIC
simulation as an input parameter.
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Figure 11. Absolute values of the global minima of the sheath voltages at the powered
and grounded electrode as a function of θ (PIC simulation: φ̃0 = 100V , 6 Pa).
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can be understood based on the understanding of the charge dynamics outlined above:

At small values of θ the sheath adjacent to the grounded electrode collapses twice, while

it collapses only once for larger θ. Thus, for small values of θ the electrons required

to compensate the ion flux reach the grounded electrode during a longer time (two

sheath collapses) compared to larger values of θ (one sheath collapse). Consequently,

the minimum sheath potential must be higher for small θ to ensure flux compensation of

electron and ions at the grounded electron within one lf period. The minimum voltage

drop across the sheath adjacent to the powered electrode remains constant as a function

of θ, since this sheath collapses only once within one lf period independent of θ for

0 ≤ θ ≤ 90◦.

4.2. Dynamics of the sheath charges in an electrically asymmetric dual frequency

discharge

In this section the dynamics of the charge densities in each sheath, σp,g, in a geometrically

symmetric electrically asymmetric dual frequency discharge operated at 13.56 MHz and

27.12 MHz with fixed, but adjustable phase shift θ between the driving voltages is

investigated by a PIC simulation. The discharge is operated in argon at 3 Pa and an

electrode gap of 2.5 cm (α = γ = 0). The voltage waveform defined by equation 2 with

φ̃0 = 800 V is applied to the bottom electrode.

Figure 12 (a) shows the total charge per area, σtot, as a function of time within one lf

period at θ = 7.5◦. At this phase angle the strongest DC self bias and the strongest

electrical asymmetry are observed. Similar to the results discussed in the previous

section the total charge in the discharge is not temporally constant due to the Bohm

fluxes of ions to both electrodes, which are compensated by electrons at phases of sheath

collapse. At this phase angle θ almost all electrons required to compensate the ion flux

to the grounded electrode leave the discharge during the first sheath collapse at ground.

Figure 12 (b) shows a phase space plot of σp (solid blue line) and σmax
g −σg (dashed red

line). σmax
g is the maximum charge in the sheath adjacent to the grounded electrode and

ϕ = 2πft. A phase space plot of σmax
g −σg is shown in order to allow a better comparison

of the dynamics of both sheaths. The small differences between both curves are caused

by the temporal changes of σtot. After the sheath collapse the charge in and the width

of the sheaths increase monotonically, while the sheath expansion velocity increases

non-monotonically and reaches its maximum value at a relatively small expansion of

the sheath. The oscillations in charge phase space are caused by the self excitation

of non-linear PSR oscillations of the RF current [4, 28, 39–53]. This phenomenon is

understood based on the voltage balance of a CCRF discharge in proper normalization

such as defined in reference [51]:

η + φ̃ = −q2 + ε(qt − q)2 + φb. (24)

here q is the normalized unbalanced charge in the sheath at the powered

electrode, qt is the normalized total unbalanced charge in the discharge, and φb =
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Figure 12. (a) Total net positive charge in the discharge per area as a function of the
phase within one lf period. (b) Phase space plot of σp (solid blue line) and σmax

g − σg

(dashed red line). σmax
g is the maximum charge in the sheath adjacent to the grounded

electrode and ϕ = 2πft. (c) Solution of equation 24 without φb. θ = 7.5◦. In (b) and
(c) the time evolution is clockwise.

−2 (∂2q/∂t2 + κ∂q/∂t) is the voltage drop across the plasma bulk (κ is a damping

constant [51]). Regarding φb the first term represents electron inertia and the second

term the resistive part (collisions).

In the PSR model [51] the sheath charge voltage relation is assumed to be quadratic

such as verified experimentally before [4]. This is also confirmed by the PIC simulation:

Figure 13 shows the charge voltage relation for both sheaths resulting from the PIC

simulation under the same discharge conditions as investigated before. A simplified

quadratic charge voltage relation resulting from an analytical model of Heil et al. [19] is

plotted for comparison (powered sheath), using the ion density directly in front of the
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Figure 13. Voltage drops across the sheaths at both electrodes as a function of the
charge contained in the sheaths (normalized by the electrode area) at θ = 7.5◦. The
solid (black) line shows the result of an analytical model (equation 25, [19]) for the
charge-voltage relation of the sheath at the powered electrode using the ion density at
the electrode.

electrode as an input parameter:

φs(t) ≈ − 1

2eε0n̄sA2
s

Qs(t)
2 (25)

Here φs(t) is the time dependent sheath voltage, n̄s is the mean ion density in the sheath

approximated by the ion density directly in front of the electrode, As is the electrode

surface area adjacent to the sheath, and Qs(t) is the time dependent uncompensated

charge in the sheath. Obviously, the charge voltage relation is quadratic to a good

approximation. Slight deviations from the quadratic relation are due to the actual

density profile in the sheath. At voltages below about kTe/e deviations from q2 are due

to the density profile of the electrons in the sheath.

The non-linear charge voltage relation of the sheath, q2, and the inertia term, ∂2q/∂t2, in

equation 24 form a non-linear oscillator, which leads to high-frequency harmonics (more

than an order of magnitude higher than the driving RF frequency) of the current with

large amplitudes, if (i) collisional damping is sufficiently low, i.e. at low pressures (small

κ), and (ii) the non-linearity q2 in equation 24 does not cancel. In case of a conventional

geometrically symmetric discharge the electrode areas Ap, Ag and the mean ion densities

in the respective sheath n̄sp, n̄sg are equal and ε = 1. In this case the individual sheaths
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are still non-linear, but the non-linearity cancels for the sum of both sheath voltages and

PSR oscillations due to even non-linearities cannot be observed. On the other hand,

if the grounded area is infinitely larger than the area of the powered electrode, ε will

approach zero. In this case the non-linearity will not cancel. Clearly this condition is

optimum for the generation of PSR oscillations.

The EAE provides a means to achieve ε 6= 1 even in geometrically symmetric discharges

so that PSR oscillations become possible [28]. At low pressures the variable DC self-

bias generated by the EAE leads to different mean ion densities in both sheaths and,

therefore, to ε 6= 1 (see figure 9). In this way an asymmetry in the sheaths is created

electrically instead of geometrically.

No vortices are generated by the PSR effect. The single big vortex is caused by

the applied voltage waveform. Similarities to the sheath dynamics in standard dual-

frequency discharges operated at substantially different frequencies are obvious [3, 13,

14]. Figure 12 (c) shows the solution of equation 24 without the resistive/inductive term

φb. Obviously, this term and, therefore, electron inertia is essential for the generation

of high frequency self excited PSR oscillations.

5. Conclusions

An analytical model to describe the charge dynamics in CCRF discharges has been

developed. In contrast to the assumption of a temporally constant total uncompensated

charge in the discharge made in several models of CCRF discharges it predicts a

modulation of σtot by about 10 % around its time average value within one lf period.

This modulation is caused by the constant ion flux to both electrodes and the strongly

time dependent electron flux to the electrodes, that compensates the ion flux to each

electrode within one RF period at phases of sheath collapse. The constant ion fluxes to

the electrodes lead to a constant loss rate of positive charge from the discharge, while

the electron losses lead to an increase of the total uncompensated net positive charge

at phases of sheath collapse.

The dynamics of σtot in a geometrically symmetric, but electrically asymmetric dual

frequency CCRF discharge operated at 13.56 MHz and 27.12 MHz with variable phase

shift θ between the driving voltages has been investigated by a PIC simulation. A

variable DC self bias is generated as a function of θ via the EAE. Charge dynamics

similar to the ones predicted by the analytical model are observed. A phase shift ∆θ ≈ 8◦

between the DC self bias as a function of θ resulting from the PIC simulation on one

side and previous models of the EAE on the other side is found. In these models of the

EAE any charge dynamics is neglected. It is demonstrated that this negligence causes

the observed phase shift. The charge dynamics is found to be affected by the choice of

θ (one or two sheath collapses at ground).

Finally, the total uncompensated charge in the discharge is split into the uncompensated

charges in each sheath. The dynamics of the sheath charges is investigated in charge

phase space and the self-excitation of non-linear PSR oscillations of the RF current is



Charge dynamics in CCRF discharges 19

observed at low pressures. This phenomenon is understood based on a previous PSR

model and the fact, that the EAE causes a variable (electrical) discharge asymmetry

required for the self-excitation of PSR oscillations.
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