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In this paper we prove central limit theorems for bias reduced estimators of the structure function
of several multifractal processes, namely mutiplicative cascades, multifractal random measures,
multifractal random walk and multifractal fractional random walk as defined by Ludena (2008).
Previous estimators of the structure functions considered in the literature were severely biased
with a logarithmic rate of convergence, whereas the estimators considered here have a polynomial

rate of convergence.
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1. Introduction

A random process X = {X(s),s € [0, 7]} (T > 0) with stationary increments will be called
multifractal if its scaling behaviour is characterized by a strictly concave function (, called

the scaling function, such that for a certain range of real numbers ¢
E[|X (1) = X(5)] = c(g)|t — 5[

If the function ( is linear, then the process is said to be monofractal, as is the case for

instance for the fractional Brownian motion (FBM) By, 0 < H < 1, which is defined as a
1
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continuous centered Gaussian process such that By (0) = 0 and for all s,¢ > 0,
var(By(t) — By (s)) = |t — s|*7 .

Then, for all ¢ > —1, E[|By(t) — Bu(s)|1] = c(q)|t — s|?", with ¢(q) = E[|Bx(1)|9].

Several truly multifractal processes with stationary increments have been defined. The
earliest one is the multiplicative cascade introduced by Mandelbrot (1974) and rigorously
studied by Kahane and Peyriere (1976). These processes were generalized by Barral and Mandelbrot
(2002), Muzy and Bacry (2002) and Bacry and Muzy (2003). The latter authors introduced
multifractal random measures (MRM) and multifractal random walks (MRW) as time
changed Brownian motion. Ludena (2008) and Abry et al. (2009) introduced multifractal
(fractional) random walks which are conditionally fractional Gaussian processes.

For these processes, multifractality results from a distributional scaling property which

can be written as
(X(M),0<t < T2 {UX(1),0<t < T},

for 0 < A < 1, U, is a positive random variable independent of the process X such
that E[UY] = X for ¢ < gmax @ certain parameter depending on the process under
consideration (and with certain additional restrictions on the values of A for which this
identiy holds in the case of multifractal cascades, see Section 2). For the models we will

formally introduce in the sequel, it is defined as

Gmax = Sup{q : C(q) > 1} :

It is also important to note that the fixed time horizon T beyond which this scaling property
need not be true is finite, except for monofractal processes such as the FBM.

Given a multifractal process observed discretely on [0, 77, it is of obvious interest to be
able to identify the scaling function (.

Let t1,...,tN, with t; —t,_1 = A = T/N be a regular partition of [0,7T] (typically on

a dyadic scale). Typically, for ¢ < gmax, ((q) is estimated by calculating logarithms of the
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empirical structure function

=

-1

SN(X7 q) = |AXJ|q )

.
o

where AX; = X((j +1)A) — X(jA). Estimators of ¢ can then be defined by
log, (Sn (X, 9))
log,(A) ’

SN(X7 q) )
Son (X, q) '

These estimators have been thoroughly dealt with for multiplicative cascades in Ossiander and Waymire

nlg) =1+

Cxla) = 1+ log, (

(2000). The authors show that Cy(¢) and Cy(g) are consistent estimators of ¢(g) for ¢ < go,

where ¢y < @uax 18 the largest value of ¢ such that

Clq) —qC'(q) < 1.

For ¢ > qo, ¢ ~(q) is seen to converge almost surely to a linear function of gq. Moreover, con-
ditional central limit theorems (where the limiting distribution is a mixture of normal laws)
are seen to hold for suitably normalized versions of both estimators if 2¢ < ¢o. However,
as shown in Ossiander and Waymire (2000), the convergence rates for these estimators are
very different. The rate of convergence of (y(q) is of order log,(N) because of the existence
of a bias term, whereas we will show that that of C~ ~n(q) is a power of N which depends
on (.

In order to enlarge the domain of consistency of the estimators and obtain unconditional
central limit theorems, the so-called mixed asymptotic framework has been introduced by
allowing the number L of basic observations intervals to increase with N. In the case of
multiplicative cascades and MRM, the processes over different intervals are independent.
The observations are X((jL 4+ k)A), 0 <j < L—1,0<k < N — 1, and the estimators
are now modified as follows

log, (SN (X, q))
10%2(A) ’

pt St N(X, C_I) )
X,q) =1+ log, [ 2220 )
CLJV( Q) g2 (SL,2N(X> q)

éL,N(Xa q) =1 +
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with

h
L
=2
L

Sno(X,q) = |IAX L]
0

Il
=)
=
Il

J
The mixed asymptotic framework for multiplicative cascades has been recently developed
in Bacry et al. (2010). The authors show that if L = [NX], where [z] stands for the greatest
integer m < x with xy > 0, then é ~n.L(X, q) is consistent for ¢ < ¢, where ¢, is the largest

value of ¢ such that

Clq) —ql'(q) <x+1.

Note that as x tends to infinity, ¢, might become greater than g, so we will only consider
values of x such that ¢, < gmax-

However, once again, there exists a bias term by := E[M{]/log,(N), which entails slow
convergence of the estimator. In analogy to the non-mixed asymptotic framework it is rea-
sonable to consider ratio based estimators such as f ~..(X, ¢) in order to improve conver-
gence rates. It turns out, as follows quite straightforwardly from the results of Bacry et al.
(2010), that C~N7L(X, q) — C(q), a.s., for a dyadic partition, but the authors failed to prove
a central limit theorem, although they hint at it at the end of their section 3. Almost sure
convergence for dyadic partitions, or in probability for general partitions, of é ~n.L(X, q) has
also been recently considered by Duvernet (2009) for y > 0 and X a Brownian MRW
or a MRM. However, the author does not prove central limit theorems nor establish con-
vergence rates in either case. An interesting application for testing whether a process is
a semimartigale or a multifractal process is developed in Duvernet et al. (2010) which is
based on the limiting behaviour of variation ratios, but the authors restrict their attention
to log-normal multifractal random walks and ¢ = 2.

The main goal of this paper is to obtain central limit theorems for the estimator C~ N,z In
the mixed asymptotic setting, for multiplicative cascades, multifractal random measures

(MRM) and multifractal random walks (MRW) that are either a time changed Brownian
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motion or a more general process related to a fractional Brownian motion with Hurst index
H > 1/2. Our main results in all these cases state unconditional central limit theorems
with polynomial rates of convergence, contrary to CA .~ which can only achieve logarithmic
rates of convergence, and to the case L = 1 where only conditional central limit theorems
can be obtained.

For multiplicative cascades, Ossiander and Waymire (2000) also considered negative val-
ues of ¢ such that E[M([0,1])] < oo and 0 > ¢ > inf,<o{hy'(h) —1(h) < 1}. However, we
cannot extend such a result in full generality in the present context, since for certain MRM
which are considered here, E[AM9(]0, 1])] = oo for all ¢ < 0. Moreover, negative moments
of the Gaussian law are infinite for ¢ < —1, thus even if the MRM considered has finite
negative moments, that might not be the case for the MRW. For these reasons, and not to
increase the length of the paper, we do not consider the case g < 0.

The rest of the paper is organized as follows. We will consider multiplicative cascades
in Section 2, MRM in Section 3, and MRW in Section 4. Section 5 contains the main
ideas of the proofs and technical lemmas are relegated to the appendix. To the best of our

knowledge our results are the first to deal with the MRW in the case H > 1/2.

2. Multiplicative cascades

In this section we give a precise formulation of consistency results for C~ (q), whenever ¢ < gy,
and a central limit theorem whenever 2¢ < g, in the case of multiplicative cascades. The
results are a straightforward application of previous results of Bacry et al. (2010) and
Ossiander and Waymire (2000). However, they provide the framework for dealing with
both MRM and MRW so will be dealt with in some detail. Before we state the main
results we shall introduce the mixed asymptotic setting, following Bacry et al. (2010).
For any given n-tuple r and i < n set r|i = (ry,...,r;) and if s is an i-tuple and v

an (n — i)-tuple set r = s * v to be the resulting n-tuple obtained by concatenation. For
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each j € Z and fixed T, set IV := [T, (j + 1)T]. Over each V) we will construct an
independent multiplicative cascade as defined in Mandelbrot (1974). For this, consider a
collection {WTQ ), r€{0,1}" ;n > 1,5 € Z} of independent random variables with common
law W such that E[W] =1 and E[W log, W] < 1 and for each n > 1 and j € Z, consider
the random measure defined by
A1) =127 > [Tw .
{re{0,1}7:(j—14r)Tel() =1
for any Borel subset I of 1), and each 7 = (r1,...,7,) € {0,1}" is associated to the real
number > ;2" %, Tt can be seen (see Kahane and Peyriere (1976), Ossiander and Waymire
(2000) for details on the construction and main results) that there exists a random measure
)\g)), such that
POAY) = A9 asn — o0) =1,
where = stands for vague convergence. The limiting measure verifies E[Ag@([o, )] =T.
By construction AY) are independent random measures, defined over the disjoint intervals
19, Set Ao 1= 32,0, A,
Set F, = o{W,r € {0,1}",j € Z} and let AY) = [(j + k27T, (j + (k + 1)27")T],
k=0,...,2" — 1, be the k—th diadic interval at level n, of the interval ). Then,

Aol &) = 27" Zygon [T Wy

i=1

where for each n, Z;;,, 0 < k < 2", j € Z, are i.i.d. random variables with the same
distribution as A\« ([0, 7]) and independent of F,,, and r,(k) is the dyadic representation of
k,ie k=730 ri(k)2" " for k < 2". Moreover, Z; ok n+1 and Zjop+1.,+1 are independent

of Z; js ., for k' # k. The above identity straightforwardly yields the scaling property:
BN (A)] = 27 @ENL ((0.7)))
with

C(q) = q — logy(E[W1]) .
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It is shown in Kahane and Peyriere (1976) that for ¢ > 1, the condition ((¢) > 1 implies
E[NL([0,T7)] < oc.

Example 2.1. Consider the log-normal cascade, where logW = pu + o7 and Z is a
standard Gaussian random variable. The condition E[IW] = 1 implies that u = —o?/2.

Then it is easily obtained that

q(q —1)o? 2log 2 V2Tog2 2(1 4 x)log2
C(q): _Q’ max — B \/1, go = y Ax = ( ) .
2log 2 o o o
Denote
L—127—1
Spnld) = AL (AY)

j=0 k=0

and

C@)=1- M » Cla) =1+ log, (%) '

Note that although in the asymptotics L will eventually depend on n, its value is the same

in the quantities S, and Spi1,,.

Consistency

For each n > 1, let {£, &£, 0 <j<L—1,0<k <2"—1} be a collection of i.i.d. random

variables, independent of F,,. Define

L-12"—1 n

~ q
— nq .
Snvq - 2 ( 7”” ’l) gjvkvn .

§=0 k=0 i=1

In Bacry et al. (2010) the following general result is shown to hold.

Proposition 2.1. For x > 0, assume that L = [2"X], g < q,, and there exists € > 0 such

that E[¢'€] < co. If € is nonnegative, then

Lo @(§,  —E[S,,]) =0 as.
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Note that by construction E[S,,] = L2"27@E[¢], so that the above result yields
the almost sure convergence [~127"27¢(@G, ~— E[¢] under the stated conditions. As a

consequence, by the definition of Sy, ,,(¢), Proposition 2.1 yields
L7127 @ g, (q) — BN ([0,T])] as., (2.1)

for ¢ < q,. Then, clearly,

C(g) — C(q) +

log, E|\Y T
s BTN L,

and (2.1) also implies that é(q) — ((q) a.s. On the other hand, if ¢ > ¢,, then Bacry et al.
(2010) show that ((¢) — ¢’(gy)g, which is a linear function of ¢. In this case {(q) is also

not consistent as the normalized structure function tends to zero (Ossiander and Waymire

(2000)).

Central limit theorem

Based on Proposition 2.1, it is also possible to obtain a central limit theorem for 5 (q).
We remark that in the mixed asymptotic framework the limiting variance is deterministic.
The proof of the central limit theorem follows from a series of corollaries of the following
general result for the mixed framework which is a direct generalization of Proposition 4.1 in
Ossiander and Waymire (2000) and Proposition 2.1. We first state some general notation.
Let {&,&kn0<j<L—-1,0<k<2"'n>0} be as above and define

L—-12"-1 n

Vaa =273 3 [TV G0)™ o Boa = S0al V2

j=0 k=0 i=1
The following proposition is seen to hold true as a direct generalization of Proposition 4.1

in Ossiander and Waymire (2000), whenever 2¢ < ¢,.
Proposition 2.2. f2q < ¢y, E[§jx.] =0, E[§}, | = 0 and if

sup sug)E [|§j7k,n|2(1+6)] <00,
n -77
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for some d > 0, then
lim E [e/*fine | F,] = e 7/
n—oo

and R, , converges weakly to the centered Gaussian law with variance o.

The proof follows exactly as that of Proposition 4.1 in Ossiander and Waymire (2000),
using Proposition 2.1. The latter also yields that L=127"27¢20)V,  converges to 1 a.s. We

can now state a central limit theorem for the empirical structure function.
Proposition 2.3. If 2q < q,, then
L1272 COR LS, (q) — 299718, 4 (g) } —a N(0,V(g))
with
V(q) = var (Z§ — 2¢O {ZIW] + Z§W4})

and Zy, Zy are i.i.d. with the same distribution as A ([0, 1]) and independent of Wy, W,
which are i.i.d. with the same distribution as W, and Zy = (Z1W1 + ZyWs) /2 has the same
distribution as A ([0, 1]).

Proof. The proof follows from Proposition 2.2, by noting that S;,.(q) — 2¢@=1S; .. (q)

can be expressed as

SL,n( ) - 2< 1SL n+1(Q) 2™ Wr(i(k ) qukn .

=0 k=0 =1

<
o

with
fj,k,n = Zf,k,n - 2<(q) {qu% n+1Wq (k)*0 + Z;‘l,zk,nﬂwfn(k)ﬂ} >

since 1, (k) %0 = r,41(2k) and 7, (k) * 1 = r,,41(2k + 1). Indeed, the random variables &; x ,,
JjE€Z 0 <k <2 are iid. (for each fixed n) and it clearly holds that E[{; ] = 0,

E[&3)...] = V(q) and E[|€;1,|*"°] < 0o, whenever 2¢ < (pq, for small enough 6 > 0. O
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Thus we obtain a central limit theorem for ¢(q).

Theorem 2.4. Assume 2q < q,. Then
(It @=v 2L (q) = ¢(q)} —a N(0, V(q)/(BAL ([0, 7))

Proof. By Proposition 2.1 and (2.1), Sp.+1(¢)25971/S,, 1(q) — 1 as. so
= SL n(q) ) ( SL n(q) - 2C(q)_lSL n+1(Q)>
— =lo ’ =—lo 1——= ’
{l0) ~ o) = og, (g s ) =~ lom, e
_ Spnlq) = 220718 1 1(q)
SL,n(Q)

The proof is concluded by applying Proposition 2.3 and noting that 27"XL — 1. O

{1+ 0p(1)} .

3. Multifractal random measures

Once again we are interested in the mixed asymptotic framework defined by the param-
eter x. The main ideas dealt with in this section are very similar in spirit to those in
Duvernet (2009). We include the proofs for completeness’ sake, since they are very simi-
lar to those which will be developed to study Multifractal Random Walks. We recall the
main definition and properties of Multifractal Random Measures, hereafter MRM, following

Bacry and Muzy (2003). Start by defining for [ > 0, w;(u) = P(A;(u)) and set

M(I) =1lim [ e”® du

[—0 I

where [ is any Borel set in R. Here P is an independently scattered random measure on
ST ={(s,t),t > 0} such that P(U2,A;) = > P(A;) if the Borel measurable sets A; are
pairwise disjoint and then the random variables P(A;), i > 1, are independent, and

E[e?P(] = d@n4) (3.1)
with p(A) = [, t7*dsdt and

Al(w) =A{(s,t),u— (/2N NT)2) <s<u+ (t/2NT/2),t >1}.
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Figure 1. The set A;(u)

It is readily checked that p(A;(t)) = T + log(7'/1), which implies, with (3.1), that

E[etvt(®)] = o(T+os (@) |=v(a) (3.2)

The function v is the log-Laplace transform of the infinitely divisible random measure P,
assumed to exist for ¢ < ¢*, for some ¢* > 1. It is convex and satisfies (0) = ¥ (1) = 0.

By the Lévy-Khinchine representation Theorem, it can be expressed as

2

O_ o0
U(q) = 5 tmg+ / {e” =1 — 2lyy<ny tr(de) ,

where v is the Lévy measure of P and satisfies

/_OO (22 A 1)v(de) < oo .

o0

The assumption that (q) is finite for ¢ < ¢* entails the following condition. For all ¢ < ¢*,

/ ey(dr) < oo .
1

By Bacry and Muzy (2003, Theorem 4), there exists a certain infinitely divisible random
variable €2y, which is independent of M([0,T]), such that E[e®»] = A\=%(@ and for \,[ €
(0,1),

{wn(M), 0<u<THY fw(u) +Qy, 0<u < T} . (3.3)
The latter is known as the scaling property. This implies that

M ([0, AT]) £ Ae® M ([0, T)) (3.4)
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for A € [0, 1], so that
E[M*([0,AT])] = X*“m(q) (3.5)

with ((q) = ¢ — ¥(q) and m(q) = E[M([0,T1])]. It is shown in Bacry and Muzy (2003,
Theorem 3) that if ((¢) > 1, then E[M9([0,7T])] < oo. As previously, set ¢max to be the

greatest value of ¢ such that ((¢) > 1 and for x > 0, define ¢, as

gy = max{q : q¥'(q) <¥(q9) +1+x} .

Assume moreover that x is such that ¢, < ¢max. Then, for all p such that pg < ¢y, it holds
that

0 <(pg) —p(q) < (p—1)(1+x) . (3.6)

See Section 5 for a proof.

Ezxzample 3.1. Consider the Poisson cascade introduced by Barral and Mandelbrot (2002).
Let N be a Poisson point process with intensity measure p on (—oo,00) x (0, 00]. Let T';,
i € Z denote the points of N and let {W, W;} be a collection of i.i.d. positive random

variables such that E[IV] = 1. Define the random measure P by

P(A) = log(Wi)1ir,eay

for all relatively compact Borel sets A € (—o0,00) x (0, 00]. Then (3.1) holds with ¢ (q) =
E[W7 — 1 and

fmax = max{q : E[W? < ¢}, ¢, =max{q: ¢E[W(log(W)—-1)] <1+ x}.

Example 3.2. The random measure P can be a Gaussian random measure. Then
P(A) ~ N(—c?u(A)/2,0%u(A)) and ¥(q) = 0?q(q — 1)/2 so that we get the same val-
ues of gmax, qo and ¢, as for the multiplicative cascade of the previous section, up to the

log 2 term. Note that in this case, var(P(A)) = ¢"(0)(A) is finite if and only if pu(A) < oco.
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Ezxzample 3.3. Let a € (0,1) and P be a totally skewed to the left a-stable random
measure, i.e., ¥(q) = 0%(q¢ — q*). Then guax > 1 if and only if 0*(1 — a) < 1 and then
Gmax = 00 and for x >0, ¢, = o~ 1((1 + x)/(1 — a))V/*. Tt is noteworthy that, contrary to
the previous case, we have here that E[|P(A)|] = oo and E[e?”Y)] = oo for all A such that

p(A) > 0 and for all ¢ < 0, though E[|P(A)[P] = ¢, o0Pu(A)P/* if p < a and pu(A) < oo.

Example 3.4. Let a € (1,2) and P be a totally skewed to the left a-stable random
measure, i.e. ¥(q) = 0*(¢“ — q). Then g¢uax > 1 if and only if 0*(a — 1) < 1 and then

Gmax < 00. For x >0, ¢, = o (1 + x)/(a — 1))/,

Define, as in the previous section, L = [2"X], A,(Q]ZL =[(j+k27")T, (j+ (k+1)27")T] and

L—-12"—-1 _
Spa(M,q) = MUAY)
j=0 k=0
e SL n<M7 q) )
=1+4log, [ 222t )
CM(Q) 2 SL,n—i—l(Ma q)

Consistency

For convenience, denote 7(¢) = ((q) — 1. We have the following result, whose proof is in

Section 5.
Proposition 3.1. For g < q,,
L712m @ g; (M, q) — m(q) a.s.
Plugging this into the definition of (y;(q) yields the consistency of Ca(q).

Corollary 3.2. [Forq < g,

Culq) — Clq) a.s.
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Central Limit Theorem

We next give a Central Limit Theorem for ¢ 1 (q) in the mixed asymptotic framework.

Define the centered random variables

Dy = MUAL) =270 (MUAZ, 1) + MUAG, 1) (37)
and D; ,, , = in:f)l D k.nq- By construction, the variables D; . , , are centered, and station-

ary and 2-dependent with respect to j. We will start by proving a central limit theorem

for (LE[D?

S a2 ZL o Djng Since the random variables D;,,, 0 < j < L — 1, are

2-dependent, it suffices to show that for some p > 1,

L'E[Dg), ]
lim ——— 0% | (3.8)
oo (E[DF,, )P

We will need the order of magnitude of Dy, ,. Set
dy =B [ (M([0, 7] — 270 {M9((0, 7/2)) + M([T/2,T])})°]

and dj, = 2"CDE[Dy 1,4 Do k.nq)- By the scaling property, E[Dg . ] = 27"®9d, and dj,
does not depend on n. Then,

2n—1
| =2 @ g 4 2. 97D N7 (1 — p27)d,,
k=1

E[D3

0,n,q

By Lemma A.4, we have d, , = O(k~1¥20=2¢(0+1}) Since 1(2q) — 2¢)(q) > 0, this implies
that the series ) |d ,| is convergent, so the Cesaro mean above has a finite limit and thus
limy, 0 2""PVE[DE | | = dy+2>"77 | diq- By Lemma A.5 we have E[Dg . ] = O(n27"749) 4
272720 If 4q < q,, then ¥(4q) — 2)(2¢) < 1 + X, thus (3.8) holds for p = 2. The above

discussion leads to the following result.

Proposition 3.3. If 4q < q,, then there exists a constant ©, such that

L—1
[,-1/29-n7(20)/2 Z Dj,n,q —d N(O7 ®q) :

j=0
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We can now prove the asymptotic normality of (y;(¢). Denote

_ SL,n(Ma Q) - 2T(q)SL,n+1(M7 q)

R,
SL,n(Ma Q)

~1/29-n7(29)/2 Z]L:—Ol D.

]7niq

— on{2¢(9)—¥(29)—2¢(9)—1-x}/2
L7127 S (M, q)

By (3.6) applied with p = 2 and 2¢ < ¢,, it holds that 1+ x + 2¢(¢) — ¢(2) > 0. Thus, by
Propositions 3.1 and 3.3, we have that R,, = o(1) a.s., so a second order Taylor expansion

yields

: < Sia(M, q)

o) = 6(0) = oy (20 ) — —og(1 ~ R,) = R + O

Applying Propositions 3.1 and 3.3 yields the next result.
Theorem 3.4. If4q < q,, then
2"(1+X—¢(2Q)+2w(qn/2(gM(q) — () — N(O’m_l(q)@q) )

FOI' q, q/ < 4qX’ 1t can be Shown that 2”(1+X) (Qn{2¢(4)—¢(24)}/2 (é:M(q)_C(q))’ Qn{2¢(4')—¢(24')}/2
(Cai(¢)—C(¢))) converges to a bivariate Gaussian distribution with dependent components.

The same comment holds for the results of the next section.

4. Multifractal random walk

Throughout this section, the MRM M and the process {w;(u)} will be as defined in the
previous section. A multifractal random walk (MRW) is the process X obtained as the L?
limit as [ — 0 of the integral f(f e dBy (u) where By is a standard fractional Brownian
motion independent of M; see Abry et al. (2009); Bacry et al. (2001); Bacry and Muzy
(2003); Ludena (2008). Recall that By is a continuous centered Gaussian process with
By (0) =0 and

var(By(t) — B (s)) = |t — s[* |
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for all t,s € [0,1]. For H = 1/2, By, is the standard Brownian motion and will be
simply denoted by B. Thus, X is the conditionally (with respect to M) Gaussian process
whose covariance function is defined in (4.1) or (4.2) below according to whether the Hurst
parameter of the fBm is H = 1/2 or H > 1/2. Except for the case H = 1/2, which is
ordinary Brownian motion, it is worthwhile to remark that this conditionally Gaussian
process X is not the time changed process By (M]0,1]).

Throughout this section —,; will stand for conditional convergence in distribution given
M and E,; and var,; stand for the conditional expectation and variance given M. We

consider the following two cases.

e Case H = 1/2 Bacry et al. (2001); Bacry and Muzy (2003). The MRW X is defined

as the centered, conditionally Gaussian process with conditional covariance

tAs

[(s,t) = ll—i}ori e dy = M(s At). (4.1)
0

The scaling function is (i/2(q) = ((¢/2), since by (3.4) and (3.5), for A € (0, 1),

{X(M\),0<t < T} \N2e/2(X(1),0<t < T},

E[|X (1)) = E[Ea[|1X(8)|] = ¢, E[MY(1)] = cym(q/2)t" "),

where ¢, = E[|N(0, 1)]7] and m(q) = E[M?([0, 1])].
e Case H > 1/2 Abry et al. (2009); Ludena (2008); Muzy and Bacry (2002). The MRW

X is defined as the centered, conditionally Gaussian process with conditional covari-

(u) * M (du) M(dv)
L'y _ll—IEOI}i-// |u—v|2 2Hdudv / Tu— o 2H . (4.2)

This process is well defined whenever H —(2)/2 > 1/2, cf. Ludena (2008). Convexity

ance

of 1 yields 9(2) > 0. The scaling function (g is defined by

Crlq) = qH —¥(q) ,
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since by (4.2) and (3.4) we have

(X(A),0 <t < T} N\ X (4),0<t< T},

E[|X (#)|7] = cymu(q)(t/T)H @),
with

mu(q) =E

{ /0 ' /0 ' u — v|2H_2M(du)M(dv)}q/2] . (4.3)

Since we are considering the mixed asymptotic framework, we assume we have a collection
of MRM M), j =0,...,L — 1, which are independent, defined over consecutive intervals
of length 7. For j = 0,...,L —1and k =0,...,2""", define AX; ;. = X(jt(et1)2-)1 —
X(j+r2-—)r- As above, we will investigate the asymptotic properties of the estimator C~ x(q)

defined by

~ Sta(X,
(x(q) = log, (ﬁ()(@q)) +1,

where now
L—127—1

Sea(X,q) =) D 1Al

=0 k=0

Denote 7y = (g(q) — 1 and T,,(X, q) = Sp..(X,q) — 2TH(‘1)SL,n+1(X, q). Then

Exla) — Culg) = —og (1 M)

- SLin(X.q)
We will prove that T,,(X, q)/Sr.n(X,q) — 0 a.s. so that a Taylor expansion is valid and

yields

Exla) — Cule) = 259 (4 o)y

a SL,n(X »q)

In order to study the ratio above, we will first prove that if H = 1/2, then

L—12TLT(Q/2) SLJL(X7 q) — Cqm(q/Q) ,
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and if H > 1/2 then,
L1 @g, (X, q) — cqmu(q)
with mpy(q) as in (4.3) and ¢, = E[|IN(0, 1)|?] in both cases. To study 7,,(X, q), we write
T.(X,q) = Ta(X, q) = Ex[T0(X, ¢)] + En[To(X, )] -

We will prove that in both cases, T,,(X,q) — Ey[T,, (X, q)] and Ey[T,,(X,q)] converge
jointly to independent centered Gaussian distributions with the same normalization. This
will yield the asymptotic normality of Cx(¢) — Cx(q). Because of the different nature of the
conditional dependence structure, which yields different scaling functions, we will consider

the cases H = 1/2 and H > 1/2 separately.

4.1. The case H = 1/2
In this case, it holds that

EM [SL,TL(Xv Q)] = CqSL,n(Mv q/2) )

varM(SLm(X, C])) = U(?SL,n(Ma Q) >

where o2 = var(]N(0, 1)|?). By Proposition 3.1, if ¢ < ¢,, we get

2=
L1 @2IR (S (X, q)] — cgm(q/2) as.

L712"@Dvary (Sp (X, q) — oom(q) a.s.

This implies that L=12"7@/2)S; | (X q) converges in probability to ¢,m(q/2). Since S;.(X, q)
is the sum of L2" conditionally independent terms, by an application of Borel-Cantelli’s

lemma similar to the one used in the proof of Proposition 3.1, almost sure convergence also

holds, i.e.

L7122 g, (X, q) — cgm(q/2) as. (4.4)
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Using the notation (3.7) of the previous section, we have

L—-12"—-1

Enr[To(X, )] = 2V S, i1 (M. q/2) — 4S0n(M.q/2) = —¢, 3 S D -

j=0 k=0
Thus, by Proposition 3.3, if ¢ < g, then L=Y/22""@W/2E [T, (X, q)] converges to a centered
Gaussian random variable with variance ¥(1/2,q), say. By the conditional independence
of Band M, T,,(X,q) — Ex|[T,,(X, q)] is a sum of centered and conditionally independent

random variables with conditional variance
vary (T,(X, q)) = 0251..(M, q) +U§(22T(q/2) 2T/ DG, (M, q) .

By Proposition 3.1, L™'2""@var,, (T, (X, q)) converges almost surely to the positive con-

stant I'(1/2, q) defined by
[(1/2,q) = o2m(q) {1+ (2792 — gr@/2+hyp=7(@
Thus,
L7V @24 (X q) — Ep[Th(X, )]} —a N(0,T(1/2,9)) . (4.5)

Since the variance is deterministic, this assures unconditional convergence to the stated
Gaussian random variable. Moreover, the conditional independence of B and M also implies

that the sequence of random vectors
L—1/22n7(q)/2 (Tn(X7 q) - IE‘M [Tn(Xv q)]u EM [Tn (X7 q)])

converges weakly to (Z;, Z) where Z; and Z5 are independent Gaussian random variables
with zero mean and variance ['(1/2,¢) and 3(1/2,q), respectively. The previous consider-

ations yield the central limit theorem for Cx(q).

Theorem 4.1. If q < gy, then

L1/22n(w(q/2)—w(q)/2+l/2){EX(q) (@)} =N <0’ T(1/20>2q731;|'(qz/(21)/2, C_I)) .
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4.2. Case H > 1/2

We begin by studying E,/[1,,(X, q)]. Define a; jnn = E}\Z,z[(AXj,kvn)z]. Then

L—127—1
_ T (q) £ 9 q _q
En[T0(X, q)] = ¢4 E (2 {aj,zk,n+1,H + aj,2k+1,n+1,H} aj,k,n,H) .
j=0 k=0
) _ oru(q) [ 4 q .4 . \2"-1gg
Denote Uy, = 2 {aj,2k,n+1,H + aj,2k+1,n+1,H} A ko, H and define Uj, := > ;5" Uj k-

Then the collection {U; , }o<;j<r—1 is centered, 2-dependent and identically distributed. Re-
mark that 9(q) = 2"%# ®Dvar(U; ) depends only on ¢. By stationarity, for j = 0,..., L — 1,

9n_1
var (U ) = 27" 20q, 4 2971 (a) Z (2" — k)21 @D oy (U g, Uo o) -
k=1

By Lemma A.7, 27429 |cov(Up.,, 0, Upni)| < Ck~1VR0=20@+1} This series is convergent,
thus the Cesaro mean above converges to its sum. Arguing as in the proof of Proposition 3.3,
in order to prove the central limit theorem for E,/ [T, (X, q)], since the centered random

variables Uj ,, 0 < 7 < L — 1, are 2-dependent, it suffices to show that

Ij Ll_pE[ng n] 0
m —————5 =0.
nooe (E[US,])?

This is done as in Lemma A.5 using Lemma A.7. We then have the following result.
Proposition 4.2. If2q < q,, there exists a positive constant ¥(H,q) such that
L7t Ca)yar (B, [Th(X, q)]) — 2(H, q)
Morover, if 4q < q,, then
L=122mmCOPE T, (X, q)] = N(0,3(H, q)) (4.6)

We next need a result which parallels (4.5). Its proof is more involved and is postponed

to Section 5.
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Proposition 4.3. Let H < 3/4. If 2q < qy, then there exists a positive constant I'(H, q)

such that
L7121 CDvar ((Ty (X, q)) — T'(H, q) a.s. (4.7)
and if 4q < g, then
L7Y2onmu 020 (X q) — By [To(X, q)]} = N(0,I(H, q)) . (4.8)

As for the case H = 1/2, the fact that I'(H,q) is deterministic establishes uncondi-
tional convergence in distribution. The proof of (4.8) is based on the recent results of
Nualart and Pecatti (2005) on the convergence of sequences of random variables in a Gaus-

sian chaos. Altogether, (4.6) and (4.8) yield the asymptotic normality of the estimator.

Theorem 4.4. If4q < q, and H < 3/4, then

2n(1+x—w<2q)+2¢(q)>/2{gx(q) —Cu(Q)} =a N <07

5. Proofs

In all the proofs, without loss of generality, we set 7" = 1. We start by proving (3.6).
The convexity of ¢ and (1) = 0 implies that gun.x > 1 if and only if ¢/(1) < 1, and
' (¢max) > 1. This in turn implies that 1 < gy < ¢max- The convexity of ¢ also implies

that the function g — ¢v¢'(¢q) — ¢(q) is increasing, thus g, > go for all x > 0. Consider the

positive and increasing function p — 1 (pq) —p1(q). By convexity, for p > 1, ¥(pq) —1(q) <

' (pq)(pq — p). This yields, for p > 1 and pg < ¢y,

0 < (pq) — pY(q) = p(pq) — pY(q) — (p — 1)v(pq)

< (p — {pq¥'(pq) —¢(pa)} < (p—1)(1 +x) .

This proves (3.6).
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We will also repeatedly use an argument of m-dependence. If &, ..., &y are m-dependent
random variables with zero mean and finite stationary p-th moment, 1 < p < 2, then there

exists a constant C' which depends only on p such that

N p
>
i=1

] < OmPINE[|&]] (5.1)

5.1. Proof of Proposition 3.1

Let ng > 2 be an integer, a = 1/ng and [,, = 9~ (1—a)n

. Fix ¢ < ¢,,. We can choose a < x
small enough so that ¢ < ¢, with ¥’ < x — a. Then, we can also choose p > 1, close
enough to 1, such that pg < ¢,» and without loss of generality, we can also impose that

p—1<a(qVv1)/2. Define

T et (427R) @) N N k)
n 1 —ng1—1_—v%(q quy, (j+27"
LD D Ty 2R 2, 3 e . (62)
j= =0

We will prove that for a and p > 1 chosen as above, there exist constants C,7n > 0 such

that
E||Tn, - 1"’] <2 (5.3)
ad SL n(Ma Q) p:| _
E\|T,,— =———— <27, 5.4
[ T E[Spn(M,q)] 54)

The above inequalities and an application of Borel-Cantelli’s lemma yield that T, ng — 1,

a.s. and

SL n(Mu Q> o
— = T . — 0 a.s.
E[S,.(M,q] ™ 7

For all 7, k,n, we have E[Mq(A](jZL)] = 27%@Wm(q), so that E[S},,,(M,q)] = L27""@Dm(q).

Thus Proposition 3.1 follows.

Proof of (5.3). Define ¢ = p—1. The variables e?%t 027"k _[eqwin (+27"F)] are 2—dependent

(in j) and centered, so there exists a constant C' > 0 such that
C 1 % eqwin(7h) p]
-1 .

E| @
on £~ ev(a) Y@

an—1) } < LE
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By Lemma A.1, for any € < ¢, there exists a constant C' such that

E|

Ty — 1”’} < Com{(-a){w(pa)—pi(a) <} —ex)

By (3.6), since pg < ¢, < gy, we have

(1 —a){e(pg) —pv(q) — €} —ex < (1 —a){e(1 +x) — €} —ex
<(I—afe(l+x—a)—¢€}—ex

=1 —-a){e(l —a)—¢€}—aex.
This can be made negative by chosing ¢ > (1 — a)e. O

Proof of (5.4). We start by using again the argument of 2-dependence in j, to obtain,

for some constant C,

" M R p 1 on_1 M4 A(O) quy, (k2™ P
E[S1n(M, q)] L | |20 & 27 @m(g)  evta) ;7@

For clarity, we now omit the superscript (0) in A,(SZL. Let M,, denote the random measure
with density e ™"i» with respect to M. By construction, the measure M, is independent
of the process w,. Indeed, for any Borel set A, M,(A) = lim; fA ewr(W)=wi, (W) gy and
for [ < [,, w; — wy, is independent of w;, , by the independent increment property of the

random measure . Denote

211
S, = 2" Z et RN (A ) -
k=0

Applying the bound (A.15) in Lemma A.2, we obtain

2" —1
E[|S, — 277@ S M(Ay,)lP] < C27 @D 2gn{va-p@}
k=0

Since we have chosen € < a(q Vv 1)/2, by (3.6), we have

U(pg) —p(q) —algV1l)/2—ex <e—algV1)/2<0.
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Define my,(q) = @, " DoC@E[MI(A,.,)]. By (A.14), we have lim, oo mn(q) = m(q)
and thus E[M9(Ag,)] ~ [8@2-@e=¥(@mn(q). Next, we note that the random variables
M, (Ag,) are 2"],-dependent and e*'» is independent of M,,. Thus, applying (5.1) condi-

tionally on wy, yields

E gn —n — eqwln(k27” P & | gon 2n—1 eqwln(k2*”) Mg(Ak n) 1 D
mu(q) - =0 W - Z:: ev(a) ¥ (E[ME(AIW)] - )
— _ M‘Z(AO ) p
< Ol V@ Hn—n
a E[M;(Ao,n)]

< o) —pri(g)—e(l-a)}

Using the fact that pg < g,/, (3.6) and x’ < x — «, we obtain
pg) —p(q) —(1—a)e—ex < e(l+x) —(1—a)e—ex =€e(X' + @ —x) <0.

This concludes the proof of (5.4). O

5.2. Proof of Proposition 4.3
Define a; g = EL/2 o [(AX k)% and the conditionally standard Gaussian random variables
ngn = AXj,k,n/aj,k,n,H .

Let Gy(x) = |z|? — ¢,. With this notation, we have

L—-12"—1

S1a(X,q) = Ex[Spa(X, )l =D Y " al, .y Go(Vikam) -

j=0 k=0
Let g-(q), r > 0, be the coefficients of the expansion of G, over the Hermite polynomials
{H,,r > 0} (which are defined in such a way that E[H(X)H;(X)] = k! if k = [ and 0
otherwise), i.e. g.(¢) = E[H,(V)G,(V)] where V is a standard Gaussian random variable.
Since G, is a centered even function, g.(¢) = 0 for r = 0, 1. Since E[GZ(X)] < oo, the series

S, 62(q)/r! is summable and G, = 32, #W H  Then, by Mehler’s formula (see e.g.

T
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Arcones (1994)), we have

g

L~tonma(29) vary (St (X, q))

with

L—12"—1
L,(r,q) = L7127 @ (7)) "Lvary, (Z aly o m,k,n))

]:O k=0
— 2" —1
-1 m—H
=172 Z ZpHn]l’jz’kk) @5, kn,H ]2k’nH7
J1,J2=0 k,k'=

for r € N,r > 2, and the conditional correlations (which are zero if H = 1/2) are

En[AXG kn AXGy 1 )

gy kon,H Qjo k' i, H

prn(Jis Jo, Ky K') = covar (Y ks Yian) =
By Lemma 3.1 in Ludena (2008), for j; < j, and k < &/, we have the bound
prn (i1, Jo, b, k') < min(1, C|(j2 — 71)2" + (K — k)22 (5.6)

for some deterministic constant C'. We start by proving that for H < 3/4 and 2¢ < ¢,

there exists a constant I'(r, ¢) such that

lim 2"(2’”(q)_w(2q)+1+X)E[Fn(r, q)]=T(r,q). (5.7)

n— o0

By the scaling property,
Elaf;. ] = 27" Wmy(q) ,

with ¢y (q) = ¢H — ¢ (g). Thus, denoting v, (¢) = 2¢(¢) — 1(2¢) + 1 + x, by stationarity,

we have

2" DE[L, (r, q)] = mpu(2q) + 272" C0 Y " Elo}y (0,0, k, K)af . o 508 g1 1]
kAK!

+ 27 CON N R o (5,5 kK al g0 ) (58)

J# kK
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Consider the middle term. Recall that

(k+1)2 (K'+1)2 "
P (0,0, k, k)CLOanCLOk’ = {/ / —v|2H—2M(du)M(dv)}
k2 k

/2 n

(k+1)27"  p(k+1)2 (g—7)/2
/ / P20 (du) M (dv)
k2~ k2

k’+1) (k/+1)27n (q—?“)/2
« / / = o220 (du) M (dv)
k/27n k/27n

Assume that k < k' and denote ¢ = k' — k+ 1. By the scaling property and the stationarity

of the increments of M, we have

T / q q
pn,H((]? 0,k, k) Ao on, 5 Q0K 1, H

(law) /¢ p1 "
au (62—n)r(2H—2)+2re2er,n / / |u . v\2H_2M(du)M(dv)
0 1-1/¢

1/¢ 1/¢ (q—=r)/2
x (027 @ H =1+ (4= 2p—n / / lu — v|*" 2 M (du) M (dv)
o Jo

1 1 (q—r)/2
X (gg—n)(q—T’)(H—1)+q—7’e(q—7’)9zz—n {/ / u — v|2H_2M(du)M(dv)}
1-1/0J1-1/¢
= (27 e Qb

with

16 pi/e
/ / lu — v|*" 72 M (du) M (dv) |
o Jo
1
1

2
¢
1
b, = / lu — v 2 M (du) M (dv) ,
1/¢ J1-1/

el = o P2 M (du) M (do)

agbg

Qe
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With this notation, the middle term in (5.8) can be expressed as

2n—1
2. 27600 37 (1 - 37 (el ElQaft]
=1
on— 1
— 9. 9nCu(29)9—n{2¢H—(29)} Z m) 2=V CORQr a7
on—1

=2 Z (1 — £27")(5H COR[Q}alb] .

Moreover, a, > (720 M ([0,1/4]), by > 272HM([1 — 1/¢,1]), and the numerator in @, is
bounded from above by (1 —2/0)*=2M([0,1/¢])M([1 — 1/¢,1]). Thus

Q< o2 (5.9)
for some deterministic constant C'. This and Holder’s inequality yields
E[Qjalt] < CCH EV2[a20) EV2[p1)
Applying the scaling property of M yields E[a}] = E[b}Y] = ¢~<#?9mp(q), hence
(rCOR[Qralb]] < CerPH=2

Since 7 > 2 and H < 3/4, the series ¢"?~2) is summable, and thus

2n71
lim S (1 - 27") (<120 E[Qafb] = ZECH(?Q Qratt] .
(=1

Consider now the last term in (5.8), say RR,,. Using the bound (5.6), the scaling property,

the fact that the a; ., g are 2-dependent, and H < 3/4, we have
L 2
RR, < C2mMcn(29)=2Culq ZZ (j2" + k)22 = QM @—v R}y — (1) . (5.10)
=1 k=1
This proves (5.7). We now prove that if H < 3/4, for each r > 2,

Lo(r,q)/ELL(r,q)] — 1 as. (5.11)
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or equivalently
XV RO+WDID (1 ) — T'(r, q)] a.s.

Write 21XV @O+20@OIT (1 q) = S, 1 + S, 0 + S, 3 With

-1

L—
_ onTH 2q E E
S%l 2 jan’

7=0
L—1
Sn,2 _ Qm—H(QQ)L_l pHn(.] jvk k) ]anaj k' m,H »
§=0 0<k#k'<2n
2m—1
Sp = 20O L Z Z Pean(T 355 K5 g 1 0 -
0<j#5'<L k,k'=0

The bound (5.10) and Borel-Cantelli’s lemma implies that S, 3 — 0 a.s. Define a; ., g =

eWin (tj’k)(sj',km,H Wlth

Ot = / , / u = vPEM (du) My (do)
A Jag)

By Lemma A.6 we have, if 2¢ < q,,

lim 277 (2D ev 0] VROR[G ) = my(2q) . (5.12)

n—oo

By 2-dependence with respect to j, Jensen’s inequality, (3.6) applied to 2¢ < ¢, and the
bound (A.28), we obtain, some 1 > 0,

L—-12"-1

ntH (29) 1 ~2q
2 L~ jan)

p
1— 2q) 2 P
E ] < QLY P IR UCLJ,MH ajf’kﬂﬂ }

7=0 k:O

< O P @pa)—p(20)—n < Cgnlp=1-n)
Choosing p — 1 < n and Borel-Cantelli’s lemma yield that

on7H (20) [ -1 (aiqk’nﬂ _ @i‘fkm,H) —0 a.s. (5.13)
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Recall the definition of T}, , in (5.2) and define further

n

™~
—
(]
fary

__ontg(2¢) 7 -1 ~2q
Sn71 =2 L aj,k,n,H s

k=0

Il
o

J

o (2) = 2T, )] = 2OV, )]

We have already shown in the proof of Proposition 3.1 that if 2¢ < ¢,, then ngq — 1 a.s.

1

As in the proof of Proposition 3.1, we now use the fact that w;, is independent of the

Moreover, by the argument of 2-dependence with respect to 7, we have

gn ~ n 2qwln(k277l) 52(1 n

mn,H(zq) k=1 edf@q) l;w@q) E[Sg,qk,n,H]

p

< CL' PR

measure M, the 2"[,-dependence of the variables 507,@”7 g and (5.12) to obtain
n “n ) )

g—n Z e (K277 S0 km.H 1 00,0 1
— ev(2q) V(20 E[ég?kvn,H] (E[(Sg,qo,n,H])p

< Cl;2n{w(2pq)—pw(2q)} )

p

E

< O (2pa)+pY(2a) R

Now, as in the proof of Proposition 3.1, we must choose a small enough so that 2¢ < ¢/,
for X" < x — «, and € such that 2pg < ¢,» with p = 1 + €. Such a choice and (3.6) applied

with 2pg < g, yield

Sn,l
mn,H(2Q)

p

E < CQ—EXZ:LQM(HX’) — OoneX'+a=x)

n,2q

This last bound and Borel Cantelli’s lemma yield that m;}{(Qq)gn,l —Toq — 0, a.s. This
and (5.13) finally prove that S’ml — mpy(2q) a.s.
In order to prove that S, — 0 a.s., by stationarity and 2-dependence in j, it is enough

to prove that, for p =1+,

E||27C0 3" g (0,0,k, K)ad 0l

0<k#£k'<2n

] = O(2(xm) (5.14)
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for some 1 > 0 and apply Borel Cantelli’s lemma. Since all quantities involved are nonneg-

ative, we can use the bound (5.6), and thus it suffices to obtain a bound for

P
nTH(2q) _ 1 r(2H-2) g q
E ]2 E |k — K| Qo k,n, HA0, k" 0, H .

0<k#£k'<2n

Define
0% = / / lu — o[22 M, (du) M, (dv) .
An,k An,k

Then g = 0xe?*2") and using the bound (A.29) and (3.6), we obtain

p

E ||2"m 0 Z L k/|r(2H_2){ag,k,n,Hag,k’,n,H = ) o 500w g }| | = o2y

0<k#k!<2n

Thus we need to obtain a bound for E[S} ,] where
Sn,4 _ 2m—H(2Q) Z ‘]{7 o k/|T(2H_2)dg,k,n,Hdg,k’,n,H 7
0<k#k! <2n
which we further decompose as S, 4 = Sy, 5 + Sp6 With

S = 200 ST A I3, — EIFIGL ]} e G 02
0<k#k'<2n

S = 27HCO S [y Y PCH 2R [FG] v (27 (4277
0<k£k! <2n

Since H < 3/4 and r > 2, we have that r(2H — 2) < —1 and the series > k"?H#=2 s

summable. Thus, applying Cauchy-Schwarz’ inequality yields

P n_ 2p
E <‘2—n Z |k — k/‘T(2H—2)eqwzn(k2’”)+qwzn(k’T") ] < CE ||27" 2zleqwzn(k2”)
0<k+#k/<2n k=0
Next, applying Lemma A.1 with p such that 2pg < ¢, and € < p — 1 yields
p
E|l2™ Z |k — k/|T(2H—2)eqwzn(k2’”)+qwzn(k’2’”) ] < Cl;{w&pq)—ﬁ’} ) (5.15)
0<k#Ak!<2n
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By (A.27), it holds that E[6767,] ~ C/(k, k')I4®9 271 (@) where C/(k, k') is uniformly bounded,

thus

E[Sﬁ,e] < Cl;{¢(2pq)—p¢(2q)—6’}

)

If 2pq < ¢y, applying (3.6), we have

(1 —a){(2pq) —ph(29) =€} —ex < (1 —a)e(1+x) —€ <e—¢ —ae(l+x)

which can be made negative by choosing ¢’ close enough to €. To deal with the last term,
as in the proof of Proposition 3.1 we use the conditional 2" dependence of the random

variables J;,. We obtain the bound
E[S? ] < Oy ra)—pv2a)—ck — §(gn(ex—m)

for small some 1 > 0. We have proved (5.14), and thus (5.11) holds. We can now define

Fi(g) =) gr((,])QF(n q) -

r

As 32, (1) g,.(¢)? < oo and T, (r, q) < T',(2,q), then by the bounded convergence theo-

rem, the previous series is convergent and thus we have obtained that
L712miCDvar (S1 (X, q)) = Th(q) , as.
This also yield that there exists a constant I'y(q) such that
L_IQ”TH(zq)VarM(2TH(‘1)SL,,1+1(X, q)) — T'a(q), as.
By similar techniques, we also obtain that there exists a constant I'3(¢) such that
L1271 cov (S1n(X, 4), Spns1 (X, 0)) = Talg) as.

Finally, since T},(X, q) = Sp.n(X, ¢)—2™@ S} . .1(X, q), the last three convergences yield (4.7).
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Proof of (4.8). By Nualart and Pecatti (2005, Theorem 1) the proof will follow by check-

ing that
L7222 IR ({T,(X, q) — Ex[T0(X, @)]}'] = 3T0(H,9)* , ass. (5.16)
Define
T (X, q)
L—127—1
= 2TH(q){ag',Zk,n—i-l,HHT(Y},%,n-l-l)+a3’,2k+1,n+1,HHT’(Y}}?k-i-lm-i-l)}_ag',k,n,HHT’(Y},km) :
§=0 k=0

Then, from the definition of 7,,(X,¢) and recalling the expansion G, = > -, g’r(q H, in
terms of the Hermite polynomials, to show (5.16) it is enough to check that

Er[(To, (X, )] = %EM T2 (X, )] + Rulg.7) . (5.17)

with L=2220120R, (q,7) — 0 a.s. In order to calculate the fourth order moment in (5.17)
we use a standard application of the Diagram formula, for which we use the notation
in Surgailis (2003). Given a centered stationary Gaussian process {X;};>1 with positive
covariance c(t;,t;) = cov(Xy,, Xy;) and variance one, and a triangular array of positive
elements {b;}Y, define Sy(b) := Zt b H, (X3). We introduce the following basic lattice
notation. Let W be a 4 row table, whose rows correspond to the size r vectors W; =
(4,...,1),i = 1,...,4. Consider the collection I" of Gaussian flat connected diagrams -,
that is, of partitions of W defined by the disjoint subsets {V;} with W = U,V}, such that,
respectively, |Vy| = 2, no V;, C W; and it is not possible to write W = W; U W;, where
Wi and W, can be partitioned by the diagram separately. Then, we have that (see e.g.
Surgailis (2003))

[(SN (Z bt1bt2 t1>t2> +Z Z bt1 : H Cli’j(ti,t]’), (518)

t1,ta=1 veT t,..., 1<i<j§4
where [; ; is the number of elements V; in the diagram that pair row ¢ with row j. Because

the diagram is connected and each row must appear at least once, for each pair 7, j we have
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1 <1l;; < r. Also, the fact that the diagrams in I" are flat (i.e. that no V; C ;) assures
that the second sum is over 4-tuples of pairwise distinct indices. On the other hand, since
0 <c(i,j) <1andr > 2, for each v € I', by symmetry
Z by »+ - by, H i (t, 1) Z by, -+ by c(t, ta)c(te, ts)c(ts, ta)c(ta, tr) . (5.19)
t1yeta 1<i<j<4 t1yota

Applying (5.18) and (5.19) to T}, (X, ¢), we obtain (5.17) if we show that

2" —1

222nTH(2q Z Z H ]sz n7HpH,n(.j17.j27k17k2)pH7n(j27j3’k2’k3)

Jisega=1 k1, kg=11<0<4

X pr . (Jss Jas k3, ka) prn (G, J2, k1, ka) = 0 as. (5.20)

The fact that the sum is over pairwise disctinct indices assures that (j;, k;) # (e, ke) for

1 # {, however it is necessary to distinguish several cases:

e Case j;=jforalli=1,...,4. We prove that

21

L-1
LY S ] sl

=1 k1,....ks=11<¢<4

X pH,n(ju j? k27 k3)pH,n(.j7.j7 k37 k4)pH,n(.j7.j7 ]{?1, k4) — 0 a.s. (521)

This will be achieved by showing that the expectation of the Lh.s. of (5.21) tends to

zero. By stationarity of increments and Holder’s inequality we have

q
H Qo ks, H

1<i<4

1/2 2 1/2 %
<E [aoonH g oy kﬁ—lnH] E [aoonH g oy k3+1nH] :

In addition, by the scaling property, we have that
E [a'g?o,n,Ha'g?kz—k1+1,n,H} = 2_nCH(4Q)(k2 kl + I)CH(4Q) 2 (20) C(k1> k2)

with C'(ky, k2) < mp(4q). This and the deterministic bounds on the covariance (5.6)
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yield that the expectation of the Lh.s. of (5.21) is bounded by

on_1
I~ 1o 2non{v(49)=2¢(q)} Z |k1_k2|2H—2—(¢(4q)—2w(2q))/2

ks — k4|2H—2—(¢(4q)—2w(2q))/2|k2 _ k3|2H—2|k1 _ k,4|2H—2

2n—1 2n—1 2
< O L1 2ngn{v(ie)—2v(a)} Z |ky — ko |2H—2) (Z k2H—2—(w(4q)—2¢(2q))/2>
k1 k=0 k=0

on_q on_q 2
< CL 2 Z L2(2H-2) <2n{¢(4q)—2w(q)}/2 Z k2H—2—(w(4q)—2¢(2q))/2> )

k k=0
Since H > 3/4, the first series is summable, and since 1(4q) — 21(2q) > 0, the second

one is of order n2r{v(a)=20QaIVMAH=2)/2 (where the factor n only arises if the two
exponents are equal). Recalling that ¢(4q) — 2¢(q) < 1 = x yields (5.21).
e Case j; = jo = j3 = j. In this case |k; — k4| = O(27"CH-2) j = 1,2,3 and by

Hélder’s inequality and independence of aj k, g and [[,..c5 @j g nm we have

q q
E a/jlvk47n7H H a/j,ki,TL,H

1<i<3

] = O(z—nC(4Q)/22—nC(2II)/22—nC(fI))|k2 _ ks‘(w(4q)—2¢(2q))/2 .

Using again the bound (5.6), we obtain

L-1L-1 2"-1

222nTH (29) Z Z Z

H a?,khn,Ha;]",k%n,Hp%I,n(j7j/a kla k4)pH,n(ja ja k2a k3)pH,n(ja ja k37 kl))
1<i<3

= O(L~12nH=3)9=n((20)/2=b(0)) (5.22)

As before, 2713 — 0 under H < 3/4 and (2q)/2 — ¥(q) > 0 by convexity of

function .

e Case j; = jo and j3 = j4. The bound for the expectation of the Lh.s. of (5.20) is then

2m—1

—202n7H(29)
2 Z Z JklnHasznHa’k3nHa’k4nH

X P%{,n(]}j/,k‘1>k‘4)PH,n(j>j> kv k) pra (5, 55 ks, ka))] < €203 (5.23)
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by independence of a? , 5 and a? 5 Whenever j # j'.

im,k1, 3’ n,ka,

e Case all j; are different. The bound is then

2n—1

1,-292n71(2q) Z Z LT @G, o, B, Rea)

J1,J2,93:J4 k1,....ka= 1<i<4

X prn(J2s 33, k2o k3) prin (3, Jas ks, k)] < C2M720CE0T@)InEEIMUH=3) (5 04)

As before, 2nC+H0EH=3) 0 under H < 3/4 and we use 1(2q) > 2¢(q).

The proof follows by gathering (5.21), (5.22), (5.23) and (5.24).
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Appendix A: Additional Lemmas

Bounds for infinitely divisible random measures

We now state some results using the properties of infinitely divisible random measures. The
infinitely divisible measure P introduced in Section 3 can be decomposed as P = Py + P,

where Fy and P, are independent and

Y

E[eqpi(A)] — oA)Yila)

with

o? <
wo(q) = ?qz + mq —|—/ {eq -1 - qx1{|x|§1}}u(dx) s
-1

-1
i) = [ (e = (o).
Note that by Assumption, ), is infinitely differentiable on [0, c0), whereas 1; is infinitely

differentiable on (0, 00) only. Then, for A such that pu(A) <1, ¢ > 0 and p > 1 such that

pq < ¢*, it holds that

E[|Py(A)F] = O(([u(A)]®/27) (A1)
E[Je?™ ) — 1 — qRy(A)] = O(u(A)). (A.2)
E[let™ ) — 177 = O(u(4)). (A.3)

Indeed, since 0 < e* — 1 —z < 2% < 2%(e” + 1), with 2, = max(x,0), we have
E [[e?™) — 1 — gPy(A)P] < CE [Py?(A)ert @] + CE [PeP(A)] .

Denote L(s) = E[e*?)] = e¥0(s);(A). The function L is infinitely differentiable on [0, ¢*)
and L™(q) = O(u(A)) for all ¢ > 0 and n > 1. This yields (A.1) by the Cauchy-Schwarz
inequality. Let n be an integer greater than p. Then, for 0 < ¢ < ¢*, (A.3) follows from the

following bound:

E [F5"(A)e W] < E [FF(A)er W] + E [Fg"(A)e" W] = L"(pg) + L (pq) -
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To prove (A.2), note that P;(A) is a coumpond Poisson distribution with negative jumps,

thus P;(A) < 0 for all A, and for all p > 1,
E[je?™ — 1]7) < 1 — @08 = O(u(A)) .
Further, write
e 1 — qPy(A) = {7 — 132 1 2P0 1 gpy(A) . (A.4)

This decomposition, (A.2), (A.3) and the independence of P, and P yield, for ¢ > 0 and
p=1,

Efjet”™) —1 — qPy(A)["] = O(u(A4)) - (A.5)

Since P, Py and P; are independently scattered, these inequalities yield martingale maximal
inequalities. For A such that u(A) < 1, and for C, an increasing sequence of measurable

subsets of A, it holds that

Efsup, |Po(C)[P] = O(u®?V'(A)) , p>1, (A.6)
E [sup, |e?" ) —1[] = O(u(A)®*M)  p>1, (A7)
E [sup, [e?"@) — 1 - ¢Py(C,)["] = O(u(A)), p>1. (A-8)

Approzimation and covariance bounds for the MRM

Lemma A.1. Let o = 1/ng for some arbitrary integer ng > 2. For all p > 1 such that

E[er11(0)] < oo, for any € € (0,p — 1), there exists a constant C' such that
T aqui, (u) p
e’ in ’
—{¥(pg)—py(q)—€'}
E {(/0 Eform 0] du) ] < Cl; . (A.9)

2“—1 qwln (szn) p
S
E[eqwln (0)]
k=0

E < Cl;{w(pq)—pw(Q)—f’} ) (A.10)

Proof. The choice of o implies that (1 — a)ng = ng — 1 is an integer. Denote g, (u) =
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e () /E[evn (0], Fix some integer kg, and define n; = kong. If ny < n, then

/01 gn(w)du :/ Gy (w)du +/ {gn(w) = g (u)}du

o(l—a)ny _q
= [ ouwu+ > [ tmw e A
Ak (1-a)ny
We bound the first integral by applying Jensen’s inequality:
1 p
E {(/ Gny (1) du) ] < E[gﬁl(())] — 9(=a)ni{¥(pa)—p¥(a)} (A.12)
0
Since wy, is independent of w;, —wy, , we can write

edWin (¥)=qWiy, (u)
gn(u) — 9n (u) = 9ny (u) E[eqmn (0)_qwln1 (0)] -1
Thus we see that the integrals [,  {g,(u)—gn, (u)} du are centered and 2-dependent condi-
7,m1

tionally on F,,, the sigma-field generated by {w, (u),u € [0,1]}. Thus by von Bahr and Esseen
(1965, Theorem 2), there is a constant C' such that

|

+ O2rto(lmemE

o(l—a)ny _q p

JIp> /. o) =g}

< C2(1—a)n1E

/A {9u(w) — gus (w)} du

/ gn(u) du
L AO,(lfoz)nl

r p
< ¢or~tgl-amp (/ gn(u) du)
L \/2o.a-a)m

Since 1, /1, = lp—n,, by the scaling property (3.3), we have

1 1
l
/ ein () oy = [, / eTtn—nytny () gy, & ], 6% / ™= ) gy
AO,(lfoz)nl 0 0

Thus,
p wy, . (0) 1 p
- _y (B[e™-m Oy
gn(w) du — 9(l=a)n1(¥(pg)—p) E Gnn, (0) du
< /AO,(MM1 () ) ] (E[eqwi. (O)])p 0 ()

1 p
— 9(l=a)ni(¥(pa)—p¥(a)-p) | {(/ Gnny (1) du) ] .
0

p
< gor—toll—e)mp

p
/ o (1) ]
A(),(lfoz)nl

+ 2~ 1o{l=p+o(pa)—pi(9)}(1-a)m

E
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Thus we have obtained

2(1 a)ny _ 1 p

E Z / {90 (t0) — gun (1)} du
Ak(l a)ny

1 p
< 02-m@po-pb9)-p) | [(/ Gnn, (1) du) ] . (A.13)
0

Denote u,, = E [(fol gn(u) du)p]. Gathering (A.11), (A.12) and (A.13), we obtain the

following recurrence:

u, < B+ 020=)m(=pti(pg)—pi(q))

Up—ny -
By choosing ky large enough, this yields that for any € € (0, ¢€),

u, < B+ 20— @rpa)=—pile)—<)

Up—p, -
Thus, there exists a constant D such that

u, < D2t—a)n(v(pg)—pi(a)—€)

This proves (A.9). The bound (A.10) follows by replacing the measure du with a discrete

measure. O

Lemma A.2. Let0<a<1andl,=2"0"" Forp>1 and q > 0 such that pq < g,

there exists a positive constant C' such that

lim 2"¢@ eV @ -V @ORE[MI(Ag,)] = m(q) , (A.14)
n—oo
E “eqwl"(O)Mg(Aom) _ Mq(A()7n)‘p:| < C2—alavi)n/29=nd(pq) (A.15)

Proof. Note that (A.15) implies (A.14). So we only need to prove (A.15). Define the sets
I,,, B,(u), uw € [0,27"] by

() Au(u) = AN ALer, Bulu) = A, (w)\ I,

0<u<2—"
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See Figure 2 for an illustration. By definition of the function ¢ and the measure u, we

have, E[e?’(n)] = e¥@r(In) and

dsdt Ly 9o ] _9n
wu(ly,) = / = / v dt +/ 2 dt
In In 1

—log(l,) —27"(I;' = 1) +1—2""=1—1log(l,) — 27" = u(A;, (0)) — 27" .

This yields wy, (u) = P(I,) + P(B,(u)) where the two summands are independent and
Efe??Un)] = EjenO]{1 + O(27°")} . (A.16)

Write further

with &, = e M, (Ag,,) and M, (du) = M, (du)/M,(A¢,) is a random probability mea-

sure on Ag,. We thus obtain

2—" q
MY(Ay,,) — e OMIA,) = €2 { ( / P Bn) i (du>> _ equn(o))} ,
0

Noting that for > —1 and ¢ > 0, it holds that 0 < |1 — (1 + )| < C,(|z| + |z|?) and

since P(I,), M,(Ap,) and P(B,(u)), 0 <u < 27", are mutually independent, we have
q

2-n P
( / P (Bl (du)> _ tP(Ba(0) ]
0

gNn1

0<u<2—n

E |g

< CE[&}] <E

sup ‘eP(B"(“)) - 1‘p
0<u<2—n

Thus, applying (A.7) yields

E[|M7(80,) — €m0 M3(Ag,) '] = 0@/ E[gr1)
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=

Figure 2. The sets I,, and B, (u)

Lemma A.3. Ifq+ ¢ < Guax, then for s;t € (0,1) such that s+t < 1/2,
cov (Mq([o, s]), M7 ([1 —t, 1])) ) ((s + t)<<q>+<<q’>+1) . (A.17)
Proof of Lemma A.3. Definel = 1—s—t and M;(du) = e~ M (du). By construction,

the measure M, is independent of {w;(u)} and M,([0, s]) is independent of M;([1 — ¢, 1]).
Define the sets A, and Bs; by

Asﬂg = Al(S) \ Al(l — t) s Bsﬂg = Al(l — t) \ AZ(S) s
For u < s and v > 1 — t, define

Cu,v = Al(u) N Al(v) s
Ds,u - Cs,v \ Cu,v ) D;u - Al(u) \ Al(S)

Et,u = Uyt \ Cu,v s Ef:v = Al(U) \ Al(l - t) .

See Figure 3 for an illustration. Note that all these sets are above the horizontal line at

level [ =1 — s —t, hence P(A) is independent of M; and P(A) is independent of P(B),
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_ 1l 1 1_ 11 1 3 _
u—35 8—35 s—tv—35 st+tusz+s 55—t
/ /
D As,t Et,v Cu,v Ds,u Bs,t Et,’u

1
v+2

|
|
|
|
|
!
S

Figure 3. The sets A, B,C,D, D', E, E’

43
1
l=1—s—1
0

where A, B are any two of these sets. Note also that U,<s y>1-tCh.p = Cs1-1, Ds C Cs14,

/ / !/ /
Eiy CCs14, Dy, C Dy and B, C E; ;. We moreover have

((Asp) = p(Bsy) =1,
W(Cri ) = —log(1— s — 1),
S t
D ,)=—— E|)=——.
WDyo) = 7= mlE) =7

Moreover, for u < s and v > 1 — t, we have the following decompositions:

wy(u) = P(Asy) + P(Cup) + P(D,,) + P(E)

wi(v) = P(Byy) + P(Cuy) + P(Dysu) + P(E;,) ,

Recall that the random measure P can be split into two independent random measures

Py and P, such that P = Py + P,. For i = 0,1 and u € [0, s], define m;;(u) = Fi(D},) +

P,(Cy1-¢) and

m(u) = mo (u) + m(u) .
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Similarly, for i = 0,1 and v € [1 — ¢, 1], define 7} ,(v) = P;(E7,) + Pi(Cs,) and
m(v) = mou(v) + () -

Let M; and M] denote the normalized measures M;/M,;([0, s]) and M;/M;([1 —t,1]) and

Cl:Ml([O>S]) ) gl:Ml([l_t> 1]) 5
s 1
= / {em®) — 1} M(du), A= [ {0 = 1}3(dv)
0 1—t
Ri=(1+m)"=1=qu, R+ —1-q7.

This yields

M([0,s]) = eP A x {1+ gy + R},

MY ([1—t,1]) = e PBIel x {14+ ¢y + R}} .

Note that ¢; and & are independent and independent of m; and 7, which are independent
of M. Thus, & is also independent of v, and R;, and (; is independent of v, and R;.
Also, P(A,;) and P(B,;) are independent of all the other quantities, and E[e?"4=t)] =
E[et"(B:1)] = ¥(@). Thus,

e V@DV @eov(M([0, s]), M7 ([1 - t,1]))
= qq'cov (G, € V) + qEIEICT viR]) — qE[GvIE[E ) (A.18)

+ qEl(¢] Rinj) — dEIGRIEIE 7] + EIG¢ RiR)] - E[GRIEIE R)) . (A.19)

We will show that all the terms on the right-hand side are of order (s + ) E[¢/]E[¢7].
Since m and 7 are independent of the measure M, using the definition of m; and 7] and

the fact that the random measure P’ has independent increments, and E[e”4)] = 1 for all
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measurable set A with finite y measure, we have
’ [ / § 1 / _ _
cor(Gin € =B |t [ [ corten o) gaun) i)
L 0 Ji-t

r s 1
=E |¢/¢f /0 /t var(eP(C“’”))Ml(du)]\_ﬂ(dv)]

_E 'cﬁgﬁ’ / [ e 1}Ml<du>M;<dv>]
E[G/IE[E! 1{e" @10 — 1} < CE[GIE[E! (s +1) -

If ¢ > 0, a second order Taylor expansion yields that there exists a constant C; > 1 such

that for all x > —1,
(14 2)7 — 1 — qx| < Cy(x* + |2]?v?) . (A.20)

Applying (A.20) and Jensen’s inequality (since by definition M is a probability measure

on [0, s]), we obtain, with r; = sup,c( le™() — 1|, which is independent of M;,
IRy sc/s{}ew =1 e =1} My(du) < COrfY )
0
Define r] = sup,c( 4 [€™® — 1| and note that || < r and || < r]. We thus get
E[¢fe/ Riyf] < B[ TE(rf +rf")ri] < BIGHE B[] + rf*) BV 7]
Applying (A.7), we obtain, for any h > 2,

Elr] = O(u(Csa—t) + (D5 ) = O(s + 1) ,

E[r{"] = O(u(Cap-r) + u(E7y)) = O(s +1) .
Thus finally
E[¢/¢] Rry] < C(s + DE[GIELE]]
The remaining terms in (A.18) and (A.19) are dealt with similarly and we obtain

[cov(M([0, 5]), M ([0,4]))] < C(s + DE[GIEE ] -
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The previous considerations also yield that

4@ = E[M([0, s])] = " DE[{1 + O(s + 1)} ,

1@ = B[MY([1 — t,1])] = YR {1 + O(s + 1)} .
and all the previous bounds finally yield (A.17). O
Lemma A.4. [If2q < quax, then fork=1,...,2" —1,
2"CCDE[ Do g.ngDogmg = Ok~ WED=20@+1}y (A.21)
Proof of Lemma A.4. By the scaling property, and since E[Dg ., ,] = 0, we have

1 1
2”C<2q)E[D0707n7qD07k7n7q] = k<(2q)COV (Mq([0> %])9 Mq([l - E> 1]))

a 1 2% g 1 q 1
= 27 — ) Cocoy (M (10, =0 M~ g 11))
— 97(@) €29 oy <]\4q([07 %D’ Mq([l — i, 1]))

— 97D }€29) oy <]\4q([07 i])’ M4([1 — %, 1]))

+ 227 () — 1/2)CD oy (Mq([o, %1_ 1])’Mq([1 — %71_1, 1]))

1 1
27(q) 1.¢(29) q q _
+ 227(@) €29 (M ([o, 2k)]),M ([1 2k,,l]))

— 97D }.€29) oy (Mq([%a %Da MA([1 - % 1]))

1 2 1
27(9) (1. _ ¢(2q) a N ==

1 1 1
27(q) 1.¢(29) q - (M _
+ 2 k cov (M ([Qk’l{;])’M ([1 21{;’1])) .

Applying Lemma A.3, with s and ¢ replaced by k and 2k and g = ¢/, we obtain that each co-
variance term that appears above is of order k%=1 which yields 2" C9E[Dy ¢ ;Do kn.q] =

O(kCa=2¢@=1) "and since ¢(2q) —2¢(q) = 21(q) — ¥(2q), the bound (A.21) is proved. O
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Lemma A.5. If4q < qy, then

E[D{

i nq] _ O(n2_"T(4q) + 2—2n7—(2q)> ]

Proof. Let us compute the fourth moment of Dy, ,. For brevity, let the centered random

variables Dy j, ,, , be simply denoted by z;,. We have

E[Dy, ) =2"Elzg]+ > E@iafl+ > Exlz]

0<iAj<2n—1 0<iAj<2n—1
+ E E[z?x;zy] + g Elz;xjzrz] . (A.22)

1<i,5,k<2n 1<i,j,k,1<2m

#(0.7,k3=3 #{i3,k}=4

By the scaling property and Lemma A.3, obtain that
2n4(4q)]€—C(4q)E[$%xz] -0 (k—2C(2q)) )

Since ((4q) < 2((2q), this yields

on—1
Z E[ﬁf?] -0 (2—n7'(4q) Z kC(4q)—2C(2q))> — O(ng—m(4q) + 2—2n7(2q)) )
0<izj<2m—1 k=0

Again, by Lemma A.3, we have
gn((4q) ].—C(4q) E[:c T] = 9n¢(4q) ].—C(4q) cov(x‘z’,xk) O (k—C(3q)—C(q)—1) )

By (3.6), if 4¢ < gy, then ¢(4q) > 49 (3¢)/3 and ¢ (3¢) /3 > ¥ (q), so ((4q)—((3¢)—((q) < 0,
thus

on_1
Z E[z}z;] = O (2—"7(4‘1) Z k<(4Q)—C(3Q)—C(Q)—1> — (20
0<ij<2n—1 k=0

We now calculate the fourth term in the expansion (A.22) of E[Dg

0.mql- By stationarity we

may assume i = 0 and without loss of generality assume j < k/2. Set vy = Do ¢10g,(k),q fOT

¢=1,..., k. Then by the scaling property

Elzfz;a] = (k/2M) “YE[yy ] -
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Since Ely;] = 0, from the definition of Dy g, (k)¢ We may write

Elytyiye] = cov(yiys, us) = > B

l,s,t

cov (M (A jog, b)) M P (A ogy (501)) MU 0y (58) )s MI(Aptogy k) » (A.23)

where r; € {1,2} and by, b, b, € {1, 2} indicate whether the scale is k or 2k. Set ¢ = 1—j /k.
In the notation of Lemmas A.2 and A.3 set C' = A,((j — 1)/k,j/k) N A((k — 1)/k, 1),
Ay = Ay(L/k, (j=1)/k), Ay = Au((j = 1) /K, j/k) N Ae(0,1/k) and As = By(j/k, (k—1)/k).
So that A, N A3 =0 fori=1,2and A;NC =0 for i = 1,2,3. Also define

G = M (A tog, (buk) ) M (D 1og, (0sk)) Gz = M (A logybik))

P(A;)

which by construction are independent of e and e”(©) . Then

Mrlq(A“ng(blk))Mq(Aj,logz(bsk)) = equ(P(Al)+P(A2))eQ(P(A1)+P(C))<l71 X {1 + q7ina + Rhl} s

MY A jogypery) = ™A 5 5 {1+ gyp + Ria}

(Ai) P(0)

where v;; and R;; are independent of (;;, e”4) and e and satisfy E[y,172] = O(1/k),
E[v;Ri;] = O(1/k) and E[R; 1 R, 2] = O(1/k). Finally set K;; = E[Cl,leq”(P(A1)+P(A2))eqP(A1)]

and K, = E[(2e9“3)]. Then, for each of the terms in (A.23)

cov (MDA 1og, (bik)) MU (A 1og, (b)) s M A togy (b))

= Kl,lKl,gvar(C)(l -+ 0(1/1{3))

1 T
= Eeferr@n] LM (Bitoga ook M (A toga oty
X EIMY (Dtosy o) lo(1 — /W1 +O/M)E . (A24)

Adding up all the terms in (A.23) and using E[M/ (A 1o, (k)] = O(k=@) for all £ yields

Elyiy;y] = O(j/k)E[ydy; |k
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On the other hand, again by the scaling property, and because Ely;] = 0, Elyiy;] =

cov(yi,y;) and applying Lemma A.3 we have
E[yfyj] _ O(k—C(3q)j<(3q)—<(2q)—<(q)—1) ) (A.25)
By (A.24) and (A.25) we obtain the bound

E[:C%:L’jxk] — O(2—nC(4q)jC(3q)—C(2q)—C(q)kC(4q)—C(3q)—C(q)—1) )
Noting that by convexity of 1, it holds that 2¢(q) < 1(2q), this yields

Z E[l’?l’][lfk] = 0(2—27LT(2Q) + n2—n7—(4q)) .

1<i,j,k<on
#{i5.k}=3

For the last term in (A.22) by stationarity set i = 0, and assume j < ¢ < k and moreover

that ¢ — j < k/2. Write
Elz;xjzexy] = cov(zx;, xexr) + Elyiy; 1 Elyey) -

The term cov(y1y;, yeyr) can be shown to be of smaller order than the product of expecta-

tions. Thus, applying Lemma A .4, we finally obtain

E Elz,xjzp2e] = O (2_2"T(q)) .
1<i,j,k,1<2n
#{id k=4

Bounds for the MRW, case H > 1/2

Define aLk’n’H = ewl"(tj'k)éjk’mH with

B = [ [ 1u= P2, 01 )

and for j; # ja,
fA(h) fAl(cjl'z) ‘u o U‘2H_2Mn(du) Mn(dv)

k,n

J1,R,m, J2,R,m,
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Lemma A.6. Forp > 1 such that 2pq < q, and for r > 2, there exist n,C' > 0 and

uniformly bounded constants c, g (k, k') such that

2 COSE VRN ) — ma(2g)| = O27) (A.26)

o (24) 41 (20) l;w@q)E[ggmﬂgg’k,m’ ) — cou(k, k)| =027, (A.27)
2" H PR agh, , 5 — Golnul] = O(27) (A.28)
2nCH(2pq)EHag,k,n,Hag,k’,n,H - ag,k,n,H&g,O,k’,n,H‘p] =0@2™) . (A.29)

Proof. Note that (A.29) implies (A.27) and (A.28) implies (A.26). By stationarity of
increments, we can assume without loss of generality that & = 0. For brevity, denote
ax = Qo H, A = QogpH and Sk = So,k,n,H- Generalizing the notation of the proof of
Lemma A.2, we can write a = 2(Ry 4+ 1) with & = P05, I (k) = Ay, (k27") \
A, (27™), Br(u) = A, (u) \ I,(k) and

Rim [ [ (PO o2 ) V(o).
Ak,n Ak,n

Denote ry = sup,ea, , leP(Br) — 1|, Then |Ry| < (1 + 7)? — 1, the sequence {ry, k =
0,...,2" — 1} is independent of the measures M, 0 < k < 2" — 1 and by (A.7) and
Holder’s inequality, we have, for p > 1, E[|ro|?] = O(\/1u(Bo(27")) = O(27*/2). Thus

af — otP(n()) g

E | |af

| < Bl EgIO@ "

which proves (A.28). Since E[e??U»M)] ~ E[e?n (0] = Y@, ¥@  this implies that E[57] ~
15" P2n¢u(@ Next, using the bound |(1 + )¢ — 1| < C(|z| + |z|?) valid for z > 0, we
obtain

E [[agaj — &36117) < B [6762" (Ro + 1) (Ry, + 1)72 — 1]

<E [N E(|(ro+ 1) (ry + 1) — 1P] < C27™E [&7] |

for some n > 0. This proves (A.29). O
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Lemma A.7. If2q < qy, then
2"<H(2Q)|E[UO 0> Uoni]] < Ck—1¥2a-2¢(g)+1} (A.30)

Proof of Lemma A.7. For k > 1, denote
1/k 1/k 1/k 1/k
Uk —/ / — P2 M (du)M (dv) , Uj —/ / — P2 M (du) M (dv) |

1/2k J1/2k

1-1/2k  p1-1/2k
Ve = / lu— o2 (du)M(dv) , V! = / / lu — w20 (du) M(dv) .
1-1/k -1k Ji-1/k

Then, by the scaling property, we have
216 COR[Uy 0 Upni) = k7D cov(UL, V) — 27D (] — 1/2)# D oy (U, VL)
— 2m @ a2 Loy (UL V) — cov (U, V) + cov(U1, VE)}
+ 2700 (k — 1/2)%1 @D {cov (Ug, Vi) + cov (U, V) }
+ 22D CD) Loy (UG V) + cov (UL, V)

All the covariance terms are of the same order, and we only consider the first one, cov(U, Vi).

Denote | = 1 — 2/k, define the measure M;(du) = e~** M (du) and

Uk pl/k
@ma/ / 1w — o[22y (du) My (dv)

@H_/’ / Ju— o220, (du) My(dv) |
1-1/k J1-1/k

Ay =A1/E)\ A1 = 1/k) By =A(1—1/k)\ Ai(1/k) ,
Ag(u) = A(u) \ Ay By(u) = Ay(u) \ By,
Te(u, ,v) = Po(Ag(u)) + Po(Ax(v)) , mi(u,, v) = Po(By(u)) + Po(Bx(v)) ,

1/k 1/k
%—@H/ | b= P ) M) M)

B, = 5,;}{/ / | — 227 (u, v) My(du) My (dv) .
o Ji-1/k J1-1/k
Then we can write
Ug 2qP(Ak)C + e2qP (Ag) Ck Ha ‘l‘ e2qP (Ag) Ck HRk ’

Ve = QMPBOE | P Bl By 2P R
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with

1k p1/k a
Rk = / / | U|2H 2 P(Ak(u))—i-P(Ak Ml(du)Ml(dv) —1- qdk ’

— — ~ ~ q ~
R, = ( / / -~ v|2H—2eP<Bk<“>>+P<Bk<U>>M;(du)M;(dv)) —1—qB .
1-1/k J1 1/k

Note that P(Ag(u)), P(By(u)), & and & are mutually independent and by (A.20),

R <C sup }epmk(u))wmk(v)) v e sup ‘eP<Ak(u>>+P(Ak<v>> _ 1’2
u,ve[0,1/k] u,wel0,1/k]
+C  sup ‘epmk(u))w(/&k(v» 1 — el 0)
u,ve(0,1/k]

Applying now the bounds (A.7) and (A.8) we obtain that

E[U{] = " DE[C] y]{1+ O(k™")} + ¢e® E[(] ] ,
E[V] = e WE[E] {1+ O(k™)} + ¢e™ VR[] ;5] |

E[URV,] = e4w(q)E[ClZ,H]E[§IZ,H]{1 + O(k_l)} + qew(q){E[gg,H]EKg,Hdk] + E[Cgh]E[fZHBk]} :

Combining these bounds yields the requested bound for cov(U{, V}?) and (A.30). O
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