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Abstract

We study an optimal investment problem under contagion risk in a financial model
subject to multiple jumps and defaults. The global market information is formulated
as progressive enlargement of a default-free Brownian filtration, and the dependence
of default times is modelled by a conditional density hypothesis. In this Ito-jump
process model, we give a decomposition of the corresponding stochastic control problem
into stochastic control problems in the default-free filtration, which are determined
in a backward induction. The dynamic programming method leads to a backward
recursive system of quadratic Backward Stochastic Differential Equations (BSDEs) in
Brownian filtration, and our main result is to prove under fairly general conditions the
existence and uniqueness of a solution to this system, which characterizes explicitly the
value function and optimal strategies to the optimal investment problem. We illustrate
our solutions approach with some numerical tests emphasizing the impact of default
intensities, loss or gain at defaults, and correlation between assets. Beyond the financial
problem, our decomposition approach provides a new perspective for solving quadratic
BSDEs with finite number of jumps.
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1 Introduction

In this paper, we address an investment problem in an assets portfolio subject to defaults
and contagion risk, which is a major issue for risk management in financial crisis period. We
consider multiple default events corresponding for example to the defaults of multi credit
names or to counterparty defaults, and contagion effects meaning that defaults on some
assets may induce loss or gain on the other assets. One usually formulates the default-free
assets price process as an [t6 process governed by some Brownian motion W, and jumps are
introduced at random default times, associated to a marked point process p. The optimal
investment problem in this incomplete market framework may be then studied by stochastic
control and dynamic programming methods in the global filtration G generated by W and
i. This leads in principle to Hamilton-Jacobi-Bellman integrodifferential equations in a
Markovian framework, and more generally to Backward Stochastic Differential Equations
(BSDEs) with jumps, and the derivation relies on a martingale representation under G
with respect to W and p, which holds under intensity hypothesis on the defaults, and
the so-called immersion property (or (H) hypothesis). Such an approach was used in the
recent papers [1], [13] in the single default case, and in [7] for the multiple defaults case.
For exponential utility criterion, the solution to the optimal investment problem is then
characterized through a quadratic BSDE with jumps, whose existence is proved under a
boundedness condition on the portfolio constraint set.

We revisit and extend the optimal investment problem in this multiple defaults context
by using an approach initiated in [8] in the single default time case, and further developed
in [14] in the multiple defaults with random marks case. By viewing the global filtration G
as a progressive enlargement of filtrations of the default-free filtration F generated by the
Brownian motion W, with the default filtration generated by the random times and jumps,
the basic idea is to split the global optimal investment problem, into sub-control problems
in the reference filtration F and corresponding to optimal investment problems in default-
free markets between two default times. More precisely, we derive a backward recursive
decomposition by starting from the optimal investment problem when all defaults occurred,
and then going back to the initial optimal investment problem before any default. The main
point is to connect this family of stochastic control problems in the F-filtration, and this
is achieved by assuming the existence of a conditional density on the default times given
the default-free information F. Such a density hypothesis, which is standard in the theory
of enlargement of filtrations, was recently introduced in [4], [5] for credit risk analysis, and
may be seen as an extension of the usual intensity hypothesis.

This F-decomposition approach allows us furthermore to formulate an optimal invest-
ment problem where the portfolio constraint set can be updated after each default time,
depending possibly on the past defaults, which is financially relevant. This extends the
global approach formulation where the portfolio set has to be fixed at the beginning. Next,
for exponential utility function criterion, we apply dynamic programming method to each
optimal investment problems in the F-filtration. We then get rid of the jump terms arising
in the dynamic programming in the G-filtration, and are led instead to a backward recursive
system of quadratic BSDEs in Brownian filtration with a nonstandard exponential term.
Our main result is to prove under fairly general conditions (without assuming in particular
a boundedness condition on the portfolio constraint set) the existence and uniqueness of a
solution to this system of BSDEs. Existence is showed by induction, based on Kobylanski
results [12] together with approximating sequences for dealing with the exponential term
and unbounded portfolio, suitable uniform estimates and comparison results for getting the



convergence. Uniqueness is obtained by verification arguments for relating the solution of
these BSDEs to the value functions of the F-control problems, and uses BMO-martingale
tools. Moreover, an interesting feature of our decomposition is to provide a nice charac-
terization of the optimal trading strategy between two default times, and to emphasize the
impact of defaults and jumps in the portfolio investment. We also illustrate numerically
these results in a simple two defaultable assets model, where each asset is subject to its own
default and also to its counterpart. Finally, we mention that beyond the optimal investment
problem, the F-decomposition approach provides a new perspective for solving (quadratic)
BSDEs with finite number of jumps, see the recent paper [11].

The outline of this paper is organized as follows. In Section 2, we present the multiple
defaults model where the assets price process is written as a change of regimes model with
jumps related to the default times and random marks. Section 3 formulates the optimal
investment problem, and gives the decomposition of the corresponding stochastic control
problem. Section 4 is devoted to the derivation by dynamic programming method of the
sub-control problems in terms of a recursive system of BSDEs, and to the existence and
characterization results of this system for the optimal investment problem. Finally, we
provide in Section 5 some numerical experiments for illustrating our solutions approach in
a simple two-defaultable assets model.

2 Multiple defaults model

2.1 Market information setup

We fix a probability space (£2,G,P), equipped with a reference filtration F = (F;);>0 sat-
isfying the usual conditions, and representing the default-free information on the market.
Let 7 = (11,--- ,7s) be a vector of n random times, representing multiple default times,
and L = (Ly,---,Ly,) be a vector of n marks associated to default times, L; being an G-
measurable random variable taking values in some Polish space £ C RP, and representing
for example the loss given default at time 7;. The global market information is given by
the default-free information together with the observation of the default times and their
associated marks when they occur. It is then formalized by the progressive enlargement of
filtration G = FVD! v...vD", where D¥ = (Df)i>o, Df = DE,, Df = 0(Lilr<s,s <t) V
0(ly<s,s <t), k=1,...,n. In other words, G = (G;);>0 is the smallest right-continuous
filtration containing F such that for any & = 1,...,n, 7 is a G-stopping time and Ly is
G-, -measurable.

For simplicity of presentation, we shall assume in the rest of this paper that the default
times are ordered, i.e. 71 < ... <7,, and so valued in A, on {7, < oo} where

Ay = {(01,...,%) cR)" 0 <. gek}.

On one hand, this means that we do not distinguish specific credit names, and only observe
the successive default times, which is relevant in practice for classical portfolio derivatives
like basket default swaps. On the other hand, we may notice that the general non-ordered
multiple random times case for (7q,...,7,) (together with marks (Li,...,L,)) can be de-
rived from the successive random times case by considering suitable auxiliary marks. In-
deed, denote by 71 < ... < 7, the corresponding ordered times, and by ¢; the index mark
valued in {1,...,n} so that 7, = 7, for k = 1,...,n. Then, it is clear that the progressive



enlargement of filtration of ' with the successive random times (7y,...,7,) together with
the marks (¢1,L,,,...,tn, L,,) leads to the filtration G.

We introduce some notations used throughout the paper. For any (01,...,0,) € A,,
(ly,... ,gn) € E", we denote by 6 = (04, . .. ,Hn), L= (61, e 7€n)7 and 0 = ((91, e ,Hk), £y,
= (l1,...,0), for k =0,...,n, with the convention 6§y = £y = (). We also denote by 74 =
(71,...,7%), and Ly = (Ly,...,L). For t > 0, the set QF denotes the event

QF = {m <t<Tp),

(with QY = {t < 7}, QF = {7, < t}) and represents the scenario where k defaults occur
before time . We call QF as the k-default scenario at time ¢t. We define similarly Qf_ =
{Tk <t< Tk+1}. Notice that for fixed ¢, the family (Qf)kzow,n (resp. (Qf,)k:(],___m) forms
a partition of Q. We denote by P(F) the o-algebra of F-predictable measurable subsets on
R, x Q, and by Pr(A*, EF) the set of indexed F-predictable processes Z%(.,.), i.e. s.t. the
map (t,w, O, L) — ZF(w, O, £y,) is P(F) @ B(Ar) @ B(E®)-measurable. We also denote by
Or(A*, E¥) the set of indexed F-adapted processes Z¥(.,.), i.e. such that for all £ > 0, the
map (w, O, L) — ZF(w, Ok, £1) is Fi @ B(Ar) ® B(EF)-measurable.

We recall from [14, Lem2.1] or [9, Lem4.1] the key decomposition of any G-adapted
(resp. G-predictable) process Z = (Z;)¢>0 in the form

n n
Zy = ZleZf(Tk,Lk), (resp. Z; = Zlﬂf,zf(Tk’Lk))’ t >0,
k=0 k=0

where Z¥ lies in Op(Ay, E¥) (vesp. Pr(Ay, E¥)).

As in [5] and [14], we now suppose the existence of a conditional joint density for (7, L)
with respect to the filtration F.

Density Hypothesis. There exists a € Op(A,, E™) such that for any bounded Borel
function f on A™ x E", and t > 0:

E[f(r,L)|F] = /A"XE” f(0,€)a(0,£)dOn(de) a.s., (2.1)

where dO = db; ... d#, is the Lebesgue measure on R", and n(d¥€) is a Borel measure on E"
n—1

in the form n(d¢) = ny(dty) H Ni+1 (L, dlxy1), with 71 a nonnegative Borel measure on F
k=1
and 111 (Lk, dlr11) a nonnegative transition kernel on Ef x E.

Remark 2.1 From the condition (2.1), we see that 7 admits a conditional (w.r.t. F)
density with respect to the Lebesgue measure given by o™ (0) = [ «(8,£)n(d€). This implies
in particular that the default times are totally inacessible with respect to the default-free
information, which is consistent with the financial modelling that the default events should
arrive by surprise, and cannot be read or predicted from the reference market observation.
This joint density condition w.r.t. the Lebesgue measure also implies that the default times
cannot occur simultaneously, i.e. 7; # 7j, i # j, a.s., which is a standard hypothesis in the
modelling of multiple defaults. Moreover, by considering a conditional density, and thus a
time-dependence of the martingale density process (a:(6, £))¢>0, we embed the relevant case
in practice when the default times are not independent of the reference market information
F. Compared to the classical default intensity processes for successive defaults in the top-
down modelling approach, the conditional density provides more and necessary information



for analyzing the impact of default events. Further detailed discussion and some explicit
models for density of ordered random times are given in [5].

On the other hand, the condition (2.1) implies that the family of marks L admits a con-
ditional (w.r.t. F) density with respect to the measure 1(df) given by al'(€) = [ «/(8,£)d6.
This general density hypothesis (2.1) embeds several models of interest in applications. In
the case where « is separable in the form a(0,£) = a7 (0)aL(£), this means that the ran-
dom times and marks are independent given F;. The particular case of nonrandom constant
mark Lj = ¢}, is obtained by taking Dirac measure 7, = dy,. The case of i.i.d. marks Ly,
k =0,...,nis included by taking a(£) separable in £}, and 7 as a product measure. We
can also recover a density modelling of ordered default times (as in the top-down approach)
from a density model of the nonordered defaults (as in the bottom-up approach). Indeed,

let 7 = (71, -+ ,7,) be a family of nonordered default times having a density o™, and denote
by ¥ = (71,...,7n), t = (t1,...,tn) the associated ranked default times and index marks.

By using statistics order, we then see that (7,¢) satisfy the density hypothesis with

a(01,...,0n,i1, .. 0n) = ZaT(aa(l)a---7Ha(n))1{(i1,...,in):(a(l),...,a(n))}

oEYX,

for (01,...,60,) € Ay, £ = (i1,...,i,) € E = {1,...,n}, where ¥,, denotes the set of all
permutations o = (o(1),...,0(n)) of E, and with n(d€) = > v Or=c; Mkt1(Ck,dl) =

ziEE\{él,...,ék} Op—i-

2.2 Assets and credit derivatives model

We consider a portfolio of d assets with value process defined by a d-dimensional G-adapted
process S. This process has the following decomposed form

St = Zlngf(Tk,Lk), (2.2)
k=0

where S¥(0y,£1), 0, = (01,...,01) € Ay, €y = (1,...,4) € E*, is an indexed process in
Op(Ay, EF), valued in Ri, representing the assets value in the k-default scenario, given the
past default events 7, = 0 and the marks at default L, = £,. Notice that S; is equal
to the value SF only on the set QF, that is, only for 7, < t < 7,4,. We suppose that the
dynamics of the indexed process S* is given by

dSFE(Or, £r) = SF(Ok,Ly) x (b (Or, £y, )dt + oF (O, €)dW,), t > 6y, (2.3)

where W is a m-dimensional (P, F)-Brownian motion, m > d, b and ¢F are indexed pro-
cesses in Pr(Ag, EV), valued respectively in R? and R¥™. Here, for = (z1,...,24) € R?,
and y = (y1,...,yq)" in R4 the expression z * y denotes the vector (z1y1,...,zqy4)" in
R9*4. The model (2.2)-(2.3) can be viewed as an assets model with change of regimes after
cach default event, with coefficients b*, o* depending on the past default times and marks.
We make the usual no-arbitrage assumption that there exists an indexed risk premium
process \F € Pr(Ay, EF) s.t. for all (0, £;) € Ay x EF.

ok (04, L)\ (01, £,) = (O, €), t>0. (2.4)

Moreover, in this contagion risk model, each default time may induce a jump in the assets
portfolio. This is formalized by considering a family of indexed processes v, k =0,...,n—



1, in Pp(A*, E* E), and valued in [-1,00)%. For (0y,£;) € AF x EF, and (., € E,
(O, £y, £r41) represents the relative vector jump size on the d assets at time ¢ = 0y, >
0 with a mark (1, given the past default events (7, Ly) = (0, £r). In other words, we
have:

Gk+1 (9k+17£k+1) = Sgl;rl (Gk,ﬂk) * (ld + ’)/gk+1 (Gk,ﬂk, €k+1))7 (2.5)

Ok11

where we denote 14 as the vector in R? with all components equal to 1.

Remark 2.2 In this defaults market model, some assets may not be traded anymore af-
ter default times, which means that their relative jump size is equal to —1. For k =
0,...,n, (0, £y) € A x EF, denote by d*(0y,£;) the number of assets among the d-
assets which cannot be traded anymore after k defaults, so that we can assume w.l.o.g.
0Ok, Lk) = (V°(Ok,€x) 0), 0™ (Ok,Lk) = (0" (Ok, £x) 0), V*(Ok, Lk, 0) = (Y*(Or, £k, L) 0),
where V% (0, £y), 7% (04, £1), 7 (0}, €1, £) are F-predictable processes valued respectively in
ng(gk’ek), RJk(Bk’ek)Xm, R" Ok £x) with d* (0, £y) = d—d* (0}, £;,), the number of remaining
tradable assets. Either d*(8y,£;) = 0, and so 0*(0y,€;) = 0, b*(0r, £;) = 0, v* (0, £y, £)
= 0, in which case (2.4) is trivially satisfied, or d*(0y,#£;) > 1, and we shall assume the
natural condition that the volatility matrix 5¥%(@y,£;) is of full rank. We can then define
the risk premium

)\’“(Gk,ﬂk) = 6’“(0k,Ek)’(ﬁk(ek,Ek)6k(0k,Ek)’)’lgk(ek,ﬂk),
which satisfies (2.4).

Remark 2.3 One can write the dynamics of the assets model (2.2)-(2.3)-(2.5) as a jump-
diffusion process under G. Let us define the G-predictable processes (b;)i>0 and (o¢)i>0
valued respectively in R? and R¥™ by:

n n
by = y = ; :
+ Zlgf_bt (Tk,Lk), ¢ Zlﬁf_gt (Tk,Lk), (2 6)
k=0 k=0
and the indexed G-predictable process 7, valued in R%, and defined by:
n—1
(@) = 1ge Af(rr Li, ).
k=0
Let us introduce the random measure p(dt,dl) associated to the jump times and marks
(1, Li), k = 1,...,n, and given by:

p([0,8] x B) = > ly<lpen, t>0, BeB(E). (2.7)
k

Then, the dynamics of the assets value process S is written under G as
E

Notice that in the formulation (2.8), the process W is not in general a Brownian mo-
tion under (P, G), but a semimartingale under the density hypothesis, which preserves the
semimartingale property (also called (H”) hypothesis in the progressive enlargement of fil-
trations literature). We also mention that the random measure p is not independent of W
under the conditional density hypothesis. Thus, in general, we de not have a martingale
representation theorem under (P, G) with respect to W and pu.



In this market, a credit derivative of maturity 7" is modelled by a Gr-measurable random
variable Hp, thus decomposed in the form:

n
Hr = Y lgwHp(7y, Ly), (2.9)
k=0

where Héi(, ) is Fr @ B(Ay) @ B(EF)-measurable, and represents the option payoff when
k defaults occured before maturity 7.

The above model setup is quite general, and allows us to consider a large family of
explicit examples.

2.3 Examples

Example 2.1 (Exogenous counterparty default) We consider a highly risky underly-
ing name (e.g. Lehman Brothers) which may have an impact on many other names once the
default occurs. One should take into consideration this counterparty risk for each asset in
the investment portfolio, however, the risky name itself is not necessarily contained in the
investment portfolio. A special case of this example containing one asset (without marks)
has been considered in [8], see also [13, 1].

There is one default time 7 (n = 1), which may induce jumps in the price process S of
the d-assets portfolio. The corresponding mark is given by a random vector L valued in
C [~1,00)?, representing the proportional jump size in the d-assets price.

The assets price process is described by

Sy = SPlier + Si(r, L)1i>s,
where SY is the price process before default, governed by
ds) = S0« (BYdt + oldWy)

and the indexed process S*(8,¢), (6,£) € R, x E, representing the price process after default
at time 6 and with mark ¢, is given by

dst(0,0) = SH6,0)x (bl (0,0)dt + ol (6,0)dW;), t>6,
Sp(0,0) = S9x(14+0).

Here W is an m-dimensional (P,F)-Brownian motion, m > d, b, ¢" are F-predictable
bounded processes valued respectively in R? and R4*™, and the indexed processes b', o'
lie in Pr(R,, E), and valued respectively in R? and RZ*™,

Example 2.2 (Assets portfolio with multilateral counterparty risks) The defaults
family and the assets family coincide, each underlying name subjected to the default risk of
itself and to the counterparty default risks of the other names of the portfolio. The assets
family is represented by a portfolio of defaultable bonds. Recall that a defaultable bond is
a credit derivative which insures 1 euro to its buyer if no default occurs before the maturity,
otherwise, the buyer of the bond receives a recovery rate at the default time. The recovery
rate may be random, and so viewed in our model as a random mark at the default time.
In this contagion risk model, the number of defaults times n is equal to the number d
of defaultable bonds. We denote by P’ the price process of the i-th defaultable bond of



maturity 7;, by 7; its default time, and L; its (random) recovery rate valued in £ = [0, 1).
The price process P’ drops to L; at the default time 7;, and remains constant afterwards.
Moreover, at the default times 7;, j # ¢ (which are not necessarily ordered) of the other
defaultable bonds, the price process P’ has a jump, which may depend on 7; and Lj.
Actually, the jump size of P? will typically depend on L; if the name 4 is the debt holder
of name j. The assets portfolio price process S = (P!,..., P") has the decomposed form:

n
P = Z Liy<taron PV (Fioy b L), >0, (2.10)
k=0

where 7y, = (71,...,7;) denotes the k first ordered times, ¢ = (t1,...,t;) the correspond-
ing index marks, i.e. 7, = 7,,, and L, = (Ly,,,...,L,.). The index F-adapted process
PR, ur, L), for (Og,er, ) € Ay x IF x E¥ represents the price process of the i-th de-
faultable bond, given that the k names (¢1,...,t) defaulted at times 7 = ) with the
marks Ly = £;. Here, we denoted by I, = {1, ) € {1,...,n} o5 # 0y for j # 5’}
When i € {t1,...,t}, i.e. i = ¢; for some j = 1,...,k, then P"*(0y, ¢y, £;) = {;, and
otherwise it evolves according to the dynamics:

de’k(Ok,Lk,Ek) = Pf’k(ek,%,ﬂk)(bi’k(ek,Lk,ek)dt+a§’k(0k,bk,£k)th), t> 0.

Here W is an m-dimensional (P,F)-Brownian motion, m > n, and the indexed processes
bk, g%k lie in Pp(Ay,IF, EF), and valued respectively in R™ and R™™. The jumps of the
i-th defaultable bond are given by

i, k+1 ik ik
Pyt (O, iy Bin) = P;l’;+l(9k,bk,£k)(1 + %0, Ok iy iy i1, Cin)),
ik
for Op1 1 > O, and 111 € {1,...,n} \ {t1,..., 11}, and we have Wé’kﬂ(ek, Liy Licy Lt 15 Crr1)

+1

=-1+ €k+1/P£f (Ok, Lk, £r), meaning that Pé;fjl (Oks15 ki1, ler1) = Ley1, when 1y =
k+1

i. This model is compatible with several ones in the literature, see e.g. [2], [3], and we shall
focus in the last section on this example for numerical illustrations in the case n = 2.

Example 2.3 (Basket default swaps) A k-th-to-default swap is a credit derivative con-
tract, which provides to its buyer the protection against the k-th default of the underlying
name. The protection buyer pays a regular continuous premium p until the occurence of the
k-th default time or until the maturity 7T if there are less than k defaults before maturity.
In return, the protection seller pays the loss 1 — L where Ly is the recovery rate if 75, is
the k-th default occuring before T', and zero otherwise. By considering that the available
information consists in the ranked default times and the corresponding recovery rates, and
assuming zero interest rate, the payoff of this contract can then be written in the form (2.9)
with:
i —p@k—{—(l—fk), if i > k,
Hr (65, £:) { T, iti <k

for 8; = ((91,...,(91‘) e N, b = (51,...,&) € E°.



3 The optimal investment problem

3.1 Trading strategies and wealth process

A trading strategy in the d-assets portfolio model described in section 2.2 is a G-predictable
process 7, hence decomposed in the form

n
— k
o=y Lo ) (Th, Li), £ >0, (3.1)
k=0
where 7 is an indexed process in Pr(Ay, EF), and 7%(0y, £) is valued in A* closed set of

R? containing the zero element, and representing the amount invested continuously in the
d-assets in the k-default scenario, given the past default events 7, = 6 and the marks at
default Ly = £, for (8, £;) € Ay x EF. Notice that in this modelling, we allow the space
Ak of strategies constraints to vary between default times. This means that the investor
can update her portfolio constraint set based on the observation of the past default events,
and this includes the typical case for defaultable bonds where the assets cannot be traded
anymore after their own defaults. Notice that this framework is then more general than
the standard formulation of stochastic control problem where the control set A is invariant
in time.

Remark 3.1 It is possible to formulate a more general framework for the modelling of
portfolio constraints by considering that the set A¥ may depend on the past defaults and
marks. More precisely, by introducing for any k = 0, ..., n, a closed set A¥ C R%x Ay, x E¥,
s.t. (0,05, £,) € A* for all (0y,£;) € A x E*, and denoting by A*(0y,€,) = {m € R¢ :
(7,0, £;) € AF}, the portfolio constraint is defined by the condition that the process
7 (0, £;,) should be valued in A*(0y,€;). In the rest of this paper, and for simplicity of
notations, we shall focus on the case where A% does not depend on the past defaults and
marks, i.e. A¥ = AF x A, x EF.

In the sequel, we shall often identify the strategy m with the family (ﬂk)k:07...7n given
in (3.1), and we require the integrability conditions: for all ) € Ay, £, € EF,

T T
/ |7rf(0k,£k)/bf(0k,£k)\dt+/ |7} (Ok, €1,) of Ok, €)?dt < o0, a.s. (3.2)
0 0

where T' < oo is a fixed finite horizon time. Given a trading strategy m = (ﬂk)k:(]’___m, the
corresponding wealth process is defined by

n
Xi = Y AgpXf(ri,Ly), 0<t<T, (3.3)
k=0

where X*(0y,€1), 0r € Ay, € € EF, is an indexed process in Op(Ay, E¥), representing
the wealth controlled by 7% (8}, £;) in the price process S*(8y,£;), given the past default
events T = 6y and the marks at default Ly = £;. From the dynamics (2.3), and under
(3.2), it is governed by

AX[ 0k, 0) = 77 (0k, ;) (b (Ok, £4)dt + " (O, £4)dAWL), ¢ > 0. (3.4)



Moreover, each default time induces a jump in the assets price process, and then also on
the wealth process. From (2.5), it is given by

Ok11

Xt (Okg1, i) = X) (O, k) + 75, Ok, €)' V6, , (O £k L1
k+1

Notice that the dynamics of the wealth process can be written as a jump-Ité controlled
process under G by means of the random measure g in (2.7):

E

3.2 Value functions and F-decomposition

Let U be an exponential utility with risk aversion coefficient p > 0:
U(x) = —exp(—pz), zeR.

We consider an investor with preferences described by the utility function U, who can trade
in the d-assets portfolio following an admissible trading strategy m € Ag to be defined below,
associated to a wealth process X = X*®7 as in (3.3) with initial capital X,- = z. Moreover,
the investor has to deliver at maturity 7" an option of payoff H7, a bounded Gp-measurable

random variable, decomposed into the form (2.9). The optimal investment problem is then
defined by

Voz) = sup E|U(XET —HT)]. (3.6)
TeAg
Our main goal is to provide existence and characterization results of the value function
V0, and of the optimal trading strategy # (which does not depend on the initial wealth x
from the exponential form of U) in the general assets framework described in the previous
section. A first step is to define in a suitable way the set of admissible trading strategies.

Definition 3.1 (Admissible trading strategies)
For £k =0,...,n, Aﬁ? denotes the set of indexed process 7% in Pp(Ay, EF), valued in AF
satisfying (3.2), and such that

o the family {U(Xf(ek,ﬂk)), 7 F — stopping time valued in [0, T]} is uniformly inte-
grable, i.e U(X"(0y,£)) is of class (D),

o B fyr [i(~U) (XE Ok, &) + 75(81, €475 (Oh, £6,0) )i (€, dL)ds| < oo, when k <

n—1,

for all (0, £r) € Ap(T) x E*, where we set Ap(T) = A N[0, T]%. We then denote by Ag
= (AIIE)kZO,...,n the set of admissible trading strategies m = (wk)k:07...,n.

As mentioned above, the indexed control sets A* in which the trading strategies take
values may vary after each default time. This nonstandard feature in control theory prevents
a direct resolution to (3.6) by dynamic programming or duality methods in the global
filtration G relying on the dynamics (3.5) of the controlled wealth process. Following the
approach in [14], we then provide a decomposition of the global optimization problem (3.6)
in terms of a family of optimization problems with respect to the default-free filtration

10



F. Under the density hypothesis (2.1), let us define a family of auxiliary processes of €
Or(Ag, E¥), k = 0,...,n, which is related to the survival probability and is defined by
recursive induction from " = a,

af (0, &) :/t /E04?“(919,9k+1,£k,5k+1)d9k+1 Mt 1 (L, Al y1), (3.7)

for k=0,...,n—1, so that
Plmy1 > t|F] = / af Ok, L)dOn(dey), Pl > t|F] = of,
AkXEk

where d@y, = dfy ...d0, n(dey) = m(dly)...np(Lx_1,dl). Given 7F € Afﬁ, we denote
by X¥7(@y,£)) the controlled process solution to (3.4) and starting from z at 6. For
simplicity of notations, we omitted the dependence of X*? in 7%. The value function to
the global G-optimization problem (3.6) is then given in a backward induction from the
F-optimization problems:

VP(2,0,8) = ess supE[U(X;’x - ng)aT(e,e)mn] (3.8)
ThEAR
VF(x, 01, L) = esssuka[U(Xé,?’x - H%)a%(Gk,Zk) + (3.9)
nhe AR
g k+1( vk k k
/Gk /E 14 (XG;H + 7T6k+1 '76k+1 (£k+1)7 0k+17ek+1)nk+1 (Ek, d€k+1)d0k+1 “FGk] ’

for any x € R, k =0,...,n, (0, £;) € Ap(T) x EF. Here X®* denotes wealth process in
(3.4) controlled by ¥, and starting from x at time 6. To alleviate notations, we omitted
and often omit in the sequel in X7 H{,ﬁ, 7%, ~* the dependence on (8, £;), when there is
no ambiguity. Notice that (6, £x) appears in (3.9) as a parameter index through X ke Héi,
7%, % and o*. On the other hand, ) appears also via ), as the initial time in (3.9). The
interpretation of the relations (3.8)-(3.9) is the following. V* represents the value function
of the optimal investment problem in the k-default scenario, and the equality (3.9) may
be understood as a dynamic programming relation between two consecutive default times:
on the k-default scenario, with a wealth controlled process X*, either there are no other
defaults before time T' (which is measured by the survival density o), in which case, the
investor receives the terminal gain U(X% — HZ), or there is a default at time 741, which
occurs between 65, and T, inducing a jump on X¥, and from which the maximal expected
profit is V**1. Moreover, if there exists, for all k = 0,...,n, some 7" € A{E attaining
the essential supremum in (3.8)-(3.9) (independently of x), then the trading strategy @ =
(ﬁk)k:(),___,n € Ag, is optimal for the initial investment problem (3.6).

4 Backward recursive system of BSDEs

In this section, we exploit the specific form of the exponential utility function U(x) in order
to characterize by dynamic programming methods the solutions to the stochastic optimiza-
tion problems (3.8)-(3.9) in terms of a recursive system of indexed Backward Stochastic
Differential Equations (BSDEs) with respect to the filtration F assumed from now on to be
generated by the m-dimensional Brownian motion W.

11



We use a verification approach in the following sense. We first derive formally the
system of BSDEs associated to the F-stochastic control problems. The main step is then to
obtain existence of a solution to these BSDEs, and prove that this BSDEs-solution provides
indeed the solution to our optimal investment problem.

Let us consider the starting problem (3.8) of the backward induction. For fixed (6, £)
€ A, (T) x E™, problem (3.8) is a classical exponential utility maximization in the market
model 5™ (6, £) starting from 6,,, and with random endowment ﬁ;ﬁ = H:?—l—l—l) In ar. We recall
briefly how to derive the corresponding BSDE. For t € [0,,T], v" € Af, let us introduce
the set of controls coinciding with v until time ¢:

Ap(t,v"™) = {77” EAp 7 = y%},
and define the dynamic version of (3.8) by considering the family of F-adapted processes:

V" (z,0,£,0") =  esssup E[U(X;f’x - ﬁ%)‘}}], t>0,, (4.1)
A e AR (t,0m)

so that V' (z,0,€,v") = V"(z,0,£) for any v" € Ag. From the dynamic programming
principle, one should have the supermartingale property of {V;*(z,8,€,v"),0, <t < T},
for any 1" € Ag, and if an optimal control exists for (4.1), we should have the martingale
property of {V;"(z,0,£,7"),0, <t < T} for some " € Af. Moreover, from the exponential
form of the utility function U and the additive form of the wealth process X" in (3.4), the
value function process V" should be in the form

Vi (2,0,0,0") = U(X"" —=Y"(6,8), 6, <t<T,

for some indexed F-adapted process Y™ independent of v™, that we search in the form: dY;”
= —fi'dt + Z}?dW;. Then, by using the above supermartingale and martingale property of
the dynamic programming principle, and since V;*(z,0,£,v") = U(z — HJ}) by (4.1), we
see that (Y™, Z") should satisfy the indexed BSDE:

1
(En)  Y"(6,£) = Hp(6,£)+ ]3 Inar (6, £)
T T
+ / f(r, Zﬁ,é),ﬂ)dr—/ ZMdW,, 0, <t <T,
t t
and the generator f" is the indexed process in Pr(R™, A, E™) defined by

f(t,2,0,) = inf {E\z — o7 (0,8) x| — b”(G,E)’w} (4.2)

TEA™

= (8, £)z——w(e OF +3 inf |2+ )\”(0 ) —o(6,8)'r|,

where the second equality comes from (2.4). This quadratic BSDE is similar to the one
considered in [15] or [6] in a default-free market. Next, consider the problems (3.9), and
define similarly the dynamic version by considering the value function process:

Vi (x, 0, £, 0%) = kesiizlpk)E [U(Xéi’gﬁ - H@(Gk,fk))a’}wk,!k) + (4.3)
Tre t,v

k:v
/ / VGIZJF} 6k+1 +7T§k+1-7§k 1(Ek-q-l)’9k+1’ek+1)77k+1(ek?d€k+1 k+1|‘7:ti|

+
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for 0y < t < T, where AE(t,v%) = {a% € Af : 7%, = V&, }, for vF € AL, so that
Vei (z, 0y, £, vF) = VE(x,0y,£;). The dynamic programming principle for (4.3) formally
implies that the process

t
V;k (z, 04, £y, l/k) + /0 /E (VLR (Xgl;il + l/gk_H .’)/gk_H (lrs1), Oki1, £k+1)’l7k+1(ek, dl11)dOky1,

for 6y <t < T is a (P,F)-supermartingale for any v* € AL and is a martingale for #* if
it is an optimal control for (4.3). Again, from the exponential form of the utility function
U, the additive form of the wealth process X* in (3.4), and by induction, we see that the
value function process V* should be in the form

Vi@, 04, 0, 0F) = U(XD" — Y (01, 81)), O <t<T,

for some indexed F-adapted process Y*, independent of v*, that we search in the form:
dY;fC = — ftkdt + Zdet. By using the supermartingale and martingale properties of the
dynamic programming principle for V¥, and since Vi (x, 0y, €;) = U(z — fl{,‘“«), with fféi =
HE + %ln ok, we see that (Y*, Z¥) should satisfy the indexed BSDE:

1
(BK) Y (O br) = HF(Ok &)+ Inat(Orb)

T T
+ / fk(r7 }/rk7 Zf, Gk,ﬂk)dr — / Zder, Hk <t< j“7
t t

with a generator f* defined by

¥,z 00 6) = inf {5z~ b6k 0| ~ b (61, 1) m (14)

1
+ ];U(y)/ U(mf Ok, £y, €) — Y}kﬂ(ekatlk’@))nkﬂ(fk,d@}
FE

1
= —)\f(ek,ﬂk)z — %\)\f(é)k,ék)\Z
2

; b 1 k k /
+ it { e+ N O, b) — of (0, 80)'n

1
+ oUW /E U (w7 (O £ €) = Y/ (Ot 1, ) i (€, D) |,

where the second equality comes from (2.4).

The equations (Ek), kK = 0,...,n, define thus a recursive system of families of BSDEs,
indexed by (0,£€) € A,(T) x E™, and the rest of this section is devoted first to the well-
posedness and existence of a solution to this system, and then to its uniqueness via a
verification theorem relating the solution to the value functions (4.1), (4.3).

4.1 Existence to the recursive system of indexed BSDEs

The generators of our system of BSDEs do not satisfy the usual Lipschitz or quadratic
growth assumptions. In particular, in addition to the growth condition in z for f* defined
in (4.4), there is an exponential term in y via the utility function U(y), which prevents a
direct application of known existence results in the literature for BSDEs.
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Let us introduce some notations for sets of processes. We denote by S°[¢, T the set of

F-adapted continuous processes Y which are essentially bounded on [¢,T], i.e. [[Y||go,

= esssup |Ys(w)| < oo, and by L/ [t,T] the set of F-predictable processes Z s.t.
(s,w)elt,T]xQ

E[ftT |Zs|?ds] < oo. For any k = 0,...,n, we denote by S°(Ag, EF) the set of indexed F-
adapted continuous processes Y in Or(Ag, Ek), which are essentially bounded, uniformly
in their indices:

1Y) = sup IY* (0, )

< o0
[ee) k b
SEBRED (01,1 )E AL (T) x -

8&°10.T]

We also denote by L, (A, E¥) the set of indexed F-predictable processes Z* in Pp(A, EX)
such that

T
E[/g |Z1 (O, £x)Pdt| < o0, V(i) € AR(T) x EX.

k

We make the following boundedness assumptions:
(HB)

(i) The risk premium is bounded uniformly w.r.t. its indices: there exists a constant C'
> 0 such that for any k = 0,...,n, (0, £;) € AR(T) x E¥, t € [0k, T),

IAF(Oy,£:)| < C, as.
i e indexe r-measurable random variables and In o} are bounded uniformly
i) Th dexed F bl d bl Héﬂ dl % b ded fi 1

in their indices: there exists a constant C' > 0 such that for any k = 0,...,n, (0, £)
S Ak(T) X Ek,

|Hé€"(0k’ek)| + |lna§“(0k’ek)| < C’ a.s.
We then state the existence result for the recursive system of BSDEs.

n

Theorem 4.1 Under (HB), there exists a solution (Y*, Z¥)_o . € HSCOO(Ak,Ek) X
k=0

L%/(Ak,Ek) to the recursive system of indexed BSDFEs (Ek), k = 0,...,n.

Proof. We prove the result by a backward induction on k& = 0,...,n, and consider the
property
(Pr) there exists a solution Y* € SX(Ay, EF) to (Ek).

e For £k = n. From the expression (4.2) of the generatof f", there exists some positive
constant C' s.t.

F1(620,0)] < CU2+ NO,0P), V(t,20,£) € [0,T] x R™ x Ay(T) x E" .

Hence, under (HB), we can apply Theorem 2.3 in [12] for any fixed (0,£) € A,(T) x E™,
and get the existence of a solution (Y"(0,£),Z2™(0,£)) € S°[0,,,T] x L, [0y, T]. Moreover,
from Proposition 2.1 in [12], we have the following estimate

T
Y7 (6,8)] < esssup(\HT<e,e>\+Z%unaT<a,e>r)+c / A0, 0)Pds, 6, <t<T.
Q t
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Under (HB), this implies that sup(g gen,, (7)x g [[Y™"(6,€) || 500 5, 7y < 00- Finally, the mea-
surability of Y™ and Z™ with respect to (8,£) follows from the measurability of the coef-
ficients H", off., and f" w.r.t. (6,€) (see Appendix C in [11]). The property (Py) is then
proved.

e Fix k € {0,...,n — 1}, and suppose that (Py, ;) is true, and denote by (Y*+1 Zk+1) ¢
SX(Agy1, EFY) x L2, (Agy1, EF1) a solution to (Ex;1). Since the indexed F-adapted pro-
cess Y+ is continuous, it is actually F-predictable, and so Y**1 € Pp(Ag,q, E¥*1). This
implies that the map (t,w, 0k, Lrr1) — Y (w, 0k, t,£111) is P(F) @ B(Ay) © B(EF)-
measurable. The generator f* is thus well defined in (4.4) as an indexed process in
Pr(R,R™, Ay, EF), and we shall prove that (P}) holds true by proceeding in four steps,
in order to overcome the technical difficulties coming from the exponential term in U(y)
together with the quadratic condition in z for f*.

Step 1: Approzimating sequence. We truncate the term U(y) = —e PY when y goes to
—o0, as well as the infimum, by considering the truncated generator

1
f]]%(t,y, 2, ek’ek) = —Af(ek,Ek)Z - %P‘f(ekaek”Q +

. {p
inf -
neAk |(of) m<N 2

1
];U(max(—N,y)) / U (77 (O, Lr, €) —Yt’““(ek,t,ék,é))nkﬂ(ék,dé)},
FE

1 k k I 2
z + 1_))‘t (Gk,ﬂk) — 0y (Gk,ﬂk) T +

and introduce the corresponding family of approximated BSDEs with terminal data ﬁéﬁ
and generator f]]f,

1
YN0 6) = HE(Ok £+~ Inaf (61, 6) (4.5)
T T
+ / fr(r, Yf,Zf’N,Ok,Ek)dr—/ ZEN dW,, 0, <t <T.
t t
Under (HB)(i), there exists a constant C' such that for all (y,£;) € Ap(T) x E,

1
f]]%(t,y, 2, ek’ek) > —)\f(ek,Ek)Z— %P‘f(ekaEkHQ
o+ ), (46)

V

for all (t,y, z) € [0, T]x RxR™. Moreover, since 0 € A*, and the process Y**! is essentially

bounded, there exists some positive constant Cy (depending on N) s.t. for all (0, £€x) €
AR(T) x EF,

IRy, 2,0, L)

IN

1 1 2
NE(By, £).2 — %Mf(ek,ek)ﬁ + g 2+ ]—)Af(ek,ek) + Oy

IN

Cn(1+2) (4.7)

under (HB)(i). Hence, for any given (0y,£) € Ar(T) x E*, we can apply Theorem 2.3
in [12], and obtain the existence of a solution (Y*(8y,£y), Z5N (0y,£1)) € S0k, T] x
L%, [0k, T to (4.5). The measurability of (Y*V, Z»N) w.r.t. its arguments (0, £;) follows
from the measurability of Hé?, af}, f}{, w.r.t. (0, £;). In the next steps, we prove the
convergence of the sequence (Y* Z5N)y to a solution of (Ek).
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Step 2: Lower bound for the approrimating sequence. Define the generator function f{“‘ by

1
fH(t, 2,05, 8,) = —Af(ek,ew.z—%Mf(ek,em

Under (HB)(i), and for fixed (0, €;) € Ap(T) x E*, the function ik(, 01, L) satisfies the
usual Lipschitz (and a fortiori quadratic growth) condition in z, which implies from Theorem
2.3 in [12] that there exists (Y*(0y,£x), Z*(0k,£1)) € S0k, T x L2, [0), T] solution to
the BSDE with terminal data HX(0y,€) + %ln ok.(0k, £), and generator f*(.,.,0,£).

The solution (Y*, Z*) is measurable w.r.t. the arguments (8y,#£;), and from the uniform
boundedness condition in (HB), and Proposition 2.1 in [12], we deduce that (Y*, Z*)
SX(Ag, E¥) x L2, (A, EX). Moreover, we easily see under (HB)(i) that for any (8y,€y) €
AR(T) x E*, f*(., 0y, ;) satisfy Assumptions (H2) and (H3) of [12]. Since f*(.,0,€;) <
fX(., 0y, £;), we can apply comparison Theorem 2.6 in [12] to get the inequality:

YN0, ) > YEOL L), 6, <t<T, a.s. (4.8)
for all N, and (0y,€) € AR(T) x EF. Since Y* € S®(Ay, EF), this implies that Y% is
uniformly lower bounded, and thus by (4.5), we see that for IV large enough, (VRN ZkNY

satisfies the indexed BSDE with terminal data I:Iéi, and with a generator f¥ where one can
remove in fk the truncation in —N for U(y), i.e.

1
YN0, ) = HEO L) +]—Jlnai}<ek,ek> (4.9)
T _ T
+/ fﬁ(r,nk,zva,ek,ek)dr—/ ZEN dW,, 0, <t <T,
t t
with

~ 1
IRt y, 2, 05,8, = —)\f(ak’fk)-z—%\)\f(ak’fk)\Q

2

P 1
+ {5‘2 + 5)\?(919,&) — 0} (O, i)'

inf
TeAR |(oF) m|<N

1
+Uw) /E U (mrf (Or s 0) = Y4 (01, 1,60, ), (81,d0) |

Step 3: Monotonicity and uniform estimate of the approrimating sequence. We cannot
apply directly a comparison theorem for Y% from the quadratic generators f}{,, and so
we make an exponential change of variable by defining for any (0, £)) € Ax(T) x E¥, the
pair of processes (YN (0, £;), Z5N 8y, £1)) € S0k, T] x L2, [0k, T] by

Y;k’N(Bk,Ek) = eXp(thk’N(ek,Ek)) and Zf’N(Bk,Ek) = p}ﬁk’N(Gk,Zk)Zf’N(Bk,Ek).

A straightforward Itd’s formula on (4.9) shows that (Y*N (8}, £;), Z5N (0}, £)) is solution
to the BSDE

VN (O, ) = ok(O1, ) exp(pHE(O1, £1)

T T
+/ R YR ZEN 9, 0)dr —/ ZEN AW, 6, <t <T,
t t
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where the generator f ]]f, is defined by

. 1
f]]:/(t,y’ 2, ek’ek) = inf {—p2y|af(9k,£k)/77|2 _p()‘f(ekaek)y_FZ)Uf(ek’ek)lﬂ-
meAk |(af)m|<N 2

— / U(W.yf(ek,ﬂk,ﬂ)—Y;kﬂ(ek,t,Ek,E))nkH(Ek,dﬂ)}.
E

Fix (0x,€;) € Ay X E*. Denote by ¢k (m,t,y, 2,00, £) the function inside the infimum
defining f%, ie. f%() = infneAkJ(af)'ﬂgNg?V(ﬂa .). Then, for all (¢,y,v',2,2,0k,€) €
[0k, T] x R? x (R™)? x Ay, x E*, we have

‘f]lf/'(t,y’ 2, ek’ek) - f]lf/'(tay/a Z/a 0k,£k)|

< sup | (7 ty, 2, 0k, 1) — Gk (T 1,y 2, Ok, L) |
nEAR |(ok) m|<N

1
(59°N + NN, £4)]) Iy — o' + pN|z = 2.

IN

Under (HB)(i), we then see that f¥ satisfies the standard Lipschitz condition in (y, 2),

uniformly in (¢,w). Since the sequence ( fN) is noninceasing, i.e. fN 4 < fN, we obtain

Yk: N+1 Yk: N

by standard comparison principle for BSDE that , and so:

vV 0,00 < YN0k ), 0 <t<T as YN EN, (4.10)

for all (8, £x) € Ay x E*. From the quadratic condition in 2 for fF in (4.6)-(4.7), uniformly
in (0, %£y), and the a-priori estimate of Proposition 2.1 in [12], we deduce under (HB)(ii)
that Y*0 € S®(Ay, EF). Together with (4.8) and (4.10), this implies that there exists a
positive constant M such that

VoM soe(ap 0y < M, VN €EN. (4.11)

Step 4: Convergence of the approzimating sequence. By using (4.11) in (4.5) (or (4.9)),
we see that (Y®N, ZFN) satisfies the indexed BSDE with terminal data HJ, and with

generator fN given by

f 1
i p Lk i L2
f _‘ 1 B
* WEAkv%£f)’7F<N{2 z+ p)\t (0k7ek) Oy (Gk,ﬂk) m

1
+ U= Vy) /E U (ot (O, s €) = Y/ (Ot 0, ), (8, dO) }.
By the same arguments as for the generator f ]]f,, there exists a constant C'y; such that

1ot y, 2,0k, < Cu(+|2%),

for all N € N, (t,y,2) € [O T] x R x R™, (0y,€r) € A x E¥. Let us check that the
nonincreasing sequence (f&)y converges uniformly on compact sets of (t,y,2) € [0,T] x
R x R™ to f’l‘C defined by

R 1
Y, 2,00, 8) = —A(Ok, L)z — %\)\f(ak’fk)\z
: p 1 k k /
+ nlenjk {5‘2 + 1—))\15 (ak,fk) — Oy (Gk,ék) e

1
+ ]_QU((_M v y) /E‘ U(T("}/f(ek,ek,f) - Y;karl(ek?taek,g))nk-H (ek’dg)}
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Indeed, notice that in the definition of fk, one may restrict in the infimum over 7 in A*
s.t. the function §¥(m,.) inside the infimum bracket, i.e.

N 1 2
G (m oy, 2,05, 8) = g z+ ];Af(ak,fk) — of (O, L)'

1
+ Z—QU((—M Vy) | U(mf Ok, €4, 0) — Y (04,1, 84, 0)) 0, (Li, dO),
FE

is smaller than §¥(m,.) for 7 = 0. In other words, we have

. 1
k k k 2 . ~k
t 0.2 = —XN(Op, ).z — —| N/ (O, £ f t 0.2
f ( y Y, 2,0k, k) t( ks k)z 2p‘ t( ks k)‘ +7T6Akﬁlcl(?,y,z,9k,£k)g (7T7 y Y, 2,0k, k)

where
Kty 2,008 = {7 €RY: g (m by, 200, 6) < 9°(0,4,9,2, 04,6 }.

Since U is nonpositive, Y**! is essentially bounded, and under (HB)(i), there exists some
positive constant C' such that

1
,C(t’y, 2, ekaek) - {ﬂ- € Rd : ‘Z + EAf(ekaek) - Jf(ek’ek)/ﬂ-

<

1 k
z+ 2—9)& (919,519)‘ + C}
c {reRr’: lof(Or )7l < C(2l+ 1)}, (4.12)

for all (t,y,2,01,£;) € [0,T] x R x R™ x Ay, x E*. This shows that on any compact of
(t,y,2) € [0,T] x R x R™, we have K(t,y, 2,0k, £;) C {r : |(cF)'n| < N} for N large
enough, and so f}{, = fk, which obviously implies the convergence of ( f}{,) N to fk locally
uniformly on (¢,y,2) € [0,7] x R x R™. We can then apply Proposition 2.4 in [12], which
states that the sequence (Y*N(0y,€;), Z8N (0, £;))n converges in SP[0y, T x L, [0, T)
to (Y*(Oy,£1), ZF(0y,£;)) solution to the BSDE with terminal data HE, and generator
f¥. The indexed processes (Yk, ZF) inherit from (Y*V ZFN) the measurability in the
arguments (0y,£;) € Ay, x E¥. Moreover, from (4.11), we see that Y* also satisfies the
estimate

V¥l soo(ap,mry < M.

Hence, this implies that one can remove the truncation term —M in the BSDE with gener-
ator f* satisfied by (Y*, Z¥). Therefore, (Y*, Z¥%) € S°(Ag, E¥) x L}, (A, EF) is solution
to (Ek), which ends the induction proof. O

4.2 BSDE characterization by verification theorem

In this section, we show that a solution (Y*), to the recursive system indexed BSDEs
provides actually the solution to the optimal investment problem in terms of the value
functions V¥, k = 0,...,n, in (4.3). As a byproduct, we get the uniqueness of this system
of BSDEs, and a description of an optimal strategy by means of the solution to these
BSDEs.

Theorem 4.2 The value functions V¥, k = 0,...,n, defined in (4.1), (4.3), from the
decomposition of the optimal investment problem (3.6), are given by

Vtk(m, 0.4, Vk) = U(th’gﬁ — Y}k(ek,fk)), 0. <t<T, (4.13)
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n
for all x € R, (), £;) € Ay x EF, VF ¢ A%, where (Yk,Zk)kzo,___,n IS HS?O(Ak,Ek) X
k=0
L%, (A, EF) is the solution to the recursive system of indexed BSDEs (Ek), k = 0,...,n.
Here, X* denotes the wealth process in (3.4) controlled by v*, and starting from x and
0. Moreover, there exists an optimal trading strateqy T = (frk)kzo,___,n c Ag = (Aﬁ?)kzo,__,n
described by:

A . 1 2
(0, Lr) € arg min {g ‘Zf(aklk) + ?f(ak’&c) — oy (O, L)'
e

(4.14)

1
U (65, 40)) /E U (et (O, 0, €) = Y4 (Or, 1,6, ), (8, d0) |

fork=0,....n—1, (0, £y) € AL(T) x E¥, t € [0, T], a.s., and

2

)

1
#1(0.6) € argéglnin‘Zf(H,E)—F]—Q)\?(G,E)—J?(e,e)/ﬂ

fork =n, (0,€) € A, (T) x E", t € [0,,T], a.s.
Proof. Step 1: We first prove that for all k = 0,...,n, V& € AL UX®® —Y*(0y,£1))

n
> VF(z, 0, L, vF). Let (Y* ZF)—o. n € HSEO(Ak,Ek) x L%, (A, E¥) be a solution to
k=0
the system of BSDEs (Ek), k = 0,...,n. For any x € R, (0, £;) € Ap(T) x EF, v* € AL,
we apply [t6’s formula to the process:

éf(.%’, 0,0, I/k) = U(th’gﬁ — Y;k(ek,fk))
t
+ /6 / U(XE" 4+ vE Ak (0k, 81, 0) — YT (O, 5,00, 0)) 0., (£, dO)ds,
v JE

for k =0,...,n, and & (z, 04, £, ") := U (X" = Y/"(0n,£y)), for k =n, and O, <t <T.
From the dynamics of X% and Y*, we immediately get

def (x, 0., &, V")
= —U(XP" = Y60r, ) [(ff(f,ytk,zf,ek,fk) — gy i . YF, ZE, 0y, ) dt
+ (o (0. £4)'vF — ZF).aW]
where

gE (Tt y, 2,05, L) = g{z - Uf(0k7ek),77‘2 — b} (O, &)’

1
+=U(y) /E U(myf (O, 1, €) — Y Ok, t, £, 0) ., (£, dO),

p
for k =0,...,n—1, and ¢g}*(m, t,y,2,0,,£,) = g‘z - af(en,ﬁn)'wf — b} (0, £,) 7 for k
= n. Since, by construction, fF(t,y,z,0y,€;) = infrea, gF(7,t,y,2,0},4€;), and recalling
that U is nonpositive, this implies that the process {£F(x, Oy, £y, VF), O <t < T}, is a
local supermartingale. By considering a localizing F-stopping times sequence (p;, ), valued
in [0, T] for £*, we have the inequality:

E[€np, (2, 0k, L1, V)| Fe] < Ehn (2,00, 84,0%), O <t <s<T.
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Now, by definition 3.1 of the admissibility condition for v*, and since the processes Y*
Yk+1 are essentially bounded, the sequence (&%, on (T Ok, L, %)), is uniformly integrable for
any s € [0k, T], and by the dominated convergence theorem, we obtain the supermartingale
property of £¥(x, @, £, v*). Therefore, by writing the supermartingale property between ¢
and T, and recalling that Y/ = Hé? + %ln o/%, we obtain the inequalities

U(X;"" —Y/"(0,0))

v

E[U(x}* - H%(a,e))aT(e,E)(ft} (4.15)

V

(X" = YO 0)) = E[UXE" — HE(O), £)0% (0, ) (4.16)
T

+/ /EU(Xf’x—iruf.fyf(é) —Ysk“(ek,s,ék,é))nk+l(£k,d@)ds‘]—}],
t

which hold true for any v¥ € Ak k =0,...,n.

Step 2: The process ka ZF(0y, £;,).dWy is a BMO-martingale, for anyk =0,...,n, (04, £;)
€ Ap(T)x E*. By applying It6’s formula to the process exp(qY;*(0y, £1)) with ¢ > p between
any stopping time 7 valued in [fy, T] and T, and recalling the terminal data Y = fl{,‘“« =
Héﬁ + %lnag, we get

1 T
00— p)E | [ exp (001, 6) 2 0n 1) Pat] 7,
T
= ¢E [ / exp(th’“(ek,ek))(f’“(t,n’“,zf,ak,ew—%’err?)dt(ﬁ}

+ E[exp (qETE (85, £1)) — exp (qV (Ok, £1)) ‘]—}} . (4.17)

By definition of f* in (4.4), and since Y**1 € S®(A;, 1, E¥*1), there exists a constant C'
such that for all (¢,y,2) € [0,T] x R x R?,

Mty 200 8) < El2f? = CUG).
Combining this last inequality with (4.17), we get
1 ’ k k 2
54(a —p)E [/ exp (¢Y"(0r, k)| Zf (O, L) dt‘}}}

T _
< ¢CE [ / exp ((¢ — p) Y/ (O, lk))dt‘}?} +E [eqHka‘fk) — 0¥7 Orts)

fT}.
Under (HB)(ii), and since Y* € S (A}, E¥), this shows that there exists a constant C' s.t.
T
E [/ \Zf(Gk,Zk)\th‘fT] < (, for any stopping time 7 valued in [0y, T},

which is the required BMO-property.
Step 3: Admissibility of #*. Let us consider the functions §*, k = 0,...,n, defined by

n 1 2
G (mt,w, 0h,8) = g‘Zf(aklk) + ];)\f(ak7fk) —oF (O, L)'

1
+ 5U(Yﬁ<0k,ek>> /E U(mf Ok, i, 0) — Y (0,1, £, 0))m, ., (Lk, dO),
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for k =0,...,n— 1, and §"(m,t,w,0,8) = | Z/ (01, £) + SA'(8.£) — o7'(0,£)'7|*. Recall

that the indexed F-adapted processes Y* and Y*t! are continuous, hence F-predictable.

Therefore, the map (7, t,w, Ok, €) — §*(m,t,w, O, £1) is B(RY) @ P(F) @ B(Ay) @ B(EF)-

measurable. Moreover, for k = 0,...,n, (0;,£;) € A, x E*, we recall from Remark 2.2

that either 0% (0y,,£;) = 0 and v*(04, £x, £) = 0, in which case, the continuous function m —

Gr(m,t,w, 0, €;) attains trivially its infimum for 7 = 0, or o*(8y, 8;) and (0}, £, () are

in the form o*(0y,£;) = (6% (0k, £x) 0), v*(Or, £x,£) = (¥* (O, £k, ¢) 0) for some full rank

matrix &% (0}, £;). In this case, the infimum of ¢*(x,.) over m € A* is equal to the infimum

over T € (%) A¥ of function g*(7,.) where:

k(= _ Plk Lk |2

g (ﬂ,t,w, Bk,ﬁk) = 5‘225 (Gk,ﬂk) + 5)\25 (Gk,ﬂk) — 7'("

+SUE) [ U(@H ) A0 = Y 6t b, ) (8. ),
E

for k=0,...,n—1, and g"(7,t,w,0,£) = ‘Z{L(Gk,ﬁk) + %)\?(G,E) — 7’7‘2. We clearly have

gk(O, t,w, Bk,ﬂk) < lim infgk(ﬁ, t,w, Gk,ﬂk),

|| —o00

which shows that the continuous function © — §*(7,¢,w, 0, £;) attains its infimum over
the closed set (oF)’ A, and thus the function 7 — §*(7, ¢, w, O, £;) attains its infimum over
A¥(04,£;). By a classical measurable selection theorem (see e.g. [16]), one can then find
for any k = 0,...,n, #* € Pp(Ay, EF) s.t.

750, £,) € argmin §F(m,t,04,£;), 0, <t<T, a.s.
ﬂ-eAk(Okyek)

for all (8y,£y) € AR(T) x E*. Let us now check that the trading strategy # = (frk)k:(),___,n
is admissible in the sense of Definition 3.1. First, by writing that ¢*(7F,t,04,€;) <
G*(0,t,0y,£;), we get similarly as in (4.12) the existence of some constant C s.t.

oF (O, £) 7F (01, 1) < C+|ZF(Or, )|, 0, <t<T, as. (4.18)

for all (0, L) € Ap(T)x E¥, k=0,...,n. Since Z¥ € LY, (A, E¥), and recalling (HB)(i),
this shows that #* satisfies (3.2) for all & = 0,...,n. Let us denote by X** the wealth
process in (3.4) controlled by 7%, and starting from z at ). By definition of #*, we have

1 .
+ ];U(Yt'f)/EU(wf.yf(ak,ek,e) - 1@’“+1(9k,t,ek,e))nk+l(£k,de)}

for k=0,...,n—1,and f™"(t,Y;", Z}",6,£) = 5| Z} — o7(0, £) 77} 2o b (0, 2)' 7y for k = n.
From the forward dynamics of Y*, we can then write for all §, <t < T

UKE" =Y}) = Ul - Y§)Er (p(2" - (oF)7") ) R
with

k k NS bk IN2N" T ky/ Ak )2
& (2" - @) = exp(p [ (2E- @hyahaw, B [ |z~ ohyatPas),
O O
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and

t

Ry = exp (— /9 U(yy) /E U (#¢ A Bk, £, £) — Yf“(ek,t,ek,@)ml(ek,df)ds),

k
for k =0,...,n— 1, and R} = 1. Now, from Step 2 and (4.18), the process fHk p(ZF —
(%) #*).dW is a BMO—martingale and hence (see [10]), EF <p(Zk - (ak)'ﬁk)) is of class
(D). Moreover, since U is nonpositive, we see that |R¥| < 1, and so |[U(X%* — YF)| <
U(x — Ygfﬁ).é’k (p(Zk - (O'k),ﬁ'k)), which shows that U(X** —Y*) is of class (D), and then

also U(Xk’x) since Y'* is essentially bounded. It remains to check that forall k =0, ... ,n—1,
(01, €x) € A(T) x EF,

T
E[/e /E(—U) <Xfl‘ +ﬁfﬁf(ekvﬂk%))nkﬂ(fmdﬁ)ds < .
k

By definition of #% (which implies (4.19)), the process £*(z, 8}, €5, 7*) defined in Step 1, is
a local martingale. By considering a localizing F-stopping times sequence (p;, ), valued in
[0, T for this local martingale, we obtain:

e ok ko k k+1
B[ [ [ CUEET + 7t 0) = Y 00t b ) (a0
k

= E[U(Xéifpn—YT’“Apn)—U(x—Y@’;)} < E[—U(w—Ye’Z)],

since U is nonpositive. By Fatou’s lemma, we get the required inequality, and this proves
that 7% € Aﬁ%, forany k = 0,...,n, ie. T = (ﬁk)k:07...,n is admissible: 7 € Ag.

Step 4: Since T = (ﬁk)k:07...,n is admissible, and recalling that the processes YF are
essentially bounded, this implies that the local martingales ¢*(z, 0y, €5, 7%), k = 0,...,n,
are “true” martingales. Hence, the inequalities in (4.15)-(4.16) become equalities for v =
7, which yield:

UX - Y (0,0) = E[U(X;’”C - H%(a,e))aT(e,E)(ft} (4.20)

U = YO 0) = E[UKE" — HE(O), £)0% (0, ) (4.21)

T
b [ [ U a0 - VI 605 00, (0, d0)ds| 7,
t E

for kK =0,...,n, (0,£;) € AL(T) x E*, t € [0, T], + € R. Let us prove the properties
(4.13) by backward induction on k = 0,...,n. For k = n, from the additive form of the
wealth process X™7% and the exponential form of the utility function U, we observe that for
any t € [0,,T], 7" € Ap(t,v"™), the quantity
[U(X?’m — Hy(0,6))
—U(x)
does not depend on the choice 1" € Af. By combining (4.15) and (4.20), we then have

aT(e,E)(ft}

U(X52" — HY(0,2))
J(0,€) := esssup E L L ar(0,8)|F;
0(6.4) AR (L) [ “U(X{™) rl )‘ t]
U(Xp" — Hi(9,£))

< U(-Y/"(0,0) = E[ aT(H,E)‘ft] < Ji'(6,8),

~U(X"")
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where we used in the last inequality the trivial fact that 7" € Ag(¢,7™). This shows that
U(—Y/(0,2)) = J(0,£), and so V;"(z,0,£,0") = U(X,"" — Y/"(0,2)) for any " € AL,
r €R, (0,€) € A,(T) x E™, which is the property (4.13) at step k = n. Assume now that
(4.13) holds true at step k+ 1. Then, we observe similarly as above that for any ¢ € [0, T,
7* € Ap(t,v*), the quantity

U(XE® — HE(Oy, 1)) ok (01, £5)

E
[ _U(X’”)
V(X 9 + 7 A 1), Ok, Liyr)
e et i 7]
_ E[ “—H’“(Gk,ék))aT(ek,fk)
~U (X
(XE + ab Ak () = YE (B4, 5,4, 0))
// —U(X}") n’““(ek’dg)dsm}’

is independent of the choice v* € AE. By combining (4.16) and (4.21), we then have

U(XE" — HE(Or, £)) ok (65, £1) N
—U(XP")
(

JE(O,£,) =  esssup E{
mheAk(t,vk)

1 (ke
/ /Vekﬂ Xopoy T Glcjzl]:i;lggfkﬂ)ﬁkﬂlkﬂ)77k+1(£k,d€k+1)d9k+1\ft}
— Y (0r. £))
U(Xéix — H}(Bk, £k)) (O, L) N
~UX)
/ /Velfcﬂ ngil+ﬁgk+l'75k+l(£k+1)79k+17ek+1)
—U(Xf)

IN

:E[

Mo (€ Al 1)dBp1 | |

< Jt (ek’ek)a

where we used in the last inequality the trivial fact that 7% Af;(t, #¥). This proves that
U(—Y[F(6r,£r)) = JF(O, €;), and thus the property (4.13) at step k. Notice that this
representation of Y* shows as a byproduct the uniqueness of the solution to the recursive
system of BSDEs (Ek). Finally, the relations (4.21) for ¢ = 6, together with (4.13), yield

V'(2.0,6) = E[UXE ~ H)or(6,0)| 5, |

VF(@, 0, ) = E{U(kam_Héi)al}(ek,ek) +

/9 / VERLREE b A (Gn), B, i)y (B )| F, ]
k

which prove that © = (7%);— 0,..,n is an optimal trading strategy. O

Remark 4.1 We recall that in a default-free market It6 model for stock price S with risk
premium A and volatility o, the optimal trading strategy (in amount) for an exponential
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utility funtion U(x) = —e™P*, and option payoff Hr, is given by (see [15] or [6])

M . 1 r |2
. € argmin |Z; + =\ — (oy)'7|
TEA p
where (Y, Z) is the solution to the BSDE: dY; = —f(t, Z)dt + ZpdWy, Yr = Hrp, f(t,z)
= infreq |z + %)\t — (0¢)'m|?. In our multiple defaults risk model, inducing jumps on the
stock price, we see from (4.14) the influence of jumps in the optimal trading strategy #*
within the k-default scenario: there is a similar term involving the coefficients \¥ and o”
corresponding to the default-free regime case, but the investor will take into account the
possibility of a default and jump before the final horizon, and which is formalized by the
additional term involving the jump size v*. In particular, if v* is negative (in the one-asset
case d = 1) meaning that there is a loss at default, then the infimum in (4.14) will be
achieved for a value #* smaller than the one without jumps. This means that when the
investor knows that there will be a loss at default on the stock, he will invest less in this
asset, which is intuitive. In the next section, we shall measure quantitatively this impact
on a two-assets model with defaults.

5 Applications and numerical illustrations

For numerical illustrations, we consider a portfolio of two defaultable names, and denote by
71 and 7o their respective nonordered default times, assumed to be independent of IF, so that
their conditional density (w.r.t. F) is a deterministic function. We suppose that 7 and 7
are correlated via the Gumbel copula which is suitable to characterize heavy tail dependence
and is often used for insurance portfolio. More precisely, we let P[ry > 01,70 > 03| F;] =
Plry > 601,79 > 03] = exp ( — ((a1601)? + (a292)5)1/5) with a1,a9 > 0 and 8 > 1. In this
model, each marginal default time 7; follows the exponential law with constant intensity
a;, © = 1,2, and the correlation between the two defaults is characterized by the constant
parameter 5. The case 8 = 1 corresponds to the independence case and a larger value of
implies a large linear correlation between the survival events p*(T') = corr(1(7, >1y, Lir,>7})-
The default density of 7 = (71, 72) is thus given by

(a1a2)”

CW'(Hl, 62) = G(@l, GQ)W

w(01,02) 28 (u(6y,09) + 8 — 1)

where G(61,02) = P(11 > 61,70 > 62) = exp(—u(f1,02)). As explained in Section 2.1 and
Remark 2.1, the case of ordered default times 71 = min(7y,72), 72 = max(7y,72) can be
recovered by considering the marks (i1, t2) indicating the order of the defaults (71, 72). The
density of (71,72, t1,t2) is given by:

a(0,i,5) = 1oy j—0ya”(01,02) + 1gi—o j_1ya7 (02,061),

for @ = (61,02) € As. Before any default, the price process SO = (S0, 5%0) of the two
names is governed by a two-dimensional Black-Scholes model with correlation:

ds) = S0« (b°dt + o%dWy),

where b0 = (b5, 529) is a constant vector in R?, ¢ is the constant matrix:

o0 _ <J1,0 11— p2 J1,0,0>
0 )

0.2,0
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with 010 > 0, 629 > 0, p € (=1,1), and W = (W' W?) is a two-dimensional Brownian
motion. The associated risk premium is then given by A\? = (AL0 A%0) with

)\170 - 1 < bl,O bZ,O

b2’0

— , A0 —
51,0 pgz,o) 52,0

Once the name j defaults at time 7;, it drops to zero, but also incurs a constant relative
jump (loss or gain) of size v* € [~1,00) on the other name i # j. We denote by S%!(6;)
= S%1(6y, 5) the price process of the survival name i after the first default due to name j
# i at time 7; = #1. We then have S;l (0,) = 5;10(1 +7%), and we assume that it follows a
Black-Scholes model

asy(6) = ;N6 dt+ o B, > 6,

with constants b*! and ¢! > 0. Here B’ is the Brownian motion: B! = /1 — p2W !+ pW?2,
B? = W?2. Finally, after both defaults, the two names can not be traded anymore, i.e. S?
_ (51,2752,2) =0

We consider the investment problem with utility function U(z) = —e™P*, without option
payoff Hr = 0, without portfolio constraint, and solve the recursive system of BSDEs. Since
all the coefficients of the assets price, and the density are deterministic, we notice that these
BSDEs reduce actually to ordinary differential equations (ODEs). We start from the case
n = 2 after the defaults of both names. The solution to the BSDE (En) for n = 2 is clearly
degenerate:

1
Y2(0,i,5) = Elnaw,z’,j), 0 = (01,02) € Ao, i,j € {1,2},i # j.

Let us denote by Y1(0;) = Y!(0y,i), i = 1,2, the solution to the BSDE (E1) after the
first default due to name i. Notice that the auxiliary function a!¥(6;) = a!(6;,7) defined
in (3.7) is given for 4,7 = 1,2,7 # j, by
L > » a; B BYL/B o~ ((aif1)? +(a;t)) /7
o (0h) = / a(61,02,1,7)db> = 9115((%91) + (ajt)”)/Fem R :
t 1

The function Y is then given by the solution to the ODE

Y. (0)) = %[/3 Ina; + (8 — 1) Infy + %ln«aiel)ff T (a7)) — ((@i61)® + (azt)) /4]

T
+ / FH(s, Y 61)ds
t

where

' 1 pirl . 2 1
i) e {2 ‘ — ot 4 e, i),
WER

‘O-]’ 0'.77 p
for i,5 € {1,2}, i # j. For k = 0, the survival probability " is equal to
A = Prn>T,mn>T] = exp(—T(a + a; )1/5)

and the function Y to the BSDE (E0) is then given by the solution to the ODE
L5y .8 ’
V=l w ) [ s s, (522)
t
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where

1 ) p1 2
0 _ 02 Pityo /oy
fty) = 2p|)\ | +7r:(7r}2rf?)eR2 {Q‘p)\ (@)x]

L Lew [e7P(-! 2 =Y (0) y omp(rlyt—n? o) }

We perform numerical results to study notably the following parameters: the loss or
gain at default, the default intensities, the correlation between the defaults and between
the assets. We choose the parameters of assets as below and fix them to be the same in all
our tests: b0 = p?0 = 0.02, 010 = 020 = 0.1, b1 = > =0.01, o =01 =02, p=1
and T = 1.

In Figure 1, we present the optimal strategies # = (7!, 7#2) at the initial time before
any default, for different values of loss or gain at default and of default intensity. In Figure
1, we consider a symmetric case where the default intensities a1 and as, and the loss/gain
~! and 42 are equal respectively, so are the same for #! and #2. We choose the correlation
parameter p = 0 and g = 2. The optimal strategy is increasing with respect to v, which
means that one should invest less on the assets when there is a large loss of default. When
v = 1, the strategy converges to the Merton one, since in this case, the gain at default
of the surviving name will recompense the total loss of the default one. Furthermore, the
strategy is decreasing with respect to the default intensity. So when there is a higher risk of
default, one should reduce her investment. In particular, if the default probability is high
and the loss at default is large, then the investor should sell instead of buy the assets. Only
when « becomes positive and the gain at default is large enough to recompense the default
risks, she can choose to buy the asset again.

Figure 1: Optimal strategy 7 before any default vs Merton 7™

25
0
- P
- 7
- VAN
1.5+ P s A
- 7
- - e
- s
1 - . 7z 4
e
= 7z
E 05 e 1
0 -7 1
-05 Merton
<<<<< intensity=0.01
-1} — — —intensity=0.1
-+ intensity=0.3
-1 -0.5 0 0.5 1

Figure 2 plots the evolution of the value function before default, i.e. t — VP(z) =
—e YY) where Y is the solution of the equation (5.22) and we have chosen z = 0
in the test. We consider various values of v with the same parameters as above and let
a; = az = 0.01, 8 = 2. The survival correlation is equal to p*(T") = 0.5846. We observe a
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larger value function when the gain at default (y > 0) is larger. We also notice that the
value function in a loss at default (v < 0) situation outperforms the no-loss case (7 = 0),
which means that one can take profit from a loss of the risky stock by a shortsale strategy.

Figure 2: Value function V,?
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Figure 3 plots the evolution of the optimal investment strategy 7 (t) for t € [0,T], T =
1, when there is a default event at time 7 = 0.6, the parameters being the same as in Figure
2 with two different levels of loss at default v. We observe a jump of the trading strategy
at the default time in both curves. When there is a larger loss at default, one should invest
less from the beginning, however, after the default occurs, the trading strategies on the
surviving firm become the same whatever the loss at default is.

Table 1: Optimal strategies #' and #2 before any defaults with various v and default

intensities.
v | -05 | =01 ] o0 [ 05 | 1 | Merton |
a1 =0.01, az = 0.1, 3 =2 || p° = 0.2936 |
7l 0.462 1.659 | 1.892 | 2.621 | 2.832 2
72 —1.047 —0.709 | —0.498 | 0.623 | 1.168 2
al = 0.1, as = 0.1, ﬁ =2 ps = 0.5736
7l —0.353 —0.210 | —0.147 | 0.556 2 2
72 —0.353 —0.210 | —0.147 | 0.556 2 2
al = 03, as = 0.1, ﬁ =2 ps = 0.4555
7l —1.723 —1.719 | —1.647 | —0.697 | 1.293 2
72 —0.132 0.453 | 0.521 | 1.121 | 2.707 2

We present in Table 1 the optimal strategies at initial time before defaults for firms
with different levels of default risks (a1 # ag). We still suppose equal loss or gain at default
(! = ~?). Similar as shown in Figure 1, when the default intensity a; of the first firm
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Figure 3: Time evolution of the optimal strategy 7 given a default
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increases, one should reduce the investment on this firm. In the case of high default risks
and loss at default, one should sell instead of buying the risky asset. However, the strategy
on the second firm (the one with as = 0.1) will in general increase when its counterparty
becomes more risky.

Finally, we examine the impact of correlation parameters p and S on the trading strate-
gies before any default. In the following test presented in Table 2, we fix a; = 0.01 and
az = 0.1. We observe that the correlation p between the assets will modify the benchmark
Merton strategies. When p increases, the investment on the less risky asset goes in two
directions: one should increase its quantity in the loss at default case and reduce it in the
gain at default case; as for the more risky asset, one should always reduce the investment.
Concerning the parameter 3, when there is a larger 8 and hence a higher correlation be-
tween the survival events, one should increase the investment in the less risky asset and
decrease in the more risky one.
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Table 2: Optimal strategy 7! and #2 with various p and /3.

v | -05 | =01 ] o0 [ 05 ] 1 [Merton
p=0,8=1 P =0 |

#l 0.228 0.942 | 1.099 [ 1.966 | 2.459 2

72 —0.867 —0.452 | —0.278 | 0.856 | 1.541 2
p=0,6=2 [ p*=0.2936

7l 0.462 1.659 | 1.892 [ 2.621 [ 2.832 2

72 —1.047 —0.709 | —0.498 | 0.623 | 1.168 2
p=03,08=1 p°=0

7l 0.492 1.081 | 1.188 [ 1.715 [ 2.025 [ 1.539

72 —0.959 —0.504 | —0.348 | 0.519 | 1.052 | 1.539
p=03,3=2] p°=0.2936

#l 0.863 1.939 | 2.077 [2399 [ 2.450 | 1.539

72 —1.235 —0.817 | —0.626 | 0.216 | 0.627 | 1.539
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