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A Hamilton-Jacobi approach to junction problems
and application to traffic flows

C. Imbert*! R. Monneau! and H. Zidani?

February 24, 2011

Abstract

This paper is concerned with the study of a model case of first order Hamilton-
Jacobi equations posed on a “junction”, that is to say the union of a finite number
of half-lines with a unique common point. The main results are a comparison prin-
ciple, existence and stability of solutions. The two challenging difficulties are the
singular geometry of the domain and the discontinuity of the Hamiltonian. As far as
discontinuous Hamiltonians are concerned, these results seem to be new. They are
applied to the study of some models arising in traffic flows. The techniques developed
in the present article provide powerful new tools in the analysis of such traffic flow
problems.

Keywords. Hamilton-Jacobi equations, discontinuous Hamiltonians, viscosity solutions,
optimal control, traffic problems, junctions

Mathematical Subject Classication. 35F21, 35D40, 35Q93, 35R05, 35B51

1 Introduction

In this paper we are interested in Hamilton-Jacobi (HJ) equations posed on one dimensional
domain containing one single singularity. This is a special case of a more general setting
where HJ equations are posed in domains that are unions of submanifolds whose dimensions
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are different [10]. An intermediate setting is the study of HJ equations on networks [1].
We will restrict ourselves to a very simple network: the union of a finite numbers of
half-lines of the plane with a single common point. Such a domain is referred to as a
junction and the common point is called the junction point. Our motivation comes from
traffic flows. For this reason, it is natural to impose different dynamics on each branch of
the junction. Consequently, the resulting Hamiltonian is by nature discontinuous at the
junction point. Together with the singularity of the domain, this is the major technical
difficulty to overcome. The analysis relies on the complete study of some distance function
related to the optimal control interpretation of the equation [39, 19].

We first present the problem and the main results in details. Then we recall existing
results and compare them with ours.

1.1 Setting of the problem

In this subsection, the analytical problem is introduced in details. We first define the
junction, then the space of functions on the junction and finally the Hamilton-Jacobi
equation.

The junction. Let us consider N > 1 different unit vectors e; € R? fori = 1,..., N. We
define the branches

Ji=1[0,400) - e;, Jr=J\{0}, i=1,. N

and the junction (see Figure 1)

J= U J.

i=1,..,N

The origin x = 0 is called the junction point. For a time T' > 0, we also define
Jr=(0,T) x J.

The reader can remark that we chose to embed the junction in a two-dimensional Euclidian
space. But we could also have considered an abstract junction, or we could have embedded
it for instance in a higher dimensional Euclidian space. We made such a choice for the
sake of clarity.

Space of functions. For a function u : Jp — R, we denote by ! the restriction of u to
(0,T) x J;. Then we define the natural space of functions on the junction

C:(JT) = {U S Liploc(JT)a ui € Cl((O,T) X ‘]Z) for i= ]-7 S N}
where Lip,,.(Jr) denotes the space of locally Lipschitz continuous functions defined in Jr.
In particular for v € C}(Jr) and x = z;¢; with z; > 0, we define

w(t, ) = —u(t,xiei) and ul(t,z) = —u(t,xiei).



Figure 1: A junction

Then we set ‘
ug(t,x) = ul(t, x) if x#0,

ue(t,0) = (Wi (t,0)),o0.n  if z=0.

.....

HJ equation on the junction. We are interested in continuous functions w : [0,7") x
J — R which are viscosity solutions (see Definition 2.2) on Jr of

u+ H(x,u,) =0 (1.1)
submitted to an initial condition
u(0,z) = ug(x), =€ (1.2)

Because of the optimal control problem we have in mind (see Subsection 1.1 below), we
restrict ourselves to the simplest case of discontinuous Hamiltonians; precisely, we consider

Hi(p) for peR if zeJ;
~vH (p)) for p=(p,...,pn) ERY if =0

H(z,p) :{

where H,; are convex functions and

H; (pi) = sup (pig — Li(q)) (1.3)

q<0

where L; = H} is the Legendre-Fenchel transform of H;. We recall that it is defined for
p € R by
H; (p) = sup (pq — Hi(q))

q€eR
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and that
H; = L. (1.4)

Therefore we can rewrite equation (1.1) as follows

{ u@ + Hl(uzx) =0 on (07T> X Jz* for = 17 -"7N7 (1 5)

u +max;—; y H, (ui)=0 on (0,7)x {0}.

The optimal control framework. In this paragraph, we give an optimal control in-
terpretation [33, 6, 4] of the Hamilton-Jacobi equation. We define the set of admissible
controls at a point x € J by

Re;, it xeJ;

20’

~RTe; if z=0.

=1,...,

For (s,y), (t,z) € [0,T] x J with s < ¢ (the case s = ¢ being trivial and forcing y = x), we
define the set of admissible trajectories from (s,y) to (t,x) by

X(r)eJ for all 7 € (s,t),
A(s,y;t, ) = X e Whi([s,¢;R?*) : | X(7) € A(X(7)) forae. 7€ (s,t) p. (1.6)
X(s)=y and X(t) ==z

For P = pe; € A(x) with p € R, we define the Lagrangian on the junction

wan- {1 4 s e

with

1.2 Main results

We make the following assumptions:
(AO0) The initial data wg is Lipschitz continuous.

(A1) There exists a constant v > 0, and for all i = 1, ..., N, there exists C*(R) functions
L; satisfying L7 > ~v > 0, such that (1.4) and (1.3) hold.

Theorem 1.1. (Existence and uniqueness) Assume (A0)-(A1) and let T > 0. Then
there exists a unique viscosity solution u of (1.1)-(1.2) on Jr in the sense of Definition 2.2,
satisfying for some constant Cr > 0

\u(t,x) —uo(z)| < Cp  forall (t,x) € Jr.

Moreover the function u is Lipschitz continuous with respect to (t,x) on Jr.



On one hand, we will see below that the existence of a solution can be obtained with
Perron’s method under weaker assumptions than (Al) (see Theorem 2.6). On the other
hand, we are able to get uniqueness of the solution only under assumption (A1) and this
is a consequence of the following result:

Theorem 1.2. (Comparison principle) Assume (A0)-(A1). Let T > 0 and let u (resp.

v) be a subsolution (resp. a supersolution) of (1.1)-(1.2) on Jr in the sense of Defini-

tion 2.2. We also assume that there exists a constant Cr > 0 such that for all (t,x) € Jr
u(t,x) > —Cp(1+ |z|) (resp. wv(t,x) < Cr(1+|z])).

Then we have u < v on Jr.

In order to prove this strong uniqueness result, we will use in an essential way the value
function associated to the optimal control problem described in Subsection 1.1: for ¢ > 0,

t
oclt, = inf L(X ,X d 1.8
wnltr) = it S+ [ 200 Xir (19)
where L is defined in (1.7) and A(0, y; ¢, z) is defined in (1.6).

Theorem 1.3. (Optimal control representation of the solution) Assume (A0)-(A1)

and let T > 0. The unique solution given by Theorem 1.1 1S U = Upe With Uye given in
(1.8). Moreover, we have the following Hopf-Lax representation formula

tae(t ) = inf {uo(w) + 100 (3. 7) | (1.9)

with

Do(w,y) =  inf ){/01 L(X(T),X(T))df} .

XeA(0,y;l,x
The comparison principle is obtained by combining

e a super-optimality principle for surpersolutions v, which implies v > w,;

e a direct comparison result with subsolutions u, which gives u,. > u.

We finally have the following result which shed light on the role of the junction condition
(see the second line of (1.5)).

Theorem 1.4. (Comparison with continuous solutions outside de junction point)
Assume (A0)-(A1) and let T > 0. Let u € C([0,T) x J) be such that u(0,-) = ug and for
each i € {1,..., N}, the restriction u* of u to (0,T) X J; is a classical viscosity solution of

ul + Hy(ul) =0 on (0,T) x J;.
Then u is a subsolution of (1.1)-(1.2) on Jr in the sense of Definition 2.2, and u < Ug.

An immediate consequence of Theorem 1.4 is the fact that the optimal control solution
Uye 18 the maximal continuous function which is a viscosity solution on each open branch.

We apply in Section 6 our HJ approach to describe traffic flows on a junction. In partic-
ular, we recover the well-known junction conditions of Lebacque (see [30]) or equivalently
those for the Riemann solver at the junction as in the book of Garavelo and Piccoli [24].
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1.3 Comments

We already mentioned that the main difficulties we have to overcome in order to get our
main results are on one hand the singular geometry of the domain and on the other hand
the discontinuity of the Hamiltonian.

Discontinuity. There is an important literature concerning Hamilton-Jacobi equations
with discontinuous coefficients; see for instance [7, 47, 5, 41, 35, 15, 8, 9, 44, 46, 13, 11, 45,
17, 16]. There are also many results concerning scalar conservation laws with discontinuous
flux functions; see for instance [38, 3, 12| and references therein. But there are very few
results (if any) building bridges between these two kinds of results.

Networks. As it is explained in [12] for instance, the study of traffic flows on networks is
an important source of problems for scalar conservation laws with discontinuous coefficients
24, 18]. The study of Hamilton-Jacobi equations on networks is more recent; the reader
is referred to [1, 37] and references therein. To the best of our knowledge, comparison
principles in such a setting were only proved for continuous Hamiltonians up to now.

The optimal control interpretation. As explained above, the comparison principle
is proved by using in an essential way the optimal control interpretation of the Hamilton-
Jacobi equation. The use of representation formulas and /or optimality principles is classical
in the study of Hamilton-Jacobi equations [34, 42, 43, 25, 26]. More specifically, it is also
known that a “metric” interpretation of the Hamilton-Jacobi equation is fruitful [39]. Such
an interpretation plays a central role in the weak KAM theory [19].

As far as our problem is concerned, we are not able to adapt the classical viscosity
solution approach to get uniqueness (doubling variables techniques). On the contrary, we
get it by proving e.g. a super-optimality principle (see the discussion above) and by using
representation formulas in the spirit of the works cited above.

We would like next to be a bit more precise. The technical core of the paper lies in
Theorem 3.4. This result implies that the function

D(S,y;t,x):(t_s)po< y @ )

t—s't—s

is semi-concave with respect to (t,z) and (s,y) and, if there are at least two branches
(N > 2), that D satisfies
Dy+ H(x,D,) =0,
{ -Ds+H(y,—D,) =0

(in a weak sense made precise in the statement of Theorem 3.4). In the case where the
Lagrangians coincide at the junction point (L;(0) = ... = Ly(0)), it turns out that the
restriction D} (y, ) of Dy to J; x J; belong to C(J; x J;) and is convex. A more general
case is considered in this paper: Lagrangians can differ at the junction point and in this
case, the functions D}’ are not convex nor C'' anymore for some (i, j).
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Viability and state constraints. We would like to make a final comment: in view of
the geometric framework we chose, we see that the problem under analysis has to do with
state constraints problems [40, 29, 14, 28]; indeed, the trajectories of the dynamical system
are constrainted to stay on the junction. Similarly, our problem is related to the viability
theory [2, 20, 21, 22, 23]. However, we did not use this approach/these techniques here.

Generalization and open problems Eventually, we briefly mention natural general-
izations of our results and some important open problems. First of all, it is natural to
let Hamiltonians H; depend on the space variable x. It is also natural to consider general
networks by considering several junction points. We believe these generalizations can be
achieved but this could be very technical. Dealing with non-convex and/or non-coercive
Hamiltonians is quite challenging and some intermediate conditions should probably be
imposed. For instance, the controllability of the underlying dynamical system ensures that
we can work with continuous viscosity solutions.

1.4 Organization of the article

In Section 2, the definition of (viscosity) solutions is made precise. In Section 3, the first
important properties of optimal trajectories are given. Section 4 is devoted to the proof of
the main results of the paper. In particular, the comparison principle is proved by proving
a super-optimality principle and by comparing subsolutions with the solution given by
the optimal control interpretation of the equation. Section 5 is devoted to the proof of
the technical core of the paper, namely the existence of test functions for the “distance
function” associated with the optimal control interpretation.

1.5 Notation

Distance and coordinates in the junction. We denote by d the geodesic distance
defined on J by

d(z,y) |z — y if x,y belong to the same branch J; for some i,
wY = lz| +]y| if z,y do not belong to the same branch.

For z € J, B(xz,r) denotes the (open) ball centered at x of radius . We also consider balls
B((t,x),r) centered at (t,z) € (0,+00) x J of radius r > 0. For z € J, let us define the
index i(z) of the branch where z lies. Precisely we set:

. . ’io if =z c Ji*7

Z(“"){ 0 if z=0
Up to reordering the indices, we assume that there exists an index ky € {1,..., N} such
that

Lo(0) = L1(0) = - - = Ly (0) < Ly11(0) < -+ < Ly(0). (1.10)
We also set
I():{]_,..,k}()} and ]N:{l,,N}



Functions defined in J2. For a function ¢ defined on J x J, we call ¢ its restriction
to J; x J;. Then we define the space

CHI?) ={peCJ?), ¢?eC'JxJ;) forall i,jely}.

We also call for x = z;e; with ; > 0 and y = y;e; with y; > 0

A 9 . o
Oupla,y) = 5—¢"(ziei,y)  and 5§¢(x,y)=a—y¢’](x7yj€j)
7 J
and
a“‘)(x’w_{ Orp(®,9)iey, n i =0
and similarly
dM(z,y) if yelJr,
Oyp(x,y) =< (4 : ‘
v (o) { @@ y),., y i y=0

We also set '
{ 20pp(x,y) = wi0yp(x,y)  if @€ Jj,
youp(z,y) = y;0p(z,y)  if yeJ;

2 Viscosity solutions

In this section, we consider a weaker assumption than (A1l). We introduce the following
assumption:

(A1’) For each i€ Iy,

e the function H; : R — R is continuous and

lim H;(p) = 4o0;

|p|—+o00

e there exists p) such that H; is non-increasing on (—oo,pj] and non-decreasing on
[Py, +00);

When (A1) holds true, the function H; is defined by H; (p) = inf,<o H;(p + ¢). We now
make the following useful remark.

Lemma 2.1. Assumption (A1) implies assumption (A1’).



2.1 Definition of viscosity solutions

In this subsection, we give equivalent definitions of viscosity solutions for (1.1). We give
a first definition where the jonction condition is satisfied in “the classical sense”; we then
prove that it is equivalent to impose it in “the generalized sense”.

We give the definition of viscosity solutions for (1.1) in terms of test functions by
imposing the junction condition in the classical sense. We recall the definition of the upper
and lower semi-continuous envelopes u* and u, of a function w : [0,7T") x J:

uw*(t,x) = limsup u(s,y) and w.(t,x) = liminf u(s,y).
(s,:y)—=(t,2) (s,:y)—(t,2)

Definition 2.2. (Viscosity solutions) A function u:[0,7T) x J — R is a subsolution
(resp. supersolution) of (1.1) on Jr if it is upper semi-continuous (resp. lower semi-
continuous) and if for any ¢ € CL(Jr) such thatuw < ¢ in B(P,r) for some P = (t,x) € Jr,
r > 0 and such that u = ¢ at P € Jr, we have

¢t(t7x) + H(l’,¢$(t7l’>) S 0 (7”68]?. 2 0)7
that is to say

o ifx € J, then
Oi(t,x) + Hi(pp(t, ) <0 (resp. > 0);

o ifx =0, then
61(1,0) + max H (64(,0)) SO (resp. >0 2.1)
A function u : [0,T) x J — R is a subsolution (resp. supersolution) of (1.1)-(1.2)
on Jr if it is a subsolution (resp. supersolution) of (1.1) on Jp and moreover satisfies
u(ov ) < ug (resp. U(O, ) > UO)'
A function u : [0,T) x J — R is a (viscosity) solution of (1.1) (resp. (1.1)-(1.2))
on Jr if u* is a subsolution and u, is a supersolution of (1.1) (resp. (1.1)-(1.2)) on Jr.

Proposition 2.3. (Equivalence with relaxed junction conditions) Assume (A1’).
A function u : Jp — R is a subsolution (resp. supersolution) of (1.1) on Jr if and only if
for any function ¢ € C}(Jr) such that u < ¢ in Jp and u = ¢ at (t,z) € Jr,

o ifx c J, then
Ot ) + Hi(po(t,2)) <0 (resp. >0)

o if v =0, then either there exists i € I such that
0u(1,0) + Hi(¢,(1,0)) <O (resp. 2 0)

r (2.1) holds true.



Proof of Proposition 2.3. We classically reduce to the case where the ball B(P,r) is re-
placed with Jr.

The “if” part is clear. Let us prove the “only if” one. We distinguish the subsolution
case and the supersolution one. We start with supersolutions since it is slightly easier.

Case 1: supersolution case. We consider a test function ¢ € C!(Jr) such that u > ¢
in Jr and u = ¢ at (t,x). There is nothing to prove if z # 0 so we assume x = 0. We
have to prove that ¢;(t,0) + sup;c;, H; (¢4(t,0)) > 0. We argue by contradiction and we
assume that

¢4(t,0) + sup H; (¢%(¢,0)) < 0. (2.2)

i€ln

Then it is easy to see that there exists a function ¢ € Cl(Jr) such that ¢ > ¢ with
equality at the point (¢,0) and such that

GL(t,0) = min(¢L(t,0),p)) and  y(t,0) = ¢y(t,0). (2.3)

Notice that . .
Hi (¢5(1,0)) < Hi(9,(1,0)) < H (9,(t,0)). (2.4)
The first inequality is straightforward. To check the second inequality, we have to distin-
guish two cases. Either we have ¢ (t,0) < ¢.(¢,0), and then ¢’ (¢,0) = pi, and we use the
fact that the minimum of H;™ is H;(p}). Or ¢%(t,0) = ¢i(t,0) and then this common value
belongs to the interval (—oo, pj] on which we have H; = H, .
Since u > ¢ in Jp and u = ¢ at (£,0), we conclude that either

G(t,0) + sup H; (¢5(t,0)) >0

i€l
or there exists ¢ € Iy such that

In view of (2.3) and (2.4), we obtain a contradiction with (2.2).

Case 2: subsolution case. We consider a function ¢ € C'(Jr) such that v < ¢ in Jp
and u = ¢ at (t,x). There is nothing to prove if  # 0 and we thus assume = = 0. We
have to prove that ¢(t,0) + sup;c;, H; (¢%(t,0)) < 0. We argue by contradiction and we
assume that

¢i(t,0) + sup H; (¢L(¢,0)) > 0. (2.5)

ieln

In order to construct a test function ¢, we first consider I; C Iy the set of j’s such that

Hj (¢3,(t,0)) < sup Hy (¢,(t,0)).

i€ln

Since H; is coercive, there exists ¢/ > pl such that H;(¢’) = supery, Hi (¢4(t,0)).
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We next consider a test function ¢ € C!(Jp) such that ¢ < ¢ with equality at (¢,0)
and such that

T A LA R T R A )

Notice that for all j € Iy,

H;(¢(t,0)) > sup H; (¢4,(t,0)) = sup H; (¢},(£,0)) (2.7)
’iEIN ’iEIN
where for the inequality, we have in particular used the fact that H; is non-decreasing on
[po, +00). i
Since u < ¢ in Jr and u = ¢ at (¢,0), we conclude that either

i(t,0) + sup H; (¢%(t,0)) < 0

i€ln

or there exists j € Iy such that

¢(t,0) + Hj(¢2(¢,0)) < 0.

In view of (2.6) and (2.7), we obtain a contradiction with (2.5). This ends the proof of the
Proposition. O

Proposition 2.4. (Continuity implies the subsolution property at the junction
point) Assume (A1) and let T > 0. Let u: Jp — R be upper semi-continuous such that
for each i € Iy, the restriction u’ of u to (0,T) x J; is a classical viscosity subsolution, i.e.
satisfies

ul + H;y(ut) <0 on (0,T)x J;.

If moreover u (as a function on Jr) is continuous on (0,T) x {0}, then u is a subsolution
of (1.1) on Jr in the sense of Definition 2.2.

Proof of Proposition 2.4. Let us consider a function ¢ € C!(Jr) such that v < ¢ with
equality at (t,0) with ¢, € (0,7). Up to modify ¢, we can always assume that the
suppremum for u — ¢ is strict (and reached at (¢,0)). For n = (n,...,nn) € (RT)Y, we set

M,=  sup (u(t,az’) — bt x) — i) .

(t,x=zjej)edr
Because u is continuous at (¢, 0), we get for n € (R} )™ that
]\4}7 — MO
as soon as one of the component 7;, — 0. (2.8)

(t", ") — (to,0)

where (¢, ") € Jr is a point where the suppremum in M, is reached.

11



Moreover given the components n; > 0 for j € Iy\ {ip}, we can use (2.8) in order to
find 7;, > 0 small enough to insure that 2" € J; . Then we have in particular the following
subsolution viscosity inequality at that point (¢7, z"):

Tig
¢ + H,, (¢x - —’an) <0
Therefore passing to the limit 7;, — 0, we get

¢+ Hi (¢020) <0 at  (to,0).

Because this is true for any index ig € Iy, we finally get the subsolution viscosity inequality
at the junction: .
o+ m?XHi_(gb;) <0 at (t,0).
1elN

This ends the proof of the proposition. O

2.2 Stability results

In view of Proposition 2.3, the following stability results are classical in the viscosity
solution framework. See for instance [6].

Proposition 2.5. (Stability) Assume (A1’) and let T > 0.

o Consider a family of subsolutions (resp. supersolutions) (ua)aca of (1.1) on Jr such
that the u.s.c. (resp. l.s.c.) envelope u of

SUp Ug (resp. inf ug)
acA a€cA

is finite everywhere. Then u is a subsolution (resp. supersolution) of (1.1) on Jp.

o Consider a family of subsolutions (resp. supersolutions) (uc)ec(o1) of (1.1) on Jr
such that the upper (resp. lower) relaxed semi-limit u is finite everywhere. Then u
is a subsolution (resp. supersolution) of (1.1) on Jr.

2.3 Perron’s method

In this subsection, we explain how to construct a solution of (1.1)-(1.2) by using Perron’s
method which is the classical way to get existence in the viscosity solution framework. In
the next section, we will construct a solution by considering an associated optimal control
problem.

Theorem 2.6. (Existence) Assume (A0)-(A1’) and let T > 0. Then there exists an
upper semi-continuous function u : [0,T) x J — R which is a viscosity solution of (1.1)-
(1.2) on Jr and satisfies

lu(t,z) —uo(z)| < Ct  for (t,z) €[0,T)xJ

12



Proof of Theorem 2.6. We first consider u*(t,z) = ug(z) £ Ct. We claim that for C large
enough, u™ (resp. u™) is a supersolution (resp. subsolution) of (1.1) on Jr. Indeed, it is
enough to choose C' such that

> max H;(p) and —-C< min H;  (p).
 d€ln,Ipl< ][ Duolloo i) T ieln|pl<[Duofle " )

The following is quite classical. We consider the set of all subsolutions lying between u~
and ut,

S={v:[0,T)xJ—=>R: u <v<u", v subsolution of (1.1) on Jr};

we then consider the upper-semi continuous envelope u of sup,,.s v. Notice that u = ug(z).

Proposition 2.5 implies that w is still a subsolution of (1.1) on Jp. Moreover, it is
maximal. Notice also that the initial condition is satisfied: u(0,2) = u.(0,z) = uo(z).

We next assume by contradiction that the lower semi-continuous envelope u, of u is
not a supersolution at (¢, 0) with ¢y € (0,7") (otherwise the raisoning is classical outside
the junction point). Using the equivalence of the definition of viscosity supersolution with
relaxed junction conditions (see Proposition 2.3) we can assume that there exists a function
¢ € CY(Jr) such that u, > ¢ on a neighborhood of (¢, 0) with equality at (¢y,0) and

Ge(to, 0) + sup;er, H; (4L (t,0)) <0,

¢y (to, 0) + Hy(¢% (to,0)) < 0 for all i€ Iy

Our goal is to construct a bump function () to contradict the maximality of u. We define
for x = x;e; with x; > 0 and small d,e > 0

Q(t, x) = u.(to, 0) + (pi— )i+ At —to) +d—elt—to| with p; = ¢ (t0,0), A= ¢i(to,0)

Then it is straighforward to check that ) is a subsolution in B((to,0),r) for all0 < r < r(e)
with 7(e) > 0 small enough. On the other hand, we have

o(t, ) > uu(to, 0) + pix; + At — to) + o[t — to] + |z4]).
Therefore
u(t, ) = ¢(t, x) = Qt, x)—=0+e(|ai|+|t—to|)+o([t—to|+|xzi]) > Q(t,z) on  B((to,0),7)
for 0 < 0 < (e, r(e)) small enough. Then we consider (with r < ()

max (u, Q) on B((to,0),r)

=g
I

U on ([0,T) x J)\B((to,0),7)

It is straightforward to check that @ is a subsolution. It is then easy to check that we do
not have @ < u for § > 0. Thererefore @ is a subsolution which is bigger than the maximal
subsolution u at some point. Contradiction. This ends the proof of the Theorem. O]
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3 Study of the optimal control solution

In this section, we prove a few properties related to the following “optimal control solution”
fort >0

Upe(t, ) = inf {uo(y) + /Ot L(X(7), X(T))dT} (3.1)

yed, XeA(0,y;t,x)

We will prove in the next Section that this is the solution of (1.1)-(1.2). Let us define the
action

EH(X) = / LX(r), X(7))dr.

3.1 The minimal action D

Then it is convenient to introduce the following minimal action: for s < t

D it,x) = inf &YX 3.2
(s,y3t,2) = nf J(X) (3.2)
and for s =t
. /0 it y=ux,
Then, by definition of D, we can rewrite u,.(t,z) for (t,z) € [0,T) x J as
uOC(tvx) = 125 {Ug(y) +D<O,y,t,$)} ' (33)
y
We also recall that we set
Dy(y,z) =D(0,y; 1, x). (3.4)

Then we have the following result

Lemma 3.1. (Bound from below on D) Assume (A1). For all x,y € J and s < t, we
have

D(s,y;t,x):(t—s)D()( A ) (3.5)

t—s't—s

2 : o %
> o= s)d(y, x)* = Co(t —s) with Cp:=max(0,—Lo(0) + 7) (3.6)

where v appears in (A1), vo = max;ery |L;(0)| and Lo(0) is chosen as in (1.10).

Proof of Lemma 3.1. On the one hand, equality (3.5) follows from the fact that the La-
grangian L is independent on time, and by a simple change of variable. One the other
hand, we have

Li(p) > 3p*+ Li(0)p + Li(0)
> 30* = 70lpl + Lo(0)
> 3p* + Lo(0) — ¢
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where we have used Young’s inequality to bound 7|p|. This shows that
Li(p) = 7"~ Co. (3.7)

Thus we can write

/ L(X(T),X(T)) dr > —Co(t — s) + %/ (X(7‘))2 dr. (3.8)

Then Jensen’s inequality allows us to conclude to (3.6). This ends the proof of the Lemma.
O

Lemma 3.2. (Optimal trajectories are piecewise linear) Assume (A1). Forallxz,y €
J and s < t, let X € A(s,y;t,x) be an optimal trajectory, i.e. such that D(s,y;t,z) =
EYX). Then X is continuous and we have two cases:

e Fither it i1s a “gunction” trajectory: there exists T, satisfying s < 1 < 175 <t
such that X = X, ;, with

5 (r—m)  for TEs,m)
Xnn(m)=2 0 for 1€ [m, 7 (3.9)
— (1 — 1) for T € (m,t]

with 7, = s if and only if y =0, and 75 =t in and only if xt = 0. Moreover we have
5§(Xn,r2) = 61(7—17 y) + 62<7—27 ZL’)

with more generally for s <7 <1 <t

( Yj — e
er(m,y) = (n =), <_T115> = 1Lo(0), Jor y =yse; 70,
—sLo(0), for y=20
(3.10)
es(7a, 1) = (t — 1)L (t,;2> +72Lo(0),  for x=me; #0,
\ tLo(0), for =0
with the convention
0L (ﬁ)_ 0 if z; =0,
N0/ 7 | 400 if oz e R\{0};
e or it is a “straight line” trajectory: We have
X(T):y—l—atj_y(T—s) for T € ls,t] (3.11)
—s

and

EUX) = (t—s)L; (:cz — yi) with © = xe;, Y= y;6;.

t—s
Notice that this last case (3.11) can only occur if y and x belong to the same branch
JI for some i € Iy.
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Moreover given y,x € J, s < t, there is at most one optimal trajectory of type (3.9) and
one optimal trajectory of type (3.11).

Proof of the Lemma 3.2. The proof proceeds in several steps.

Step 1: comparison with piecewise linear trajectories. We recall that

L(p— po)2. (3.12)

Li(p) > Li(po) + Li(po)(p — po) + 7

CASE A: X((t1,t2)) C J;. We assume that a curve X stays in one of the branch J; on the
time interval (t1,t2) with ¢; < t9, and let us consider the curve X with same end points

X(t1) and X (t3) in J; but linear. Then we deduce with poe; = X and pe; = X (1) that

b2 . b2 ~ K 2| 2

/ L(X(7), X(7))dr > / L(X(7), X (7))dr + %/ | X (1) — X(7)|*dr. (3.13)
t1 t1 t1

CASE B: X([t1,t5]) € J; WITH X(t1) = X (t3) = 0. In that case, let us set X(7) = 0 for

T € [t1,t2]. Using (3.12) with pp = 0 and the definition of Ly as a minimum of the L,’s

(see (1.10)), we get that

Li(p) > Lo(0) + Li(O)p + 3p°

from what we deduce that (3.13) still holds true.

CASE C: THE GENERAL CASE. By assumption, we have X € A(s,y;t,z) C C([s,t]). We
then distinguish two cases. Either 0 ¢ X([s,#]), and then we define X as in (3.11). Or 0 €
X([s,t]), and then we call [1y, 7o) C [s,t] the largest interval such that X(m) = 0= X (),
and define X as in (3.9). Using again the continuity of X, we can find a decomposition of
[71, 2] as a disjoint union of intervals Z; (with an at most countable union)

(71, T2 UIk

such that for each &

X(Zy) C J;, for some iy € Iy,

X =0 on 0Z,.

Using Case A or Case B on each segment Z, we deduce that

EYX) > ENX /\X (7)|?dr.

Step 2: minimizing among piecewise linear curves. This shows that if X*is a
minimizing sequence, then we can replace it by a piecewise linear curve X* of one of the
two types (3.9) or (3.11), such that

Ed(X") < £1(xY)
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where the inequality is strict if X* # X*. Notice also that from (3.8), the sequence (X*),
is bounded in H'((s,t); R?). This implies that we can easily pass to the limit and proves
the existence of a minimizer X € A(s,y;t,x) of type (3.9) or (3.11), i.e. the existence of
an optimal trajectory.

Step 3: minimizers are piecewise linear. The same argument as the one of Step 1
applies to minimizers and show that they have to be piecewise linear, and then of one of
the two types (3.9) or (3.11). The uniqueness of the optimal trajectory of type (3.9) follows
from the strict convexity of the functions e; and e; respectively in 73 and 7. This ends
the proof of the Lemma. [

Lemma 3.3. (Lower semi-continuity of D) Assume (A1). Then
o the map (s,y;t,x) — D(s,y;t,x) defined in (3.2) for s < t, is lower semi-continuous;
e D(s,y;t,x) is finite for s < t;
e D(s,x;t,x) = 0 as s — t with s < t uniformly in (t,z) € R x J.
Proof of the Lemma 3.3. We first write
D = min(D*, D)
with D?, D’ are two lower semi-continuous functions defined as follows

Ds,y;t,x) = inf  {ei(m,y) + ea(m,x)} (3.14)

0<7m<12<1

where e; and ey are two lower semi-continuous functions defined in (3.10), and

(t—s)Li (522) if (y,z) € JA{0}?,
Db(s,y;t,2) =4 (t — s)Lo(0) if y=0=uz, (3.15)

+00 otherwise.

Moreover D(s,y;t,z) and D(s,y;t, x) are finite for s < ¢.
Given A > 0, we consider the function defined for (7,y) € (0, A] x J by

_ TLi(—%) if y=ye; #0
9(r,y) = { TLo(0) if y=0

and for 7 = 0 by

400 if 0,
“Qm:{o ﬁgiu

We only have to check the lower semi-continuity at points (7,0) with 7 € (0, A] and (0, y)
for y € J, because it is clear for the other values of (7,y), because of the continuity of the
Li’S.
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CASE 1: (7,0) wiTH 7 € (0, A]. The lower semi-continuity of g at points (7,0) for 7 > 0,
follows again from the continuity of the L;’s and the fact that Ly(0) < L;(0).

CASE 2: (0,y) FOR y € J. The lower semi-continuity of g at points (0, y) follows from the
inequality for 7 > 0 (consequence of (3.7)):

2
9(1.y) > %'y% — Cor.

This implies that ¢ is lower semi-continuous on [0, A] x J. We deduce that the map
(s,71,y) — ei(7,y) is lower semi-continuous (see the definition of e; in Lemma 3.2).
Proceeding similarly for e;, we conclude that the function

G(71, 7258,y t, ) = e1(71,y) + ex(72, 7)
is lower semi-continuous for y,x € J, s <t and 0 < 71 < 79 < 1. Therefore the function

DYs,y;t,x) = inf  G(m,7;s,y;t,x)

0<71<12<1

is also lower semi-continuous. On the other hand DP? is also lower semi-continuous. From
Lemma 3.2, we deduce that
D = min(D*, D)

which is also a lower semi-continuous function. Moreover G(s,y;t,x;7,72) < +oo for
s <1 < 7 <tand then D(s,y;t,z) < 400 for s < t. From (3.6), we deduce that
D(s,y;t,x) is finite for s < ¢.

To prove that D — 0 as s — t, s < t, we simply write for x € J;:
D(s,z;t,2) < D(s,a;t,0) = (t —5)L;(0) = 0 as s— L.
On the other hand (3.6) implies D(s,z;t,z) > —Co(t — s). This ends the proof of the

lemma. O]

3.2 The key property of D

The following result can be considered as the core of our analysis; it will be proved in the
Section 5.

Theorem 3.4. (Key inequalities for D) Consider (s, yo) and (to, xo) € (0,T) x J with
so < to. Then there exist two functions ¢, € Cl(Jr) and r > 0 such that

e ¢ > D(s0,Yo;", ) on a ball B(FPy,r) with equality at Py = (to, x¢) and

(bt + H(SE'(), be) 2 0 at (to, 513'0). (316)
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e ) >D(-,;tg, o) on a ball B(Qo,r) with equality at Qo = (So,Yo) and
)

_ws + H(y()) _wy S 0 a’t (S(]?yo) Zf N 2 27 (3 17)
—s + Hi(—1y) <0 at  (so,%0) if N=1 '
Moreover, for all R > 0, there exists a constant C'r > 0 such that we have
d(yo,v0) <R = [¢u(to, x0)| + [10y(50,%0)| < Ckr. (3.18)

Remark 3.5. As we shall see when proving this result, we can even require equalities
instead of inequalities in (3.16) and (3.17).

3.3 The optimal control represention of the solution
Lemma 3.6. (Properties of wu,.) Assume (A0)-(A1). Then the function u,. defined in
(8.1) satisfies

[Uoe(t, ) — up(z)| < Ct.

Proof of the Lemma 3.6. We first get a bound from below. Using (3.6), we deduce (denot-
ing by L,, the Lipschitz constant for u):

ug(y) +D(s,y;t, ) > up(w) + L (d(y, r))? — Cot — Lyyd(y, x)

2 Uo(l’) — Cgt

with
—Cy = inf {%aQ —Cy — Luoa} > —o0.

a€[0,+00)
This implies that
Uoe(7) > ug(z) — Cat.

We next get a bound from above. We have
Uoe () < ug(x) + D(0, 25t ) < ug(x) + Mt

with
M = sup L;(0).

i€ln

This ends the proof of the lemma. ]

Remark 3.7. (Dynamic Programming Principle) Under assumptions (A0)-(A1), it
is possible (and easy) to prove the following Dynamic Programming Principle: for allx € J
and s € [0,1],

Uoe(t, ) = ;25 {uoc(s,y) + D(s,y; t,2)} .

Notice that a super-optimality principle will be proved in Proposition 4.1.
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4 Proofs of the main results

In this section, we investigate the uniqueness of the solution of (1.1)-(1.2). In particular,
we will show that the solution constructed by Perron’s method coincide with the function
Uy coming from the associated optimal control problem.

4.1 Supersolutions and super-optimality

In this subsection, we will show that a supersolution satisfies a super-optimality principle.
For the sake of clarity, we first give a formal argument to understand this claim. We
consider the auxiliary function, for s <,

Uz(s) = ;réﬁ{u(s, y) + D(s,y;t,x)} (4.1)

and we are going to explain formally that it is non-decreasing with respect to s as soon
as u is a supersolution of (1.1). We call this property a super-optimality principle. Notice
that this is strongly related to the fact that the quantity U, .(s) is constant in s if u is
equal to the optimal control solution ..

Assume that the infimum defining U is attained for some ¢ € J. Then we write

Ui (s) = 0Osu(s,y) + 8;D(s, i t,x)
aﬂﬂu(sv g) = _ayD(Sa g) ta ZL‘)

Moreover assuming D to be smooth (which is not the case), we formally get from (3.17)
the fact that 0,D(s,y;t,x) > H(y, —0,D(5,y;t,x)) (at least in the case N > 2). Hence

Ui .(s) > Osu(s, §) + H(, 0xu(s, 7)) > 0.

We thus conclude that U, , is non-decreasing if u is a supersolution of (1.1). We now give
a precise statement and a rigourous proof.

Proposition 4.1. (Super-optimality of supersolutions) Assume (A1). Letwu : [0,T)x
J — R be a supersolution of (1.1) on Jr such that there exists o > 0 such that for all
(t, SL’) € Jr,

u(t,z) > —o(1l+d(z,0)) (4.2)

Then for all (t,x) € Jpr and s € (0,1,

ult,2) = inf {u(s, ) + Dls. yit, )} (4.3)

Assume moreover (A0) and that u is a supersolution of (1.1)-(1.2) on Jr. Then we have
U > Upe on [0,T) x J.
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Proof of Proposition 4.1. The proof proceeds in several steps.

Step 1: preliminary. Notice first that from (3.6), we get

u(s,y) +D(s,y;t,x) >

> f ) = Golt = 5) — o1+ Jy),

Using the lower semi-continuity of D (see Lemma 3.3), we see that the infimum in y of
this function is then reached for bounded y. Moreover by lower semi-continuity of the map
(s,y;t,x) = u(s,y) + D(s,y;t,x), we deduce in particular that the map (s;t,z) — U .(s)
(and then also s — U, ,(s)) is lower semicontinuous.

Step 2: the map s — U;,(s) is non-decreasing. We are going to prove that for
s € (0,t), U{ ,(s) > 0 in the viscosity sense. We consider a test function ¢ touching U; ,
from below at s € (0,t). There exists y such that

Ui2(5) = u(5,9) + D(5,9;t, 7).
We deduce from the definition of U, , that

QO(S) - D(S,y;tl’) - [90(5) - D(ga g;t,l’)] < U(S,y) - u(ga g)

By Theorem 3.4, there exists a test function ¢ such that ¢ > D(-,-;¢,z) on a ball B(Q,r)
with equality at Q = (5,%). Hence, we can rewrite the previous inequality by replacing D
with 1. We then obtain that (s,y) — @¢(s) — ¥(s,y) is a test function touching u at (s, 7)
from below. Since u is a super-solution of (1.1), we have in the cases N > 2 or N = 1 and
y#0

90/(§> Z ws(ga g) - H(gv —ay¢(§> g)) Z 0
and in the case N =1and y =0

90,(5) Z ws(‘i ?j) - Hf(—ay¢(§a g)) Z %(5; g) - Hl(_ay¢(§7 g)) 2 0

where we used the properties of the function ¢ given by Theorem 3.4.

Step 3: conclusion. Let us define for (¢,x2) € Jr the following kind of lower semi-
continuous envelope (for the past in time)

u(t, ) {(tn,mn)gﬁ,i?, tn<t}u( Tn)

Let us notice that we have

U, =u,=u on Jp. (4.4)

Given a point (t,z) € Jr, let us consider a sequence such that

u(t,z) = nginoo w(tn, Tn).

Then we have for any s < ¢, <t

Ut,xn (3> S Ut,xn (tn) S u(tna xn) + D(tn7 In, t, xn) — Q(ta x)
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where we have used the third item of Lemma 3.3. Therefore from the lower semicontinuity
of U, we get
Uiz(s) <ult,z).

Again from the lower semi-continuity of the map (¢,x) — U, .(s), we get passing to the
lower semi-continuous envelopes in (¢, z):

Una(s) < w,(t,2) = u(t,2)

where we have used (4.4). This shows (4.3) for 0 < s < ¢t. This is still true for s = t by
definition of D. The proof is now complete. ]

4.2 Comparison with subsolutions

Proposition 4.2. (Comparison with subsolutions) Let u : Jr — R be a subsolution
of (1.1)-(1.2) on Jr, such that there exists o > 0 such that for all (t,x) € Jr,

u(t,z) < o(l+d(z,0)). (4.5)
Then we have u < u,. on Jr.

In order to prove Proposition 4.2, we will need the following result that we first prove:

Lemma 4.3. (Bound from above on subsolutions) Assume (A0)-(A1). Letw : [0,T)x
J — R be a subsolution of (1.1)-(1.2) on Jr, satisfying (4.5). Then there exists a constant
C > 0 such that

u(t,z) <wug(x) +Ct  forall (t,z) € Jr. (4.6)

Proof of Lemma 4.3. Using the Lipschitz regularity of ug, we can easily consider a smooth
approximation v of ug such that u] > ug and |uj — ug|p(s) — 0 as 7 — 0. Then consider
the following supremum for n,a > 0

Nyo= sup {u(t,z) —uj(z) — Ct — ad(z,0)* — L}‘
(t,z)€[0,T)xJ T—1

We claim that N, , < 0 for some C large enough independent on 7, > 0 small enough.
The lemma will be obtained by letting o and 1 go to 0. We argue by contradiction
and assume that N,, > 0. Thanks to (4.5), the supremum N, , is attained for some
(t,z) € [0,T) x J. If t =0, we have N, , < 0. Therefore ¢ > 0 and we can use the fact
that u is a subsolution to obtain for z = z;e;

U n U

L _ A < N <

e +C ?é%}V{L](O) < 73 +C + H(z,0ul(z) + 2ax;) <0

where we have used assumption (A1) to estimate H from below. Notice that we have also
made use of a slight abuse of notation in the case = 0. Choosing C' = max;ey, |L;(0)]
allows us to conclude to a contradiction. This ends the proof of Lemma 4.3. ]
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We now turn to the proof of Proposition 4.2.

Proof of Proposition 4.2. The proof proceeds in several steps.

Step 1: preliminaries. Let us consider

M = sup {U(t, l‘) - uoc(tv J))} :
(t,2)€[0,T)x J

From Lemmas 3.6 and 4.3, we deduce that we have
M <2CT < +o0.

We want to prove that M < 0.
To this end, we perform the usual corrections considering the following supremum for
n,a >0

M,,=  sup {u(t, T) — Upe(t, ) — ad(x,0)* — L} ‘
(t,2)€[0,T)xJ T — ¢

As it is proved classically, we also have that M, , — M, as o — 0 where

M, o= sup {u(t, T) — Upe(t, ) — L} )
(t,z)€[0,T)x.J T—1

We argue by contradiction by assuming that M > 0 and then M, o > M/2 > 0 for n > 0
small enough and fixed for the rest of the proof.

Step 2: reduction to t > 0. Notice that the supremum M, , is achieved for points
(t,7) € [0,T) x J. Using again Lemmas 3.6 and 4.3, we also deduce that

MJ2 < Myo < My o+ 0a(1) < 2CF

and hence ¢ > 2L > 0 for a small enough.
Step 3: a priori bounds. Using the argument of Step 1 of the proof of Proposition 4.1,
we see that there exists y € J such that

Uoc(t, T) = uo(¥) + D(0,7; 1, Z).

Therefore we can rewrite M, . as

Myo= sup {ult, ) —uo(y) — D(0,y:t,z) — ad(z,0)* — _Tn_ iz

0<t<T,z,yeJ

and the supremum is achieved for (¢,z,%) € (0,T) x J?. Notice that this supremum looks
like the classical one for proving the comparison principle for viscosity solutions, with the
usual penalization term (y — )%/ replaced here by the function D(0,y;t, ).

In view of the bound (3.6) from below on D and (4.6), we derive from M, , > 0 that

TL—E + ad(Z,0)* + %d(g, 7)? < Cot + Ct + Ly d(7, 7)

23



where L,, denotes the Lipschitz constant of ug. We conclude that there exists Cp such
that
ad(z,0)* < Cr and  d(7,2) < Cr (4.7)

where Cr depends on T', Cy,C, L,, and 7.
Step 4: getting the viscosity inequality. Since ¢ > 0, we have in particular that

u(t,x) — (D(0>y§t>$) +ad(z,0)* + TL_t>

< u(t,z) — (D(O, 91, %) + ad(z,0)* + —Tn_ t) '

By Theorem 3.4, there exists a test function ¢ such that ¢ > D(0,7;-,-) on a ball B(P,r)
with equality at P = (£,z). Hence, we can rewrite the previous inequality by replacing D
with ¢. We then obtain that (t,2) — @(t,z) + ad(z,0)? + 75 touches u from above at
(t,z) with £ > 0. We use next that u is a subsolution of (1.1) and get for = Z;e;

% + 6u(8,7) + H(Z, 62(1,7) + 2a3;) <0

where we have made use of a slight abuse of notation in the case £ = 0. On the other
hand, we have

therefore

On the one hand, from (4.7), we have 0 < ax; < v/aCr. On the other hand, we can use
(4.7) and (3.18) in order to conclude that

0.(t,7)] < C

for some constant C' which does not depend on a. We can now use the fact that the
Hamiltonians are locally Lipschitz continuous in order to get the desired contradiction for
« small enough. This ends the proof of the Proposition. ]

4.3 Proof of the main results
In this subsection, we prove the main results announced in the introduction.

Proof of Theorem 1.2. We simply apply Propositions 4.1 and 4.2 and get v < 4, < v
which implies the result. [

We now turn to the proof of Theorem 1.1.

Proof of Theorem 1.1. The uniqueness of the solution follows from Theorem 1.2. The exis-
tence were obtained in Theorem 2.6. We should next prove that it is Lipschitz continuous.
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Lemma 4.4. Assume (A0)-(A1). Let u be the solution of (1.1)-(1.2) on Jr given by
Theorem 2.6. Then u is Lipschitz continuous with respect to (t,x) on Jr.

The proof of Theorem 1.1 is now complete. O

Proof of Lemma 4.4. We first recall (see Lemma 2.1) that (Al) implies (A1’). We know
that the solution u = u* given by Theorem 2.6 satisfies for some constant C' > 0 and all
(t, I) € Jp,

lu(t, ) — uo(z)| < Ct.

From the comparison principle (Theorem 1.2), we deduce that © = u* < u, and then the
solution u = u* = wu, is continuous.
For hy > 0 small (with hy < T'), we now consider h € (0, hy) and

v(t,x) = u(t + h,x) — sup(u(h, ) — up(x)).
xzeJ
This new function satisfies in particular v(0,z) < wug(z). Therefore v is a subsolution of
(1.1)-(1.2) on Jr_p,. We thus conclude from the comparison principle that v(t, z) < u(t, x),
which implies
u(t+ h,x) <wu(t,x)+Ch forall (t,x) € Jr_p,.

Arguing similarly, we can prove that u(t + h,z) > u(t,z) — Ch. Because hy can be chosen
arbitrarily small, we conclude that w is Lipschitz continuous with respect to time on the
whole Jr.

Since u is a viscosity solution of (1.1), it satisfies in particular (in the viscosity sense)

for each 7 € In:
Hi(u,) <C on (0,T)x J;.

This implies that there exists a constant C' such that (in the viscosity sense)
lu| <C on (0,T) x J*".

It is then classical that this implies that u is Lipschitz continuous with respect to space
(see for instance the equivalence between viscosity solutions and solutions in the sense of
distributions [27]). This ends the proof of the lemma. O

Proof of Theorem 1.3. The fact that the solution is equal to u,. follows from the compar-
ison principle. The representation formula (1.9) follows from (3.3) and (3.5). O

Proof of Theorem 1.4. The fact that u is a subsolution follows from Proposition 2.4. The
inequality u < u,. then follows from the comparison principle. ]
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5 Study of the minimal action D,

In view of Theorem 1.3 and Lemma 3.1, the minimal action D defined by (3.2) turns
out to be a fundamental object in our analysis. This section is devoted to the proof of
Theorem 3.4. In view of (3.5), it is thus sufficient to prove the following one

Theorem 5.1. (Key equalities for Dy) Let us assume (A1). Then for all y,z € J,
the Do(y,x) is finite. It is continuous in J* and for all y,x € J, there exists a function
0o € CL(J?) such that oy > Dy on J?, vo(y,x) = Do(y, x) and we have

if v #0: (o — 200 — YOy0)(y, ) + H(x, 0rp0(y, x)) =0
ifx=0: (¢o— 2000 — Y9yo)(y,0) + supscr, H; (Ohpo(y,0)) =0

and if y # 0,

(o0 — 200 — yIyo)(y, ) + H(y, —0ypo(y, ) =0 (5.3)
and if y =0,
{ (0o — 2000 — YOy0)(0, ) + sup;cg, H;(—@Zwo((), x))=0 4if N>2 (5.4)
(0 — 0200 — YOy0)(0, ) + Hi(=0po(0,7)) =0 if N =1. '

Moreover, for all R > 0, there exists Cr > 0 such that for all x,y € J,
d(y,z) < R = |0x00(y, )| + |9y0(y, 2)| < Ck. (5.5)

Remark 5.2. If Iy = Iy, then we have Dy € C}(J?). This good case corresponds to the
case where all the L;(0)’s are equal.

Proof of Theorem 3.4. In view of (3.5), we set

w(s,y;t,ﬂf)z(t—swo( vy @ )

t—s't—s

Now for yg,zg € J and 0 < s¢g < ty < T, we define

o(t, x) = @(s0,y0;t,x) for (t,x) € (sg,+00) X J

and

P(s,y) = p(s,y;to, x0) for (s,y) € (—o0,tp) x J.

Without changing the values of ¢ (resp. ) in a ball B(Py,r) for some r small with
Py = (to, zo) (resp. in a ball B(Qq,r) for some r small with Qo = (so, %)) we can extend
it as a function ¢ (resp. ¥) in C}(Jr) such that

)
¢ > D(s0,Y0;+,-) (resp. ¥ >D(-,-5tg,0)) on Jp

and ¢ and v satisfy all the properties announced in Theorem 3.4. This ends the proof of
the theorem. O
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5.1 New functions

In view of Lemma 3.2, we recall that optimal curves are of two types: either they reach
the junction point, or they stay in a branch and are straight lines. This is the reason why
we introduce

Do(yv .T) = min (Dstr<y7 (I?), DJUD(yv HZ‘)) :

with )
Dstr(ywr) = L0<0) 1f Yy = 0 =7,
+00 otherwise.
and
Djun(?J, .T) - OST}I%EQSI {61(7-17 y) + 62(7—27 ZE)}

where, setting ¢ = 1 and s = 0 in (3.10), we get
( _ _&> _ — e
o1 (1, y) = { 71 L; ( - 71Lo(0),  for y=uyje; #0,

(5.6)

ea(rs, 7) = (1 —m)L; (122) + 1 Lo(0), for x=uxe; #0,
7 Lo(0), for =0

\

We will see below that Dj,, is either linear (Djyn—1in) or defined implicitely (Djun—imp)-
It will be defined implicitely when the minimum is attained for trajectories reaching the
junction point but without staying at it. Precisely, we define on one hand, for (y,z) € J?,

Djunfimp(y> 33') = 0%221 {61(7-7 y) + 62(7—7 :C)} . (57)

It is defined implicitely by e1(T'(y, z),y) + e2(T(y, x), z) where T'(y, ) is a (the) minimizer
(see Lemma 5.8 below for further details). On the other hand, we define for (y,z) € J7 x J*

Dl in(y: ) = =L5(& )y + Li(&)x + Lo(0). (5-8)

See Proposition 5.7 below for a precise statement.

5.2 Continuity of Dy

The aim of this subsection is to prove the continuity of Dj.
Lemma 5.3. (Continuity of Dy) The function Dy is continuous in C(J?).
In order to do so, we first prove the continuity of Djy.

Lemma 5.4. (Continuity of Dy,,) The function Dy, is continuous in C(J?).
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Proof of Lemma 5.4. We already know from Lemma 3.3 that Dj,, is lower semi-continuous
and finite. We now show that Dj,, is upper semi-continuous at any point (y,x). We have

Diun(y, ) = e1(11,y) + €x(m,2) with 0< 7 <7 <1

where we recall that 77 > 0 if y # 0 and 75 < 1 if  # 0. Moreover e;(71,0) = ¢1(0,0) =0
and es(19,0) = e3(1,0) = Lo(0).
We also consider a sequence (y*, z%) — (y, ), and we want to show that

Djun<yk> xk> S Djun(y7 ‘T) + Ok(l) (59)
This follows (and we will check it in the four cases below) from the inequality

Djun(yka $k) < 61(7{;’ yk) + 62(7—57 Ik)

with
( (71, 72) €(0,1) x (0,1) if (y,x) € J*x J*
(Iy*1, max(7y, [y*])) €10,1) x [0,1)  if (y,2) € {0} x J*
(T 75) = S
(min(7y, 1 — [2F]), 1 — |2F]) € (0,1] x (0,1]  if (y,z) € J* x {0}
L (19", 1 —[a*]) €0,1)>x(0,1) if (y,2) € {0} x {0}
Let us recall that
e; is continuous on (0, 1] x J* (5.10)
ey is continuous on [0,1) x J* (5.11)

Case 1: y € J;, x € J/. In this case, we have

er(r¥,y*) = ei(m1,y) because of (5.10)

and

ea(7y,2%) = ey(my, z)  because of (5.11)

Hence we conclude to (5.9).
Case 2: y =0, z € J7. We still have 75 — 75 and then

ea(T8, 2%) = ey(my, )  because of (5.11)
We also have (if y* € .J;)

el(T{gayk) < |yk|LJ <_|yk|

) — [y*[Lo(0) = 0 = e1(11,0) (5.12)

Hence we conclude to (5.9).
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Case 3: y € J;, x = 0. We still have 7 — 7 and then

er(11,y") — ei(m1,y) because of (5.10)

We also have (if 2% € .J;)

zF
eo(T8, 2®) < |aF|L; (\x;\) + (1 — |2*))Lo(0) — Lo(0) = ey(72,0) (5.13)
Hence we conclude to (5.9).
Case 4: y =0, z = 0. We deduce (5.9) from (5.12) and (5.13). O

We can now prove Lemma 5.3.

Proof of Lemma 5.3. Notice that for y = y;e; and © = z;e; we have

61(1,y)+62(1,$) if €T; =0
Djun(yax) S
e1(0,y) +e2(0,z) if y=0

and then
Djun(ywr) < Lz (mz - yz) if Yi = 0 or Xy = 0

Therefore for each ¢ € I, we have
Djun(y,x) S Dstr(ywr) for (y,-flj) € 6<Jz X Jl) = (Jl X {O}) U ({0} X JZ)
Therefore we have with y = y;e;, * = x;¢;

min(Dju, (v, ), Li(z; —vi))  for (y,z) € J; x J;

DO(yJ .CL’) =
Diun(y, x) for (y,z) € d(J; x J;)
and
Do(y, ) = Djun(y,z) for (y,z) € (J x J)\ ( U Ji x J;)
JEIN
This implies that Dy € C(J?) and ends the proof of the lemma. ]

The continuity of Djyn—imp Will be used later on.

) We have DY’

jun—imp

Lemma 5.5. (Continuity of Dﬁn_imp
Djjlll'n—imp € C<J] X J’L) ij S IO ori € Io.

e C((J; x J)\{0}*) and
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Proof of Lemma 5.5. We proceed as in the proof of Lemma 5.4.
We already know from Lemma 3.3 that e; and e; are lower semi-continuous, and then

is also lower semi-continuous on J; x J;. We now show that D;, ;. is upper

Dt

jun—imp
semi-continuous at any point (y,z) € (J; x J;)\ {0}* and also at (0,0) if j € Iy or i € I.
We have

Dﬁn—imp(@/a .CL’) =€ (7-7 y) + 62(7', $) with 0 S T S 1

where we recall that 7 > 0 if y # 0 and 7 < 1 if x # 0. Moreover e;(7,0) = €1(0,0) = 0
and ex(7,0) = e2(1,0) = Ly(0).
We also consider a sequence (y*,z%) — (y,z) with (y*,2%) € J; x J;, and we want to
show that
Dl (y*, %) < D (y,z) + ox(1) (5.14)

jun—imp jun—imp

This follows (and we will check it in the cases below) from the inequality

Dlnimp(y* ") < er(rh,y") + (7, 2¥)

with
(T € (0,1) if (y,x)eJrxJ; (case 1)
|y¥| el0,1) if (y,xz) € {0} x J¢ (case 2)
™m={ 1-|2% €(0,1] if (y,7) € J;rx{0} (case 3)

1— 2% € (0,1] if (y,x) € {0} x{0} and je€l, (cased)

L[] €[0,1) if (y,z) € {0} x{0} and i€l (case 47)
Case 1: y € J;, x € J/. In this case, we have
e (7%, 4") — e1(r,y) because of (5.10)

and

ea(T%, %) — ey(7,2) because of (5.11)

Hence we conclude to (5.14).
Case 2: y =0, z € J7. We have 78 — 0 = 7 and then

ea(T%, %) — ey(7,2) because of (5.11)

We also have

k
y.
€1<Tk,yk) < ‘yk|LJ <—|y—2’> — ’yk‘L()(O) — 0= 61(7', O) (515)
Hence we conclude to (5.14).
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Case 3: y € J;, x = 0. We still have 7% — 1 =7 and then

e (7%, 4") — e1(r,y) because of (5.10)

We also have
k

ex(r*,a%) < |2*|L, (%) + (1= [2)Lo(0) = Lo(0) = ea(r,0) (5.16)
Hence we conclude to (5.14).

Case 4’: y =0, 2 =0, j € [j. We have with 7F =1 — [2%| = 1 =17

%

e (7 yF) < TFL; < Tk> — 7FLo(0) — L;j(0) — Lo(0) = 0 = e1(1,0) = e;(,0)

We deduce (5.14) from (5.16).

Case 4”: y=0,2=0,1€ I
We have with 7% = || = 0 =17

eo(TF, ") < (1 = )L, (x—k) + 77 Lo(0) = L;(0) = Lo(0) = e5(0,0) = e5(7,0)

1—7k

We deduce (5.14) from (5.15). This ends the proof of the lemma. O

5.3 Study of Dj,,

In what follows, we will identify y; with y = y;e;, and also identify z; with 2 = z;e;. In
order to study Djun, we introduce the following function for [ € I,

Ki(§) = Li(§) — £Ly(§) — Lo(0).
Then we have the following result whose the proof is left to the reader:

Lemma 5.6. (Properties of K;) Assume (A1). Then for anyl € Iy, we have
Ki(§) 2 ~[¢] for &€ (=00,0)

K[(§) < —[¢]  for &€ (0,+00)

We define (K;)™! as the inverse of the function K, restricted to (—o0,0], and (K;")™! as
the inverse of the function K; restricted to [0,400). We set

& = (K)7(0)
Then we have

+&E=0 if 1€ I,

+&E >0 if 1€ lIn\l.
Moreover we have

Ki(§) = —H(Lj(§)) — Lo(0). (5.17)
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Proposition 5.7. (Properties on J; x Jf) Assume (Al). Recall that Djuy imp and
Diun—1in are defined in (5.7) and (5.8). We also consider

({wmenxan F-t<i} i ijennk
AT = :

0 otherwise.

Then we have

’D‘]jlj.n hn(y7 ZC) Zf (y7 x) < Aji
Dily,2) =

jun

Djﬂfm 1mp(y7'r) Zf (%I) c (Jj X Jl)\A]Z

Then the functions DI, D and D! are conver and C* in J¥ x JF and, if D is

jun’ 7 jun—lin jun—imp

one of them, it satisfies for (y,x) € JF x J;

D(y,z) — 20, D(y, ) — yd,D(y, x) + Hi(9,D(y,z)) = 0,

(5.18)
D(y,z) — 20, D(y,x) — y0,D(y,z) + H;(—0,D(y, x)) = 0.
Moreover for (y,x) € Ji x Jf, there exists a unique 7 = T(y,r) € (0,1) such that
D imp (U5 ) = €1(7,y) + ea(7, 2);
for such a T, we also have
5} Df;n imp (U, ) = L (&) with & = 7%,
0 Dflin 1mp(y7 ‘T) = _L_ly (§y> with gy = _%
Proof of Proposition 5.7. The proof proceeds in several steps.
Step 1: first study of Dﬁn Let us define
Go(11, 72, Y, %) = e1(71,y) + e2(72, ).
For 7,7 € (0,1), and setting
y x
y=—=, &= (5.19)

T1 1—m

and V, = (§,,0,1,0) and V, = (0,&,,0,1), we compute

”(éy) L"(é“ )

D*Go(11, 72,9, 1) = V'V, + VTV > 0.

1—
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Therefore Gy is in particular convex on (0, 1) x (0,1) x J5 x J. Because G is in particular
lower semi-continuous on [0, 1] x [0,1] x J; x J; (by Lemma 3.3), and

Go(0,72,y,7) = +00 = Go(m1, 1,y,7) for (y,z) € Jj < J; (5.20)
we deduce that

DI (y,x)= inf Go(r,m,y,x) for (y,z)€ Ji x J}

Jun 0<71<Ta<1

This implies that DY’ is also convex on Ji x Jr. Notice that in particular

jun

2
D2 Go(11,70,y,2) = %L;’(fy) >0

T1T1
1

and
2

D3272G0(7_177—2a y,l') - ( 3L;/(€a:) > 0.

T
1—7'2)

The map (71, 72) — Go(71, T2, y, x) is then strictly convex on the convex set
{(71,7'2) €(0,1)? 7 < 7'2}.

Therefore using again (5.20) and the lower semi-continuity of Gg, we deduce that it has a
unique minimum that we denote by (71, 72) satisfying 0 < 73 < 75 < 1.

Step 2: study of D’

an_imp- L€t us consider the following function

e(t,y,z) = Go(r, 7,9, ).

For 7 € (0,1), setting
Yy T
fy =—=, &=

T I

and proceeding similarly as in Step 1, we can deduce that

Dl

jun—imp

(y,x) = inf e(r,y,x) for (y,x)e JixJ;
7€(0,1)

and that Dﬁn_imp is also convex on J; x J;. We can also deduce that the map 7 — e(7,y, )

is strictly convex on (0, 1) for (y,z) € J; x J; and that it has a unique minimum that we
denote by 7 € (0, 1) such that
Ji _
Djunfimp (y7 JZ) - 6(7—7 Y, I’)

Using the derivative with respect to 7, we see that 7 is characterized by the equation

T

F=0 with F(r,y,z):= Kj(—ﬁ) — Ki(——). (5.21)

1—7
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Moreover
O.F(r,y,z) = D? e(r,y,x) > 0.

Using the regularity C? of L; given in assumption (A1), we see that the unique solution
7 =T(y,z) of F(7,y,x) = 0 is continuously differentiable with respect to (y,z). Therefore
we deduce that D! e C'(Jr x J}).

We have e
,D‘i'jlin—imp(yfx) = e1(T(y,z),y) + ea(T(y, x), ), (5.22)
Oy Dnimp () = (Bye)(T(y, 2),y) = —Lj(&), (5.23)
0Dl iy :0) = (Boe2)(T(y, ), 7) = L(&): (5.24)

Writing 7 for T'(y, z), and using the optimality condition (5.21), we get

Il
\]
e
|

S
S~—
_|_
—
—_
|
\]
=
+
b.
o
=

(D

jun—imp

o x@meén_imp - yaypjjl’in—imp)(y7 .I')

H(=2) + Lo(0) = —H,(L5(~2))

-
= = j(_ayDjjlinfimp(yvx))

x
= Ki(z—=) + Lo(0) = —Hi(Li(-—))
1—17 1—71
= _Hi(awlpjjlin—imp<y7x))we
where we have used (5.17) in the second and in the fourth line. Hence Dﬁnfimp satisfies

(5.18) on J¥ x J;.
Step 3: further study of D/’ . We concluded at the end of Step 1 that for (y,z) € J;xJ}

jun*

we have )
Djjlin(ya ZE) - 61(7_17 y) + 62<7—27 ZE)

with 0 < 7y <7 < 1. Then we can distinguish two cases.

Case 1: 7y < 7. In that case this implies that
87'161(7—1’ y) = 07 87'262(7—27 l’) =0

which can be written as

with &, < 0 <&, defined in (5.19).
Using Lemma 5.6, we conclude that (5.25) holds true if and only if K;(0) > 0 and
K;(0) > 0; i.e. j,i € Iy\Io. In this case we have £, = & and & = " and then

T

gj- (5.26)

T = 7'2:1—

_Y
&
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Moreover, we have in this case
i Li(&)  Lo(0) (Li(é?) Lo(O))
DI S A — Lo(0
Jun< ) < 5; f; > Y+ §z+ gj T+ 0( )
= Djjljn lin (yJ I)

with
Dl (s @) = —L5(& )y + L&)z + Lo(0). (5.27)

Using Legendre-Fenchel’s equality together with K;(¢;) = 0 and K;(&) = 0, we have

D_]Jén 1in (Y, ) — Y0, D Jun hn( x) — x0, Djjun iin (¥, ) = Lo(0), (5.28)
and
Hi(0: Doy, 7)) = Hi(Li(&])) = € Li(&]) — L&) = —Lo(0),
and
Hi(—0,Dl iy 1)) = Hy(L3(&5)) = & L&) — Ly(&) = —Lo(0).
Hence Djjun in Satisfies (5.18) on J; x J;.

Finally we deduce from (5.26) that the condition: 0 < 7, < 7 < 1 is equivalent to

(y,z) € AN (J*)? and then by continuity of Djjun and Djjun iy We get
Djjfm Djljn lin  O1 AJZ

Case 2: 7 = 7. If for (y,r) € J; x JI we have

Djjllm( ) - 61(7-17 y) + 62(7—27 [L’)

with 7, = 7, then we have seen that (y,z) € (J; x J;)\A’" and DI (y,z) = D" (y, ).

jun jun—imp

From Lemma 5.5, we also have that Dﬁn mp € C(Jj x J;) if j € Iy or i € Iy and in that
case A7 = (). On the other hand, we have D), ;= € C((J; x JON{0}) if 5,0 € In\Io

with {0} € AY in that case. Therefore in all cases we have

D]Z c C((J] X Jz)\Aﬂ>

jun—imp

Now from the continuity of Dj,,, we deduce that

DI =D . on (J; x J)\AM

jun jun—imp

Step 4: on the boundary (9A7) N (J*)%. We already know that Dj,, is continuous,
therefore if 7,7 € In\1p:

i i T Y
Djjun lin — Djjun imp on (y,x) S Jj X Jia —_ =
& &
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On the other hand, recall that (y,z) € Jr x Jf, the real 7 € (0,1) is characterized by
(5.21), i.e.

. y x
K; (&) = Ki(§) with §=-=, & = : (5.29)
T 1—17

Notice that if we choose Y

T = ——

&

we deduce from 5% — 5% =1 that

§=¢& and & =¢&f (5.30)

which are obvious solutions of (5.29). Therefore we conclude that this is the solution.
Using (5.23)-(5.24) and the expression (5.27) of D! (5.30) implies the equality of the

jun—lin>’

gradients of D, . and Diy ;. on the boundary (9AJ") N (J*)%. Finally this shows that
Djjén eC 1(J; x J7). This ends the proof of the proposition. ]

Lemma 5.8. (Uniqueness and continuity of 7') There is a unique 7 = T(y, x) € [0, 1]
such that

Dimp (4, 7) = e1(r,y) +ea(r,a) if (y,2) € (J; x )\ {0}".

Moreover we have T € C((J; x J)\ {0}). We have with T = T(y, x)

romax (0.1-2) i () € ([0} x INAY,

7 = min (1, —5&) i (y,7) € (J; x {0})\A7,
Proof of Lemma 5.8. The proof proceeds in several steps.
Step 1: continuity of 7. We set for (7,y,z) € [0,1] x J; x J;
e(t,y,x) = e1(7,y) + ea(T, x).
From Proposition 5.7, we already know that there exists a unique 7 € [0, 1] such that

Dl imp(0: @) = e(Ty,2) it (y,x) € J; x J}.

jun—imp
On the other hand, we have

(1—=7)L; (%) + 7Lo(0)  if (y,z) € {0} x J;  (case 1),
e(r,y,x) = (5.31)
7L (%) + (1= 7)Lo(0)  if (y.x) € JF x {0}  (case 2).
Notice that in Cases 1 and 2, there is a unique 7 € [0, 1] such that
D nimp (¥, @) = (7, 7) (5.32)
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and 7 € [0,1) in case 1, 7 € (0,1] in case 2. Then the continuity of 7 = T'(y,z) in
(J; x J)\{0}* follows from the lower semi-continuity of e on [0,1] x J; x J; and the
uniqueness of 7 such that (5.32) holds.

Step 2: computation of 7. We distinguish cases.
Case 1: (y,z) € ({0} x J)\A’". Notice that we have

X

O-e(r,0,2) = —K;(&,) with &, =

1—7
Subcase 1.1: z > &. Therefore
Ore(r,0,2) >0

and
T(0,z) = 0.

Subcase 1.2: z < &. Then &, = £ is a solution of d,¢(7,0,2) = —K;(&,) = 0 and
Case 2: (y,z) € (J; x {0})\A’". Notice that we have

Ore(r,y,0) = K;(§y) with &, =

|
REESS

Subcase 2.1: y > —¢;. Therefore
Ore(1,y,0) <0
and
T(y,0) = 1.
Subcase 2.2: y < —¢;. Then §, = £ is a solution of dye(7,y,0) = K;(§,) = 0 and

J

This ends the proof of the lemma. ]

Lemma 5.9. (Boundary regularity of D' ) Then we have D) € C'(J; x J;) with

jun jun

0. Dy, ) = Li (&)

(5.33)
0, Dhpn(y, @) = =L} (&)

jun

37



where §, < 0 < &, satisfy

( gac = max(m,{f), Sy = (K;>71(Kz(§:c)) Zf (y,l’) € ({0} X JZ)\AJZ
& =&, & =& if (y,x) € ({0} x J;) N AT
&= (KUK (), & = —max(y, —&;) if (y,x) € (J; x {0})\A
| & =&, & =& if (y,x) € (J; x {0}) N A
(5.34)
Moreover we have
DIt (0,2) = £ (L&) — Lo(0) + Lo(0)  for z € J;
(5.35)
Dia(y,0) = =& (L;(&) — Lo(0)) + Lo(0)  for y € J;
and
Dji(.) — 20D (x.) — 40, Dl (x.)
{ DO Rmeng) G Dxd
Lo(0) + Kj(—max(y, —¢;))  if (y,x) € J; x{0}. 7

Proof of Lemma 5.9. The proof proceeds in several steps.

Step 1: continuity. From Proposition 5.7, we already know that Dﬁn S Cl((J fx JHU
AJ") and (5.33) holds true with

=15 &=-1 it (y.a) € (J) x J)\AT

=6,  &=¢& if (yx)€ A

where 7 = T'(y, z) in the first line. Therefore, in order to prove that Dj]zn e CHJ; x Jy),
it is sufficient to prove that if (y,x) € (9(J; x J;))\AT = (({0} x J;) x (J; x {0}))\A%,
and if (y*, 2*) € (JF x JF)\A7" is a sequence of points such that (y*,2*) — (y,z), then we

have with 7% = T'(y*, z*) .
T
s (5.37)

where (&,,&,) is given by (5.34). Let us recall that 7% is characterized by the equation

k
L ¢, and

K; (-f-i) e (1f—ik> (5.38)

We will assume (up to extract a subsequence) that 7% — 7y for some limit 75 € [0, 1].

Because we have |2%[2 + |¢*|? < R?, it is easy to deduce from (5.38), that there exists a

constant C'r such that
k

x
1— 7k

Tk

< Cp (5.39)

i
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This can be proved by contradiction, distinguishing the cases 7o = 0, 7o = 1 and 79 € (0, 1).
Up to extract a subsequence, we can then pass to the limit in (5.38) and get

Kj(§) = Ki (&) with § <0<¢& (5.40)
In the following cases, we now identify one of the two quantities &, or &, the other one
being determined by (5.40).
Case 1: (y,x) € ({0} x J7)\A. From Lemma 5.8, we know that 7y = max (O, 1-— %),
and then
& =max(z, &), & = (K;) (Ki(&))
and from (5.31), we get

D} (0,2) =

jun

£ (L(&) = Lo(0) + Lo(0) (5.41)

Case 2: (y,z) € (JJ* x {0})\A’". From Lemma 5.8, we know that 7o = min (1, —%), and
then

—&, = max(y, —fj_), §x = (K;r)_1<Kj(§y))
and from (5.31), we get

D}in(y.0) = — gy( §(&) = Lo(0)) + Lo(0) (5.42)

Case 3: (y,z) € {0}*\AJ". This case only occurs if j € Iy or i € I. Moreover at least

k k
one of the two quantities ——k and ;% tends to zero.
If £, =0, then K;(&,) = K;(0) and hence

& =0 = Li0) = L;(0) = Lo(0)
If £, =0, then K;(§,) = K;(0) and hence
&=0 = L;j(0) = Li(0) = Lo(0)
This implies that
=6 =0, §=¢& <0, if Li(0) = Ly(0) < L;(0)

L=&=0, &=¢& =0, if Li0)=L;(0)= Ly(0)
By the uniqueness of the limit, this finally shows that D € C*(J; x J;) and (5.34) holds.

jun

Step 2: checking (5.31) and (5.36). From (5.41) and (5.42), we deduce (5.31) on
((J; x {0}) U ({0} x J7)\A'". From fom = DJ];H in o0 A7 we deduce that (5.31) is also
true on ((J; x {0}) U ({0} x J;)) N A7

Then (5.36) follows from a simple computation for (y,z) # (0,0). This is still true for
(y,x) = 0, because Djjlin is C''. This ends the proof of the lemma. ]
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Lemma 5.10. (Properties of D)) For j =i € Iy, we have for (y,z) € J; x J; with

(y, @) #(0,0) if j =i € In\Io:

Ly(0) + Ki(z — y)
ng(g]; l’) - xaﬂ?,Déér(Z/? ) ya Dstr<y7 ) (a Dgtzr( ))

_HJ(_ayDthr(ya ZE))

and
0. Dl (y, x) = Li(§),  0,Dl(y,x) = —Lj(€) with &=x—y

Proof of Lemma 5.10. We compute
9, Dy, x) = Li(x —y),  9,Dl(y,x) = —Li(x - y)

and

= —Hi(Li(z —y))
H,(0:D(y, )

= —H,(~0,D\(y. x))

5.4 Proof of Theorem 5.1

We are now in position to prove Theorem 5.1. We prove two lemmas successively.

Lemma 5.11. (Properties of D}') For (y,z) € J; x J;, we have
Doy, ) if i#]
Dy (y,x) =  Lilz —y) if i=j€l
mln(DJJun( ,x), Li(z —y)) if 1=j¢€lIn\Ip
with for i =j € In\Io

D

jun—lin

) in a neighborhood of any point of (0(J; x J;)) N
Dy'(y,x) =

AT

Li(x —y)  in a neighborhood of any point of (3(J; x J;))\AJ

40
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We have D} € CV(J; x J;) except in the case i = j € Iy\Iy for which there exists a curve
7" connecting Y; and X; with

Yy =(-§,0) and X;= (0,£7)

with T9% contained in (J; x J;) N AJ. In this last case, we have DY € CH((J; x J;)\(IV* U
{Y;,X:})). For all indices i, j, we have the following relation where Déi is C*:

(DY — 20, DY — y0,Dy)(y, ©) = —Hi 0Dy ) (y, ) = —H;(=9,Df)(y,x))  (5.44)
Moreover we have for all x € J; with x # &' if j =i € In\Io
(DS’ — 20, D' — y,Dg)(0,x) = Lo(0) + Ki(max(z, &) (5.45)

and for ally € J; with y # —&; if j =i € In\Io

(Df' — 20, D5 — y9,Dg')(y,0) = Lo(0) + K;(~ max(y, —¢;)) (5.46)

We also have ) )
0Dy (y,x) = Li(&),  9,Dg'(y, ) = —L}(&,) (5.47)
for all (y,x) € 0(J; x J;) except for i = j € In\Iy for which we exclude points (y,x) €

Moreover for j =1 € Iy, we have

=& =x—y foral (y,x)e€d(J;xJ;) (5.48)

and j =1 € Ixy\Iy, we have

Sy:-flf—y, @c:a:—y
{ gy - ;’ §e = £z+ for (y,x) c (a(JJ % Jl>) N A (549)

The results of this lemma are illustrated in Figures 2, 3, 4 and 5.

Proof of Lemma 5.11. We first treat the case ¢ = 7 and we then treat other cases.

Part I: cases i = j. We notice that e(7,y,x) = e1(7,y) + e2(7, ) satisfies for 7 € (0, 1):

e(t,y,x) = 7L <—%> +(1—=7)L; (1 - ) > Li(x —y)

—-T

where we have used the convexity of L;. Therefore for (y,x) € J; x J with j =i, we have
Ji = i > Li(x —
Djun—lmp (y7 [L') 0;17}21 6(T7 Y, :U) = Ll(x y)

Subcase I.1: i = j € Iy. In this case we have D/’ (y,z) = D

jun jun—imp

(y,x), and then

DI (y.x) > Li(x — y) = Dl.(y, x) = D} (y, v)

jun
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for (y,x) € J; x J; and then also for (y,z) € J; x J;, by continuity of the functions.
Subcase 1.2: i = j € Iy\Iy. We proceed in several steps.
Step A: Proof of (5.43). We recall that in this case we have

.. Djjlinfimp<y7x) fOI‘ (y,x) € (J] X Jz)\A]Z
Dy, z) =

Dﬁnflin(%@ for (y,z) € A%
and then

D) (y, z) = min(D? _(y,z), DL (y, x))

jun str

min(Djjfm—lin(y? l‘), Dgzr(yv I)) for (ya l‘) SASS '

On the other hand, we have (a striclty convex function being above its tangent) for z # &,

Li(x) > Li(&) + (z — &) Li(&]) = 2 Li(&]) + Lo(0) = D)

jun—lin

(0, z)
and for y # =&
Li(=y) > L&) + (=y = &) L&) = —yLi(&) + Lo(0) = Djjyy_yia (9, 0).

This shows that B ) )
Dy > Dl on (9(J; x i) N AT (5.51)
We see that (5.50) and (5.51) imply (5.43).

Step B: description of {Dji =Dl } N A%, Notice that

jun—Ilin str

DI (=67,0) = € LH(E) + Lo(0) = Li(&) = DL(—£5,0).

This means that the functions D’’ and D!

jun—lin str

and Y; = (=¢;,0). Therefore we have

coincide at the two points X; = (0,&)

DI, < D,

str jun—lin

on the open interval |X;, Y;

because D?! is linear and DY, is strictly convex as a function of y — .

jun—lin B str =2 B
The function (y, x) = D, (y, v) =D}y, 1, (y, ) being convex because D)y, (y, ) is linear,
we can consider the convex set

K7 ={(y,x) € J; x J;,  Dh(y,2) < Dfp_yn(y,2)} -

jun—lin
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Then for i = j € In\1y, the set
M = {(y,2) € A, D}, yin(y. @) = Dl (y,2) }
is contained in the boundary of the convex set K7*. More precisely, we have
I7' = ((OK7) N AT C J5 x J}
which shows that V% is a curve and
i =T"U{X,,Y;}.

Part II: Proof of (5.45), (5.46), (5.44), (5.47), (5.48) and (5.49). Using Proposi-
tion 5.7 for DI, Lemma 5.10 for DZ,, and (5.28) for D’ and the property (5.43), we

jun? stry jun—lin
get
( Lo(0) + K;(max(z, &) if 17

(D' —28, D5 —y3,Dg') (0, x) =
if i=je v\l

L Lo(O) if =< g;r
which implies (5.45). Similarly we get
( Lo(0) + Kj(— max(y, =§;)) if i
Lo(0) + K;(—y) if i=j¢€l

(Dy —20,Df' —y9, Dy ) (. 0) =
lf Z :] S [N\[O

L Lo(0) it y<-=¢

which implies (5.46). Relations (5.44) and (5.47) follow both from Proposition 5.7 and
Lemma 5.10. Finally (5.48) and (5.49) follows from the previous results. This ends the
proof of the lemma. O

Lemma 5.12. (Boundary properties of Dy) At any point (y,x) € {0} x J; with x # &
if 1 € In\Iy, we have for any j € In
(D' — 20,Df — yd, D) (y, )
— maxyery Hy, (—0,D (y, z)) if N >2,
_ (5.52)
—H\(-9,D5(y,x)) if N=1.

Similarly at any point (y,v) € J; x {0} with y # —&; if j € In\Io, we have for any i € Iy
(DY = 20.Df = y0y DY)y, ) = — max Hy (9, D5 (y, x)) (5.53)
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Proof of Lemma 5.12. We first remark the general fact that

Hy,(Ly(§)) = Hi (Ly(€)) if £ <0.

i) Proof of (5.52). On the one hand, from Lemma 5.11, we have for points (y,x) € {0} x J;
where D§! is C1

—(Dg' — 20, Dy’ — y9,D5' )y, v) = Hi(=0,D' (y, x)) = H,, (~9,Dp' (y. )

and this commom quantity is independent on k. Therefore to conclude to (5.52) in the
case N > 2, it is enough to show that there exists at least an index k such that

Hi(—0,D5'(y, ) = Hy (=0,D5'(y. z)). (5.54)
Case A: N > 2 and k # i. Then we have {, < 0 and then
Hi(=0,D5'(y, 7)) = Hi(L (&) = Hy; (Li(&,)) = Hy, (=0,D5' (y, x)).
Therefore (5.54) holds true for k # i.
Case B: N=1and k=1¢=1 € I,. Then we have
Dy(y,z) = Dy (y.¢) = La(z — y)
and by Lemma 5.10, we have for
(D' — 20, Dy' — y0, Dy )y, &) = —H1(=0,D5' (y, )
which is in particular true for y = 0. This shows (5.52) in the case N = 1.

ii) Proof of (5.53). On the one hand, from Lemma 5.11, we have for points (y,z) €
J; x {0} where DJ" is O

—(D§" — 20, D5 — yd,D3")(y, x) = Hu(9: DY (y, ) = H,, (0.5 (y, )

and this commom quantity is independent on k. Therefore to conclude to (5.53), it is
enough to show that there exists at least an index k such that

Hy (9, DY (y, x)) = Hy (0,D5" (y, ). (5.55)
Case A: j € Iy. Then from Lemma 5.11, we have with & = j
0, DF(y,x) = L(&) with & =z —y <0. (5.56)
Therefore (5.53) holds true for k = j.

Case B: j € Iy\Iy. We distinguish subcases.

Subcase B.1: y > —¢;. From Lemma 5.11, we still have (5.56) with & = j, which again
implies (5.53) for k = j.

Subcase B.2: y < —¢;. Then we choose an index k € I, and Lemma 5.11 implies that
3x96k(y,$) = L?c(fz) with &, = 5]_: =0
which again implies (5.53) for such k& € Iy. This ends the proof of the lemma. O

45



We can now prove Theorem 5.1.

Proof of Theorem 5.1. From Lemma 5.11, we know that Dy has the regularity C! except
on certain curves IV* U {Y;, X;} for j = i € Iy\Iy. So if (y,z) is a point of local C}
regularity of Dy, then we simply set

0o =Dy locally around (y,x).

If (y,2) is a point where Dy is not C}, then we have Dy(y,z) = Djun(y, ), and we can
simply set
¢o = Djun 0N J2.

The required equalities follow from Lemmas 5.11 and 5.12. Estimate (5.5) follows from
the fact that Dy is the mimimum of Dj,, € C}(J?) and of functions in C'*(.J?) for some 1.
This ends the proof of the theorem. O

6 Application to the modeling of traffic flows
In this section we present the derivation of the Hamilton-Jacobi formulation of traffic on

a junction. We also discuss the meaning of our junction condition in this framework and
relate it to known results.

6.1 Primitive of the densities of cars

i=N
Figure 6: A divergent traffic junction

We consider a junction (represented on Figure 6) with a single incoming road (labeled
by the index i = 1) and N — 1 > 1 outgoing roads (labeled by i = 2,..., N). This means
that the cars move on the incoming road in the direction of the junction and then have to
choose to go on one of the NV — 1 outgoing roads. We assume that the proportion of cars
coming from the branch ¢ = 1 and going on each branch j € {2,..., N} is a fixed number
7v; > 0, with the obvious relation (for conservation of cars)

Y oy=1
N

§=2,..,
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We denote by p'(t, X) > 0 the car density at time ¢ and at the position X on the branch
7. In particular, we assume that the traffic is described on each branch ¢ by a flux function
f: R — R. We assume that

each function f* is concave and has a unique maximum value at p = p’. > 0. (6.1)

The typical example of such flux function is given by the LWR model (Lighthill,
Whitham [32] and Richards [36]), with

F(p) = pu(p) with the velocity v(p) = Vinax(1 — —2—) (6.2)

pmax

where Vipax and pnax are respectively the maximal velocity and the maximal car density in
the model). In this model the critical car density p. where f is maximal, is equal to % Prmax-
We assume that the car densities are solutions of scalar conservation laws

pr+ (FHp))x =0, X <0,
(6.3)
T4+ (F(p)x =0, X >0, for j=2,..,N

where we assume that the junction point is located at the origin X = 0.

We do not make precise yet the junction condition at X = 0, and we derive formally
the Hamilton-Jacobi model of such a junction. For a function g to be determined later on,
let us consider the functions

Ul(t, X) )+ [ p dy, X <0,
(6.4)
Ui(t,X) = +7Jf0 Pt,Y)ydy, X >0, for j=2 .., N.
Then we can compute formally for j = 2,..., N
Ul = L f el Y)
=g (t) = & [T (P (,Y)x dY
=~ PPt X)) + /(1) + 5 (P (£,07)).
This shows that for j =2,.... N
1 . :
W+$FW%F%W) (6.5)

where

W) = g (1) + %fﬂ‘w (t,01)).
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Remark that we can show similarly that (6.5) is still true for j = 1 with

hH(t) = g'(t) + f1(p' (£,07)).

In particular, this shows that we can choose g such that

g(t)=—f(p'(t.07)) (6.6)

then we have ‘
R'(t)=0 for i=1,..,N

if and only if o .

P ,07) =+ p'(t,07)) for j=2,.,N (6.7)
which is exactly the expected condition which says that the proportion of incoming cars
choosing to go on the branch j € {2,..., N} is equal to 7.

Let us notice that if we choose the initial condition ¢g(0) = 0, then we deduce from (6.6)
that

U (£,0) = —g(t) = / £ 07)) dr

which shows that —U'(¢,0) can be interpreted as the total quantity of cars passing
through the junction point X = 0 during the time interval [0,¢). As a consequence,
the quantity —U}(¢,0) can also be interpreted as the instantaneous flux of cars passing
through the junction point.

Imagine for a moment, that we come back to a discrete description of the traffic, where
each car of label k has a position zx(¢) with the ordering zx(t) < xx41(t) < 0. We can
be interested in the label k£ of the car z4(t) < 0 which is the closest to the junction point
X = 0. Let us call it K(t). We can normalize the initial data such that K(0) = 0. Then
the quantity of cars that have passed through the junction point X = 0 during the time
interval [0,%) is equal to —K (), which is the exact discrete analogue of the continuous
quantity —U*(¢,0).

On the other hand the number of cars between the positions a = x4(t) and b = x5(t) is
obviously equal to B— A, and its continuous analogue is ff pH(t, X) dX = U'(t,b)—U(t,a).
This shows clearly that U'(¢, X) can be interpreted as the exact continuous analogue of
the discrete labeling of the cars moving in the traffic.

This interpretation can be pushed forward on the branches for j € {2,..., N}, where
Ui(t, X) is the continuous analogue of the discrete label of the cars that have decided to
choose the branch j and which is at time ¢ close to the position X > 0.

6.2 Getting the Hamilton-Jacobi equations

We now set

u'(t, X) = -U'(t,-X), X >0,
w(t, X) = -Ui(t, X), X>0, for j=2,...,N
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and we define the convex Hamiltonian

Hi(p) = —f'(p),

- (6.9)
Hj(p) = =5 f/(=+'p)  for j=2,.,N.
Then we deduce from (6.5) that we have
ul + Hi(uy) =0, X >0, for i=1,..,N (6.10)

with equality of the functions at the origin, i.e.
u'(t,0) = u(t,0) forany i€ {l,..,N}.

Notice that for the choice Viax = 1 = pmax in (6.2), we get with f(p) = f(p) = p(1—p)
for all ¢ € Iy, that

1 1 :
Li(q) = Z(l +¢)* and L;(q) = le(—q) for j=2,...,N.

In particular this shows that the L;(0) are not all the same, even in the simplest case.

6.3 The junction condition and its interpretation

There is still a junction condition lacking to uniquely define the solution of (6.10). In view
of Theorem 1.4, if we restrict our attention to continuous solutions u, then we will have
u < U, Where u,,. is the solution associated to the optimal control problem. This shows in
particular that we have

u(t,0) < uye(t,0)

which means (in view of (6.8) and the interpretation of —U"! given in Subsection 6.1) that
we have a universal bound on the total amount of cars passing through the junction point
during the time interval [0,%). If we assume moreover that this amount of cars is maximal,
then we can choose (and indeed have to choose) u = u,. and the natural junction condition
is then

uy(t,0) + max H; (u’(t,07)) =0 (6.11)

with
H; (p) = sup (pqg — Li(q)) and L(p) = sup (pq — Hi(q)) .

q<0 geR

Using our assumption (6.1) on the functions f*, let us define for 7 = 1, ..., N the Demand
functions ) .
iy _ ) I for p < p;
/(o) { filpr)  for p>p

and the Supply functions

sp) = { filp)  for p>pl.
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From assumption (6.1) on the functions f?, we deduce that

fi(=~7p),  for j=2,..,N.

Condition (6.11) means that

— UMNt,0) = uy(t,0) = min —H, (u’(¢,07))

i=1,....,N

=i (fp(04 (.07, win L2000 ) . (612
3=2,..,N ~yJ
Notice that from (6.7), it is natural to compare f'(p'(t,07)) and =5 f/(p/(t,0%)). Then
condition (6.12) is nothing else that the Demand and Supply condition of Lebacque, which
claims that the passing flux is equal to the mimimum between the Demand and the Supply,
as it is defined in [31].

This condition (6.12) is also equivalent to the condition defining the Riemmann solver
at the junction point in the book of Garavello and Piccoli [24].
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