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Abstract There are many difficulties involved in the
numerical integration of index-3 Differential Algebraic
Equations (DAEs), mainly related to stability, in the
context of mechanical systems. An integrator that ex-
actly enforces the constraint at position level may pro-
duce a discrete solution that departs from the velocity
and/or acceleration constraint manifolds (invariants).
This behaviour affects the stability of the numerical
scheme, resulting in the use of stabilization techniques
based on enforcing the invariants. A coordinate projec-
tion is a poststabilization technique where the solution
obtained by a suitable DAE integrator is forced back to
the invariant manifolds. This paper analyzes the energy
balance of a velocity projection, providing an alterna-
tive interpretation of its effect on the stability and a
practical criterion for the projection matrix selection.

Keywords time integration, nonlinear dynamics, Dif-
ferential Algebraic Equation (DAE), poststabilization,
velocity projection, energy balance

1 Introduction

Many engineering applications involve the dynamics of
several bodies, rigid or deformable, undergoing large
motions. Very often the motion of these systems is con-
strained, because there are joints than connect the dif-
ferent parts, or due to prescribed displacements im-
posed by the environment.
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The mathematical models associated with these type
of systems are typically formulated in terms of index-3
Differential Algebraic Equation (DAE) systems, com-
posed of a set of differential equations, plus a set of
algebraic constraint equations expressing additional re-
lations among the generalized coordinates of the model.
The numerical solution of these systems poses several
difficulties, mostly related to the stability of the avail-
able integration schemes.

Direct integration of DAEs with an index higher
than one is usually not performed due to stability prob-
lems [8], although there have been some recent success-
ful applications based on a second order generalized-
α method applied to index-2 and index-3 DAEs (see
[2] and references therein). On the other hand, index
reduction through the analytical differentiation of the
constraint equations causes the progressive drift of the
computed solution from the position, velocity or accel-
eration constraint manifolds (which are invariants of
the system) during the simulation. This is the point of
departure of several stabilization methods found in the
literature [4,3,6].

A coordinate projection is a poststabilization tech-
nique based on the solution of a constraint minimization
problem, enforcing the solution obtained from the inte-
grator back to the invariant’s manifold. This technique
has been studied and successfully applied to practical
mechanical models by several researchers [12,22,1,13,
20,5,7,9,10]. A detailed analysis and a discussion of
the applicability of this technique can be found in the
references and is beyond the scope of this paper. Never-
theless, two relevant aspects, related to the performance
of this technique as applied to mechanical problems, are
not found in the literature.

The first aspect is the relationship between the pro-
jection and the mechanical energy balance. It is desir-
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able, from a physical point of view, for the behaviour
of the energy of the numerical solution to be consis-
tent with the energy of the continuous model. But this
aspect is important also from the algorithmic point
of view, due to the close relationship between the be-
haviour of the discrete energy computed by a numerical
scheme and its stability [24].

The second aspect is the selection of the projection
matrix. [13] proposes an orthogonal projection on the
null-space of the invariant, while in [22,1,7,9] a mass-
orthogonal projection is employed, and tested in sev-
eral examples with very good results. References [10,
11] propose a projection based on the mass matrix plus
other terms related to the linearized damping and elas-
tic forces of the system, which is numerically more effi-
cient. In fact, from a purely mathematical point of view,
any positive definite matrix qualifies for a coordinate
projection, which justifies the interest in searching for
a practical criterion for selecting the projection matrix.

This paper focuses on these two aspects, analyzing
first the energy balance involved in a coordinate projec-
tion on velocities. The results of this analysis provide
an alternative interpretation of the performance of the
technique, leading to a practical criterion for the matrix
selection.

2 Constrained dynamics formulation

The point of departure is the formulation of the dynam-
ics of a mechanical system with a configuration defined
by the set of generalized coordinates q ∈ R

n, under the
action of applied forces f(q, q̇, t) and subjected to a set
of r holonomic constraints Φ : R

n × [0, T ] → R
r, such

that Φ(q, t) = 0.
The Lagrange multiplier method leads to an index-3

DAE system given by:

Mq̈ + ΦT
qλ = Q , Φ = 0 , (1)

M being the mass matrix, λ ∈ R
r the vector of La-

grange multipliers, and denoted by ( )q
def= ∂( )/∂q

and ˙( ) def= d( )/dt. The vector of generalized forces
Q(q, q̇, t) accounts for the applied forces f and addi-
tional terms (gyroscopic, etc.) that may appear due to
the particular type of generalized coordinates. If q are
Cartesian coordinates of selected points of the system,
these additional terms vanish and Q = f .

An exact integration of the index-3 DAE system (1)
in its original form (meaning that no index reduction is
performed) would provide a solution that exactly sat-
isfies the constraint at position level (Φ = 0). In this
case, the constraints at velocity and acceleration lev-
els would also be automatically exactly enforced. This

means that a computed solution q(t) would automati-
cally verify Φ̇ = Φ̈ = 0, with no further considerations;
we call these invariants of the system.

But this situation does not hold in general for the
direct numerical solution due to the approximations in-
troduced into the computations. This means that, even
though the computed solution satisfies the constraint
at position level in a numerical sense (meaning that
its error is below the machine precision), the solution
may significantly violate the constraint at velocity and
acceleration levels.

A similar situation arises when the index of the DAE
system (1) is reduced by means of a double differentia-
tion of the constraint equation, leading to the (under-
lying) ODE system. In this case, the numerical integra-
tion provides a solution that satisfies the constraint at
acceleration level (Φ̈ = 0), but progressively violates
the constraints at position and velocity levels.

These facts justify the search for algorithms that
force the numerical solution to remain on all the invari-
ant’s manifolds. This is the point of departure of dif-
ferent stabilization methods proposed in the literature;
one of them is a particular poststabilization technique
known as coordinate projection.

3 Coordinate projection

With this technique, a time-stepping method is applied
to (1) in order to obtain a solution for each time step,
followed by a projection to bring the solution back to
the invariant manifold.

In the case of a velocity projection, the velocities q̇∗

computed with the integrator are projected onto the
velocity constraint manifold to obtain new velocities q̇,
solving a constrained minimization problem given by:

min
q̇

1
2
(q̇−q̇∗)TA(q̇−q̇∗) subject to Φ̇ = 0 , (2)

A being a symmetric and positive definite matrix. This
minimization problem can be solved with different meth-
ods. For instance, in [22] a Lagrange multiplier method
with a Newton-type iteration is employed, while in [7]
an augmented-Lagrange method is used. In [10] a penalty
method is used with excellent results. In the present
paper we choose the same approach, a penalty method,
since it allows us to obtain a closed expression for the
projected velocities, while performing an efficient pro-
jection.

The penalty method transforms the constrained prob-
lem (2) into an unconstrained one, introducing a penalty
parameter α > 0 and leading to an algebraic equation
for q̇ given by:

A(q̇ − q̇∗) + Φ̇T
q̇αΦ̇ = 0 (3)
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The terms Φ̇ and Φ̇q̇ can be further elaborated as:

Φ̇ =
∂Φ
∂q

q̇+
∂Φ
∂t

= Φqq̇+Φt ; Φ̇q̇ =
∂Φ̇
∂q̇

= Φq .

And assuming that the constraint does not explicitly
depend on time (Φt = 0), from (3) the following linear
algebraic system for the unknown q̇ is obtained:
(
A + αΦT

qΦq

)
q̇ = Aq̇∗ (4)

Remark 1 The fact that the projection matrix A is pos-
itive definite and α > 0 guarantees that the linear sys-
tem given by (4) is non-singular, which means that the
projected velocities q̇ are always computable. In order
to justify this proposition, it is only necessary to em-
ploy some standard linear algebra results, which will
be used here without further proof. Recalling that A is
positive definite and using the fact that ΦT

qΦq is pos-
itive semidefinite, the following relation holds for all
x �= 0:

xT
(
A + αΦT

qΦq

)
x = xTAx︸ ︷︷ ︸

> 0

+αxT
(
ΦT

qΦq

)
x

︸ ︷︷ ︸
≥ 0

> 0 ,

which means that matrix
(
A + αΦT

qΦq

)
is positive def-

inite and, as a consequence, it is non-singular.

Note that the use of the penalty method to solve the
minimization problem (2) is approximate, in the sense
that, in general, the projected velocities q̇ do not ex-
actly lie on the velocity constraint manifold Φ̇. In fact,
it can be shown that, if a projected velocity q̇ satisfies
the velocity constraint, it is because the original veloc-
ity q̇� already satisfied this constraint. This assertion
is justified in the following proposition.

Proposition 1 If the velocity before projection (q̇�) or
the velocity after projection (q̇) satisfies the velocity
constraint Φ̇ = 0, then q̇∗ = q̇.

In order to prove this proposition, let us consider first a
compatible projected velocity q̇, verifying Φ̇ = Φqq̇ =
0. Introducing this result into (4) and taking into ac-
count that the projection matrix A is definite, it imme-
diately follows that:

Aq̇ + αΦT
q Φqq̇︸︷︷︸

0

= Aq̇∗ =⇒ q̇ = q̇∗

On the other hand, let us now consider a compatible
original velocity q̇∗, verifying Φ̇ = Φqq̇∗ = 0. Again
using equation (4), and premultiplying it by (q̇− q̇∗)T,
the following relations are obtained:

(
A + αΦT

qΦq

)
q̇ = Aq̇∗

A (q̇ − q̇∗) + αΦT
qΦqq̇ = 0

(q̇ − q̇∗)T A (q̇− q̇∗) + α (q̇ − q̇∗)T ΦT
qΦqq̇ = 0 (5)

The first term in equation (5) is positive for q̇ �= q̇∗,
since projection matrix A is positive definite. The sec-
ond term of (5) can be further elaborated as:

αq̇TΦT
qΦqq̇ − αq̇∗T

ΦT
qΦqq̇ =

= α q̇TΦT
qΦqq̇

︸ ︷︷ ︸
≥ 0

− α (Φqq̇∗)T
︸ ︷︷ ︸

= 0

Φqq̇ ≥ 0

Taking into account the previous results, it becomes
apparent that the only q̇ that satisfies equation (5) is
q̇ = q̇∗, which concludes our proving of the proposition.

��
Projections can also be performed at the position

and acceleration levels. For instance, in the case of an
acceleration projection, the accelerations computed with
the ODE integrator (q̈∗) are projected onto the accel-
eration constraint manifold to obtain new accelerations
(q̈), solving a constrained minimization problem given
by:

min
q̈

1
2
(q̈−q̈∗)TA(q̈−q̈∗) subject to Φ̈ = 0 , (6)

A being a positive definite matrix.1 Again, this con-
strained minimization problem can be solved with penalty,
which leads to the solution for q̈ as a linear algebraic
system given by:

(
A + αΦT

qΦq

)
q̈ = Aq̈∗ − αΦT

q Φ̇qq̇ (7)

The analysis of position and acceleration projections
is outside the scope of this paper, and only a veloc-
ity projection will be considered. This is justified by
the results reported in [22,1,20]. These authors show
that errors in the velocity constraint are more critical
for the numerical solution than errors in the position
constraint, coming to the conclusion that velocity pro-
jection is the most efficient projection for improving
numerical integration.

4 Total energy balance

For systems of ODEs arising from the dynamics of me-
chanical systems, the stability of the numerical meth-
ods used to solve them is often related to the concept
of energy. Actually, in the linear case, exact algorithmic
energy conservation leads to unconditional stability, as
happens, for instance, with the trapezoidal rule [21].
However, this direct relationship does not hold for the
nonlinear case [23,24], which is the case of the equations

1 not necessarily the same employed for the velocity projection
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resulting from practical multibody systems. Neverthe-
less, exact conservation of energy (or unconditional en-
ergy dissipation) has revealed itself to be extremely use-
ful in the design of robust integration schemes, with
excellent stability in the nonlinear case ([24] and ref-
erences therein) and applied to the dynamics of multi-
body systems [14,18,15,16].

With these arguments in mind, it is interesting to
analyze how the coordinate projection behaves in terms
of energy balance. As will be shown below, it turns out
that the projection actually controls the energy, there-
fore providing a new point of view for the understanding
of its stabilization properties.

In order to establish a suitable point of departure,
let us consider a constrained mechanical system, repre-
sented by a set of coordinates q ∈ R

n, subjected to a
set of r holonomic constraints Φ(q) ∈ R

r and without
applied forces. The dynamics of this system are repre-
sented by the index-3 DAE:

Mq̈ + QΦ(q) = Q , Φ = 0 (8)

QΦ being the constraint force vector, which in the case
of the Lagrange multiplier method is given by QΦ =
ΦT

qλ. The generalized force vector Q vanishes if q con-
tains Cartesian coordinates of selected points of the sys-
tem.

Remark 2 The fact that no applied forces (e.g. external
loads or internal forces in discretized deformable bod-
ies) are considered in (8) does not limit the applicabil-
ity of the developments presented in the next sections.
This is due to the fact that the velocity projection does
not affect the work performed by these forces, which
typically depends only on positions.

Remark 3 The dynamical system represented by (8) is
conservative (the total mechanical energy remains con-
stant), since the work performed by the holonomic con-
straints which do not depend explicitly on time is zero.

Directly integrating the index-3 DAE (8) from tn to
tn+1 provides a solution qn+1 that exactly satisfies the
position constraint. In consequence, the constraint force
at tn+1 takes the value QΦn+1 = ΦT

qn+1
λn+1, λn+1

being the vector of exact Lagrange multipliers.
A velocity vector q̇∗

n+1 is also obtained, but in gen-
eral, the velocity constraint Φ̇n+1 is not exactly satis-
fied. In order to move the solution back to the velocity
constraint manifold, let us assume that a velocity pro-
jection is performed at the end of each time step as
explained in section 3, obtaining a new velocity vector
q̇n+1.

The total discrete energy balance ΔE between tn
and tn+1 is given by:

ΔE =
1
2
q̇T

n+1Mq̇n+1 −
1
2
q̇T

nMq̇n (9)

Note that the energy balance ΔE given by (9) equals
the kinetic energy balance. This is due to the fact that
there are no applied forces, the position constraints are
exactly satisfied, and the position qn+1 does not change
under the projection.

Adding and subtracting a term (1/2)q̇∗T

n+1Mq̇∗
n+1 in

equation (9), the following relation is obtained:

ΔE =
1
2
q̇∗T

n+1Mq̇∗
n+1 −

1
2
q̇T

nMq̇n

︸ ︷︷ ︸
ΔEi

+
1
2
q̇T

n+1Mq̇n+1 −
1
2
q̇∗T

n+1Mq̇∗
n+1

︸ ︷︷ ︸
ΔEp

, (10)

ΔEi being the energy variation introduced by the ODE
integrator, and ΔEp the energy variation introduced by
the velocity projection.

It is not difficult to obtain an expression for the
energy variation ΔEi introduced by a standard ODE
integrator. The point of departure is the first term of
(10) rewritten as:

ΔEi =
1
2
(q̇∗

n+1 + q̇n)TM(q̇∗
n+1 − q̇n) (11)

and using the algorithmic expressions of the method
with the original system (8). For instance, for the trape-
zoidal rule the following relations hold:

q̇∗
n+1 + q̇n =

2
Δt

(qn+1 − qn)

q̇∗
n+1 − q̇n = −Δt

2
M−1

(
QTn + QTn+1

)

with QT = QΦ − Q, which introduced into expression
(11) give, after some algebra:

ΔEi = −(qn+1 − qn)T QT
n+ 1

2

, (12)

where the notation (·)n+ 1
2

def=
[
(·)n + (·)n+1

]
/2. has

been employed.
Another example is the implicit midpoint rule, which

introduces an energy variation given by:

ΔEi = −(qn+1 − qn)T QT
n+ 1

2
(13)

where (·)n+ 1
2

denotes evaluation at the midpoint. Note
that, in a general nonlinear case, QT

n+1
2

�= QT
n+1

2
and

ΔEi �= 0 can be positive or negative. Note also from
(12) and (13) that both numerical schemes are the same
and exactly conserve energy (ΔEi = 0) in the linear
case.
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Another interesting example is a conserving algo-
rithm, which does not introduce artificial energy by
means of a specific formulation of the force Qc

T:

ΔEi = −(qn+1 − qn)TQc
T = 0 (14)

Details about the formulation of Qc
T with Cartesian

coordinates (QT = QΦ) employing the Lagrange multi-
pliers method and the augmented Lagrange multipliers
method can be found in [19] and [17], respectively.

Other expressions similar to (12), (13) and (14) can
be obtained for other integrators, but an exhaustive de-
scription falls outside the scope of the work presented
here. It is important to remark that the sign of the en-
ergy contribution ΔEi may not be constant throughout
the simulation, thus increasing or decreasing the total
energy, which can in turn affect numerical stability.

The second contribution to the energy variation is
ΔEp, associated with the velocity projection described
in section 3, and can be obtained solving a minimiza-
tion problem with a definite positive matrix A using a
penalty method. This leads to the solution for q̇n+1 of
the linear algebraic equation system (4), given by:

q̇n+1 = P−1 q̇∗
n+1 with P =

(
1 + αA−1ΦT

qΦq

)

(15)

Introducing the first expression in (15) in the fol-
lowing relation for ΔEp:

ΔEp =
1
2
(q̇n+1 + q̇∗

n+1)
TM(q̇n+1 − q̇∗

n+1)

an expression is obtained for the energy variation intro-
duced in the velocity projection:

ΔEp = q̇T
n+1Dq̇n+1 with D =

1
2

(1 + P)T M (1− P)

(16)

Therefore, the effect of the projection upon the energy
depends of the properties of the matrix D, which is the
matrix associated with the quadratic form ΔEp, and
governs the damping behaviour of the projection. If this
matrix is negative semidefinite, artificial energy growth
is avoided in all cases, and a significant improvement in
the stability of the overall numerical scheme would be
expected.

In what follows, a detailed analysis of this projec-
tion energy balance is performed, which will provide a
practical assessment of the suitable choice for projec-
tion matrix A, so that artificial energy growth is un-
conditionally avoided.

5 Projection energy balance

5.1 Some preliminary results

The point of departure is to perform a quick inspection
of the basic properties of the damping matrix D based
on its definition (16) and some basic linear algebra re-
sults. It follows that matrices A−1 and ΦT

qΦq are sym-
metric and positive semidefinite. However, matrix P de-
fined in (15) is not, in general, positive semidefinite, or
even symmetric. As a consequence, the damping ma-
trix D given by (16) will not be symmetric, and noth-
ing can be said in general about its definiteness. This
means that, following this procedure, it is not possible
to bring the sign of the energy balance ΔEp forward at
each time step.

Nevertheless, it is possible to get more information
about the quadratic form ΔEp as explained in the fol-
lowing proposition:

Proposition 2 The quadratic form ΔEp given by (16)
is degenerate, i.e. its kernel KD:

KD = {x ∈ R
n ; yTDx = 0, ∀y ∈ R

n} (17)

contains other vectors than the zero vector. Specifically,
the set C of velocity vectors which are compatible with
the constraint Φ̇:

C = {q̇ ∈ R
n ; Φ̇ = Φqq̇ = 0}

is a subset of the kernel, thus C ⊂ KD.

To prove this proposition, let us consider a given
compatible velocity vector q̇ ∈ C; using expressions (15)
and (16) it follows that:

Pq̇ = q̇ + αA−1ΦT
q Φqq̇︸︷︷︸

0

= q̇

Dq̇ =
1
2

(1 + P)T M (1− P) q̇

=
1
2

(1 + P)T M(q̇ − Pq̇
︸ ︷︷ ︸

0

) = 0

ΔEp = xTDq̇ = 0 , ∀x ∈ R
n ,

which means that the vector q̇ belongs to KD. ��
This result was already expected, recalling from Propo-

sition 1 that projected velocities that are compatible
come from compatible original velocities, which means
that projection leaves them unchanged. Note also that
this result does not exclude the possibility that incom-
patible velocities may be undamped; in other words, C
may not coincide with KD. This issue will be discussed
again later.
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Summarizing, this preliminary inspection reveals that
there are few things to say about the damping intro-
duced by the projection with a general definite positive
projection matrix A, apart from the expected fact that
compatible velocities never introduce artificial energy.

The next step is to try to find a set of requirements
such that, if satisfied by the projection matrix A, they
would determine the behaviour of the projection energy
balance. If achieved, this result would help in the selec-
tion of the projection matrix, which is one of the main
goals of this paper.

5.2 Conditions for energy dissipation

It is a basic linear algebra result that any quadratic
form may always be expressed in terms of a symmetric
matrix. This means that, in order to analyze the prop-
erties of the quadratic form given by (16), it is possible
to work just with the symmetric part of matrix D. De-
noting the symmetric and skew-symmetric parts of the
original matrix by superscripts s and h, respectively,
this result may be expressed as:

xTDx = xTDsx + xTDhx︸ ︷︷ ︸
0

for all x ∈ R
n , (18)

where the symmetric matrix Ds can be expressed, after
some algebraic manipulations using definition (16), as:

Ds =
1
2

(
D + DT

)
=

1
2

(
M − PTMP

)

Remark 4 Matrices D and Ds both have the same defi-
niteness property (definite, semidefinite, etc.), as imme-
diately follows from equation (18); and their associated
quadratic forms have the same kernel KD = KDs .

Matrix Ds can be further elaborated and written in
terms of the projection matrix A and the Jacobian Φq

using equation (15) for P, obtaining:

Ds = −α

(
Bs +

1
2
αBTM−1B

)
, (19)

B being a matrix given by:

B = MA−1ΦT
qΦq , (20)

and again denoting the symmetric part of the matrix
by the superscript s. Based on (19), the energy balance
of the projection may be expressed as:

ΔEp = q̇TDsq̇ = −αq̇TBsq̇− 1
2
α2 (Bq̇)T M−1 (Bq̇)

= ΔEp1 + ΔEp2 . (21)

Note that, since the penalty method is employed to
solve the minimization problem (2), the projected ve-
locity vector q̇ may be incompatible (meaning that it
may not lie exactly over the velocity constraint mani-
fold Φ̇).

Thus, the projection energy balance is positive or
negative depending on the sign of each term ΔEp1 and
ΔEp2 in (21) for an incompatible projected velocity
q̇ �∈ C. (Recall from Proposition 2 that ΔEp = 0 for
a compatible velocity q̇ ∈ C.)

In order to gain further insight into the sign of the
energy balance (21), it is advisable to study the rela-
tionships among the kernels of the following mathemat-
ical objects:

– The quadratic form ΔEp, defined by the damping
matrix Ds. Its kernel KDs = KD was already defined
in (17), and contains all velocity vectors q̇ that do
not introduce artificial projection energy:

KD = KDs = {x ∈ R
n ; yTDx = 0, ∀y ∈ R

n} (22)

– The linear function defined by the matrix Φq. Since
Φ̇ = Φqq̇, its kernel coincides with the set of com-
patible velocity vectors C:

C = {q̇ ∈ R
n ; Φ̇ = Φqq̇ = 0} (23)

– The linear function defined by the matrix B given
by (20), with a kernel KB defined by:

KB = {x ∈ R
n ; Bx = 0} (24)

Proposition 3 Set C of compatible velocity vectors is
a subset of KB. In addition, if the matrix (MA−1)s is
definite then C = KB.

In order to prove the first part of the proposition, let
us consider a vector x ∈ C. Based on the definition of
matrix B given by (20), then:

Bx = MA−1ΦT
q Φqx︸︷︷︸

0

= 0 −→ x ∈ KB

For the second part of the proposition, let us con-
sider a vector x �= 0, x ∈ KB. Again, using defini-
tion (20) for matrix B, and taking into account that
(MA−1)s is definite, the following relations hold:

Bx = 0

(MA−1)ΦT
qΦqx = 0

(
ΦT

qΦqx
)T

(MA−1)sΦT
qΦqx = 0 −→ (ΦT

qΦq)x = 0

Pre-multiplying the last relation by vector xT, it follows
that:

xT(ΦT
qΦq)x = 0 = (Φqx)T (Φqx) −→ Φqx = 0

which means that x ∈ C, and finally implies that C =
KB. ��
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Proposition 4 Set KB is a subset of the set of veloc-
ity vectors that do not introduce artificial energy, KD.
Besides, if Bs is positive semidefinite, then KB = KD.

Again, in order to prove the first part of the proposition,
let us consider a vector x ∈ KB. Based on the definition
of matrix Ds given by (19), then:

xTDsx = −α xTBsx︸ ︷︷ ︸
=xTBx=0

−1
2
α2xTBTM−1 Bx︸︷︷︸

0

= 0

−→ x ∈ KD

For the second part of the proposition, let us consider
a vector x ∈ KDs . Again, using definition (19) for the
matrix Ds it follows that:

xTDsx = −αxTBsx − 1
2
α2xTBTM−1Bx = 0 (25)

If the matrix Bs is positive semidefinite, then the first
term of (25) verifies:

xTBsx = xTBx ≥ 0 , ∀x �= 0 (26)

What is more, since M−1 is positive definite, the second
term of (25) verifies:

xTBTM−1Bx = (Bx)T M−1(Bx) > 0 , ∀(Bx) �= 0

(27)

From (25), (26) and (27) it follows that Bx = 0, which
means that x ∈ KB, leading finally to KB = KD. ��

Based on Propositions 3 and 4 above, the following
proposition may be immediately stated without further
proof, and it is illustrated in Figure 1:

Proposition 5 The following relation holds for the ker-
nels defined by (22), (23) and (24):

C ⊆ KB ⊆ KD

If matrix (MA−1)s is definite, then C = KB. If matrix
Bs is positive semidefinite, then KB = KD.

Based on Proposition 5, it is possible to go back now
to the expression of the projection energy balance (21)
and engage in a more detailed discussion about its sign.

Different situations may arise, depending on the com-
patibility of a projected velocity q̇ �= 0:

1. If q̇ is compatible, it also lies in the kernel of the pro-
jection energy. As a consequence, artificial energy is
not introduced (ΔEp = 0).

2. If q̇ is incompatible, but still lies inside the kernel
of the projection energy, artificial energy is not in-
troduced (ΔEp = 0).

Case I: Bs non-positive
semidefinite

(MA−1)s non
definite.

Case II: Bs non-positive
semidefinite

(MA−1)s definite.

Case III: Bs positive
semidefinite

(MA−1)s non
definite.

Case IV: Bs positive
semidefinite

(MA−1)s definite.

Fig. 1 Relations among C,KB and KD

3. The most interesting case is when the projected
velocity q̇ does not belong to any kernel; that is,
the projected velocity is incompatible and q̇ /∈ KD,
which means that some artificial energy is intro-
duced (ΔEp �= 0).
In this situation, the second term ΔEp2 of the pro-
jection energy given by (21) is always negative, since
q̇ /∈ KB and M−1 is a positive definite matrix,
hence:

ΔEp2 = −1
2
α2 (Bq̇)T M−1 (Bq̇) < 0

However, the sign of the first term ΔEp1 depends
on the definiteness properties of matrix Bs:
(a) If Bs is non-positive semidefinite, ΔEp1 may have

any sign:

ΔEp1 = −αq̇TBsq̇ ≶ 0 .

That means that the projection may dissipate or
increase the energy of the system:

ΔEp = ΔEp1 + ΔEp2 ≶ 0 .

(b) If Bs is positive semidefinite, (Cases III and IV),
the first energy term is given by:

ΔEp1 = −αq̇TBsq̇ ≤ 0 ,

which means that the projection dissipates en-
ergy:

ΔEp = ΔEp1 + ΔEp2 < 0 .
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Based on the previous results, it is clear that it is
desirable to select a projection matrix A in which Bs is
positive semidefinite, as in Cases III and IV. With this
choice, no energy growth can ever be introduced by the
projection. The difference between Cases III and IV
is that Case III may leave incompatible velocities un-
damped (q̇ /∈ C, q̇ ∈ KD), while Case IV always guar-
antees damping for any incompatible velocity.

The next proposition justifies the positive perfor-
mance of projections based on the mass matrix M:

Proposition 6 A velocity projection performed with the
mass matrix (A = M) introduces non-negative energy
dissipation.

We are immediately able to prove this based on the
previous results, because in this case:

B = MA−1ΦT
qΦq = ΦT

qΦq

is always a symmetric and positive semidefinite matrix.
Additionally, in this case (MA−1)s = 1, which is a
definite matrix. This situation corresponds to Case IV
of Figure 1, where all incompatible velocities introduce
dissipation, ΔEp < 0. ��

Next, a numerical experiment is presented in order
to verify the theoretical results outlined in the previous
sections.

6 Numerical experiment

Let us consider a mechanical system composed of two
particles with masses m1 = 1 and m2 = μ > 0 moving
along a smooth horizontal line, as depicted in Figure 2.
The configuration of the system is defined by the vector
of coordinates q = (q1, q2)T containing the distances of
the particles from a fixed point on the line. In addition,
there is a holonomic constraint Φ(q) = qTq− 1 = q2

1 +
q2
2 − 1 = 0, and as a consequence the system has only

one degree of freedom. The motion starts at t = 0 from

Fig. 2 Two-particle example

position q0 = (0, 1)T with velocity q̇0 = (1, 0)T. Taking
into account that Φq = 2q, it is easy to verify that the
constraints at position and velocity levels are satisfied
at t = 0:

Φ0 = qT
0 q0−1 = 0 , Φ̇0 = ΦT

q q̇0 = 2(0, 1)·(1, 0)T = 0

Fig. 3 Position vs. time. Conserving integration without projec-

tions, Δt = 0.04 s

Fig. 4 Velocity vs. time. Conserving integration without projec-
tions, Δt = 0.04 s

The motion is integrated up to 10 s with a conserv-
ing augmented Lagrangian scheme in position with a
penalty of 103 (see [17] for details of the formulation),
such that the constraint at position level is exactly sat-
isfied with exact energy conservation, ΔEi = 0, as ex-
pressed in section 4 with expression (14). No projections
are performed.

Figures 3 and 4 show, respectively, the evolution of
the position q and velocity q̇ in time for μ = 0.1 with
a constant time step Δt = 0.04 s. Figure 5 shows the
discrete energy, which is exactly constant, as expected,
and Figure 6 shows the Lagrange multiplier, which is
related to the constraint force by QΦ = ΦT

qλ = 2λq.

Fig. 5 Energy vs. time. Conserving integration without projec-
tions, Δt = 0.04 s
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Fig. 6 Lagrange multiplier vs. time. Conserving integration
without projections, Δt = 0.04 s

Fig. 7 Position constraint vs. time. Conserving integration with-
out projections, Δt = 0.04 s

Fig. 8 Velocity constraint vs. time. Conserving integration with-
out projections, Δt = 0.04 s

Figures 7 and 8 show the constraints at position
and velocity levels. It is possible to observe in Figure
7 that the position constraint remains small (
 10−9),
but Figure 8 shows that the velocity constraint is much

Fig. 9 Energy vs. time. Conserving integration, Δt = 0.1 s

larger (
 10−2), as expected since no projections are
performed. Nevertheless, the energy control performed
by the integrator seems capable of handling this un-
desirable effect, avoiding a noticeable increase in the
velocity constraint violation during the integration.

A second set of experiments is performed next, using
a larger time integration step Δt = 0.1 s. As shown in
Figure 9, the integration fails to converge at t = 5.2
s when no projections are performed, despite energy
being exactly conserved.

Fig. 10 Lagrange multiplier vs. time. Conserving integration,
Δt = 0.1 s

Figure 10 shows that the instability at the end of
the integration is related to the large oscillations on the
Lagrange multiplier. Figure 11 shows that the position
constraint is satisfied up to the failure, as expected, but
the violation of the velocity constraint shown in Figure
12 is larger and exhibits a growing trend. Thus, it is
reasonable to conclude that the growth of the velocity
constraint violation is the ultimate cause of the instabil-
ity that produces the ultimate failure of the integration.

If a velocity projection with (2) and (4) is performed,
the velocity constraint may be significantly reduced and
the integration may be carried up to t = 10 s, but the
result depends on the projection matrix A employed.
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Fig. 11 Position constraint vs. time. Conserving integration,
Δt = 0.1 s

Fig. 12 Velocity constraint vs. time. Conserving integration,
Δt = 0.1 s

Two matrices are tested: the mass matrix A = M =(
1 0
0 μ

)
with μ = 0.1 and a positive definite matrix

A = W of the form:

W =
(

a 0
0 1

)
with a > 0 ,

with a = 15 and a projection penalty parameter α = 1.
This penalty parameter is far too small for practical
simulations, but it will serve to more clearly show the
performance of the projection technique.

Figures 11 and 12 show that, as expected, both pro-
jection matrices accomplish the task of reducing the
velocity constraint, and they also stabilize the integra-
tion such that it may be carried up to the end time. But
Figure 9 shows that there are important differences in
the behaviour of the energy: while M avoids the growth
of energy (as predicted in Proposition 6), matrix W
causes an artificial growth of energy. This behaviour is
justified by the properties of matrix Bs, which are in
this case:

B = MW−1ΦT
qΦq = 4

(
q2
1/a q1q2/a

μq1q2 μq2
2

)

Bs =
1
2

(
B + BT

)
= 2

(
2q2

1/a q1q2(μ + 1/a)
q1q2(μ + 1/a) 2μq2

2

)

It can be shown that matrix Bs is not positive semidef-
inite, because its determinant is:

det(Bs) = 4
(

4μ

a
q2
1q2

2

)
− q2

1q2
2

(
μ +

1
a

)2

= − 4
a2

q2
1q

2
2 (1 − aμ)2 ≤ 0

According to the conclusions presented at the end of
section 5, this means that the energy may increase or
decrease, which is in fact the behaviour shown in Figure
9.

Looking more closely at the projection performed
with matrix W, a quick inspection of matrix MW−1

reveals that it is definite:

MW−1 =
(

1/a 0
0 μ

)
,

which means that there could be incompatible velocities
q̇ associated with a projection that does not modify the
energy (ΔEp = 0), corresponding to Case II of Figure
1, with C = KB ⊂ KD.

(a) A = M

(b) A = W

Fig. 13 Kernels for projection matrices A = M and A = W

The kernels C,KB and KD for the particular case of
matrices A = M and A = W can be obtained after
some algebra using expressions (19), (20), (22), (23)
and (24), and are depicted at Figure 13. In all cases
the kernels are straight lines in R

2, with a slope which
depends on the configuration (q1, q2).
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In the case of A = M the three kernels collapse in a
single straight line with slope −q1/q2, as shown in Fig-
ure 13 (a). This results totally agree with Proposition
6, based on the properties of matrices Bs = ΦT

qΦq and
MA−1 = 1, corresponding to Case IV of Figure 1.

In the case of A = W, the kernel KD consists of
two lines with slopes −q1/q2 and −κq1/q2, respectively,
with κ = (a + 2q2

1 + 2a2μ3q2
2)/(μa2 + 2q2

1 + 2a2μ3q2
2),

as shown in Figure 13 (b). Additionally, the kernels C
and KB collapse in a straight line with slope −q1/q2.
Again, these results totally agree with the predictions
made in previous paragraphs based on the properties
of matrices Bs and MW−1, corresponding to Case II
of Figure 1.

Fig. 14 Velocity constraint vs. time. Conserving integration
with projections, Δt = 0.1 s

Fig. 15 Energy vs. time. Conserving integration with projec-
tions, Δt = 0.1 s

Finally, in order to study the effect of the penalty
parameter α in relation to the projection energy bal-
ance, a new experiment is performed with the same
projection matrix W and a larger projection penalty
parameter, α = 20. As shown in Figures 14 and 15,
the larger penalty causes a significant reduction in the
velocity constraint to the same order of magnitude as
the values obtained with the mass matrix M combined

Fig. 16 Velocity constraint vs. time. Conserving integration
with projections, Δt = 0.1 s

with a penalty α = 1. However, it also can be observed,
by comparing Figures 9 and 15, that the artificial en-
ergy added to the system increases significantly. While
the energy at the end of the computation for α = 1 is
Et=10 
 0.53 J (as shown in Figure 9), the energy for
α = 20 shown in Figure 15 is Et=10 
 0.67 J.

Figure 16 shows the behaviour of the velocity con-
straint Φ̇ in a longer simulation, up to 50 s. The projec-
tion with M and α = 1 retains a small violation of the
velocity constraint, producing a stable integration al-
though introducing significant dissipation (Et=50/Et=0 

0.74). On the other hand, the projection with W and
α = 20 controls the violation of the constraint fairly
well at the begining of the simulation; but it fails to keep
it small, with integration failure occurring at t = 35.5 s.
The large amount of energy introduced by the projec-
tion (Et=35.5/Et=0 
 2.54) is responsible for the growth
of the velocity constraint’s violation and the ultimate
failure of the computation.

7 Conclusions

The main conclusions that may be drawn from the de-
velopments presented in this work are:

– A velocity projection, solving a minimization prob-
lem based on a positive definite matrix and using a
penalty method, succeeds in maintaining the numer-
ical solution of the index-3 DAE system close to the
velocity constraint manifold Φ̇ = 0. This projection
has a stabilization effect that has been reported in
the literature and tested with a simple example in
this paper.

– The velocity projection may introduce some artifi-
cial energy into the system. If this energy is negative
(dissipation) the stabilization effect of the projec-
tions is enhanced, making it possible to adopt larger
integration time steps or allowing longer term com-
putations.
On the other hand, a positive energy spoils the sta-
bilization effect introduced by the projections, re-
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sulting in an unrealistic motion and eventually a
failure of the computations.

– The consequence of the previous statement is that
not all positive definite matrices are suited to per-
forming a useful projection. Some positive artificial
energy may be introduced into the system, compro-
mising the stability of the numerical scheme. The
numerical experiment presented in this paper, de-
spite its simplicity, shows this effect very clearly.

– For a system with a mass matrix M, subject to a
holonomic constraint function vector Φ(q), a veloc-
ity projection does not increase the energy of the
system if the symmetric part of the matrix
MA−1ΦT

qΦq is positive semidefinite, A being the
projection matrix.
This property provides a practical criterion for the
selection of a projection matrix, which is an impor-
tant issue that is not explicitly discussed in the lit-
erature in this field.

– Additionally, if the symmetric part of the matrix
MA−1 is definite, the projection of incompatible
velocities always introduces energy dissipation.

– Finally, the energy balance of the velocity projection
provides an alternative justification for the positive
performance of the mass-orthogonal projection re-
ported in the literature.
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1. T. Alishenas and Ö. Ólafsson. Modeling and velocity stabi-
lization of constrained mechanical systems. BIT Numerical
Mathematics, 34:455–483, 1994.

2. Martin Arnold and Olivier Bruls. Convergence of the
generalized-alpha scheme for constrained mechanical sys-
tems. Multibody System Dynamics, 18:185–202, 2007.

3. Uri M. Ascher. Stabilization of invariants of discretized dif-
ferential systems. Numerical Algorithms, 14:1–23, 1997.

4. Uri M. Ascher, Hongshenh Chin, Linda R. Petzold, and Se-
bastian Reich. Stabilization of constrained mechanical sys-
tems with daes and invariant manifolds. Journal of Mechan-
ics of Structures and Machines, 23:135–158, 1995.

5. Uri M. Ascher and Linda R. Petzold. Computer Methods for
Ordinary Differential Equations and Differential-Algebraic
Equations. SIAM, 1998.

6. Olivier A. Bauchau and André Laulusa. Review of contem-
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