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The Brownian cactus I Scaling limits of discrete cactuses

The cactus of a pointed graph is a discrete tree associated with this graph. Similarly, with every pointed geodesic metric space E, one can associate an R-tree called the continuous cactus of E. We prove under general assumptions that the cactus of random planar maps distributed according to Boltzmann weights and conditioned to have a fixed large number of vertices converges in distribution to a limiting space called the Brownian cactus, in the Gromov-Hausdorff sense. Moreover, the Brownian cactus can be interpreted as the continuous cactus of the so-called Brownian map.

Introduction

In this work, we associate with every pointed graph a discrete tree called the cactus of the graph. Assuming that the pointed graph is chosen at random in a certain class of planar maps with a given number of vertices, and letting this number tend to infinity, we show that, modulo a suitable rescaling, the associated cactus converges to a universal object, which we call the Brownian cactus.

.

, but the fact that there is no available characterization of the limiting object prevents one from getting the desired convergence.

 which were concerned with the profile of distances from a particular point.

Let us briefly explain the definition of the discrete cactus (see subsection 2.1 for more details). We start from a graph G with a distinguished vertex ρ. Then, if a and b are two vertices of G, and if a 0 = a, a 1 , . . . , a p = b is a path from a to b in the graph G, we consider the quantity d gr (ρ, a) + d gr (ρ, b) -2 min 0≤i≤p d gr (ρ, a i ) where d gr stands for the graph distance in G. The cactus distance d G Cac (a, b) is then the minimum of the preceding quantities over all choices of a path from a to b. The cactus distance is in fact only a pseudo-distance: We have d G Cac (a, b) = 0 if and only if d gr (ρ, a) = d gr (ρ, b) and if there is a path from a to b that stays at distance at least d gr (ρ, a) from the point ρ. The cactus Cac(G) associated with G is the quotient space of the vertex set of G for the equivalence relation ≍ defined by putting a ≍ b if and only if d G Cac (a, b) = 0. The set Cac(G) is equipped by the distance induced by d G

Cac . It is easy to verify that Cac(G) is a discrete tree (Proposition 2.2). Although much information is lost when going from G to its cactus, Cac(G) still has a rich structure, as we will see in the case of planar maps.

 for the definition and basic properties of R-trees).

The preceding observations yield a first approach to the convergence of rescaled cactuses associated with random planar maps. Let p ≥ 2 be an integer, and for every n ≥ 2, let m n be a random planar map that is uniformly distributed over the set of all rooted 2p-angulations with n faces (recall that a planar map is rooted if there is a distinguished edge, which is oriented and whose origin is called the root vertex). We view the vertex set V (m n ) of m n as a metric space for

the graph distance d gr , with a distinguished point which is the root vertex of the map. According to [START_REF] Gall | The topological structure of scaling limits of large planar maps[END_REF], from any given strictly increasing sequence of integers, we can extract a subsequence along which the rescaled pointed metric spaces (V (m n ), n -1/4 d gr ) converge in distribution in the Gromov-Hausdorff sense. As already explained above, the limiting distribution is not uniquely determined, and may depend on the chosen subsequence. Still we call Brownian map any possible limit that may arise in this convergence. Although the distribution of the Brownian map has not been characterized, it turns out that the distribution of its continuous cactus is uniquely determined. Thanks to this observation, one easily gets that the suitably rescaled discrete cactus of m n converges in distribution to a random metric space (in fact a random R-tree) which we call the Brownian cactus: See Corollary 3.3 below.

Let us give a brief description of the Brownian cactus. The random R-tree known as the CRT, which has been introduced and studied by Aldous [START_REF] Aldous | The continuum random tree I[END_REF][START_REF] Aldous | The continuum random tree III[END_REF] is denoted by (T e , d e ). The notation T e refers to the fact that the CRT is conveniently viewed as the R-tree coded by a normalized Brownian excursion e = (e t ) 0≤t≤1 (see Section 3 for more details). Let (Z a ) a∈Te be Brownian labels on the CRT. Informally, we may say that, conditionally on T e , (Z a ) a∈Te is a centered Gaussian process which vanishes at the root of the CRT and satisfies E[(Z a -Z b ) 2 ] = d e (a, b) for every a, b ∈ T e . Let a * be the (almost surely unique) vertex of T e with minimal label. For every a, b ∈ T e , let [[a, b]] stand for the geodesic segment between a and b in the tree T e , and set

d KAC (a, b) = Z a + Z b -2 min c∈[[a,b]] Z c .
Then d KAC is a pseudo-distance on T e . The Brownian cactus KAC is the quotient space of the CRT for this pseudo-distance. As explained above, it can also be viewed as the continuous cactus associated with the Brownian map (here and later, we abusively speak about "the" Brownian map although its distribution may not be unique).

The main result of the present work (Theorem 4.5) states that the Brownian cactus is also the limit in distribution of the discrete cactuses associated with very general random planar maps. To explain this more precisely, we need to discuss Boltzmann distributions on planar maps. For technical reasons, we consider rooted and pointed planar maps, meaning that in addition to the root edge there is a distinguished vertex. Let q = (q 1 , q 2 , . . .) be a sequence of non-negative weights satisfying general assumptions (we require that q has finite support, that q k > 0 for some k ≥ 3, and that q is critical in the sense of [START_REF] Marckert | Invariance principles for random bipartite planar maps[END_REF][START_REF] Miermont | An invariance principle for random planar maps[END_REF] -the latter property can always be achieved by multiplying q by a suitable positive constant). For every rooted and pointed planar map m, set W q (m) = f ∈F (m)

q deg(f )
where F (m) stands for the set of all faces of m and deg(f ) is the degree of the face f . For every n, choose a random rooted and pointed planar map M n with n vertices, in such a way that P(M n = m) is proportional to W q (m) (to be precise, we need to restrict our attention to those integers n such that there exists at least one planar map m with n vertices such that W q (m) > 0). View M n as a graph pointed at the distinguished vertex of M n . Then Theorem 4.5 gives the existence of a positive constant B q such that

B q n -1/4 • Cac(M n ) (d) -→ n→∞ KAC
in the Gromov-Hausdorff sense. Here the notation λ • E means that distances in the metric space E are multiplied by the factor λ. This result applies in particular to uniformly distributed p-angulations with a fixed number of faces (by Euler's formula the number of vertices is then also fixed), and thus for instance to triangulations. In contrast with the first approach described above, we do not need to restrict ourselves to the bipartite case where p is even.

As in much of the previous work on asymptotics for large random planar maps, the proof of Theorem 4.5 relies on the existence [START_REF] Bouttier | Planar maps as labeled mobiles[END_REF] of "nice" bijections between planar maps and certain multitype labeled trees. It was observed in [START_REF] Marckert | Invariance principles for random bipartite planar maps[END_REF] (for the bipartite case) and in [START_REF] Miermont | An invariance principle for random planar maps[END_REF] that the tree associated with a random planar map following a Boltzmann distribution is a (multitype) Galton-Watson tree, whose offspring distributions are determined explicitly in terms of the Boltzmann weights, and which is equipped with labels that are uniformly distributed over admissible choices. This labeled tree can be conveniently coded by the two random functions called the contour process and the label process (see the end of subsection 4.3). In the bipartite case, where q k = 0 if k is odd, one can prove [START_REF] Marckert | Invariance principles for random bipartite planar maps[END_REF] that the contour process and the label process associated with the random planar map M n converge as n → ∞, modulo a suitable rescaling, towards the pair consisting of a normalized Brownian excursion and the (tip of the) Brownian snake driven by this excursion. This convergence is a key tool for studying the convergence of rescaled (bipartite) random planar maps towards the Brownian map [START_REF] Gall | The topological structure of scaling limits of large planar maps[END_REF]. In our general non-bipartite setting, it is not known whether the preceding convergence still holds, but Miermont [START_REF] Miermont | An invariance principle for random planar maps[END_REF] observed that it does hold if the tree is replaced by a "shuffled" version. Fortunately for our purposes, although the convergence of the coding functions of the shuffled tree would not be effective to study the asymptotics of rescaled planar maps, it gives enough information to deal with the associated cactuses. This is one of the key points of the proof of Theorem 4.5 in Section 4.

The last two sections of the present work are devoted to some properties of the Brownian cactus. We first show that the Hausdorff dimension of the Brownian cactus is equal to 4 almost surely, and is therefore the same as that of the Brownian map computed in [START_REF] Gall | The topological structure of scaling limits of large planar maps[END_REF]. As a tool for the calculation of the Hausdorff dimension, we derive precise information on the volume of balls centered at a typical point of the Brownian cactus (Proposition 5.1). Finally, we apply ideas of the theory of the Brownian cactus to a problem about the geometry of the Brownian map. Precisely, given three "typical" points in the Brownian map, we study the existence and uniqueness of a cycle with minimal length that separates the first point from the second one and visits the third one. This is indeed a continuous version of a problem discussed by Bouttier and Guitter [START_REF] Bouttier | Confluence of geodesic paths and separating loops in large planar quadrangulations[END_REF] in the discrete setting of large quadrangulations. In particular, we recover the explicit distribution of the volume of the connected components bounded by the minimizing cycle, which had been derived in [START_REF] Bouttier | Confluence of geodesic paths and separating loops in large planar quadrangulations[END_REF] via completely different methods. The results of this section strongly rely on the study of geodesics in the Brownian map developed in [START_REF] Gall | Geodesics in large planar maps and in the Brownian map[END_REF].

The subsequent paper [START_REF] Gall | The Brownian cactus II. Upcrossings and super-Brownian motion[END_REF] derives further results about the Brownian cactus and in particular studies the asymptotic behavior of the number of "branches" of the cactus above level h that hit level h + ε, when ε goes to 0. In terms of the Brownian map, if B(ρ, h) denotes the open ball of radius h centered at the root ρ and N h,ε denotes the number of connected components of the complement of B(ρ, h) that intersect the complement of B(ρ, h+ε), the main result of [START_REF] Gall | The Brownian cactus II. Upcrossings and super-Brownian motion[END_REF] states that ε 3 N h,ε converges as ε goes to 0 to a nondegenerate random variable. This convergence is closely related to an upcrossing approximation for the local time of super-Brownian motion, which is of independent interest.

The paper is organized as follows. In Section 2, we give the definitions and main properties of discrete and continuous cactuses, and establish connections between the discrete and the continuous case. In Section 3, after recalling the construction and main properties of the Brownian map, we introduce the Brownian cactus and show that it coincides with the continuous cactus of the Brownian map. Section 4.5 contains the statement and the proof of our main result Theorem 4.5. As a preparation for the proof, we recall in subsection 4.1 the construction and main properties of the bijections between planar maps and multitype labeled trees. Section 5 is devoted to the Hausdorff dimension of the Brownian cactus, and Section 6 deals with minimizing cycles in the Brownian map. An appendix gathers some facts about planar maps with Boltzmann distributions, that are needed in Section 4. Acknowledgement. We thank Itai Benjamini for the name cactus as well as for suggesting the study of this mathematical object.

Discrete and continuous cactuses 2.1 The discrete cactus

Throughout this section, we consider a graph G = (V, E), meaning that V is a finite set called the vertex set and E is a subset of the set of all (unordered) pairs {v,

v ′ } of distinct elements of V . If v, v ′ ∈ V , a path from v to v ′ in G is a finite sequence γ = (v 0 , . . . , v n ) in V , such that v 0 = v, v n = v ′ and {v i-1 , v i } ∈ E, for every 1 ≤ i ≤ n. The integer n ≥ 0 is called the length of γ.
We assume that G is connected, so that a path from v to v ′ exists for every choice of v and

v ′ . The graph distance d G gr (v, v ′ ) is the minimal length of a path from v to v ′ in G. A path with minimal length is called a geodesic from v to v ′ in G.
In order to define the cactus distance we consider also a distinguished point ρ in V . The triplet G = (V, E, ρ) is then called a pointed graph. With this pointed graph we associate the cactus (pseudo-)distance defined by setting for every

v, v ′ ∈ V , d G Cac (v, v ′ ) := d G gr (ρ, v) + d G gr (ρ, v ′ ) -2 max γ:v→v ′ min a∈γ d G gr (ρ, a),
where the maximum is over all paths γ from v to v ′ in G.

Proposition 2.1. The mapping

(v, v ′ ) → d G Cac (v, v ′ ) is a pseudo-distance on V taking integer values. Moreover, for every v, v ′ ∈ V , d G gr (v, v ′ ) ≥ d G Cac (v, v ′ ). ( 1 
)
and d G Cac (ρ, v) = d G gr (ρ, v). ( 2 
)
Proof. It is obvious that d G Cac (v, v) = 0 and d G Cac (v, v ′ ) = d G Cac (v ′ , v). Let us verify the triangle inequality. Let v, v ′ , v ′′ ∈ V and choose two paths γ 1 : v → v ′ and γ 2 : v ′ → v ′′ such that min a∈γ 1 d G gr (ρ, a)
is maximal among all paths γ : v → v ′ in G and a similar property holds for γ 2 . The concatenation of γ 1 and γ 2 gives a path γ 3 : v → v ′′ and we easily get

d G Cac (v, v ′′ ) ≤ d G gr (ρ, v) + d G gr (ρ, v ′′ ) -2 min a∈γ 3 d G gr (ρ, a) ≤ d G Cac (v, v ′ ) + d G Cac (v ′ , v ′′ ).
In order to get the bound (1), let v, v ′ ∈ V , and choose a geodesic path γ from v to v ′ . Let w be a point on the path γ whose distance to ρ is minimal. Then,

d G gr (v, v ′ ) = d G gr (v, w) + d G gr (w, v ′ ) ≥ d G gr (ρ, v) + d G gr (ρ, v ′ ) -2 d G gr (ρ, w) = d G gr (ρ, v) + d G gr (ρ, v ′ ) -2 min a∈γ d G gr (ρ, a) ≥ d G Cac (v, v ′ ).
Property ( 2) is immediate from the definition.

As usual, we introduce the equivalence relation Proof. Let us first verify that the graph G • is a tree. If u ∈ V we use the notation u for the equivalence class of u in the quotient Cac(G). We argue by contradiction and assume that there exists a (non-trivial) cycle in Cac(G). We can then find an integer n ≥ 3 and vertices

G ≍ defined on V by setting v G ≍ v ′ if and only d G Cac (v, v ′ ) = 0. Note that v G ≍ v ′ if and only if d G gr (ρ, v) = d G gr (ρ, v ′ )
x 0 , x 1 , x 2 , . . . , x n ∈ V such that    x 0 = x n , d G Cac (x i , x i+1 ) = 1, for every 0 ≤ i ≤ n -1, x 0 , x 1 , . . . , x n-1 are distinct.
Without loss of generality, we may assume that d G gr (ρ,

x 0 ) = max{d G gr (ρ, x i ), 0 ≤ i ≤ n}. By (2), we have | d G gr (ρ, x 0 ) -d G gr (ρ, x 1 )| ≤ d G Cac (x 0 , x 1 ) = 1. If d G gr (ρ, x 0 ) = d G gr (ρ, x 1 ) then it follows from the definition of d G Cac that d G Cac (x 0 , x 1
) is even and thus different from 1. So we must have

d G gr (ρ, x 1 ) = d G gr (ρ, x 0 ) -1.
Combining this equality with the property d G Cac (x 0 , x 1 ) = 1, we obtain that there exists a path from x 0 to x 1 that stays at distance at least d G gr (ρ, x 1 ) from ρ. Using the same arguments and the equality d G Cac (x 0 , x n-1 ) = 1, we obtain similarly that d G gr (ρ, x n-1 ) = d G gr (ρ, x 0 ) -1 = d G gr (ρ, x 1 ) and that there exists a path from x n-1 to x 0 that stays at distance at least d G gr (ρ, x 1 ) from ρ. Considering the concatenation of the two paths we have constructed, we get d G Cac (x 1 , x n-1 ) = 0 or equivalently x 1 = x n-1 . This gives the desired contradiction, and we have proved that G • is a tree.

We still have to verify the equality of the distances d 

• . Conversely, let a, b ∈ Cac(G). We can find a path (y 0 , y 1 , . . . , y n ) in G such that y 0 = a, y n = b and d G Cac (a, b) = d G gr (ρ, y 0 ) + d G gr (ρ, y n ) -2 min 0≤j≤n d G gr (ρ, y j ).
Put m = min 0≤j≤n d G gr (ρ, y j ), p = d G gr (ρ, y 0 ) and q = d G gr (ρ, y n ) to simplify notation. Then set, for every 0

≤ i ≤ p -m, k i = min{j ∈ {0, 1, . . . , n} : d G gr (ρ, y j ) = p -i}
and, for every 0 ≤ i ≤ q -m,

ℓ i = max{j ∈ {0, 1, . . . , n} : d G gr (ρ, y j ) = q -i}. Then y k 0 , y k 1 , . . . , y k p-m = y ℓ q-m , y ℓ q-m-1 , . . . , y ℓ 1 , y ℓ 0 is a path from a to b in G • . It follows that d G • gr (a, b) ≤ p + q -2m = d G Cac (a, b), which completes the proof.
Remark 2.3. The notion of the cactus associated with a pointed graph strongly depends on the choice of the distinguished point ρ.

In the next sections, we will be interested in rooted planar maps, which will even be pointed in Section 4. With such a planar map, we can associate a pointed graph in the preceding sense: just say that V is the vertex set of the map, E is the set of all pairs {v, v ′ } of distinct points of V such that there exists (at least) one edge of the map between v and v ′ , and the vertex ρ is either the root vertex, for a map that is only rooted, or the distinguished point for a map that is rooted and pointed. Note that the graph distance corresponding to this pointed graph (obviously) coincides with the usual graph distance on the vertex set of the map. Later, when we speak about the cactus of a planar map, we will always refer to the cactus of the associated pointed graph. In agreement with the notation of this section, we will use bold letters m, M to denote the pointed graphs associated with the planar maps m, M . Figure 1: A planar map and on the right side the same planar map represented so that the height of every vertex coincides with its distance from the distinguished vertex ρ. We see a tree structure emerging from this picture, which corresponds to the associated cactus.

The continuous cactus

Let us recall some basic notions from metric geometry. If (E, d) is a metric space and γ : [0, T ] -→ E is a continuous curve in E, the length of γ is defined by:

L(γ) = sup 0=t 0 <•••<t k =T k-1 i=0 d γ(t i ), γ(t i+1 ) ,
where the supremum is over all choices of the subdivision 0 = t

0 < t 1 < • • • < t k = T of [0, T ]. Obviously L(γ) ≥ d(γ(0), γ(T )).
We say that (E, d) is a geodesic space if for every a, b ∈ E there exists a continuous curve γ : [0, d(a, b)] -→ E such that γ(0) = a, γ(d(a, b)) = b and d(γ(s), γ(t)) = t -s for every 0 ≤ s ≤ t ≤ d(a, b). Such a curve γ is then called a geodesic from a to b in E. Obviously, L(γ) = d(a, b). A pointed geodesic metric space is a geodesic space with a distinguished point ρ.

Let E = (E, d, ρ) be a pointed geodesic compact metric space. We define the (continuous) cactus associated with (E, d, ρ) in a way very similar to what we did in the discrete setting. We first define for every a, b ∈ E, We will return to this question later.

Continuity properties of the cactus

Let us start by recalling the definition of the Gromov-Hausdorff distance between two pointed compact metric spaces (see [START_REF] Gromov | Metric Structures for Riemannian and Non-Riemannian Spaces[END_REF] and [START_REF] Burago | A Course in Metric Geometry[END_REF]Section 7.4] for more details).

Recall that if A and B are two compact subsets of a metric space (E, d), the Hausdorff distance between A and B is E,d,ρ) and E ′ = (E, d ′ , ρ ′ ) are two pointed compact metric spaces, the Gromov-Hausdorff distance between E and E ′ is

d E H (A, B) := inf{ε > 0 : A ⊂ B ε and B ⊂ A ε }, where X ε := {x ∈ E : d(x, X) ≤ ε} denotes the ε-neighborhood of a subset X of E. Definition 2.6. If E = (
d GH (E, E ′ ) = inf d F H (φ(E), φ ′ (E ′ )) ∨ δ(φ(ρ), φ ′ (ρ ′ )) ,
where the infimum is taken over all choices of the metric space (F, δ) and the isometric embeddings φ : E → F and φ ′ :

E ′ → F of E and E ′ into F .
The Gromov-Hausdorff distance is indeed a metric on the space of isometry classes of pointed compact metric spaces. An alternative definition of this distance uses correspondences. A correspondence between two pointed metric spaces (E, d, ρ) and (E ′ , d ′ , ρ ′ ) is a subset R of E × E ′ containing (ρ, ρ ′ ), such that, for every x 1 ∈ E, there exists at least one point x 2 ∈ E ′ such that (x 1 , x 2 ) ∈ R and conversely, for every y 2 ∈ E ′ , there exists at least one point y 1 ∈ E such that (y 1 , y 2 ) ∈ R. The distortion of the correspondence R is defined by

dis(R) := sup |d(x 1 , y 1 ) -d ′ (x 2 , y 2 )| : (x 1 , x 2 ), (y 1 , y 2 ) ∈ R .
The Gromov-Hausdorff distance can be expressed in terms of correspondences by the formula

d GH (E, E ′ ) = 1 2 inf dis(R) , (3) 
where the infimum is over all correspondences R between E and E ′ . See [START_REF] Burago | A Course in Metric Geometry[END_REF]Theorem 7.3.25] for a proof in the non-pointed case, which is easily adapted.

Proposition 2.7. Let E and E ′ be two pointed geodesic compact metric spaces. Then,

d GH (Kac(E), Kac(E ′ )) ≤ 6 d GH (E, E ′ ).
Proof. It is enough to verify that, for any correspondence R between E and E ′ with distortion D, we can find a correspondence R between Kac(E) and Kac(E ′ ) whose distortion is bounded above by 6D. We define R as the set of all pairs (a, a ′ ) such that there exists (at least) one representative x of a in E and one representative x ′ of a ′ in E ′ , such that (x, x ′ ) ∈ R. Let (x, x ′ ) ∈ R and (y, y ′ ) ∈ R. We need to verify that

| d E Kac (x, y) -d E ′ Kac (x ′ , y ′ )| ≤ 6D.
Fix ε > 0. We can find a continuous curve γ : [0, 1] -→ E such that γ(0) = x, γ(1) = y and

d(ρ, x) + d(ρ, y) -2 min 0≤t≤1 d(ρ, γ(t)) ≤ d E Kac (x, y) + ε.
By continuity, we may find a subdivision 0 = t

0 < t 1 < • • • < t p = 1 of [0, 1] such that d(γ(t i ), γ(t i+1 )) ≤ D for every 0 ≤ i ≤ p -1.
For every 0 ≤ i ≤ p, put x i = γ(t i ), and choose

x ′ i ∈ E ′ such that (x i , x ′ i ) ∈ R.
We may and will take x ′ 0 = x ′ and y ′ 0 = y ′ . Now note that, for 0

≤ i ≤ p -1, d ′ (x ′ i , x ′ i+1 ) ≤ d(x i , x i+1 ) + D ≤ 2D. Since E ′ is a geodesic space, we can find a curve γ ′ : [0, 1] -→ E ′ such that γ ′ (t i ) = x ′
i , for every 0 ≤ i ≤ p, and any point γ ′ (t), 0 ≤ t ≤ 1 lies within distance at most D from one of the points γ ′ (t i ). It follows that min

0≤t≤1 d ′ (ρ ′ , γ ′ (t)) ≥ min 0≤i≤p d ′ (ρ ′ , γ ′ (t i )) -D ≥ min 0≤i≤p d(ρ, γ(t i )) -2D. Hence, d E ′ Kac (x ′ , y ′ ) ≤ d ′ (ρ ′ , x ′ ) + d ′ (ρ ′ , y ′ ) -2 min 0≤t≤1 d ′ (ρ ′ , γ ′ (t)) ≤ d(ρ, x) + d(ρ, y) -2 min 0≤t≤1 d(ρ, γ(t)) + 6D ≤ d E Kac (x, y) + 6D + ε
The desired result follows since ε was arbitrary and we can interchange the roles of E and E ′ .

Convergence of discrete cactuses

Let G = (V, E, ρ) be a pointed graph (and write G = (V, E) for the non-pointed graph as previously). We can identify G with the pointed (finite) metric space (V, d G gr , ρ). For any real r > 0, we then denote the "rescaled graph" (V, r d G gr , ρ) by r • G. Similarly, we defined Cac(G) as a pointed finite metric space. The space r • Cac(G) is then obtained by multiplying the distance on Cac(G) by the factor r.

Proposition 2.8. Let (G n ) n≥0 be a sequence of pointed graphs, and let (r n ) n≥0 be a sequence of positive real numbers converging to 0. Suppose that r n •G n converges to a pointed compact metric space E, in the sense of the Gromov-Hausdorff distance. Then, r n • Cac(G n ) also converges to Kac(E), in the sense of the Gromov-Hausdorff distance.

Remark 2.9. The cactus Kac(E) is well defined because E must be a geodesic space. The latter property can be derived from [7, Theorem 7.5.1], using the fact that the graphs r n • G n can be approximated by geodesic spaces as explained in the forthcoming proof.

Proof. This is essentially a consequence of Proposition 2.7. We start with some simple observations. Let G = (V, E, ρ) be a pointed graph. By considering the union of a collection (I {u,v} ) {u,v}∈E of unit segments indexed by E (such that this union is a metric graph in the sense of [7, Section 3.2.2]), we can construct a pointed geodesic compact metric space (Λ(G), d Λ(G) , ρ), such that the graph G (viewed as a pointed metric space) is embedded isometrically in Λ(G), and the Gromov-Hausdorff distance between G and Λ(G) is bounded above by 1.

A moment's thought shows that Cac(G) is also embedded isometrically in Kac(Λ(G)), and the Gromov-Hausdorff distance between Cac(G) and Kac(Λ(G)) is still bounded above by 1.

We apply these observations to the graphs G n . By scaling, we get that the Gromov-Hausdorff distance between the metric spaces r n • G n and r n • Λ(G n ) is bounded above by r n , so that the sequence r n • Λ(G n ) also converges to E in the sense of the Gromov-Hausdorff distance. From Proposition 2.7, we now get that Kac(r n • Λ(G n )) converges to Kac(E). On the other hand, the Gromov-Hausdorff distance beween Kac(r

n • Λ(G n )) = r n • Kac(Λ(G n )) and r n • Cac(G n ) is
bounded above by r n , so that the convergence of the proposition follows.

Corollary 2.10. Let E be a pointed geodesic compact metric space. Then Kac(E) is a compact R-tree.

Proof. As a simple consequence of Proposition 7.5.5 in [START_REF] Burago | A Course in Metric Geometry[END_REF], we can find a sequence (r n ) n≥0 of positive real numbers converging to 0 and a sequence (G n ) n≥0 of pointed graphs, such that the rescaled graphs r n • G n converge to E in the Gromov-Hausdorff sense. By Proposition 2.8, r n • Cac(G n ) converges to Kac(E) in the Gromov-Hausdorff sense. Using the notation of the preceding proof, it also holds that

r n • Λ(Cac(G n )) converges to Kac(E). Proposition 2.2 then implies that r n • Λ(Cac(G n )) is a (compact) R-tree.
The desired result follows since the set of all compact R-trees is known to be closed for the Gromov-Hausdorff topology (see e.g. [10, Lemma 2.1]).

Another approach to the continuous cactus

In this section, we present an alternative definition of the continuous cactus, which gives a different perspective on the previous results, and in particular on Corollary 2.10. Let E = (E, d, ρ) be a pointed geodesic compact metric space, and for r ≥ 0, let

B(r) = {x ∈ E : d(ρ, x) < r} , B(r) = {x ∈ E : d(ρ, x) ≤ r} ,
be respectively the open and the closed ball of radius r centered at ρ. We let Kac ′ (E) be the set of all subsets of E that are (non-empty) connected components of the closed set B(r) c , for some r ≥ 0 (here, A c denotes the complement of the set A). Note that all elements of Kac ′ (E) are themselves closed subsets of E.

For every C ∈ Kac ′ (E), we let

h(C) = d(ρ, C) = inf{d(ρ, x) : x ∈ C} . Since E is path-connected, h(C) is also the unique real r ≥ 0 such that C is a connected component of B(r) c .
Note that Kac ′ (E) is partially ordered by the relation

C C ′ ⇐⇒ C ′ ⊆ C
and has a unique minimal element E. Every totally ordered subset of Kac ′ (E) has a supremum, given by the intersection of all its elements. To see this, observe that if (C i ) i∈I is a totally ordered subset of Kac ′ (E) then we can choose a sequence (i n ) n≥1 taking values in I such that the sequence (h(C in )) n≥1 is non-decreasing and converges to

r max := sup{h(C i ) : i ∈ I}. Then the intersection ∞ n=1
C in is non-empty, closed and connected as the intersection of a decreasing sequence of non-empty closed connected sets in a compact space, and it easily follows that this intersection is a connected component of B(r max ) c and coincides with the intersection of all C i , i ∈ I. At this point, it is crucial that elements of Kac ′ (E) are closed, and this is one of the reasons why one considers complements of open balls in the definition of Kac ′ (E).

In particular, for every

C, C ′ ∈ Kac ′ (E) , the infimum C ∧ C ′ makes sense as the supremum of all C ′′ ∈ Kac ′ (E) such that C ′′ C and C ′′ C ′ , and h(C ∧ C ′ ) is the maximal value of r such that C and C ′ are contained in the same connected component of B(r) c . Moreover, if C ∈ Kac ′ (E), the set {C ′ ∈ Kac ′ (E) : C ′ C} is isomorphic as an ordered set to the segment [0, h(C)], because for every t ∈ [0, h(C)] there is a unique C ′ ∈ Kac ′ (E) with h(C ′ ) = t and C ⊂ C ′ .
Finally, h : Kac ′ (E) → R + is an increasing function, inducing a bijection from every segment of the partially ordered set Kac ′ (E) to a real segment. It follows from general results (see Proposition 3.10 in [START_REF] Favre | The valuative tree[END_REF]) that the set Kac ′ (E) equipped with the distance

d E Kac ′ (C, C ′ ) = h(C) + h(C ′ ) -2h(C ∧ C ′ ) is an R-tree rooted at E = B(0) c . Note that d E Kac ′ (E, C) = h(C) for every C ∈ Kac ′ (E). Proposition 2.11.
The spaces Kac ′ (E) and Kac(E) are isometric pointed metric spaces.

Proof. We consider the mapping from E to Kac ′ (E), which maps x to the connected component

C x of B(d(ρ, x)) c containing x. This mapping is clearly onto: if C ∈ Kac ′ (E), we have C = C x for any x ∈ C such that d(ρ, x) = d(ρ, C).
Let us show that this mapping is an isometry from the pseudo-metric space (E, d E Kac ) onto (Kac ′ (E), d E Kac ′ ). Let x, y ∈ E be given, and γ : [0, 1] → E be a path from x to y. Let t 0 be such that d(ρ, γ(t 0 )) ≤ d(ρ, γ(t)) for every t ∈ [0, 1]. Then the path γ lies in a single path-connected component of B(d(ρ, γ(t 0 ))) c , entailing that x and y are in the same connected component of this set. Consequently, h(C x ∧ C y ) ≥ d(ρ, γ(t 0 )), and since obviously h(C x ) = d(x, ρ),

d E Kac ′ (C x , C y ) ≤ d(ρ, x) + d(ρ, y) -2 inf t∈[0,1] d(ρ, γ(t)) .
Taking the infimum over all γ gives

d E Kac ′ (C x , C y ) ≤ d E Kac (x, y) . (4) 
Let us verify that the reverse inequality also holds. If

h(C x ∧ C y ) > 0 and ε ∈ (0, h(C x ∧ C y )), the infimum C x ∧ C y is contained in some connected component of B(h(C x ∧ C y ) -ε) c .
Since the latter set is open, and E is a geodesic space, hence locally path-connected, we deduce that this connected component is in fact path-connected, and since it contains x and y, we can find a path γ from x to y that remains in

B(h(C x ∧ C y ) -ε) c . This entails that d E Kac (x, y) ≤ d E Kac ′ (C x , C y ) + ε ,
and letting ε → 0 yields the bound d E Kac ′ (C x , C y ) ≥ d E Kac (x, y). The latter bound remains true when h(C x ∧ C y ) = 0, since in that case C x ∧ C y = E and d E Kac ′ (C x , C y ) = h(C x ) + h(C y ) = d(ρ, x) + d(ρ, y).
From the preceding observations, we directly obtain that x → C x induces a quotient mapping from Kac(E) onto Kac ′ (E), which is an isometry and maps (the class of) ρ to E.

Remark 2.12. The discrete cactus of a graph can be defined in an analogous way as above, using the notion of graph connectedness instead of connectedness in metric spaces.

Let us return to Remark 2.5 about the existence, for given x, y ∈ E, of a minimizing path γ : [0, 1] → E going from x to y, such that

d E Kac (x, y) = d(ρ, x) + d(ρ, y) -2 min 0≤t≤1 d(ρ, γ(t)).
With the notation of the previous proof, it may happen that the closed set C x ∧ C y is connected without being path-connected: Fig. 2 suggests an example of this phenomenon. In that event, if x and y cannot be connected by a continuous path that stays in C x ∧ C y , there exists no minimizing path. Here E is a compact subset of R 3 and is equipped with the intrinsic distance associated with the 

L ∞ -metric δ((x 1 , x 2 , x 3 ), (y 1 , y 2 , y 3 )) = sup{|x i -y i |, i = 1,

The Brownian cactus

In this section, we define the Brownian cactus and we show that it is the continuous cactus associated with the (random) compact metric space called the Brownian map. The Brownian map has been studied in [START_REF] Gall | The topological structure of scaling limits of large planar maps[END_REF] as the limit in distribution, along suitable sequences, of rescaled 2p-angulations chosen uniformly at random. We first recall some basic facts about the Brownian map.

We let e = (e t ) 0≤t≤1 be a Brownian excursion with duration 1. For our purposes it is crucial to view e as the coding function for the random continuous tree known as the CRT. Precisely, we define a pseudo-distance d e on [0, 1] by setting for every s, t ∈ [0, 1], Conditionally given e, we introduce the centered Gaussian process (Z t ) 0≤t≤1 with continuous sample paths such that cov(Z s , Z t ) = min s∧t≤r≤s∨t e r .

It is easy to verify that a.s. for every s, t ∈ [0, 1] the condition s ∼ e t implies that Z s = Z t . Therefore we may and will view Z as indexed by the CRT T e . In fact, it is natural to interpret Z as Brownian motion indexed by the CRT. We will write indifferently Z a = Z t when a ∈ T e and t ∈ [0, 1] are such that a = p e (t). We set

Z := min t∈[0,1] Z t .
One can then prove [START_REF] Marckert | Limit of normalized quadrangulations. The Brownian map[END_REF][START_REF] Gall | Conditioned Brownian trees[END_REF]] that a.s. there exists a unique s * ∈ [0, 1] such that Z s * = Z. We put a * = p e (s * ).

We now define an equivalence relation on the CRT. For every a, b ∈ T e , we put a ≈ b if and only if there exist s, t ∈ [0, 1] such that p e (s) = a, p e (t) = b, and

Z r ≥ Z s = Z t , for every r ∈ [s, t].
Here and later we make the convention that when s > t, the notation r ∈

[s, t] means r ∈ [s, 1] ∪ [0, t].
It is not obvious that ≈ is an equivalence relation. This follows from Lemma 3.2 in [START_REF] Gall | Scaling limits of bipartite planar maps are homeomorphic to the 2-sphere[END_REF], which shows that with probability one, for every distinct a, b ∈ T e , the property a ≈ b may only hold if a and b are leaves of T e , and then p -1 e (a) and p -1 e (b) are both singletons. The Brownian map is now defined as the quotient space m ∞ := T e / ≈ which is equipped with the quotient topology. We write Π : T e -→ m ∞ for the canonical projection, and we put ρ * = Π(a * ). We also let λ be the image of Vol under Π, and we interpret λ as the volume measure on m ∞ . For every x ∈ m ∞ , we set Z x = Z a , where a ∈ T e is such that Π(a) = x (this definition does not depend on the choice of a).

A key result of [START_REF] Gall | The topological structure of scaling limits of large planar maps[END_REF] states the Brownian map, equipped with a suitable metric D, appears as the limit in distribution of rescaled random 2p-angulations. More precisely, let p ≥ 2 be an integer, and for every n ≥ 1, let m n be uniformly distributed over the class of all rooted 2p-angulations with n faces. Write V (m n ) for the vertex set of m n , which is equipped with the graph distance d mn gr , and let ρ n denote the root vertex of m n . Then, from any strictly increasing sequence of positive integers we can extract a suitable subsequence (n k ) k≥1 such that the following convergence holds in distribution in the Gromov-Hausdorff sense,

V (m n k ), 9 4p(p -1) 1/4 (n k ) -1/4 d mn k gr , ρ n k (d) -→ k→∞ (m ∞ , D, ρ * ) ( 5 
)
where D is a metric on the space m ∞ that satisfies the following properties:

1. For every a ∈ T e , D(ρ * , Π(a)) = Z a -Z.

2. For every a, b ∈ T e and every s, t ∈ [0, 1] such that p e (s) = a and p e (t) = b,

D(Π(a), Π(b)) ≤ Z s + Z t -2 min r∈[s,t] Z r . 3. For every a, b ∈ T e , D(Π(a), Π(b)) ≥ Z a + Z b -2 min c∈[[a,b]] Z c .
Notice that in Property 2 we make the same convention as above for the notation r ∈ [s, t] when s > t. The preceding statements can be found in Section 3 of [START_REF] Gall | The topological structure of scaling limits of large planar maps[END_REF] (see in particular [START_REF] Gall | The topological structure of scaling limits of large planar maps[END_REF]Theorem 3.4]), with the exception of Property 3. We refer to Corollary 3.2 in [START_REF] Gall | Geodesics in large planar maps and in the Brownian map[END_REF] for the latter property. By the argument in Remark 2.9, the metric space (m ∞ , D) is a geodesic space a.s.

The limiting metric D in (5) may depend on the integer p and on the choice of the subsequence (n k ). However, we will see that the cactus of the Brownian map is well defined independently of p and of the chosen subsequence, and in fact coincides with the Brownian cactus that we now introduce.

Definition 3.1. The Brownian cactus KAC is the random metric space defined as the quotient space of T e for the equivalence relation

a ≍ b iff Z a = Z b = min c∈[[a,b]] Z c
and equipped with the distance induced by

d KAC (a, b) = Z a + Z b -2 min c∈[[a,b]] Z c , for every a, b ∈ T e .
We view KAC as a pointed metric space whose root is the equivalence class of a * .

It is an easy matter to verify that d KAC is a pseudo-distance on T e , and that ≍ is the associated equivalence relation.

We write m ∞ for the pointed metric space (m ∞ , D, ρ * ) appearing in [START_REF] Bouttier | The three-point function of planar quadrangulations[END_REF].

Proposition 3.2. Almost surely, Kac(m ∞ ) is isometric to KAC.
Proof. We first need to identify the pseudo-distance d m∞ Kac (see subsection 2.2). Let x, y ∈ m ∞ and choose a, b ∈ T e such that x = p e (a) and y = p e (b). If γ : [0, 1] -→ m ∞ is a continuous path such that γ(0) = x and γ(1) = y, Proposition 3.1 in [START_REF] Gall | Geodesics in large planar maps and in the Brownian map[END_REF] ensures that

min 0≤t≤1 Z γ(t) ≤ min c∈[[a,b]] Z c . Using Property 1 above, it follows that min 0≤t≤1 D(ρ * , γ(t)) ≤ min c∈[[a,b]] (Z c -Z).
Since this holds for any continuous curve γ from x to y in m ∞ , we get from the definition of

d m∞ Kac that d m∞ Kac (x, y) ≥ (Z a -Z) + (Z b -Z) -2 min c∈[[a,b]] (Z c -Z) = d KAC (a, b).
The corresponding upper bound is immediately obtained by letting γ be the image under Π of the (rescaled) geodesic path from a to b in the tree T e . Note that the resulting path from x to y in m ∞ is continuous because the projection Π is so. Summarizing, we have obtained that, for every a, b ∈ T e ,

d m∞ Kac (Π(a), Π(b)) = d KAC (a, b). (6) 
In particular, the property a ≍ b holds if and only if Π(a) m∞ ≍ Π(b). Hence, the composition of the canonical projections from T e onto m ∞ and from m ∞ onto Kac(m ∞ ) induces a one toone mapping from KAC = T e / ≍ onto Kac(m ∞ ). By [START_REF] Bouttier | Confluence of geodesic paths and separating loops in large planar quadrangulations[END_REF] this mapping is an isometry, which completes the proof.

Recall the notation m n for a random planar map uniformly distributed over the set of all rooted 2p-angulations with n faces, and ρ n for the root vertex of m n . As explained at the end of subsection 2.1, we can associate a pointed graph with m n , such that the distinguished point of this graph is ρ n . We write m n for this pointed graph.

Corollary 3.3. We have

9 4p(p -1) 1/4 n -1/4 • Cac(m n ) (d) -→ n→∞ KAC in the Gromov-Hausdorff sense.
In contrast with [START_REF] Bouttier | The three-point function of planar quadrangulations[END_REF], the convergence of the corollary does not require the extraction of a subsequence.

Proof. It is sufficient to prove that, from any strictly increasing sequence of positive integers we can extract a subsequence (n k ) such that the desired convergence holds along this subsequence. To this end, we extract the subsequence (n k ) so that (5) holds. By Proposition 2.8, we have then 9 4p(p -1)

1/4 (n k ) -1/4 • Cac(m n k ) (d) -→ k→∞ Kac(m ∞ ).
By Proposition 3.2, the limiting distribution is that of KAC, independently of the subsequence that we have chosen. This completes the proof.

In the next section, we will see that the convergence of the corollary holds for much more general random planar maps.

Convergence of cactuses associated with random planar maps 4.1 Planar maps and bijections with trees

We denote the set of all rooted and pointed planar maps by M r,p . As in [START_REF] Miermont | An invariance principle for random planar maps[END_REF], it is convenient for technical reasons to make the convention that M r,p contains the "vertex map", denoted by †, which has no edge and only one vertex "bounding" a face of degree 0. With the exception of †, a planar map in M r,p has at least one edge. An element of M r,p other than † consists of a planar map m together with an oriented edge e (the root edge) and a distinguished vertex ρ.

We write e -and e + for the origin and the target of the root edge e. Note that we may have e -= e + if e is a loop.

As previously, we denote the graph distance on the vertex set V (m) of m by d m gr . We say that the rooted and pointed planar map (m, e, ρ) is positive, respectively negative, respectively null if d m gr (ρ, e + ) = d m gr (ρ, e -) + 1, resp. d m gr (ρ, e + ) = d m gr (ρ, e -) -1, resp. d m gr (ρ, e + ) = d m gr (ρ, e -). We make the convention that the vertex map † is positive. We write M + r,p , resp. M - r,p , resp. M 0 r,p for the set of all positive, resp. negative, resp. null, rooted and pointed planar maps. Reversing the orientation of the root edge yields an obvious bijection between the sets M + r,p and M - r,p , and for this reason we will mainly discuss M + r,p and M 0 r,p in what follows. We will make use of the Bouttier-Di Francesco-Guitter bijection [START_REF] Bouttier | Planar maps as labeled mobiles[END_REF] between M + r,p ∪ M 0 r,p and a certain set of multitype labeled trees called mobiles. In order to describe this bijection, we use the standard formalism for plane trees, as found in Section 1.1 of [START_REF] Gall | Random trees and applications[END_REF] for instance. In this formalism, vertices are elements of the set

U = ∞ n=0 N n
of all finite sequences of positive integers, including the empty sequence ∅ that serves as the root vertex of the tree. A plane tree τ is a finite subset of U that satisfies the following three conditions:

1. ∅ ∈ τ .

2. For every u = (i 1 , . . . , i k ) ∈ τ \ {∅}, the sequence (i 1 , . . . , i k-1 ) (the "parent" of u) also belongs to τ .

3. For every u = (i 1 , . . . , i k ) ∈ τ , there exists an integer k u (τ ) ≥ 0 (the "number of children" of u) such that the vertex (i 1 , . . . , i k , j) belongs to τ if and only if 1

≤ j ≤ k u (τ ).
The generation of u = (i 1 , . . . , i k ) is denoted by |u| = k. The notions of an ancestor and a descendant in the tree τ are defined in an obvious way.

We will be interested in four-type plane trees, meaning that each vertex is assigned a type which can be 1, 2, 3 or 4.

We next introduce mobiles following the presentation in [START_REF] Miermont | An invariance principle for random planar maps[END_REF], with a few minor modifications. We consider a four-type plane tree τ satisfying the following properties:

(i) The root vertex ∅ is of type 1 or of type 2.

(ii) The children of any vertex of type 1 are of type 3.

(iii) Each individual of type 2 and which is not the root vertex of the tree has exactly one child of type 4 and no other child. If the root vertex is of type 2, it has exactly two children, both of type 4.

(iv) The children of individuals of type 3 or 4 can only be of type 1 or 2.

Let τ (1,2) be the set of all vertices of τ at even generation (these are exactly the vertices of type 1 or 2). An admissible labeling of τ is a collection of integer labels (ℓ u ) u∈τ (1,2) assigned to the vertices of type 1 or 2, such that the following properties hold:

a. ℓ ∅ = 0.

b. Let u be a vertex of type 3 or 4, let u (1) , . . . , u (k) be the children of u (in lexicographical order) and let u (0) be the parent of u. Then, for every i = 0, 1, . . . , k,

ℓ u (i+1) ≥ ℓ u (i) -1
with the convention u (k+1) = u (0) . Moreover, for every i = 0, 1, . . . , k such that u (i+1) is of type 2, we have

ℓ u (i+1) ≥ ℓ u (i) .
By definition, a mobile is a pair (τ, (ℓ u ) u∈τ (1,2) ) consisting of a four-type plane tree satisfying the preceding conditions (i)-(iv), and an admissible labeling of τ . We let T + be the set of all mobiles such that the root vertex of τ is of type 1. We also let T 0 be the set of all mobiles such that the root vertex is of type 2.

Remark 4.1. Our definition of admissible labelings is slightly different from the ones that are used in [START_REF] Miermont | An invariance principle for random planar maps[END_REF] or [START_REF] Miermont | Radius and profile of random planar maps with faces of arbitrary degrees[END_REF]. To recover the definitions of [START_REF] Miermont | An invariance principle for random planar maps[END_REF] or [START_REF] Miermont | Radius and profile of random planar maps with faces of arbitrary degrees[END_REF], just subtract 1 from the label of each vertex of type 2. Because of this difference, our construction of the bijections between maps and trees will look slightly different from the ones in [START_REF] Miermont | An invariance principle for random planar maps[END_REF] or [START_REF] Miermont | Radius and profile of random planar maps with faces of arbitrary degrees[END_REF].

The Bouttier-Di Francesco-Guitter construction provides bijections between the set T + and the set M + r,p on one hand, between the set T 0 and the set M 0 r,p on the other hand. Let us describe this construction in the first case.

We start from a mobile (τ, (ℓ u ) u∈τ (1,2) ) ∈ T + . In the case when τ = {∅}, we decide by convention that the associated planar map is the vertex map †. Otherwise, let p ≥ 1 be the number of edges of τ (p = #τ -1). The contour sequence of τ is the sequence v 0 , v 1 , . . . , v 2p of vertices of τ defined inductively as follows. First v 0 = ∅. Then, for every i ∈ {0, 1, . . . , 2p -1}, v i+1 is either the first child of v i that has not yet appeared among v 0 , v 1 , . . . , v i , or if there is no such child, the parent of v i . It is easy to see that this definition makes sense and v 2p = ∅. Moreover all vertices of τ appear in the sequence v 0 , v 1 , . . . , v 2p , and more precisely the number of occurences of a vertex u of τ is equal to the multiplicity of u in τ . In fact, each index i such that v i = u corresponds to one corner of the vertex u in the tree τ : We will abusively call it the corner v i . We also introduce the modified contour sequence of τ as the sequence u 0 , u 1 , . . . , u p defined by

u i = v 2i , ∀i = 0, 1, . . . , p.
By construction, the vertices appearing in the modified contour sequence are exactly the vertices of τ (1,2) . We extend the modified contour sequence periodically by setting u p+i = u i for i = 1, . . . , p. Note that the properties of labels entail ℓ u i+1 ≥ ℓ u i -1 for i = 0, 1, . . . , 2p -1.

To construct the edges of the rooted and pointed planar map (m, e, ρ) associated with the mobile (τ, (ℓ u ) u∈τ (1,2) ) ∈ T + we proceed as follows. We first embed the tree τ in the plane in a way consistent with the planar order. We then add an extra vertex of type 1, which we call ρ. Then, for every i = 0, 1, . . . , p -1:

(i) If ℓ u i = min 0≤k≤p ℓ u k
we draw an edge between the corner u i and ρ. (ii) If

ℓ u i > min 0≤k≤p ℓ u k
we draw an edge between the corner u i and the corner u j , where j = min{k ∈ {i+1, . . . , i+ p -1} : ℓ u k = ℓ u i -1}. Because of property b. of the labeling, the vertex u j must be of type 1.

The construction can be made in such a way that edges do not intersect, and do not intersect the edges of the tree τ . Furthermore each face of the resulting planar map contains exactly one vertex of type 3 or 4, and both the parent and the children of this vertex are incident to this face. See Fig. 2 for an example. The resulting planar map is bipartite with vertices either of type 1 or of type 2. Furthermore, the fact that in the tree τ each vertex of type 2 has exactly one child, and the labeling rules imply that each vertex of type 2 is incident to exactly two edges of the map, which connect it to two vertices of type 1, which may be the same (these vertices of type 1 will be said to be associated with the vertex of type 2 we are considering). Each of these edges corresponds in the preceding construction to one of the two corners of the vertex of type 2 that we consider. To complete the construction, we just erase all vertices of type 2 and for each of these we merge its two incident edges into a single edge connecting the two associated vertices of type 1. In this way we get a (non-bipartite in general) planar map m. Finally we decide that the root edge e of the map is the first edge drawn in the construction, oriented in such a way that e + = ∅, and we let the distinguished vertex of the map be the vertex ρ. Note that vertices of the map m that are different from the distinguished vertex ρ are exactly the vertices of type 1 in the tree τ . In other words, the vertex set V (m) is identified with the set τ (1) ∪ {ρ}, where τ (1) denotes the set of all vertices of τ of type 1.

The mapping (τ, (ℓ u ) u∈τ (1,2) ) -→ (m, e, ρ) that we have just described is indeed a bijection from T + onto M + r,p . We can construct a similar bijection from T + onto M - r,p by the same construction, with the minor modification that we orient the root edge in such a way that e -= ∅.

Furthermore we can also adapt the preceding construction in order to get a bijection from T 0 onto M 0 r,p . The construction of edges of the map proceeds in the same way, but the root edge is now obtained as the edge resulting of the merging of the two edges incident to ∅ (recall that for a tree in T 0 the root ∅ is a vertex of type 2 that has exactly two children, hence also two corners). The orientation of the root edge is chosen according to some convention: For instance, one may decide that the "half-edge" coming from the first corner of ∅ corresponds to the origin of the root edge.

In all three cases, distances in the planar map m satisfy the following key property: For every vertex u ∈ τ (1) , we have d m gr (ρ, u) = ℓ umin ℓ + 1 [START_REF] Burago | A Course in Metric Geometry[END_REF] where min ℓ denotes the minimal label on the tree τ . In the left-hand side u is viewed as a vertex of the map m, in agreement with the preceding construction.

The three bijections we have described are called the BDG bijections. In the remaining part of this section, we fix a mobile (τ, (ℓ u ) u∈τ (1,2) ) belonging to T + (or to T 0 ) and its image (m, e, ρ) under the relevant BDG bijection. Remark 4.2. We could have defined the BDG bijections without distinguishing between types 3 and 4. However, this distinction will be important in the next section when we consider random planar maps and the associated (random) trees. We will see that these random trees are Galton-Watson trees with a different offspring distribution for vertices of type 3 than for vertices of type 4.

If u, v ∈ τ (1,2) , we denote by [[u, v]] the set of all vertices of type 1 or 2 that lie on the geodesic path from u to v in the tree τ . Proposition 4.3. For every u, v ∈ V (m)\{ρ} = τ (1) , and every path γ = (γ(0), γ(1), . . . , γ(k)) in m such that γ(0) = u and γ(k) = v, we have

min 0≤i≤k d m gr (ρ, γ(i)) ≤ min w∈[[u,v]] ℓ w -min ℓ + 1.
Proof. We may assume that the path γ does not visit ρ, since otherwise the result is trivial. Using [START_REF] Burago | A Course in Metric Geometry[END_REF], the statement reduces to

min 0≤i≤k ℓ γ(i) ≤ min w∈[[u,v]] ℓ w .
So we fix w ∈ [[u, v]] and we verify that ℓ γ(i) ≤ ℓ w for some i ∈ {0, 1, . . . , k}. We may assume that w = u and w = v. The removal of the vertex w (and of the edges incident to w) disconnects the tree τ in several connected components. Write C for the connected component containing v, and note that this component does not contain u. Then let j ≥ 1 be the first integer such that γ(j) belongs to C. Thus γ(j -1) / ∈ C, γ(j) ∈ C and the vertices γ(j -1) and γ(j) are linked by an edge of the map m. From (7), we have |ℓ γ(j) -ℓ γ(j-1) | ≤ 1. Now we use the fact that the edge between γ(j -1) and γ(j) is produced by the BDG bijection. Suppose first that γ(j -1) and γ(j) have a different label. In that case, noting that the modified contour sequence must visit w between any visit of γ(j -1) and any visit of γ(j), we easily get that min{ℓ γ(j) , ℓ γ(j-1) } ≤ ℓ w (otherwise our construction could not produce an edge from γ(j -1) to γ(j)). A similar argument applies to the case when γ(j -1) and γ(j) have the same label. In that case, the edge between γ(j -1) and γ(j) must come from the merging of two edges originating from a vertex of τ of type 2. This vertex of type 2 has to belong to the set [[γ(j -1), γ(j)]] (which contains w), because otherwise the two associated vertices of type 1 could not be γ(j -1) and γ(j). It again follows from our construction that we must have min{ℓ γ(j) , ℓ γ(j-1) } ≤ ℓ w . This completes the proof.

In the next corollary, we write m for the graph associated with the map m (in the sense of subsection 2.1), which is pointed at the distinguished vertex ρ. The notation d m Cac then refers to the cactus distance for this pointed graph.

Corollary 4.4. Suppose that the degree of all faces of m is bounded above by D ≥ 1. Then, for every u, v ∈ V (m)\{ρ}, we have

d m Cac (u, v) -ℓ u + ℓ v -2 min w∈[[u,v]] ℓ w ≤ 2D + 2.
Proof. From the definition of the cactus distance d m Cac and the preceding proposition, we immediately get the lower bound

d m Cac (u, v) ≥ d m gr (ρ, u) + d m gr (ρ, v) -2 min w∈[[u,v]] ℓ w -min ℓ + 1 = ℓ u + ℓ v -2 min w∈[[u,v]]
ℓ w , by [START_REF] Burago | A Course in Metric Geometry[END_REF]. In order to get a corresponding upper bound, let η(0) = u, η(1), . . . , η(k) = v be the vertices of type 1 or 2 belonging to the geodesic path from u to v in the tree τ , enumerated in their order of appearance on this path. Put η(i) = η(i) if η(i) is of type 1, and if η(i) is of type 2, let η(i) be one of the two (possibly equal) vertices of type 1 that are associated with η(i) in the BDG bijection. Then the properties of the BDG bijection ensure that, for every i = 0, 1, . . . , k -1, the two vertices η(i) and η(i + 1) lie on the boundary of the same face of m (the point is that, in the BDG construction, edges of the map m are drawn in such a way that they do not cross edges of the tree τ ). From our assumption we have thus d m gr (η(i), η(i + 1)) ≤ D for every i = 0, 1, . . . , k -1. Hence, we can find a path γ in m starting from u and ending at v, such that

min j d m gr (ρ, γ(j)) ≥ min 0≤i≤k d m gr (ρ, η(i)) -D = min 0≤i≤k ℓ η(i) -min ℓ + 1 -D ≥ min 0≤i≤k ℓ η(i) -min ℓ -D .
It follows that

d m Cac (u, v) ≤ d m gr (ρ, u) + d m gr (ρ, v) -2 min w∈[[u,v]] ℓ w -min ℓ -D = ℓ u + ℓ v -2 min w∈[[u,v]] ℓ w + 2D + 2 .
This completes the proof.

Random planar maps

Following [START_REF] Marckert | Limit of normalized quadrangulations. The Brownian map[END_REF] and [START_REF] Miermont | An invariance principle for random planar maps[END_REF], we now discuss Boltzmann distributions on the space M r,p . We consider a sequence q = (q 1 , q 2 , . . .) of non-negative real numbers. We assume that the sequence q has finite support (q k = 0 for all sufficiently large k), and is such that q k > 0 for some k ≥ 3. We will then split our study according to the following two possibilities:

(A1) There exists an odd integer k such that q k > 0.

(A2) The sequence q is supported on even integers.

If m ∈ M r,p , we define

W q (m) = f ∈F (m) q deg(f )
where F (m) stands for the set of all faces of m and deg(f ) is the degree of the face f . In the case when m = †, we make the convention that q 0 = 1 and thus W q ( †) = 1. By multiplying the sequence q by a suitable positive constant, we may assume that this sequence is regular critical in the sense of [START_REF] Miermont | An invariance principle for random planar maps[END_REF]Definition 1] under assumption (A1) or of [START_REF] Marckert | Invariance principles for random bipartite planar maps[END_REF]Definition 1] under assumption (A2). We refer the reader to the Appendix below for details. In particular, the measure W q is then finite, and we can define a probability measure P q on M r,p by setting P q = Z -1 q W q , where Z q = W q (M r,p ).

For every integer n such that W q (#V (m) = n) > 0, we consider a random planar map M n distributed according to the conditional measure

P q (• ∩ {#V (m) = n}) P q (#V (m) = n) .
Throughout the remaining part of Section 4, we restrict our attention to values of n such that W q (#V (m) = n) > 0, so that M n is well defined. We write ρ n for the distinguished vertex of M n . We now state the main result of this section. In this result, M n stands for the graph (pointed at ρ n ) associated with M n , as explained at the end of subsection 2.1.

Theorem 4.5.

There exists a positive constant B q such that

B q n -1/4 • Cac(M n ) (d) -→ n→∞ KAC in the Gromov-Hausdorff sense.
We refer to [START_REF] Miermont | An invariance principle for random planar maps[END_REF]Proposition 3] for the proof of Proposition 4.6 under Assumption (A1) and to [START_REF] Marckert | Invariance principles for random bipartite planar maps[END_REF]Proposition 7] for the case of Assumption (A2). In fact, [START_REF] Miermont | An invariance principle for random planar maps[END_REF] assumes that q k > 0 for some odd integer k ≥ 3, but the results in that paper do cover the situation considered in the present work.

In the next two subsections, we prove Theorem 4.5 under Assumption (A1). The case when Assumption (A2) holds is much easier and will be treated briefly in subsection 4.5.

The shuffling operation

As already mentioned, we suppose in this section that Assumption (A1) holds. We consider the random four-type labeled tree (θ, (L v ) v∈θ (1,2) ) associated with the planar map M + via the BDG bijection, as in Proposition 4.6.

Our goal is to investigate the asymptotic behavior, when n tends to ∞, of the labeled tree (θ, (L v ) v∈θ (1,2) ) conditioned to have n -1 vertices of type 1 (this corresponds to conditioning M + on the event {#V (M + ) = n}). As already observed in [START_REF] Miermont | An invariance principle for random planar maps[END_REF], a difficulty arises from the fact that the label displacements along the tree are not centered, and so the results of [START_REF] Miermont | Invariance principles for spatial multitype Galton-Watson trees[END_REF] cannot be applied immediately. To overcome this difficulty, we will use an idea of [START_REF] Miermont | An invariance principle for random planar maps[END_REF], which consists in introducing a "shuffled" version of the tree θ. In order to explain this, we need to introduce some notation.

Let τ be a plane tree and u = (i 1 , . . . , i p ) ∈ τ . The tree τ shifted at u is defined by

T u τ := {v = (j 1 , . . . , j ℓ ) : (i 1 , . . . , i p , j 1 , . . . , j ℓ ) ∈ τ }.
Let k = k u (τ ) be the number of children of u in τ , and, for every 1 ≤ i ≤ k, write u (i) for the i-th child of u. The tree τ reversed at vertex u is the new tree τ * characterized by the properties:

• Vertices of τ * which are not descendants of u are the same as vertices of τ which are not descendants of u.

• u ∈ τ * and k u (τ * ) = k u (τ ) = k. • For every 1 ≤ i ≤ k, T u (i) τ * = T u (k+1-i) τ .
Our (random) shuffling operation will consist in reversing the tree τ at every vertex of τ at an odd generation, with probability 1/2 for every such vertex. We now give a more formal description, which will be needed in our applications. We keep on considering a (deterministic) plane tree τ . Let U o stand for the set of all u ∈ U such that |u| is odd. We consider a collection (ε u ) u∈U o of independent Bernoulli variables with parameter 1/2. We then define a (random) mapping σ : τ -→ U by setting, if u = (i 1 , i 2 , . . . , i p ), σ(u) = (j 1 , j 2 , . . . , j p ) where, for every 1 ≤ ℓ ≤ p,

• if ℓ is odd, j ℓ = i ℓ ,
• if ℓ is even,

j ℓ = i ℓ if ε (i 1 ,...,i ℓ-1 ) = 0 , k (i 1 ,...,i ℓ-1 ) (τ ) + 1 -i ℓ if ε (i 1 ,...,i ℓ-1 ) = 1 .
Then τ = {σ(u) : u ∈ τ } is a (random) plane tree, called the tree derived from τ by the shuffling operation. If τ is a four-type tree, we also view τ as a four-type tree by assigning to the vertex σ(u) of τ the type of the vertex u in τ .

For our purposes it is very important to note that the bijection σ : τ -→ τ preserves the genealogical structure, in the sense that u is an ancestor of v in τ if and only if σ(u) is an ancestor of σ(v) in τ . Consequently, if u and v are any two vertices of τ [START_REF] Aldous | The continuum random tree I[END_REF][START_REF] Aldous | The continuum random tree III[END_REF] , [[σ(u), σ(v)]] is the image under σ of the set [[u, v]].

We can apply this shuffling operation to the random tree θ (of course we assume that the collection (ε u ) u∈U o is independent of (θ, (L v ) v∈θ (1,2) )). We write θ for the four-type tree derived from θ by the shuffling operation and we use the same notation σ as above for the "shuffling bijection" from θ onto θ. We assign labels to the vertices of θ(1,2) by putting for every u ∈ θ [START_REF] Aldous | The continuum random tree I[END_REF][START_REF] Aldous | The continuum random tree III[END_REF] ,

Lσ(u) = L u .
Note that the random tree θ has the same distribution as θ, and is therefore a four-type Galton-Watson tree as described in Proposition 4.6. On the other hand, the labeled trees (θ, (L v ) v∈θ (1,2) ) and ( θ, ( Lv ) v∈ θ(1,2) ) have a different distribution because the admissibility property of labels is not preserved under the shuffling operation. We can still describe the distribution of the labels in the shuffled tree in a simple way. To this end, write tp(u) for the type of a vertex u. Then conditionally on θ, for every vertex u of θ such that |u| is odd, if u (1) , . . . , u (k) are the children of u in lexicographical order, and if u (0) is the parent of u, the vector of label increments

( Lu (1) -Lu (0) , . . . , Lu (k) -Lu (0) )
is with probability 1/2 uniformly distributed over the set

A := {(i 1 , . . . , i k ) ∈ Z k : i j+1 ≥ i j -1 {tp(u (j+1) )=1}
, for all 0 ≤ j ≤ k}, and with probability 1/2 uniformly distributed over the set

A ′ := {(i 1 , . . . , i k ) ∈ Z k : i j ≥ i j+1 -1 {tp(u (j) )=1}
, for all 0 ≤ j ≤ k}.

In the definition of both A and A ′ we make the convention that i 0 = i k+1 = 0 and u (k+1) = u (0) . Furthermore the vectors of label increments are independent (still conditionally on θ) when u varies over vertices of θ at odd generations.

The preceding description of the distribution of labels in the shuffled tree is easy to establish. Note that the set A corresponds to the admissibility property of labels, whereas A ′ corresponds to a "reversed" version of this property.

For every u ∈ θ(1,2) , set

L′ u = Lu - 1 2 1 {tp(u)=2} .
If we replace Lu by L′ u , then the vectors of label increments in θ become centered. This follows from elementary arguments: See [25, Lemma 2] for a detailed proof. As in [START_REF] Miermont | An invariance principle for random planar maps[END_REF] or in [START_REF] Miermont | Radius and profile of random planar maps with faces of arbitrary degrees[END_REF], the fact that the label increments are centered allows us to use the asymptotic results of [START_REF] Miermont | Invariance principles for spatial multitype Galton-Watson trees[END_REF], noting that these results will apply to Lu as well as to L′ u since the additional term 1 2 1 {tp(u)=2} obviously plays no role in the scaling limit. Before we state the relevant result, we need to introduce some notation.

For n ≥ 2, let ( θn , ( Ln v ) v∈ θn

(1,2)
) be distributed as the labeled tree ( θ, ( Lv ) v∈ θ(1,2) ) conditioned on the event {# θ(1) = n -1} (recall that we restrict our attention to values of n such that the latter event has positive probability). Let p n = # θn -1 and let u n 0 = ∅, u n 1 , . . . , u n pn = ∅ be the modified contour sequence of θn . The contour process C n = (C n i ) 0≤i≤pn is defined by

C n i = |u n i |
and the label process V n = (V n i ) 0≤i≤pn by

V n i = Ln u n i .
We extend the definition of both processes C n and V n to the real interval [0, p n ] by linear interpolation.

Recall the notation (e, Z) from Section 3.

Proposition 4.8. There exist two positive constants A q and B q such that

A q C n (p n s) n 1/2 , B q V n (p n s) n 1/4 0≤s≤1 (d) -→ n→∞ (e s , Z s ) 0≤s≤1 (8) 
in the sense of weak convergence of the distributions on the space C([0, 1], R 2 ).

This follows from the more general results proved in [START_REF] Miermont | Invariance principles for spatial multitype Galton-Watson trees[END_REF] for spatial mutitype Galton-Watson trees. One should note that the results of [START_REF] Miermont | Invariance principles for spatial multitype Galton-Watson trees[END_REF] are given for variants of the contour process and the label process (in particular the contour process is replaced by the so-called height process of the tree). However simple arguments show that the convergence in the proposition can be deduced from the ones in [START_REF] Miermont | Invariance principles for spatial multitype Galton-Watson trees[END_REF]: See in particular Section 1.6 of [START_REF] Gall | Random trees and applications[END_REF] for a detailed explanation of why convergence results for the height process imply similar results for the contour process. Proposition 4.8 is also equivalent to Theorem 3.1 in [START_REF] Miermont | Radius and profile of random planar maps with faces of arbitrary degrees[END_REF], where the contour and label processes are defined in a slightly different way.

Proof of Theorem 4.5 under Assumption (A1)

We keep assuming that Assumption (A1) holds. Let M + n be distributed according to the probability measure P + q (• | #V (m) = n), or equivalently as M + conditionally on the event {#V (M + ) = n}. As above, ρ n stands for the distinguished point of M + n , and we will write M + n for the pointed graph associated with

M + n . Let (θ n , (L n v ) v∈θ n (1, 2 
) ) be the random labeled tree associated with M + n via the BDG bijection between T + and M + r,p . Notice that (θ n , (

L n v ) v∈θ n (1,2) ) has the same distribution as (θ, (L v ) v∈θ (1,2) ) conditional on {#θ (1) = n -1}. We write ( θn , ( Ln v ) v∈ θn (1,2) 
) for the tree derived from (θ n , (L n v ) v∈θ n (1,2) ) by the shuffling operation, and σ n for the shuffling bijection from θ n onto θn . The notation ( θn , ( Ln v ) v∈ θn

(1,2)
) is consistent with the end of the preceding subsection, since conditioning the tree on having n -1 vertices of type 1 clearly commutes with the shuffling operation.

As previously, u n 0 = ∅, u n 1 , . . . , u n pn denotes the modified contour sequence of θn . For every j ∈ {0, 1, . . . , p n }, we put v n j = σ -1 n (u n j ). Recall that by construction the type of u n j (in θn ) coincides with the type of v n j (in θ n ).

By a compactness argument, we may assume that the sequences (s n ) and (t n ) converge to s and t respectively as n → ∞. The proof then reduces to checking that

lim n→∞ B q n -1/4 d M + n Cac ( v n [pnsn] , v n [pntn] ) = d KAC (p e (s), p e (t)) = Z s + Z t -2 min c∈[[pe(s),pe(t)]] Z c .
From Corollary 4.4 (and the fact that the sequence q is finitely supported), this will follow if we can verify that

lim n→∞ B q n -1/4 L n v n [pnsn] + L n v n [pntn] -2 min w∈[[ v n [pnsn] , v n [pntn] ]] L n w = Z s + Z t -2 min c∈[[pe(s),pe(t)]] Z c .
Observe that

|L n v n [pnsn] -L n v n [pnsn] | ≤ 1 and L n v n [pnsn] = Ln u n [pnsn]
. From the convergence (8), we have

lim n→∞ B q n -1/4 L n v n [pnsn] = lim n→∞ B q n -1/4 Ln u n [pnsn] = lim n→∞ B q n -1/4 V n [pnsn] = Z s
and similarly if the sequence (s n ) is replaced by (t n ). Finally, we need to verify that

lim n→∞ B q n -1/4 min w∈[[ v n [pnsn] , v n [pntn] ]] L n w = min c∈[[pe(s),pe(t)]] Z c . (12) 
In proving [START_REF] Gromov | Metric Structures for Riemannian and Non-Riemannian Spaces[END_REF], we may replace v n [pnsn] and v n [pntn] by v n [pnsn] , and v n

[pntn] respectively. The point is that if u is a vertex of θ n of type 2 and v is an associated vertex of type 1, our definitions imply that min w∈

[[u,v]] L n w = L n v .
Without loss of generality we can also assume that

s ≤ t. Since [[u n [pnsn] , u n [pntn] ]] is the image under σ n of [[v n [pnsn] , v n [pntn] ]], (12) 
will hold if we can prove that lim n→∞

B q n -1/4 min w∈[[u n [pnsn] ,u n [pntn] ]] Ln w = min c∈[[pe(s),pe(t)]] Z c . (13) 
Let us first prove the upper bound

lim sup n→∞ B q n -1/4 min w∈[[u n [pnsn] ,u n [pntn] ]] Ln w ≤ min c∈[[pe(s),pe(t)]] Z c . (14) 
Let us pick c ∈ [[p e (s), p e (t)]]. We may assume that c = p e (s) and c = p e (t) (otherwise the desired lower bound immediately follows from the convergence (8)). Then, we can find r ∈ (s, t) such that c = p e (r) and either e u > e r , for every u ∈ [s, r) or e u > e r , for every u ∈ (r, t].

Consider only the first case, since the second one can be treated in a similar manner. The convergence of the rescaled contour processes then guarantees that we can find a sequence (k n ) of positive integers such that k n /p n -→ r as n → ∞, and

C n k > C n kn , for every k ∈ {[p n s n ], [p n s n ] + 1, . . . , k n -1}
for all sufficiently large n. The latter property, and the construction of the contour sequence of the tree θ n , ensure that

u n kn ∈ [[u n [pnsn] , u n [pntn] ]]
, for all sufficiently large n. However, by the convergence of the rescaled label processes, we have

lim n→∞ B q n -1/4 Ln u n kn = Z r = Z c . Consequently, lim sup n→∞ B q n -1/4 min w∈[[u n [pnsn] ,u n [pntn] ]] Ln w ≤ Z c
and since this holds for every choice of c the upper bound [START_REF] Lando | Graphs on Surfaces and Their Applications[END_REF] follows.

Let us turn to the lower bound

lim inf n→∞ B q n -1/4 min w∈[[u n [pnsn] ,u n [pntn] ]] Ln w ≥ min c∈[[pe(s),pe(t)]] Z c . (15) 
For every n, let

w n ∈ [[u n [pnsn] , u n [pntn] ]] be such that min w∈[[u n [pnsn] ,u n [pntn] ]] Ln w = Ln wn .
We can write w n = u n jn where

j n ∈ {[p n s n ], [p n s n ] + 1, . . . , [p n t n ]} is such that C n jn = min [pnsn]≤j≤jn C n j , (16) 
or

C n jn = min jn≤j≤[pntn] C n j . (17) 
We need to verify that lim inf

n→∞ B q n -1/4 Ln wn ≥ min c∈[[pe(s),pe(t)]] Z c .
We argue by contradiction and suppose that there exist ε > 0 and a subsequence (n k ) such that, for every k, B q n

-1/4 k Ln k wn k ≤ min c∈[[pe(s),pe(t)]] Z c -ε.
By extracting another subsequence if necessary, we may assume furthermore that j n k /p n k -→ r ∈ [s, t] as k → ∞, and that ( 16) holds with n = n k for every k (the case when (17) holds instead of ( 16) is treated in a similar manner). Then, from the convergence of rescaled contour processes, we have e r = min s≤u≤r e r , which implies that p e (r) ∈ [[p e (s), p e (t)]]. Furthermore, from the convergence of rescaled label processes,

Z pe(r) = Z r = lim k→∞ B q n -1/4 k Ln k wn k ≤ min c∈[[pe(s),pe(t)]] Z c -ε.
This contradiction completes the proof of (15) and of the convergence [START_REF] Evans | Probability and real trees[END_REF]. In order to complete the proof of Theorem 4.5 under Assumption (A1), it suffices to verify that the convergence (9) also holds (in distribution) if M + n is replaced by a random planar map M - n distributed according to

P - q (• | #V (m) = n),
or by a random planar map M 0 n distributed the mean volume of the ball B KAC (X, δ) is of order δ 3 , whereas assertion (ii) shows that almost surely the volume of this ball will be bounded above by δ 4-ε when δ is small. This difference between the mean and the almost sure behavior is specific to the Brownian cactus. In the case of the Brownian map, results from Section 6 of [START_REF] Gall | Geodesics in large planar maps and in the Brownian map[END_REF] show that δ 4 is the correct order both for the mean and the almost sure behavior of the volume of a typical ball of radius δ.

In relation with this, we see that in contrast with the CRT or the Brownian map, the Brownian cactus is not invariant under re-rooting according to the "uniform" measure µ. This means that KAC re-rooted at X does not have the same distribution as KAC. Indeed, since d E Kac (ρ, x) = d(ρ, x) for every pointed geodesic space E = (E, d, ρ), the previous considerations, and Proposition 3.2, entail that µ(B KAC (ρ, δ)) is of order δ 4 both in the mean and in the a.s. sense.

Proof. (i) Fix δ > 0. Let U and U ′ be two independent random variables that are uniformly distributed over [0, 1] and independent of (e, Z). By the very definition of µ, we have

E µ(dx) µ B KAC (x, δ) = P d KAC (p e (U ), p e (U ′ )) ≤ δ .
The value of d KAC (p e (U ), p e (U ′ )) is determined by the labels Z a for a ∈ [[p e (U ), p e (U ′ )]]. Write (g U,U ′ (t), 0 ≤ t ≤ d e (U, U ′ )) for the geodesic path from p e (U ) to p e (U ′ ) in the tree T e (so that [[p e (U ), p e (U ′ )]] is the range of g U,U ′ ). Then, conditionally on the triplet (e, U, U ′ ) the process

Z g U,U ′ (t) -Z pe(U ) 0≤t≤de(U,U ′ ) ,
is a standard linear Brownian motion. Hence if (B t ) t≥0 is a linear Brownian motion independent of (e, U, U ′ ), we have

P d KAC (p e (U ), p e (U ′ )) ≤ δ = P B L -2 min 0≤s≤L B s ≤ δ ,
where L = d e (U, U ′ ). Pitman's theorem [START_REF] Revuz | Continuous Martingales and Brownian Motion[END_REF]Theorem VI.3.5] implies that, for every fixed l ≥ 0, B l -2 min 0≤s≤l B s has the same distribution as B

l , where (B

t ) t≥0 denotes a threedimensional Bessel process started from 0. From the invariance under uniform re-rooting of the distribution of the CRT (see for example [START_REF] Gall | Conditioned Brownian trees[END_REF]), the variable d e (U, U ′ ) has the same distribution as d e (0, U ) = e U , which has density 4l e -2l 2 . Consequently, we can explicitly compute

P d KAC (U, U ′ ) ≤ δ = 4 ∞ 0 dl le -2l 2 P B (3) l ≤ δ , = 4 ∞ 0 dl le -2l 2 R 3 dz (2πl) -3/2 e -|z| 2 /2l 1 {|z|≤δ} , = 4 2 π ∞ 0 dl l -1/2 e -2l 2 δ 0 du u 2 e -u 2 /2l , = 4 2 π δ 0 du u 2 ∞ 0 dl l -1/2 exp -2l 2 -(u 2 /2l) .
The desired result follows since where B is as above. By classical results (see e.g. Theorem 6.2 in [START_REF] Jain | Local asymptotic laws for Brownian motion[END_REF]), we have, for every Using [START_REF] Gall | The topological structure of scaling limits of large planar maps[END_REF], it follows that, for every fixed ε ∈]0, 1/2[, we have a.s. for all u > 0 small enough

lim u→0 ∞ 0 dl l -1/2 exp -2l 2 -(u 2 /2l) = ∞ 0 dl l -1/2 exp -2l 2 = 2 -
ε ∈]0, 1/2[, lim u→0 u -1/2-ε M (r) u = ∞ , a.s. ( 18 
)
B KAC (p e (r), u 1/2+ε ) ⊂ KAC \ p • p e ([0, G e (r, u)] ∪ [D e (r, u), 1]) ,
and in particular µ(B KAC (p e (r), u 1/2+ε )) ≤ D e (r, u) -G e (r, u).

However, the same standard results about Brownian motion that we already used to derive [START_REF] Gall | The topological structure of scaling limits of large planar maps[END_REF] imply that lim u→0 u -2+ε (D e (r, u) -G e (r, u)) = 0 , a.s.

We conclude that, for every ε ∈]0, 1/2 

Separating cycles

In this section, we study the existence and properties of a cycle with minimal length separating two points of the Brownian map, under the condition that this cycle contains a third point. This is really a problem about the Brownian map, but the cactus distance plays an important role in the statement. Our results in this section are related to the work of Bouttier and Guitter [START_REF] Bouttier | Confluence of geodesic paths and separating loops in large planar quadrangulations[END_REF] for large random quadrangulations of the plane. We consider the Brownian map as the random pointed compact metric space (m ∞ , D, ρ * ) that appears in the convergence (5) for a suitable choice of the sequence (n k ). Recall that the metric D may depend on the choice of the sequence, but the subsequent results will hold for any of the possible limiting metrics. We set p = Π • p e , which corresponds to the canonical projection from [0, 1] onto m ∞ . If U is uniformly distributed over [0, 1], the point p(U ) is distributed according to the volume measure λ on m ∞ .

A loop in m ∞ is a continuous path γ : [0, T ] -→ m ∞ , where T > 0, such that γ(0) = γ(T ). If x and y are two distinct points of m ∞ , we say that the loop γ separates the points x and y if x and y lie in distinct connected components of m ∞ \{γ(t) : 0 ≤ t ≤ T }. It is known [START_REF] Gall | Scaling limits of bipartite planar maps are homeomorphic to the 2-sphere[END_REF] that (m ∞ , D) is homeomorphic to the 2-sphere, so that separating loops do exist. We denote by S(x, y, ρ * ) the set of all loops γ such that γ(0) = ρ * and γ separates x and y. Recall from subsection 2.2 the definition of the length of a curve in a metric space. ):

E [f (λ(C 1 ), λ(C 2 ))] = Γ(1/2) Γ(1/4) 2 1 0 dt t(1 -t) -3/4 f (t, 1 -t),
for any non-negative Borel function f on R 2 + .

Proof. We first explain how the loop γ * is constructed. As in the previous section, write

(g U 1 ,U 2 (r)) 0≤r≤de(U 1 ,U 2 )
for the geodesic path from p e (U 1 ) to p e (U 2 ) in the tree T e , whose range is the segment [[p e (U 1 ), p e (U 2 )]]. We already noticed that, conditionally on the triplet (e, U 1 , U 2 ) the process

Z g U 1 ,U 2 (r) -Z pe(U 1 ) 0≤r≤de(U 1 ,U 2 )
, is a standard linear Brownian motion. Hence this process a.s. attains its minimal value at a unique time r 0 ∈]0, d e (U 

= C • 1 ∪ {β}, C 2 = C • 2 ∪ {β}.
Then Π(C 1 ) and Π(C 2 ) are closed subsets of m ∞ whose union is m ∞ . Furthermore, the discussion at the beginning of Section 3 of [START_REF] Gall | Geodesics in large planar maps and in the Brownian map[END_REF] shows that the boundary of Π(C 1 ), or equivalently the boundary of Π(C 2 ), coincides with the set Π(C 1 ) ∩ Π(C 2 ) of all points x ∈ m ∞ that can be written as x = Π(a 1 ) = Π(a 2 ) for some a 1 ∈ C 1 and a 2 ∈ C 2 . In particular, the interiors of Π(C 1 ) and of Π(C 2 ) are disjoint. Notice that p(U 1 ) belongs to the interior of Π(C 1 ), and p(U 2 ) belongs to the interior of Π(C 2 ), almost surely: To see this, observe that for almost every (in the sense of the volume measure Vol) point a of T e , the equivalence class of a for ≈ is a singleton, and thus Π -1 (p(U 1 )) and Π -1 (p(U 2 )) must be singletons almost surely.

Since β has multiplicity 2 in T e , Theorem 7.6 in [START_REF] Gall | Geodesics in large planar maps and in the Brownian map[END_REF] implies that there are exactly two distinct geodesic paths from ρ * to Π(β), and that these paths are simple geodesics in the sense of [START_REF] Gall | Geodesics in large planar maps and in the Brownian map[END_REF]Section 4]. We denote these geodesic paths by φ 1 and φ 2 . From the definition of simple geodesics, one easily gets that φ 1 (s) = φ 2 (s) for every 0 ≤ s ≤ s 0 , where

s 0 := max min a∈C 1 Z a , min a∈C 2 Z a -Z.
Note that {φ 1 (s) : 0 ≤ s < s 0 } is contained in the interior of Π(C i ), where i ∈ {1, 2} is determined by the condition a * ∈ C i . Furthermore, the definition of simple geodesics shows that

Π(C 1 ) ∩ Π(C 2 ) = {φ 1 (s) : s 0 ≤ s ≤ D(ρ * , Π(β))} ∪ {φ 2 (s) : s 0 ≤ s ≤ D(ρ * , Π(β))}.
We define γ * by setting

γ * (t) = φ 1 (t) if 0 ≤ t ≤ D(ρ * , Π(β)), φ 2 (2D(ρ * , Π(β)) -t) if D(ρ, Π(β)) ≤ t ≤ 2D(ρ * , Π(β)).
Then γ * is a loop starting and ending at ρ * . Furthermore γ * separates p(U 1 ) and p(U 2 ), since any continuous path in m ∞ starting from p(U 1 ) will have to hit the boundary of Π(C 1 ) before reaching p(U 2 ). Finally the length of γ * is

L(γ * ) = 2D(ρ * , Π(β)) = 2(Z β -Z) = D(ρ * , p(U 1 )) + D(ρ * , p(U 2 )) -2 d KAC (p e (U 1 ), p e (U 2 )).
We next verify that γ * is the unique loop in S(p(U 1 ), p(U 2 ), ρ * ) with minimal length. Let γ be a path in S(p(U 1 ), p(U 2 ), ρ * ) indexed by the interval [0, T ]. The image under Π of the path g U 1 ,U 2 is a continuous path from p(U 1 ) to p(U 2 ), which must intersect the range of γ. Hence the range of γ contains at least one point y such that y = Π(a) for some a ∈

[[p e (U 1 ), p e (U 2 )]]. Since γ(0) = γ(T ) = ρ * , we have L(γ) ≥ 2 D(ρ * , y) = 2(Z a -Z)
using property 1 of the distance D in Section 3. Since Z a ≥ Z β , we thus obtain that L(γ) ≥ L(γ * ).

Let τ ∈ [0, T ] be such that y = γ(τ ). The preceding considerations show that the equality L(γ) = L(γ * ) can hold only if a = β and if furthermore the paths (γ(τ -t), 0 ≤ t ≤ τ ) and (γ(τ + t), 0 ≤ t ≤ T -τ ) have length D(ρ * , Π(β)), so that these paths must coincide (up to reparametrization) with geodesics from Π(β) to ρ * . We conclude that any minimizing path γ coincides with γ * , up to reparametrization and time-reversal.

In order to complete the proof of the theorem, we first need to identify the connected components of the complement of the range of γ * in m ∞ . Consider the case when a * belongs to C 1 , and set R := {φ 1 (s) : 0 ≤ s < s 0 } ⊂ Π(C 1 ).

Write Int(Π(C i )) for the interior of Π(C i ), for i = 1, 2. Then the connected components of the complement of the range of γ * in m ∞ are

C 1 = Int(Π(C 1 ))\R , C 2 = Int(Π(C 2 )).
This easily follows from the preceding considerations: Note for instance that Int(Π(C 2 )) is the image under Π of a connected subset of C 2 , and is therefore connected. From this identification, we get

λ(C 1 ) = Vol(C 1 ) , λ(C 2 ) = Vol(C 2 ) = 1 -Vol(C 1 ), (19) 
using the fact that the range of γ * has zero λ-measure (this can be seen from the uniform estimates on the measure of balls found in Section 6 of [START_REF] Gall | Geodesics in large planar maps and in the Brownian map[END_REF]). Clearly the same identities [START_REF] Gall | Geodesics in large planar maps and in the Brownian map[END_REF] remain valid in the case when a * belongs to C 2 .

To complete the proof, we need to compute the distribution of Vol(C 1 ). To this end it will be convenient to use the invariance of the law of T e under uniform re-rooting (see e.g. [START_REF] Gall | Conditioned Brownian trees[END_REF]). Let U be a random variable uniformly distributed over [0, 1], and let α be the 

From the previous remarks, we have, for any non-negative measurable function g on [0, 1],

E [g(Vol(C 1 ))] = E [g(Vol(C • ))] = E 1 0 ds es 0 dh π h(e s -h) g(D e (s, h) -G e (s, h)) . (21) 
In order to compute the right-hand side, it is convenient to argue first under the Itô measure n(de) of positive excursions of linear Brownian motion (see e.g. Chapter XII of [START_REF] Revuz | Continuous Martingales and Brownian Motion[END_REF], where the notation n + (de) is used). Let σ(e) denote the duration of excursion e, and define D e (r, u) and G e (r, u), for r ∈]0, σ(e)[ and 0 ≤ u ≤ e(r), in a way analogous to [START_REF] Gall | The Brownian cactus II. Upcrossings and super-Brownian motion[END_REF]. Also write

q h (t) = h √ 2πt 3 exp - h 2 2t
for the density of the hitting time of h > 0 by a standard linear Brownian motion. 

= ∞ 0 du u 0 dh π h(u -h) ∞ 0 dt q 2h (t) ∞ 0 dt ′ q 2(u-h) (t ′ ) f (t + t ′ , t) = 1 π ∞ 0 dh √ h ∞ 0 dh ′ √ h ′ ∞ 0 dt q 2h (t) ∞ 0 dt ′ q 2h ′ (t ′ ) f (t + t ′ , t) = 1 π ∞ 0 dt ∞ 0 dt ′ f (t + t ′ , t) ∞ 0 dh √ h q 2h (t) ∞ 0 dh ′ √ h ′ q 2h ′ (t ′ ) . (22) 
We easily compute

∞ 0 dh √ h q 2h (t) = 2 -3/4 (2π) -1/2 Γ(3/4) t -3/4 .
Hence, using also the identity Γ(1/4)Γ(3/4) = π √ 2, we see that the right-hand side of ( 22) is equal to

2 -3/2 Γ(1/4) 2 ∞ 0 dℓ ℓ 0 dt f (ℓ, t) (t(ℓ -t)) -3/4 .
We can condition the resulting formula on {σ = 1}, using the fact that the density of σ(e) under n(de) is equal to 1 2 (2πℓ 3 ) -1/2 , and we conclude that We now see that the last assertion of the theorem follows from [START_REF] Gall | Scaling limits of bipartite planar maps are homeomorphic to the 2-sphere[END_REF].

Appendix

This section is devoted to the proof of the fact, mentioned in Section 4.5, that if q = (q 1 , q 2 , . . .) is a sequence with finite support, such that q k > 0 for some k ≥ 3, then there exists a constant a > 0 such that aq = (aq 1 , aq 2 , . . .) is regular critical in the sense of [START_REF] Marckert | Invariance principles for random bipartite planar maps[END_REF][START_REF] Miermont | An invariance principle for random planar maps[END_REF]. We briefly discuss case (A2), which is easier. Following [START_REF] Marckert | Invariance principles for random bipartite planar maps[END_REF], we define

f q (x) = k≥0 x k 2k + 1 k q 2k+2 , x ≥ 0 .
By [23, Proposition 1], the Boltzmann measure W q defined in Section 4.5 is a finite measure if and only if the equation

f q (x) = 1 - 1 x , x > 1. (23) 
has a solution. Since q k > 0 for some k ≥ 3, the function f q is a strictly convex polynomial, so there can be either one or two solutions to this equation. In the first situation, the graphs of f q and x → 1 -1/x are tangent at the unique solution, in which case q is said to be critical in the sense of [23, Definition 1] (it will even be regular critical in our case since f q (x) is finite for every x > 0). It is then trivial that there exists a unique a = a c > 0 such that the graphs of f aq and x → 1 -1/x intersect at a tangency point, and then a c q is regular critical. Let us turn to case (A1), which is more delicate. For every x, y ≥ 0, we set

f • q (x, y) = k,k ′ ≥0 x k y k ′ 2k + k ′ + 1 k + 1 k + k ′ k q 2+2k+k ′ f ⋄ q (x, y) = k,k ′ ≥0 x k y k ′ 2k + k ′ k k + k ′ k q 1+2k+k ′ ,
defining two convex polynomials in the variables x and y. Proposition 1 of [START_REF] Miermont | An invariance principle for random planar maps[END_REF] asserts that the Boltzmann measure W q is finite (then q is said to be admissible) if and only if the equations    f • q (x, y) = 1 -

1 x , x > 1 f ⋄ q (x, y) = y , y > 0 ( 24 
)
have a solution (x, y), such that the spectral radius of the matrix

M (x, y) =    0 0 x -1 x y ∂ x f ⋄ q (x, y) ∂ y f ⋄ q (x, y) 0 x 2 x-1 ∂ x f • q (x, y) xy x-1 ∂ y f • q (x, y) 0   
is at most 1. Moreover, a solution (x, y) with these properties is then unique. If the spectral radius of M (x, y) (for this unique solution (x, y)) equals 1, then we say that q is critical. It is here even regular critical in the terminology of [START_REF] Miermont | An invariance principle for random planar maps[END_REF], since the functions f • q , f ⋄ q are everywhere finite in our case. Note that the matrix M (x, y) has nonnegative coefficients, and the Perron-Frobenius theorem ensures that the spectral radius of M (x, y) is also the largest real eigenvalue of M (x, y). Thus, assuming that q is admissible, and letting (x, y) be the unique solution of ( 24) such that M (x, y) has spectral radius bounded by 1, we see that q is regular critical if and only if 1 is an eigenvalue of M (x, y), which holds if and only if the determinant of Id -M (x, y) vanishes. For every x, y > 0, set G(x, y) = f • q (x, y) -1 + 1/x and H(x, y) = f ⋄ q (x, y) -y .

Then G and H are convex functions on (0, ∞) (iv) For every a > 0, let G a , resp. H a , be the function analogous to G, resp. to H, when q is replaced by aq. Then C Ha ⊂ (0, 1] × (0, ∞) for every large enough a > 0. Consequently C Ha ∩ C Ga = ∅ for every large enough a > 0.

Proof. (i) This is obvious since f • q (x, y) ≥ C y ℓ for every x, y > 0, for some constant C > 0 and some integer ℓ ≥ 3. (ii) Suppose first that there exists an odd integer ℓ ≥ 3 such that q ℓ > 0. Then, the definition of f ⋄ q shows that there is a positive constant c such that f ⋄ q (x, y) ≥ c(x (ℓ-1)/2 + y ℓ-1 ), and it readily follows that C H is bounded. Consider then the case when there is an even integer ℓ ≥ 4 such that q ℓ > 0. Then there is a positive constant c such that f ⋄ q (x, y) ≥ c(x (ℓ-2)/2 y + y ℓ-1 ), and again this implies that C H is bounded.

(iii) The first property is clear since y → G(x, y) is non-decreasing, for every y > 0. Similarly, the second property in (iii) follows from the fact that x → H(x, y) is non-decreasing, for every x > 0. The last property is also clear since we can find ε > 0 such that f ⋄ q (x, y) > ε for every x ≥ 1 and y > 0 (we use the fact that q is not supported on even integers). (iv) Suppose first that there there exists an odd integer ℓ ≥ 3 such that q ℓ > 0. Using the same bound as in the proof of (ii), and noting that f ⋄ aq = a f ⋄ q , we see that H a (x, y) ≤ 0 can only hold if

x (ℓ-1)/2 + y ℓ-1 ≤ y ca .

It is elementary to check that this implies x ≤ 1 as soon as a is large enough. The case when there is an even integer ℓ ≥ 4 such that q ℓ > 0 is treated similarly using the bound stated in the proof of (ii). Finally the last assertion in (iv) follows by using (i).

Recall that f • q and f ⋄ q are polynomials. It follows that the set {G = 0} is either empty or a smooth curve depending on whether the set {G ≤ 0} is empty or not (a priori it could happen that {G = 0} = {G ≤ 0} is a singleton, but assertion (iii) in the previous lemma shows that this case does not occur). Similar properties hold for the set {H = 0}. A simple calculation also shows that det(Id -M (x, y)) = x 2 det(∇G(x, y), ∇H(x, y)).

Consequently, if we assume that (x, y) satisfies [START_REF] Marckert | Limit of normalized quadrangulations. The Brownian map[END_REF], the condition det(Id -M (x, y)) = 0 will hold if and only if the curves C G and C H are tangent at (x, y).

Proposition 7.2. Under Assumption (A1), there exists a unique positive real a c such that a c q is regular critical.

Proof. For every a > 0, write M a (x, y) for the analogue of the matrix M (x, y) when q is replaced by aq. Simple counting arguments (using for instance the BDG bijections and the fact that the sequence q has finite support, so that the degrees of faces in maps m such that W q (m) > 0 are bounded) show that the Boltzmann measure W aq is finite for a > 0 small enough. Consequently we can fix a 0 > 0 small enough so that a 0 q is admissible. By previous observations, there exists a pair (x a 0 , y a 0 ) belonging to the intersection of the curves {G a 0 = 0} and {H a 0 = 0} and such that the spectral radius of the matrix M a 0 (x a 0 , y a 0 ) is bounded above by 1. If the curves {G a 0 = 0} and {H a 0 = 0} are tangent at (x a 0 , y a 0 ), then [START_REF] Miermont | An invariance principle for random planar maps[END_REF] shows that this spectral radius is equal to 1, and thus a 0 q is regular critical. Suppose that the curves {G a 0 = 0} and {H a 0 = 0} are not tangent at (x a 0 , y a 0 ). Then, convexity arguments, using properties (i)-(iii) in Lemma 7.1, show that the intersection of {G a 0 = 0} and {H a 0 = 0} consists of exactly two points (x a 0 , y a 0 ) and (x ′ a 0 , y ′ a 0 ). By [START_REF] Miermont | An invariance principle for random planar maps[END_REF] and the fact that the spectral radius of M 0 (x a 0 , y a 0 ) is bounded above by 1, we have det(∇G a 0 (x a 0 , y a 0 ), ∇H a 0 (x a 0 , y a 0 )) > 0, and simple geometric considerations show that (x a 0 , y a 0 ) must be the "first" intersection point of {G a 0 = 0} and {H a 0 = 0}, in the sense that x a 0 ≤ x ′ a 0 and y a 0 ≤ y ′ a 0 . Note that both sets G a and H a are decreasing functions of a, and vary continuously with a (as long as they are non-empty). Geometric arguments, together with property (iv) of Lemma 7.1, show that there exists a critical value a c > a 0 such that for a 0 ≤ a < a c the curves {G a = 0} and {H a = 0} intersect at exactly two points, denoted by (x a , y a ) and (x ′ a , y ′ a ), such that x a ≤ x ′ a and y a ≤ y ′ a , and furthermore the curves {G ac = 0} and {H ac = 0} are tangent at a point denoted by (x ac , y ac ). Moreover the mapping a → (x a , y a ) is continuous on [a 0 , a c ]. It follows that the spectral radius of M a (x a , y a ) remains bounded above by 1 for a ∈ [a 0 , a c ): If this were not the case, this spectral radius would take the value 1 at some a 1 ∈ (a 0 , a c ) but then by [START_REF] Miermont | An invariance principle for random planar maps[END_REF] the curves {G a 1 = 0} and {H a 1 = 0} would be tangent at (x a 1 , y a 1 ), which is a contradiction. Finally by letting a ↑ a c we get that the spectral radius of M ac (x ac , y ac ) is bounded above by 1,

  and there exists a path from v to v ′ that stays at distance at least d G gr (ρ, v) from ρ. The corresponding quotient space is denoted by Cac(G) = V / G ≍. The pseudo-distance d G Cac induces a distance on Cac(G), and we keep the notation d G Cac for this distance. Proposition 2.2. Consider the graph G • whose vertex set is V • = Cac(G) and whose edges are all pairs {a, b} such that d G Cac (a, b) = 1. Then this graph is a tree, and the graph distance d G • gr on V • coincides with the cactus distance d G Cac on Cac(G).

1 . 2 . 4 .Remark 2 . 5 .

 12425 d E Kac (a, b) = d(ρ, a) + d(ρ, b) -2 sup γ:a→b min 0≤t≤1 d(ρ, γ(t)) , where the supremum is over all continuous curves γ : [0, 1] -→ E such that γ(0) = a and γ(1) = b. The next proposition is then analogous to Proposition 2.Proposition The mapping (a, b)-→ d E Kac (a, b) is a pseudo-distance on E. Furthermore, for every a, b ∈ E, d E Kac (a, b) ≤ d(a, b) and d E Kac (ρ, a) = d(ρ, a).The proof is exactly similar to that of Proposition 2.1, and we leave the details to the reader. Note that in the proof of the bound d E Kac (a, b) ≤ d(a, b) we use the existence of a geodesic from a to b. If a, b ∈ E, we put a E ≍ b if d E Kac (a, b) = 0. We define the cactus of (E, d, ρ) as the quotient space Kac(E) := E / E ≍, which is equipped with the quotient distance d E Kac . Then Kac(E) is a compact metric space, which is pointed at the equivalence class of ρ. It is natural to ask whether the supremum in the definition of d E Kac (a, b) is achieved, or equivalently whether there is a continuous path γ from a to b such that d E Kac (a, b) = d(ρ, a) + d(ρ, b) -2 min 0≤t≤1 d(ρ, γ(t)).
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 2 Figure 2: An example of a geodesic compact metric space E, such that the complement of the open ball of radius 1 centered at the distinguished point ρ is connected but not path-connected.Here E is a compact subset of R 3 and is equipped with the intrinsic distance associated with the L ∞ -metric δ((x 1 , x 2 , x 3 ), (y 1 , y 2 , y 3 )) = sup{|x i -y i |, i = 1, 2, 3}. For this distance, the sphere of radius 1 centered at ρ, which coincides with the complement of the open ball of radius 1, consists of the union of the bold lines at the top of the figure.

  Figure 2: An example of a geodesic compact metric space E, such that the complement of the open ball of radius 1 centered at the distinguished point ρ is connected but not path-connected.Here E is a compact subset of R 3 and is equipped with the intrinsic distance associated with the L ∞ -metric δ((x 1 , x 2 , x 3 ), (y 1 , y 2 , y 3 )) = sup{|x i -y i |, i = 1, 2, 3}. For this distance, the sphere of radius 1 centered at ρ, which coincides with the complement of the open ball of radius 1, consists of the union of the bold lines at the top of the figure.

  d e (s, t) = e s + e t -2 min s∧t≤r≤s∨t e r and we put s ∼ e t iff d e (s, t) = 0. The CRT is defined as the quotient metric space T e := [0, 1] / ∼ e , and is equipped with the induced metric d e . Then (T e , d e ) is a random (compact) R-tree. We write p e : [0, 1] -→ T e for the canonical projection, and we define the mass measure (or volume measure) Vol on the CRT as the image of Lebesgue measure on [0, 1] under p e . For every a, b ∈ T e , we let [[a, b]] be the range of the geodesic path from a to b in T e : This is the line segment between a and b in the tree T e . We will need the following simple fact, which is easily checked from the definition of d e . Let a, b ∈ T e , and let s, t ∈ [0, 1] be such that p e (s) = a and p e (t) = b. Assume for definiteness that s ≤ t. Then [[a, b]] exactly consists of the points c that can be written as c = p e (r), with r ∈ [s, t] satisfying e r = max min u∈[s,r] e u , min u∈[r,t] e u .

Figure 3 :

 3 Figure 3: A mobile (τ, (ℓ u ) u∈τ (1,2) ) in T + and its image m under the BDG bijection. Vertices of type 1 are represented by big circles, vertices of type 2 by lozenges, vertices of type 3 by small circles and vertices of type 4 by small black disks. The edges of the tree τ are represented by thin lines, and the edges of the planar map m by thick curves. In order to get the planar map m one needs to erase the vertices of type 2 and, for each of these vertices, to merge its two incident edges into a single one. The root edge is at the bottom left.
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 54 (1/4). (ii) Let us fix r ∈]0, 1[. For every u ∈ [0, e r ], set G e (r, u) = max{s ∈ [0, r] : e s = e r -u}, D e (r, u) = min{s ∈ [r, 1] : e s = e r -u}.Then p e (G e (r, u)) = p e (D e (r, u)) is a point of [[p e (0), p e (r)]], and more precisely the path u -→ p e (G e (r, u)), 0 ≤ u ≤ e r is the geodesic from p e (r) to p e (0) in the tree T e . As a consequence, conditionally on e, the processM (r) u := Z r -min{Z v : v ∈ [[p e (Ge (r, u)), p e (r)]]} , 0 ≤ u ≤ e r has the same distribution as min 0≤v≤u B v , 0 ≤ u ≤ e r

Theorem 6 . 1 .

 61 Let U 1 and U 2 be independent and uniformly distributed over[0,[START_REF] Aldous | The continuum random tree I[END_REF]. Then almost surely there exists a unique loop γ * ∈ S(p(U 1 ), p(U 2 ), ρ * ) with minimal length, up to reparametrization and time-reversal. This loop is obtained as the concatenation of the two distinct geodesic paths from Π(β) to ρ * , where β is the a.s. unique point of[[p e (U 1 ), p e (U 2 )]] such that Z β = min a∈[[pe(U 1 ),pe(U 2 )]] Z a .In particular, the length of γ * isL(γ * ) = 2D(ρ * , Π(β)) = D(ρ * , p(U 1 )) + D(ρ * , p(U 2 )) -2 d KAC (p e (U 1 ), p e (U 2 )).The complement in m ∞ of the range of γ * has exactly two components C 1 and C 2 , such that p(U 1 ) ∈ C 1 and p(U 2 ) ∈ C 2 , and the pair (λ(C 1 ), λ(C 2 )) is distributed according to the beta distribution with parameters ( 1 4 , 1 4

  (almost surely unique) vertex of [[p e (0), p e (U )]] such that Z α = min a∈[[pe(0),pe(U )]] Z a . Then, if C • is the connected component of T e \{α} containing p e (U ), the invariance of the CRT under uniform re-rooting implies that Vol(C 1 ) (d) = Vol(C • ). Now notice that conditionally on the pair (e, U ), the random variable H = d e (p e (0), α) is distributed according to the arc-sine law on [0, e U ], with density 1 π s(e U -s) . Moreover, Vol(C • ) = D e (U, e U -H) -G e (U, e U -H) where we use the same notation as in the preceding section, for r ∈]0, 1[ and u ∈ [0, e r ], G e (r, u) = max{s ≤ r : e s = e r -u}, D e (r, u) = min{s ≥ r : e s = e r -u}.

  e s -h) g(D e (s, h) -G e (s, h)) e(s) -h) g (D e (s, h) -G e (s, h)) σ (1 -t)) -3/4 g(t).

2 .

 2 2 . A pair (x, y) ∈ (0, ∞) 2 satisfies[START_REF] Marckert | Limit of normalized quadrangulations. The Brownian map[END_REF] if and only if G(x, y) = H(x, y) = 0 (notice that the condition G(x, y) = 0 forces x > 1). The set{G = 0}, resp. {H = 0} is the boundary of the closed convex set C G = {G ≤ 0}, resp. of C H = {H ≤ 0}, in (0, ∞) Lemma 7.1. (i) The set C G is contained in (1, ∞) × (0, A), for some A > 0. (ii) The set C H is bounded. (iii) If (x, y) ∈ C G then (x, y ′ ) ∈ C G for every y ′ ∈ (0, y). If (x, y) ∈ C H then (x ′ , y) ∈ C H for every x ′ ∈ (0, x).There exists ε > 0 such that C H does not intersect [1, ∞) × (0, ε).

Figure 4 :

 4 Figure 4: Illustration of the sets C Ga and C Ha for 0 < a < a c and for a = a c

  On the other hand, if t ∈ [0, 1]\]G e (r, u), D e (r, u)[, we have min t∧r≤s≤t∨r e s ≤ e r -u, which implies that the segment [[p e (t), p e (r)]] contains [[p e (G e (r, u)), p e (r)]], and therefore d KAC (p e (t), p e (r)) ≥ M(r) u .

  Almost surely, the Hausdorff dimension of KAC is 4.Proof. Classical density theorems for Hausdorff measures show that the existence of a nontrivial measure µ satisfying the property stated in part (ii) of Proposition 5.1 implies the lower bound dim(KAC) ≥ 4. To get the corresponding upper bound, we first note that the mapping [0, 1] ∋ t -→ Z t is a.s. Hölder continuous with exponent 1/4 -ε, for any ε ∈]0, 1/4[. Observing that [[p e (t), p e (t ′ )]] ⊂ p e ([t∧t ′ , t∨t ′ ]), for every t, t ′ ∈ [0, 1], it readily follows that the composition p • p e defined on [0, 1] and with values in KAC, is a.s. Hölder continuous with exponent 1/4 -ε, for any ε ∈]0, 1/4[. Hence, the Hausdorff dimension of KAC, which is the range of p • p e , must be bounded above by 4.

		[,
	lim u→0	u -2+ε µ(B KAC (p e (r), u 1/2+ε )) = 0 , a.s.
	and property (ii) follows, in fact in a slightly stronger form than stated in the theorem.
	Corollary 5.3.	

  1 , U 2 )[, and we put β = g U 1 ,U 2 (r 0 ). Since there are only countably manyvalues of r ∈]0, d e (U 1 , U 2 )[ such that g U 1 ,U 2 (r) has multiplicity 3 in T e , it is also clear that β has multiplicity 2 in T e , a.s. Write C • 1 and C • 2 for the two connected components of T e \{β}, ordered in such a way that p e (U 1 ) ∈ C • 1 and p e (U 2 ) ∈ C • 2 , and set C 1

  Then, an application of Bismut's decomposition of the Itô measure, in the form stated in [15,Lemma 1], gives for every non-negative measurable function f on R 2 + ,

	n(de)	0	σ(e)	ds	0	e(s)	dh π h(e(s) -h)	f (σ(e), D

e (s, h) -G e (s, h))

hence equal to 1 by (25) and the fact that {G ac = 0} and {H ac = 0} are tangent at (x ac , y ac ). We conclude that a c q is regular critical.

The uniqueness of a c is clear since we can start the previous argument from an arbitrarily small value of a 0 and since the curves {G a = 0} and {H a = 0} will not intersect when a > a c .

The proof of Theorem 4.5 relies on the asymptotic study of the random trees associated with planar maps distributed under Boltzmann distributions via the BDG bijection. The distribution of these random trees was identified in [START_REF] Marckert | Invariance principles for random bipartite planar maps[END_REF] (in the bipartite case) and in [START_REF] Miermont | An invariance principle for random planar maps[END_REF]. We set Z + q = W q (M + r,p ) ≥ 1 , Z 0 q = W q (M 0 r,p ) .

Note that, under Assumption (A2), W q is supported on bipartite maps and thus Z 0 q = 0. We also set P + q = P q (• | M + r,p ) , P - q = P q (• | M - r,p ) , P 0 q = P q (• | M 0 r,p ). Note that the definition of P 0 q only makes sense under Assumption (A1). The next proposition gives the distribution of the tree associated with a random planar map distributed according to P + q . Before stating this proposition, let us recall that the notion of a four-type Galton-Watson tree is defined analogously to the case of a single type. The distribution of such a random tree is determined by the type of the ancestor, and four offspring distributions ν i , i = 1, 2, 3, 4, which are probability distributions on Z 4 + ; for every i = 1, 2, 3, 4, ν i corresponds to the law of the number of children (having each of the four possible types) of an individual of type i; furthermore, given the numbers of children of each type of an individual, these children are ordered in the tree with the same probability for each possible ordering. See [25, Section 2.2.1] for more details, noting that we consider only the case of "uniform ordering" in the terminology of [START_REF] Miermont | An invariance principle for random planar maps[END_REF].

Proposition 4.6. Suppose that M + is a random planar map distributed according to P + q , and let (θ, (L u ) u∈θ (1,2) ) be the four-type labeled tree associated with M + via the BDG bijection between T + and M + r,p . Then the distribution of (θ, (L u ) u∈θ [START_REF] Aldous | The continuum random tree I[END_REF][START_REF] Aldous | The continuum random tree III[END_REF] ) is characterized by the following properties:

(i) The random tree θ is a four-type Galton-Watson tree, such that the root ∅ has type 1 and the offspring distributions ν 1 , . . . , ν 4 are determined as follows:

• ν 1 is supported on {0} × {0} × Z + × {0}, and for every k ≥ 0,

• ν 2 (0, 0, 0, 1) = 1.

• ν 3 and ν 4 are supported on Z + × Z + × {0} × {0}, and for every integers k, k ′ ≥ 0,

where c q and c ′ q are the appropriate normalizing constants.

(ii) Conditionally given θ, (L u ) u∈θ (1,2) is uniformly distributed over all admissible labelings.

Remark 4.7. The definition of ν 4 does not make sense under Assumption (A2) (because Z 0 q = 0 in that case, ν 4 (k, k ′ , 0, 0) can be nonzero only if k ′ = 0, but then q 1+2k+k ′ = 0). This is however irrelevant since under Assumption (A2) the property Z 0 q = 0 entails that ν 3 is supported on Z + × {0} × {0} × {0}, and thus the Galton-Watson tree will have no vertices of type 2 or 4.

Using the Skorokhod representation theorem, we may assume that the convergence (8) holds almost surely. We will then prove that the convergence

also holds almost surely, in the Gromov-Hausdorff sense. We first define a correspondence R 0 n between T e and V (M + n ) by declaring that (a * , ρ n ) belongs to R 0 n , and, for every s ∈ [0, 1]:

is of type 2, then if w is any of the two (possibly equal) vertices of type 1 associated with v n

[pns] , (p e (s), w) belongs to R 0 n .

We then write R n for the induced correspondence between the quotient spaces KAC = T e / ≍ and Cac(M + n ). A pair (x, α) ∈ KAC × Cac(M + n ) belongs to R n if and only if there exists a representative a of x in T e and a representative u of α in V (M + n ) such that (a, u) ∈ R 0 n . Thanks to (3), the convergence (9) will be proved if we can verify that the distortion of R n , when KAC is equipped with the distance d KAC and Cac(M + n ) is equipped with

Cac , tends to 0 as n → ∞, almost surely. To this end, it is enough to verify that

and lim

In both ( 10) and ( 11)

stands for one of the vertices of type 1 associated with v n [pns] (obviously the validity of ( 10) and [START_REF] Favre | The valuative tree[END_REF] does not depend on the choice of this vertex).

The proof of (10) is easy. Note that d KAC (a * , p e (s)) = Z pe(s) -Z a * = Z s -Z and, by [START_REF] Burago | A Course in Metric Geometry[END_REF],

min Ln = V n [pns]min V n , our claim [START_REF] Evans | Rayleigh processes, real trees, and root growth with re-grafting[END_REF] follows from the (almost sure) convergence [START_REF] Chassaing | Random planar lattices and integrated superBrownian excursion[END_REF].

It remains to establish [START_REF] Favre | The valuative tree[END_REF]. It suffices to prove that almost surely, for every choice of the sequences (s n ) and (t n ) in [0, 1], we have

We will prove that the preceding convergence holds for all choices of the sequences (s n ) and (t n ), on the set of full probability measure where the convergence (8) holds. From now on we argue on the latter set.

The first case is trivial since M - n can be obtained from M + n simply by reversing the orientation of the root edge. The case of M 0 n is treated by a similar method as the one we used for M + n . We first need an analogue of Proposition 4.6, which is provided by the last statement of Proposition 3 in [START_REF] Miermont | An invariance principle for random planar maps[END_REF]. In this analogue, the random labeled tree associated with a planar map distributed according to P 0 q is described as the concatenation (at the root vertex) of two independent labeled Galton-Watson trees whose root is of type 2, with the same offspring distributions as in Proposition 4.6. The results of [START_REF] Miermont | Invariance principles for spatial multitype Galton-Watson trees[END_REF] can be used to verify that Proposition 4.8 still holds with the same constants A q and B q , and the remaining part of the argument goes through without change. This completes the proof of Theorem 4.5 under Assumption (A1).

The bipartite case

In this section, we briefly discuss the proof of Theorem 4.5 under Assumption (A2). In that case, since W q (M 0 r,p ) = 0, it is obviously enough to prove the convergence of Theorem 4.5 with M n replaced by M + n . The proof becomes much simpler because we do not need the shuffling operation. As previously, we introduce the labeled tree (θ n , (L n v ) v∈θ n (1,2) ) associated with M + n via the BDG bijection, but we now define u n 0 = ∅, u n 1 , . . . , u n pn = ∅ as the modified contour sequence of θ n (instead of θn ). We then define the contour process C n i = |u n i | and the label process

, for 0 ≤ i ≤ p n . Proposition 3.7 then holds in exactly the same form, as a consequence of the results of [START_REF] Marckert | Invariance principles for random bipartite planar maps[END_REF]. The reason why we do not need the shuffling operation is the fact that the label increments of (θ n , (L n v ) v∈θ n (1,2) ) are centered in the bipartite case. Once the convergence ( 8) is known to hold, it suffices to repeat all steps of the proof in subsection 4.4, replacing θn by θ n and v n i by u n i wherever this is needed. We leave the details to the reader.

The dimension of the Brownian cactus

In this section, we compute the Hausdorff dimension of the Brownian cactus KAC. We write p : T e -→ KAC = T e / ≍ for the canonical projection. The uniform measure µ on KAC is the image of the mass measure Vol on the CRT (see Section 3) under p. For every x in KAC and every δ ≥ 0, we denote the closed ball of center x and radius δ in KAC by B KAC (x, δ). The following theorem gives information about the µ-measure of these balls around a typical point of KAC.