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ISOPERIMETRY AND STABILITY OF HYPERPLANES
FOR PRODUCT PROBABILITY MEASURES

F. BARTHE, C. BIANCHINI, AND A. COLESANTI

ABSTRACT. We investigate stationarity and stability of half-spaces as isoperimetric sets for
product probability measures, considering the cases of coordinate and non-coordinate half-
spaces. Moreover, we present several examples to which our results can be applied, with a
particular emphasis on the logistic measure.

1. INTRODUCTION

The isoperimetric problem consists in finding sets of given volume and minimal boundary
measure. It has been intensively studied in Euclidean and Riemannian geometry and simi-
lar questions have been also investigated for probability measures, in relation with deviation
and concentration inequalities. In particular there have been many interactions between the
geometric and probabilistic viewpoints, see e.g. [2] 8 [16] [I8] 23].

The isoperimetric problem may be formulated in a metric measure space (X, d, 7) considering
the so called isoperimetric function. Given a Borel subset A C X and h > 0, the h-enlargement
of Ais Ay, := {x € X : d(z,A) < h}. The boundary measure of A can be defined as the
Minkowski content

7T (0A) = lim LA}L \A)
h—0t h
We call isoperimetric function of 7 the function

L (y) = inf{r*(04) | 7(4) =y},

defined on [0,7(X)]. We say that A C X is an isoperimetric set, or solves the isoperimetric
problem for 7, if I (7(A)) = 77(0A), meaning that A minimizes the boundary measure among
all the subsets with the same measure.

Determining isoperimetric sets is a beautiful problem, but often too difficult. A natural
approach is to look first for sets which look like minimizers of the boundary measure, for
infinitesimal volume preserving deformations. More precisely, one can consider the so-called
stationarity and stability properties of an open set, which correspond to the fact that, under the
action of measure preserving perturbations, the first variation of the boundary measure vanishes
and the second variation is non-negative, respectively (see [5, [13]). In [24], it is proved that
these conditions have rather simple explicit analytic characterization, which will be described
in details in the next sections.

In this note we consider product probability measures on Euclidean spaces (which amount to
independent random variables). To be more precise, we consider a probability measure 7 on R?
with a density with respect to the d-dimensional Lebesgue measure: dr(x) = f(x) dz. Through
most of paper we will consider only positive and C? density functions f (and often we write
them as e or e¥ with V,1) € C?). For N € N we denote by 7V the N-fold product measure
of 7 on R¥W: drN(zy,...,xn) = dr(z1) - ... - dr(xy), with 21, ...,y € R%

Using the characterization proved in [24], we investigate stationarity and stability of half-
spaces for uNt1. We first deal with stationarity, on which the main result is Corollary 3.2], that
provides a characterization of stationary half-spaces for 7. In particular this result shows that,
coordinate half-spaces apart and with the exception of the Gaussian measure, there are very few
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possible stationary half-spaces. Subsequently, in Theorem [3.4] and Theorem B.8] we establish
some conditions allowing to select stable half-spaces among those which are stationary.

More precisely Theorem B.4] concerns coordinate half-spaces (and the simple case of Gauss
measure); in this case the stability condition involves the so-called spectral gap of the measure
i (i.e. the best constant in the Poincaré inequality) and no special assumptions are requested
on the measure. On the contrary Theorem [3.§ is about non-coordinate (stationary) half-spaces
for log-concave measure. Roughly speaking we prove that in the non-coordinate case, stability
in any dimension is equivalent to stability (of projections) in dimension three, and stability in
dimension three implies stability (of projections) in dimension two. This last implication can
not be reversed in general, as it is pointed out in the study of the logistic measure, made in
Section [l

The notion of spectral gap plays a crucial role for the stability issues. In particular Section
is devoted to prove a tensorization result for weighted Poincaré inequalities, which represents
a crucial step in the proof of Theorem [B3.8]

The purpose of the second part of this paper, i.e. Section[d] is to illustrate by some examples
the variety of situations that may occur, according to the choice of the measure u, concerning
stable half-spaces. In particular, we construct measures for which the only stable half-spaces
are coordinate, and we show that for suitable perturbations of the Gaussian measure stable
non-coordinate hyperplanes exist in any dimensions.

A special place of this part is taken up by the study of the logistic measure g on R, whose

density is
€T

e
= R.
f(x) Ao €
Our first result is to find the exact value of the spectral gap of p (see Proposition [4.2]):
1
Ap = —
M 4’

which allows us to estimate the isoperimetric function of the product measure in terms of the
isoperimetric function of the generating one-dimensional measure. This problem is worth to be
studied for a general probability measure p. Indeed one can easily prove that for every N > 1
and for every 0 <t <1,

(1.1) T (£) < Tn(t) < - < T (0).

A less trivial task is to find a corresponding lower bound, i.e. a constant C,, such that for every
N > 1 and for every 0 <t < 1:

(1.2) I () > C, Ly(t).

Roughly speaking, this inequality means that if a set A C R? minimizes the boundary measure
between all the subsets of R? with fixed measure u?(A), then the (d 4+ m)-dimensional cylinder
associated to A solves again the isoperimetric problem for I ,¢4m, up to a factor C,. More
generally such a dimension-free isoperimetric inequality leads to an estimate of the so called
infinite dimensional isoperimetric function I, defined as

A refinement of this estimate can be done comparing I, with the isoperimetric function of the
Gaussian measure (see Proposition [4.6]).

Sufficient conditions on the measure p which guarantee the validity of (L2]) are known (see
[3],[4], [I7]). The most famous example is given by the Gaussian measure

1 x|

dvy(x) = e 20,

(=) V2ro?

which satisfies inequality (L2) with C, = 1, that is: I~ (t) = L,(t) for every 0 <t < 1 ([10]).

In this case half-spaces are isoperimetric sets. Another important example is due to Bobkov
2




and Houdré, who proved in [8], that the exponential measure

1
dv(x) = §e_|$|,
satisfies (L) with C, = -L-. In [4] other examples are given; in particular it is proved that

2v6"
if V is a symmetric non-negative convex function with v/V concave in the large, then such an
inequality (2] holds.
In Theorem we establish the validity of (LZ) for the logistic measure, with an explicit
value of the constant C,,. Finally, applying the results of the first part of the paper, we give a
detailed description of stationary and stable half-spaces for the logistic measure.

2. SPECTRAL GAP AND POINCARE TYPE INEQUALITIES

Let 7 be a probability measure 7 R%. For u € L2(R%) we denote by Var, (u) its variance with
respect to 7. The spectral gap A: of 7, also called its Poincaré constant, is by definition the
largest constant A such that for every u € Wh?(R9)

(2.1) A Var,(u) §/ | Du|? dr ().

R4
Clearly A > 0.

2.1. Log-concave probability measures. It was proved in [7] that log-concave probability
measures 7 satisfy a non-trivial Poincaré inequality, that is A > 0. The precise estimation of
this positive value is still a topic of investigation. In this paper these quantitative bounds will
not be needed.

However, we will often use another Poincaré type inequality for log-concave probability mea-
sures, which was proved by Brascamp and Lieb in [I1]. Its main feature is the weight in the
energy term. It is valid for functions on R™ but we will apply it only for n = 1 where the
statement is as follows.

Let 7 be a probability measure on R, with density e~9 such that ¢ € C%(R) and g” > 0 in R.
Then for every C'(R) function u with zero mean and finite variance with respect to 7, it holds

1
(2.2) /uQegdxg/uQ—Hegdx.
R R 9

2.2. Tensorizing weighted Poincaré inequalities. A classical feature of Poincaré inequali-
ties is the so-called tensorization property: for any probability measures 71 and 75 (on R% and
R%), it holds Ay, xr, = min(Ay, A, ) where 71 X 7o is the product measure. The study of the
stability conditions will naturally lead to weighted Poincaré inequalities, for which tensorization
issues are more complicated, as the next statement shows.

Theorem 2.1. Let 7,v be two smooth probability measures on R with density: dr(y) = W dy,
dv(y) = ¢?Wdy and let © : R — (0,4+00). Then for every u € C(RM+1),

(Po) / u(z, y)dr™ (z)dv(y) = 0 implies
RM+1
/ u2(z, 9)O)dr™ (z)dv(y) < / |Du(z, y)2dr™ (z)dv(y),
RM+1 RM+1

if and only if the following conditions hold:
(1) for every w € C§°(R) such that [, w(y)dv(y) =0 we have

/R w?(y)O(y)dv(y) < / w”(y)dv(y);

R
(2) every function w € C§°(R) satisfies

[ wwewire < [

R

W) + [ wP@)dvly).

R
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Proof. We are going to prove the two implications separately. Let us start by the easier one,
which actually works even if © changes signs.

[[Pa)= () and ()] Consider a function u of the form: u(z,y) = s(z)w(y) for z € RM y €
R, with s € C°(RM), w € C$°(R). Hence u has zero mean with respect to the measure
dpMdv if and only if either [pa s(z)dm™ (z) =0, or [z w(y)dv(y) = 0. Moreover, as [Du|? =
w?|Ds|? + s?w’, and s # 0, condition (Pg)) reads as

either / s(z)d™ (z) = 0, or /w(y)du(y) = 0 implies
RM R

, S |Ds(2)PdrM (z)
(2.3) /R W WOWdry) < = () /R

Assume [, w(y)dv(y) = 0 and in (23] pass to the infimum over all s(z) € C5°(RM). As

fRM |Ds(:v)|2d7'M(x)
ueCse (RM) f]RM s(x)2drM(x)

W (y)duly) + / W(y)dv(y).

R

can be easily proved to be zero, we get condition (D). Assume now [gu s(z)drM(z) = 0.
Consider (2.3) and pass to infimum over s(z) with compact support and zero mean with respect
to dr™. By approximation we have

Jgar s2dT™

= inf { s |Ds 7

inf {M s € CPMRM), [ou s(z)dr™(z) = 0}

: drM =0p =X\ m =M\,
fRM S2dr M fRM s(z)dr™ (z) } M

which entails condition (2)).
(@ and @)= (Pa))] Let Q¥ *1(k) be the (M +1)-dimensional cube [—k, k] *1. We are going

to prove the statement in the cubes QM +1(k:), the conclusion in the general case follows by a
standard approximation argument. The advantage of the case of cubes is that, by the positivity
of ©, we are allowed to use standard compactness results (notice that the same argument would
need substantial changes in the case the considered densities vanish at some point). Define

(2.4) A L Jqugy [DoPdrY dv
. k p—

UECSO(QNI"’l(k)) fQIVI+1(k) 1)2@(y)dTMdV’
J vdpMuv=0

our aim is then to prove Ay > 1. Assume the minimum to be attained by a function u(z,y) €
Coo(QYH(k)), that is [qrrer j udu™dv = 0 and

fQJVI+1(k) |Du|2d7—MdV B
fQJ\xI+l(k) u2@(y)dTMdV

Ak -

Hence u solves the corresponding Euler-Lagrange equation and there exists ¢ € R such that for
every z € intQM (k)

Azu+ (Dv; Dyu) + uyy + ¢'uy + MgOu+ 0 =0,
Uz, (£K, X2, s T, Y) = o = Ugy, (21, o T—1, £R,Y) = uy (21,0, 200, £K) = 0.

Integrating the previous relation on Q* (k) with respect to the measure dr (z), it follows

/M uyydTM(ac) + /M uydTM(m) o' (y) + MO (y) /M U dTM(ac) +0=0,
QY (k) Q™ (k) Q™ (k)

that is

9"() + 9 ()¢ () + MO(y)g(y) + o =0, with ¢'(+k) = 0,
4



where g(y) = fQM u(z,y)dr™ (x). Let us integrate the latter equation with respect to
g(y)dv(y); recalhng that fQ 1) 9 g(y)dv(y fQM+1 u(z, y)dr™ (x)dv(y) = 0, we find

(25 [ sat)=n [ oty
Q' (k) Q' (k)
Assume g # 0. Then thanks to () and (Z3]), it holds

fQ (k g/2d’/( )
Torn 9OWI ) ~

which implies, recalling (2.4]), condition (]E[) on QM k).
On the other hand, let us consider the case g = 0, that is fQ]M(k) u(z,y)drM (x) = 0 for every

Ap =

y € Q'(k). Condition (Z)), together with an integration with respect to dr™ give
(2.6) / u?O(y)drM (z)dv(y) < A, wdr™ (x)dv(y) + / ufldTM(:v)du(y).
Q1V1+1(k) Q1V1+1(k)

Q1V1+1 (k)

M

Notice that the Poincaré inequality for the measure 7" entails

1
/ wdrMdy < — | Dyul?dr™ dv,
QM+ (k) Ar QM+ (k)

and hence by (2.6 it follows
fQJVI+1(k) u?0(y)dr™M (z)dv(y) < fQM“(k |D, u|2d7' (z)dv(y) +fQM+1(k) uzdm™ (z)dv(y)

that is A\ > 1. This leads to condition (Pgl) in the cube QM+1(I<:) and, as already noticed, this
is enough to prove (Pg) in the whole RM+1, O

3. ANALYSIS OF HALF-SPACES

3.1. Stationary and stable sets. We start by recalling the characterization of stationarity
and stability, with respect to the isoperimetric inequality, established in [24], that will be used
throughout the rest of the paper. In fact we will adopt such characterizations as definitions of
stationary and stable sets.

Let du(z) = f(z)dx = ¢¥ dz be a smooth probability measure in RV*! and consider A C
RN+ an open set with C? boundary. A is stationary for the measure p if it has constant
generalized mean curvature, that is

(3.1) Hy(DA) = NoA# (z) — (D (), V(m))‘aA — constant,

where 7 is the standard mean curvature of A and v(x) is its outer unit normal vector at x.
Moreover, if for every function u € C§°(0A) such that [, u(x)f(x)da = 0, it holds
(3.2)

= X ux2— 2u2x a\xT ,IUQ,I 2 x)V\x), V\x a\xT
Qwu)—/mf( ) (IDgau(z) - K ())d()+/aAf() (2) (D*(@)v(x); () da(z) > 0,

where K2 is the sum of the squared principal curvatures of 94 and da(-) denotes the element
of area, then A is stable.

3.2. Stationarity of half-spaces. Let us first introduce the following class of unit vectors
Vy = {v esSM . JiAje{l,..,M} st v, =0for k& {i,j}, [vi| = |vj| # O}.
Hence each element of Vj; has exactly two non-null coordinates which are in absolute value

equal to % Let us indicate by VX/[ the subclass of Vs such that the non-null components

have the same sign (end hence v; = v;), and by V, the subclass with components of different
signs (that is v; = —v;). In particular we define v € Vy such that Vy41,Vvn # 0, hence
5



veVvlhifv=(0,.,01/v2,1/v2) or v = (0,...,0,-1/v/2,~1//2); while v € Vj, if v =
(0,...,0,—1/4/2,1/3/2) or v = (0, ...,0,1/3/2, —1//2).

A characterization of the stationarity of half-spaces for general product measures follows.

Theorem 3.1. Let j; be probability measures on R: dp;(t) = e*i®dt, t € R, with 1; € C*(R),
fori=1,..,N + 1. Consider their product measure du(x) = dui(x1) - ... - dun+1(zNy1), with
= (21,...,2n41) € RV Let H\J,\;H be the half-space of RVF:

N+1
H%H:{xERNH : (x,v><t}:{x€IR{N+1 : invi<t},
i=1

with v e SN. H{,};‘H 1s stationary if and only if at least one of the following holds:

(i) H‘],\frl is a coordinate half-space;

(i) v has (evactly) two non-null components vi,v; and ¥ (x) = (1 — ax), where T = vij,
and a = \‘:—;,
(iit) v has at least three non-null components v;, vj, vi, and the corresponding measures fi;, [, [t

are Gaussian with the same variance.

Proof. Up to a rearrangement of variables, we may assume vy41 # 0. Condition (3.1) for the

N+1

half-space Hﬁ“ and the measure p , reads as

i=1

N N
(3.3) Z Vi) o + Uy (7’ - Z a; CCZ> = constant,
i=1

t_ and o = U

for every z; € R, where 7 = .
VN+1 VN+1

(=]
Notice that the left hand side in condition (B3] can be seen as a function of N-variables
x1,...,TN, and hence we can differentiate it with respect to each variable z; getting

N
(3.4) QL Ibg(.%'k) — O wXH-l (T - ZQZJ'Z) = O, k= 1, ceey N.
=1

One of the three following situations happens:

(a) a =0for k=1,...,N;

(b) there exists only one k € {1, ..., N} such that ay # 0;
(c) there exist at least two non-null oy, a;.

Case (@) corresponds to the case Herl coordinate, which is condition (). In case (b condi-
tions ([B.4) becomes ¢y (x) = ¢y (T — agx) for every x € R, that is, condition (). In case ()
equation (34 is

Pr(z) = YR (T - iaixi),
i—1

where on the left hand side there is a one-variable function, while the right hand side depends
on at least two variables. This entails that ¢} has to be constant, for every k such that ay # 0,
that is ¢/ = ¢};,; = constant , which is condition (ii).

[«

Case (i) can be proved by trivial calculation. Let us consider case (). As 1y (x) = ¢, (7 —
ax), integrating with respect to z € R we get o ¢j(x) + ¢y (T — ax) = Py 1 (7) + a ¥}(0),
which is equivalent to

N N
> Uia) i+ U (7= D @ @) = U (r) + a wi(0),
=1 =1

and hence (3.3 holds.



Consider case (iii). For each non-null a; we have

ooy (@)
1/}1 (1‘1) - 0_2 ’
hence the left hand side of condition (B.3]) becomes

N+1 N+1 N+1

1 1 1
) E T;0u + — E m;o; — —2(T — E QT — mN+1>,
0? o? o
1= =

=1

which is constant. O

Particularly relevant is the case of N-fold product measures where directions of possible
stationary half-spaces are of only three types.

orollary 3.2. Le e a measure on IR: =e ,t € R, wn S . Consiaer
Corollary 3.2. Let b R: du(t vdt, t € R, with C?(R). Consid
its product measure du™Nt(x) in RNTL H%‘Ll is stationary if and only if at least one of the
following holds:

(i) H‘],\frl is a coordinate half-space;

1) ve an isT = -periodic;

/i Vy and " 1 V2t-periodic;
(iti) v € Vi and 4" is symmetric with respect to 5 = i@;

12
(i) p is Gaussian: du(x) = \/ﬁe_ﬁ,

Remark 3.3. Notice that the half-space H‘]/YOJFI, with v € Vi, is always stationary for pNtL

Furthermore, if the measure p is symmetric, then the half-space H‘],YOH is stationary, for every
ve VN+1.

Proof of Corollary[32, Thanks to Theorem BT it is enough to prove that, if Hﬁ“ is stable
and v has two non-null components v, v;, then either |vgy| = |v;| (that is v € V1), or p is
Gaussian. Thanks to condition ([B.4]) we have

' (x) =" <7’ — am), for i =k, 7,

for every x € R. If |ay| = 1, that is v € Vi, then by Theorem B.I] conditions (i) and (&) follow.
On the other hand let us assume |oy| = |7 # 1 (by a change of variables we may assume
J

|ag| < 1). Tterating this relation, we get
n .
W'(@) =" (7 Y (-Viak - ap ! ),
i=0
and, considering the limit as n tends to infinity, it follows that 9" is constant and hence y is
Gaussian. 0

3.3. Stability of half-spaces. Let us now study the stability of half-spaces for the N-fold
product measures 7V. Since stationarity is a necessary condition for stability, we only have to
analyse the cases which are mentioned in Corollary In particular we focus on the analysis
to the case of log-concave measures.

We are going to prove that stability is strictly related to Poincaré type inequalities. In
particular in Theorem B.4] we prove that the coordinate half space {xy < t} is stable for the
N-product measure pV if —"(t) < A, where du(z) = e¥@)dz. Moreover in Theorem 3.8 the
non-coordinate case is treated. The N-dimensional problem in fact reduced to the 3-dimensional
case and this follows by the tensorization of Poincaré inequalities with weights.

We split the analysis in the two cases, which are treated in Section B.4] and in Section
respectively.

7



3.4. Stability of coordinate half-spaces.

Theorem 3.4. Let pu be a probability measure in R, with support the whole real line: du(t) =
?Wdt, t € R, with ¥ € C*(R) and let e?®) be the density of its (N + 1)-dimensional product
measure. Denote by \, the spectral gap of u. Fort € R, let

HtN—H:{m‘GRNJrl D IN4+1 <t}.
The half space HY ™ is stable if and only if —"(t) < \,.

Proof. By condition (3.2]), stability of HtN 1 is equivalent to Qyp(u) > 0, for each function
u € C§°(RY) such that

(3.5) / w(zy, .y, t) dp (21, ..., xy) =0,
RN
where
Qy(u) = / (1Du@r o O+ @y DY (0)) @) - F@n) () da - day.
R
Hence H is stable if and only if for every function u € C§°(RY) satisfying (3.5)), it holds
[ D = 0o [,
RN RN

Notice that this is a Poincaré inequality, hence it holds if and only if —”(t) < Auv, and

consequently, by the tensorization property of the Poincaré inequality, if and only if —”(t) <
Ay O
m

Notice that previous result is trivial in the case of Gaussian measures. Indeed in that case
each half space is isoperimetric and hence stable. Moreover the reverse holds true: a symmetric
probability measure p such that all coordinate half-spaces are isoperimetric regions for uv is
necessarily Gaussian (see [9, 14, 20]). We show next that the stability of all coordinate half-
spaces also characterizes Gaussian measures.

Theorem 3.5. Let pu be a probability measure on R, with du(z) = e *®dz, v € C*(R).
Consider its product measure u”, N > 2. If for every t € R the coordinate half-space

Ht:{xERN : acN<t},
is stable for p, then v is quadratic, that is p is Gaussian.

Proof. Let us point out that necessarily sup,cr v”(z) > 0, as otherwise —v would be a convex
function and hence e~ could not be a probability density on R.

Let us now consider the stability conditions for the coordinate half space H;. By (3.2), Hy is
stable if and only if for every u € C§°(RN~1) such that Jan—1 udpN =t =0 we have

v//(t)/ u2 dluNfl S/ |Du|2d,uN71.
RN-1 RN-1

In particular it holds

1
/ u2 dMNfl < ‘ ” / ‘Du’2 d/j/Nil.
RN-1 sup v RN-1

Using a density argument, we can apply the previous inequality to the one-variable function
u(z) = x, seen as a function of (N — 1) variables, and we get

1
(3.6) / z2dp <
R

supv”’
8




Using this last estimate, together with two integrations by parts and Holder’s inequality, we get

2 : 2 :
1 = /xv'e_”dmg </w du) (/v' du)
R R R
1 2 1 2
() -t (few)
(supv”)z \Jr (supv”)z \Jr

supv”g/v"du,
R

i

IN

which gives

and hence, thanks to the regularity of v”, v” = supv”. Therefore v” is constant that is p is
Gaussian. 0

Remark 3.6. The above argument actually shows that (provided v" is p-integrable),

)\Mg/Rv"(x) du(z).

This is a well-known fact, for which we have given a naive proof for sake of completeness. The
conceptual proof consists in using the fact, related to the so-called L?-method of Hérmander,
that X\, is also the biggest constant such that for all u,

A [P a@duta) < [ (1) + 0" @ (@) dua).
It is then clear that
(3.7) info” <A, < /Rv"(x) du(x),
where the upper bound follows from approximations of u(x) = x.

The previous result can be used to establish the existence of stable coordinate half-spaces for
a measure du(z) = e *®dz with v € C?(R). More precisely the following holds.

Proposition 3.7. Let pu be a probability measure on R with density e "), v € C*(R), and
consider its product measure u’N . There exists at least a real numbert such that the coordinate
half-space H; = {xny1 < t} is stable for the measure pN+1.

Proof. As shown in Theorem 3.4l a sufficient condition for the stability of Hy is v”(t) < A, where
Ay is the best constant in the Poincaré inequality and hence it is well defined and non-negative.
We want to show that inequality (B.7) implies the existence of at least on stable coordinate
half-space.

Notice that this is obvious in the case inf,cr v”(2) < 0; hence we may assume inf v” > 0 that
is, p log-concave. Consequently A, > 0 (see [7]) whence the case inf v” = 0 follows immediately.
Finally we assume
(3.8) inf v"(x) = ¢ > 0.

zeR
Moreover by ([B1) we may assume A\, = infv”, as the case infv” < A, trivially implies the
assert of the proposition. In other words we have

2

(3.9) b = ar RO

uEW}f(R) fR Uzdﬂ

Jp udp=0
and we are going to show that this latter case occurs only for the Gaussian measure. We first
notice that the infimum in (39 is attained at some function u (Indeed thanks to (3.8]) and the
Bakry-Emery criterion [I], u satisfies a logarithmic Sobolev inequality. Hence the work of Wang
[25] ensures that the operator L defined by Lf = f” — ¢/ f’ has an empty essential spectrum.

9



It follows easily that it has a pure point spectrum and one my choose u as an eigenfunction for
the first non-zero eigenvalue of —L ). Consequently

u/2
inf v —d
//_fRuIQd:U'> mrov /Rv// 14

infv” = > infv”,
JrwPdn JrwPdp B
where the last inequality follows from the Brascamp-Lieb inequality (2:2]). This entails
2
(3.10) /u'Qdu = inf " / u—”d,u.
R RV

We claim that
p{z R : u/(z) =0}) =0,
which implies, by BI0), v"(x) = infv” p-almost everywhere and then, by the regularity of v,
that v” is constant, that is the measure p is Gaussian.
Indeed, let us define a,b € RU {+oo} as
a=inf{r € R : u/'(x) =0}, b=sup{z € R : u'(z) =0},

and let {ax}, {br} be approximating sequences such that aj converges to a and by converges
to b as k tends to infinity, with u'(ax) = «/(by) = 0 for every k € N. By classical results for
Sturm-Liouville problems (see [19]), applied to the Euler-Lagrange equation associated to the
minimum Problem (B.9)), the set {z € R : u(x) = 0} N (ak, b), is finite for every k € N. This
implies in particular that Uy = {x € R : «/(z) = 0} N (ag, bx) has zero measure, with respect
to u, for every k. Indeed, we show that Uy only has a finite number of accumulation points.
Assume U, admits an accumulation point Z, then u/(Z) = 0 and v”(Z) = 0, since we can choose
a sequence xj € U, with zp — Z, and it holds
!+ !/

M =0, for every k € N.

T — Tk

By the Euler-Lagrange equation this implies that also «(z) = 0 and hence Uy, has only a finite
number of accumulation points, for every k € N. This shows in particular that each Uy has zero
p-measure which gives p({u’ =0}) = 0. O
3.5. Stability of non-coordinate half-spaces.

Theorem 3.8. Let u be an even log-concave measure in R, with support the whole real line:
du(t) = e?Ddt, t € R, with ¢ € C?(R), " < 0 in R, and let ¢*®) be the density of its (N +1)-
dimensional product measure. Moreover, denote by X, the spectral gap of u. For v € SN and
teR, let

N+1
H‘%H:{xERNH : (x,v><t}:{x€IR{N+1 : Z%‘Vi<t}-
i=1

If 1 is not Gaussian and v & Vi, then H%‘H s not stable.
For v € Vi, the half space H‘]/\,QH 1s stable if and only if so is H\?/’,t- Moreover if Hat is stable,
then so is Hat.

Proof. Notice that, as stationarity is a necessary condition for stability, by Theorem B.Ilwe have
that H%Jrl can be stable only if v € V.

By condition ([B.2), stability of Hﬁ“ is equivalent to
(3.11) Qyu(u) = / (|Dul® + u*(D?*pv;Vv))) £ dx >0,
oHN

for every function u € Cgo(aHxH) such that

(3.12) / ufde=0,
oHN

10



where f = e?®) is the density of V!, that is f(z1,...,2n5) = f(z1)--- f(zn41). By definition
of product measure, D?¢(x);; = ;4" (), for every z = (21, ..., xn41) € RV

We define 7 = v/2t and a = vy /vy.1; hence a € {#1}. By the symmetry of j, it is enough
to prove the statement for the half-spaces H\%'H and H\%t with v either in Vj\} (corresponding to
a=1)orin Vy (case a« = —1). We are going to show that the (N + 1) dimensional problem is
equivalent to the case (N 4 1) = 3. In order to apply condition (B.I1]) we choose the following
volume preserving parametrization of (9H\],\7/;+1. Let p : RY — RN+ be defined as

TN TN

p($1, ---,$N) = (3:1, ey E’T — aﬁ);

hence p(RY) = (9H\f\7/;+1 and

Then by BII),E12), H, is stable if and only if

(3.13) / (|Du(m1, )|+ (e, ...,xN)¢"(xN/\/§)) h (21, ...,x5) dz > 0,
RN
for every function u(z) = u(z1,...,xn) € C(RY), such that

/ u(z)h (z1,...,2n)dz...dey =0,
RN

where
h(21,.,zn) = f(21) - fan—1) f(an/V2) f(T — azn/V2).

Define the measure duq(z) = f(7 — axz/v/2)dz. The previous stability condition reads as
a Poincaré type inequality for the product measure du™~'(z1,...,xn_1) - dua(zyn) with the
additional weight (—"(zn/v/2)). More precisely H2', ™ is stable if and only if

/ u(xay) dlu’Nil('Ila"',fol)dlua(y) = Oa
RN
implies
[ Dutw ) o) = [0 @) (= 0/ VD) @) ),
In the case N — 1 > 1 this is condition (Pg]) of Theorem 2.1}, applied to the measures ¥ 1, g

with weight ©(y) = (—¢"(y/v/2)). Therefore for N + 1 > 3 the stability of H2,"" is equivalent
to (Pa) and hence, by Theorem 2] it is also equivalent to the following: for every v € C§°(R)

(3.14) /R v(y)dpa(y) = 0 implies /

R

o2 (y)dpa(y) > /R () (—0" (4/V2)) dpta (v)
(315  and / ) VD) < N[ 0 0)daly) + / () dsa(y).

Hence, as conditions (BI4]) and (3I5) do not depend on N, the first assertion is proved.
Let us now analyse the case N + 1 = 2. The 2-dimensional half-space {z; + azs < 7} is
stable for p? if and only if

+o0

+o0o
[P0 VD) < [P0

—00 —00

for every function v such that fj;o v(y)dpa(y) = 0, that is condition ([BI4l), and hence the
theorem is proved. O
11



4. EXAMPLES

In this section, we analyse the stability of hyperplanes for three classes of examples, showing
that in the classification given in the previous sections all possibilities may occur. For the first
set of examples, the only stable half-spaces are coordinate half-spaces. The second example is
given by the logistic distribution; in this case the only non-coordinate stable hyperplanes are
bisector lines in two dimensions. As this specific example enjoys many remarkable properties,
we are able to push the study a bit further. Eventually, we give a third set of examples: namely
non-Gaussian measures for which stable non-coordinate hyperplanes exist in any dimensions.

4.1. Measures with no non-coordinate stable half-spaces. Let us consider a non-Gaussian
probability measure on the real line du(t) = e?® dt where 1) is twice continuously differentiable.
For simplicity we will also assume that ¢ and 1" are even and have no other point of symmetry
that 0 (in particular ¢)” is not periodic). This ensures that the only non-coordinate stationary
hyperplanes for ;2 contain the origin and are orthogonal to a vector in V1. Consider the measure

dv(t) = 2V WV g — o= gt

The stability of the bisector lines z1 = +x9 for v is equivalent to the following functional
inequality: for all v : R — R with fR udy =0,

(4.1) / u?(z)y" (x) dv(z) < / u?(z)dv(z).

R R
Note that when ¢ is convex, i.e. u is a log-concave probability measure, then v is also a
finite log-concave measure and Brascamp and Lieb inequality (2.2)) assures that for all functions
u:R = R with [pu(x)dv(z) =0,

u/2 (x)

2
(4.2) /Ru (z)dv(z) < /R () dv(x).

Despite of the striking similarity between (41 and (42]), the former may be false for log-
concave finite measures. This is easily seen with power type potentials dvy(z) = e 171" dx for
p > 2. Indeed the function u(zx) =z € Wif(R) does not satisfy inequality (4.1]) for the measure
i = vp. More precisely the following holds.

Proposition 4.1. Consider the measure v, with dv,(z) = e 1P dx, p> 2, and let VI])V be its N -
dimensional product measure. Each possible stable half-space for v is necessarily a coordinate

p
one.

Proof. Notice that, thanks to Theorem B.1] the only possible stable non-coordinate half-space
is H\J,\fo with v € Vi. We are going to show that H\%O = {z1 £ 2 < 0} is not stable and
hence by Theorem [B.§] the conclusion of the proposition follows. By the stability conditions
B13), we have that H\?,o is stable for 1/; if and only if for every function u € Wif(]R) such

-2

that [, u(z)dv,(z) = 0, inequality () holds, where —p(z) = 27" |z|P. Consider u(z) = €
Wll,f (R); as it is an odd function it has zero mean with respect to the measure v,. Moreover it
does not satisfy inequality (4.1]) since we have

- __2_ __2_ 1 1
25 [ ol e [ e F e =2t p -2 T(5) >0
R R p

where I'(-) indicates the Gamma function. Hence for the measure Vg, with p > 2, there is

no non-coordinate half-space which is stable and the same happens for the N-fold tensorized
measure IJIJ,V by Theorem [3.8] O

12



4.2. The logistic measure. Let us denote by p the logistic measure on R, du(x) = f(x) dx =
e V@ dx, where

el‘
The logistic measure is a symmetric log-concave measure with exponential tails, moreover
V'(x) = 2f(z) > 0 for every z € R, with inf V// = 0. We are going to prove that p satis-
fies inequality (L2), finding an explicit value for the constant C,,. Moreover we will show that
the N-times product pV has stable non-coordinate half-spaces only in dimension 2.

4.2.1. Spectral gap of the logistic measure.

Proposition 4.2. The best constant in the Poincaré inequality (21]) for the logistic measure
on R is
Ap=—-
Foy
Proof. In order to compute A, we will first show that A\, > %,
holds using an approximation method.
Since Var(u + ¢) = Var(u) for all real constants ¢ and Var(u) < HuHLz, we have

and then show that equality

0 o @) @)
# wewl?® — Var(u) ue\?(/]};igm Var(u)
2
sy @)
weWl2®) Jp v (z)dp(z)
u(0)=0
Notice that ,
o @) [P @)d)
ue\é\(/]};fgﬂ%) Jp v?(2)dp(x) ue\é\(f),}igk) bvoo [V u2(x)dp(x)
Hence to prove that A, > i it is sufficient to show that
b
o e Jrt@du)
0 — el b Z R
wew (b)) [7,u?(z)dp(z) 4
u(0)=0

for every b € R. Let us denote by J(v) the functional defined on #° = {u € W,lf([—b, b)), u(0) =
0,u # 0}:
b
WP (@)dp(x)
= = :
Jop P (@)dp(z)

since J(u) = J(|u|), we may assume u > 0. For every b € R the density f of p is bounded from
above and below in [—b,b] by two positive constants, so that we can apply standard arguments
of compactness and lower semi-continuity in Sobolev spaces, and obtain the existence of a
minimum for J in #°. Let u be a minimizing function, i.e. u € #°, and J(u) = A}. We can

now deduce the Euler equation for the above minimum problem and we obtain that u solves
the following

J(u)

u"(z) = V(@) (z) = —Nju(x), x € [—b,b]
(4.4) u(0) = 0
u'(£b) =0,

where V'(z) = tanh(x/2). Since V' is odd, without loss of generality we may assume that u
is even and hence we reduce the study of (44 to the interval [0,b] (indeed, for each function
13



u solving (£4]), u(x) + u(—=) is again a solution). Moreover, problem (4£4]) can be seen as the
Sturm-Liouville eigenvalues problem

w//(m) + (ﬁg(%) + A= i)UJ(.%') =0, S [0, b]
0)=0
/

w'(b) + 3 tanh(2)w(b) =0,

(4.5)

S

corresponding to the eigenvalue A = A}, via the transformation w(x) = % It is known
2

that there exist countably many values of A such that (435]) has a (non trivial) solution. In
particular )\8 is the smallest positive one, and hence we may assume w to be positive in (0,b)
(see for example [19]) which implies the positivity of u in (0, b) too.

Notice that sinh(%) solves the equation in (&4) with A} = 1, but it does not belong to
W}L’Q(R), and hence it can not be a solution of the problem in the whole R. However, using
an heuristic argument, it can give an idea of the behaviour of the possible eigenvalues. In
fact, roughly speaking, an eigenfunction has as much oscillations, as bigger is its corresponding
eigenvalue (see again [19]); hence, since sinh(z/2) does not oscillate at all in (0, +00), its corre-
sponding constant % can be seen as a lower bound for the possible eigenvalues. Hence we can
expect A} > %.

More precisely, let us consider the Wronskian determinant of u and sinh(x/2):

1
W (z) = /(z) sinh(x/2) — §u(ac) cosh(z/2).
It solves the following differential equation,
1
W'(z) = W(z) tanh(z/2) + <Z - )\g)u(x) sinh(x/2),

with W(0) = 0. Hence

W(e) = (5 - X cosha/2) ([ uty) tanhto/2) dy ).

and its sign depends only on the sign of (3 — \§). As W(b) < 0, we must have 1 — A} < 0.
Hence )\8 > %, which implies A\, > %.

In order to complete the proof we show that % is in fact the infimum of (4.3)). Indeed, consider
the sequence

uge(z) = sinh <§(1 - 5)) ;

notice that u. € Wllf(]R) for every e > 0. Moreover, J(u.:) (for b = 0o) converges to 1, as €
tends to zero, as
2 (1-¢)? 2
g gy = 5 (1 + el ) -

O

Remark 4.3. Notice that equality in the Poincaré inequality can not hold, that is, % 18 not
a minimum of J on R. Indeed, if there exists a function v for which equality holds in (21])
with T = p, A = 1, then v would be a solution of the differential equation in ({-4) on R with
Ay = 1) and v(0) = 0. But this implies that v is a non zero multiple of sinh(z/2) in R and
hence v & Lz(R).

4.2.2. Dimension-free isoperimetric inequalities for p. Since p has a log-concave density, a
result of Bobkov [6] ensures that half-lines solve the isoperimetric problem for the logistic
measure. Moreover its distribution function F(x) := F,(x) = /(1 + e*) verifies a differential
equation of the logistic type: F' = F(1 — F). It follows that for all ¢ € [0, 1],

I, (t) =t(1—1).
14



The starting point to prove a dimension-free isoperimetric inequality for the logistic mea-
sure is the following result, which originates from the paper [15] but incorporates a numerical
improvement given in [22] (see also the proof of Theorem 19 in [3]).

Theorem 4.4. Let T be a probability measure on RY, with dr(z) = e V@ dz, V e C*(RV)
and D2V >0 on RN. For any Borel set A C RY one has

(4.6) 7H(04) = /A, € r(4)(1-r(4)),

where C = supu>0 2[ © > 0,45125.

Notice that (£6]) can also be formulated as

> Vs Ct(l—1) = VA, CIL(0)

this may be readily applied to the powers of the logistic distribution.

Theorem 4.5. Let p be the logistic measure on R. For every N > 1 and every t € [0,1] it
holds

(4.7) Tov(t) > = L(t),

where C is the constant in (4.0]).
Proof. A direct application of Theorem [A.4] yields

I“N > 1/)\“N C 1.

The tensorization property of the Poincaré inequality, A~ = A, and Proposition guarantee
that A\, = %, which gives the claim. O

Recall the notation I),=(t) = infy I,~(t). This so-called infinite dimensional isoperimetric
function is not easily estimated. We have proved so far that

C
L

A similar estimate is given in [8] for the symmetric exponential distribution instead of pu,

and with the constant ﬁ instead of % Observe that % > ﬁ. The upper-bound on the
infinite dimensional isoperimetric profile can be estimated thanks to the following well-known

observation.

Proposition 4.6. Let p be a probability measure on R having a density (with respect to the
Lebesgue measure) and finite third moment. Let vy be the standard Gaussian measure on R. Let
0% = Var,(z). Then for every t € [0,1] it holds

(45) Lo (t) < — T (1),

Proof. Notice that, since the isoperimetric function is invariant with respect to translations
of the measure, without loss of generality, we may assume [xdu(x) = 0. For any random
variable X with law p and density fx, we denote by Fx its distribution function (that is
Fx(t) = u(X <t)). On the probability space (RY, u'V) the coordinate functions X7, ..., Xy can
be viewed as independent random variables with common law p. Define

4N =

Let us indicate by H, the half plane

H, _{meRN\Z\/_ }

We have uV(H,) = Fz, (y) and hence p™(0H,) = fz, (v).
15




Fix t € [0,1]; for every N > 1 consider yy such that u~ (H,, ) = t. Hence for every N > 1 it
holds

+
L () < p 7 (0Hyy) = fz,, (yn).
By the Local Limit Theorem for densities (see [2I])and the Berry-Esseen inequality (see [12]),

1 2

YN
- e 22| = 0,
‘fZN(yN) U\/ﬂ ‘
YN 1
IN o) = 0
) o,

where ¢ is the distribution function of the standard Gaussian measure. Hence

P (o) =~ (o7 (1),

As a conclusion, recalling inequality (LI]) it holds:

1

Lo () = inf L (y) < ¢/ (1) = — L(v)

Eventually we get, for all ¢ € [0,1],

min {Iu(t), \/?gl'y(t)} > Lo (t) = 5 Tu(),

where the upper bound is slightly better than I,, > I,,, which consists essentially in testing
the isoperimetric inequality on coordinate half-spaces. Notice that inequality (8] comes out of
evaluating the boundary measure of specific half-spaces in large dimension. Getting better upper
estimates on I, requires better test sets for which one can compute the measure and estimate
the boundary measure. A natural candidate would be the stable half-planes (see Section [£.2.3])
H = {(z1,22) € R? : 21 < x3}; unfortunately, since p2* (H) = % > §17(1/2), it does not
give a better result.

FIGURE 1. The region where I, lives

4.2.3. Stationarity and stability of half-spaces for the logistic measure. As corollaries of Theorem
BI and Theorem B4l Theorem B8 we can give a description of half-spaces which are stationary
and stable for the logistic measure, respectively. Consider the half-space Hﬁ“ = {r ¢ RN+ .
(x;v) < t}; the following holds.

Proposition 4.7. The half-space H%‘Ll is stationary for the logistic measure if and only if it
1s either a coordinate half-spaces or v e Vi and t = 0.

The proof immediately follows by Theorem B.11

Theorem 4.8. A coordinate half-space HNT is stable if |t| > 21log(2+ v/3). A non-coordinate
half-space H%‘Ll 1s stable if and only if N+1=2,t=0 and veE Vy.
16



Proof. The coordinate case immediately follows by Theorem [3.4] and Proposition
Let us consider the non coordinate case; as stationarity is a necessary condition for stability,
the only choice is H\fVOH with v € V. In particular, by the symmetry of the measure and

Theorem 3.8 it is enough to show that HéYOH satisfies (B.14)) and not ([B.13]), so that it is stable
for N +1 =2 but it is not for N +1 > 3.

The planar case N + 1 = 2. By definition (and some changes of variables) the half-space
H = H\%O is stable for p? if and only if

(49) [ @ @) de < 5 [ () da,

R
for each u € C§°(R) such that

(4.10) / u(x)e?®) dx = 0.
R

Notice that, since ¢”(z) = —2f(z), we have D?¢(z1,22) = —28;;f(z;), and condition (EJ)
becomes

/4u2(x)f3(x) dxg/u/2(x)f2(x)dx.
R R

Again we reduce the problem to compact intervals Q'(k) = [—k,k]. Notice that, thanks to
Proposition [1.9] we are allowed to replace the zero mean condition (£I0) with the assumption
that v is odd. Hence we define

(4.11) Xi = inf {/ u?f? . ue Cgo(Ql(k)),/ w3 =1, uis odd} ,
Q' (k)

Q' (k)

and the stability condition for H\% follows if we prove

(4.12) X >4

Notice (49)) is of the same type as the Brascamp and Lieb inequality (2.2]), with the weight
function on the opposite side. The idea is then to find an appropriate probability measure e™9
such that the weight can be, in some sense, reversed. Consider

dr(z) = 30f3(x)dx = 30e 9@ dx,

where g(z) = 3ln((1t—iz)2). Hence ¢’ (x) = 3% = 6f(z) and then(2.2) gives that for every

u € C', v odd and Var,(u) < oo it holds:
/Ru2(x) f3(z)dr < %/Ruﬂ(x)% f3(z) d.

This implies that for every compact interval Q'(k) € R and for every odd function u €
C5o(Q' (k)),

le(k) U,Q(l“)fz(l") dx

le(k) u?(z) f3(x) de —
which entails Xi > 6, for every k € R and hence (4.12]) holds.

The N + 1 dimensional case, N +1 > 3. We are going to show that (8.I5]) does not hold.
Indeed, recall that du(z) = f(z)dz = e~V @ dz, with V(z) > 1; using Remark 3.6 we get

Jo V' ()dp(z)
(4.13) A < W

Assume (3.I5]) holds true; it follows

> Jo V" (@/V2) f*(2/V?2) dx _ Jo V" (@) f*(z) da

B fRf2($/\/§) dx Je (@) de
1
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Hence by ([4.13)) we obtain
Jx V() f*(z)dx - oV (x)f(x)dx
e fP(x)de = [ f(x)dx
which gives, recalling that for the logistic V" (z) = 2f(x),

/Rf(x)dm /Rf3(ﬂc)dx§ (/sz(x)dm>2.

Notice that this latter does not hold true by Holder inequality (consider the functions f 32 f1/2,
as they are not proportional the strict sign in Holder’s inequality holds), hence H\% is not stable
for any M > 3. U

The next result asserts that in the stability condition (4.9) we can replace the zero mean
assumption (4.I0]) considering the class of odd functions.

Proposition 4.9. There exists a solution to the Euler-Lagrange equation for the minimum

problem
inf / u12f2 . ’U,Gcgo(Ql(k)),/ u2f3: , / uf2:0 ,
Q(k) Q' (k) Q' (k)

which is odd.
Proof. Consider the Euler-Lagrange equation for (£ITl):

1 £2\/ Y £2
u'(£k) =0,
and perform the following change of variable
L |
dt = ﬂ, that is t= / ——ds,
h(y) o h(s)
where y = y(t). Hence,
a_ 1 4
dy  h(y(t))dt’
and Problem (4I4]) becomes
1 g " £2
(415) E(Wj)t (=) f2 =0
ut(:I:k) == O,
where k = fok ﬁ ds. Choosing h(y) = W, we get
2

(ut%)t 4+ Au =0,

which is, together with the boundary conditions, a Sturm-Liouville problem of the type consid-
ered in [19].

Notice that, as h(y) > 0, problem ([@I5]) is equivalent to problem (£I4]). By Theorem 4.1 in
[19], we have that the first eigenfunction u(y(t)), corresponding to the first eigenvalue A = Xi,
has a unique zero in (—k, k). This implies that u(y) has a unique zero in (—k, k).

Consider again problem (£I4]); notice that w(y) = u(y) — u(—y) solve it. Moreover, thanks
to condition (&I0), u has zero mean in (—k, k) (w.r.t. the measure f2(y)dy), and, as noticed
above, it has a unique zero in (—k, k). This implies that v can not be even, and hence w is not
constant null in (—k, k). We can then assume the solution u to be odd. O
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4.3. Perturbations of Gaussian measures. In this part we present heuristic evidence for
the existence of non-Gaussian probability distributions for which non-coordinate hyperplanes
are stable for their product measures in any dimension. The tools of perturbation theory would
certainly allow to turn the following sketch into a rigorous argument.

Since for the standard Gaussian measure all hyperplanes are stable, it is natural to look for
perturbations of it. We look for a measure dr = ¢=*®)dz on R such that conditions () and
(@) in Theorem EI1hold for dr, dv(z) = e=2°@/V2) Q(z) = v"(x//2). According to the results
of the previous sections, this is equivalent to construct a measure 7 such that the half-space
through the origin, orthogonal to (0, ...,0,41/v/2,+1/4/2) is (stationary and) stable for 7V+1
for every (N +1) > 3. As we said, we choose 7 = 7. as a perturbation of the Gaussian measure,
ie.

dr. = e*(éﬂ%w(l‘))dx — o (@) gy

)

where ¢ € C§°(R) will be suitably determined later on. In order to preserve symmetry, we
choose 1 even. As v has compact support, for sufficiently large x, 7. coincides with the (not
normalized) Gaussian measure for every € > 0 and hence it satisfies an isoperimetric inequality
of the type (.2]). Moreover, up to normalization, 7y coincides with the Gaussian measure. For
€ > 0 let us define:

(4.16)  Ae) = {% : /R udre =0, u € wif(R)},

/2 V.
(4.17) k(e) = inf{fRz;@R o \C;)dui(:c) : /Rudug =0, ue Wif(R)},

\/— dl/E fR y)dv:(y)
fR dl/E

where v (z) = % + e(z), dve(z) = e"2=(*/V2) Here we assume, in particular, that & > 0 is
sufficiently small so that v/ > 0 in R (recall that ¢ has compact support). Moreover we assume
the infima and supremum in (£I6)-(4I8) to be achieved and that the following derivatives
exist:

(4.18) a(e) = sup { fe” tu€ WEA(R),u # 0} ,

. d . d ) d
A= d—e)\(s)lgzo, k= d—ek(s)lgzo, a= d—ea(a)\gzo.
Note that A(0) is the spectral gap of the Gaussian measure, hence A(0) = 1. Analogously

k(0) = 1. For a(0) we have

Jz u?dyy
fR u2dy0

As a first consequence, if k& > 0 then condition (IJ) in Theorem BTl is verified for ¢ > 0 small
enough. If moreover A > a, then condition (2]) also hold for sufficiently small £ > 0. In what

a(0) :sup{l— ueWif(R),u;éO} =1

follow we compute A, k and @ in order to find a function ¢ € C§°(R) such that
E>0, A>a.

We start with the analysis of A; the corresponding calculations for k, a are analogous and we
omit them.
The Euler-Lagrange equation of the minimum problem (£.I0) is

u! — (x4 ¢ Jul + Ae)ue =0,

verified by a minimizer u.. We differentiate it with respect to € the equation at ¢ = 0, writing
u for ug, A for \y = 1 and @ for the derivative of v with respect to € at ¢ = 0. We get

(4.19) o — xt — ' 4 M+ M= La — v’ + du+ M= 0,
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where the operator L is defined by Lw = w” — zw’. Note that L is self-adjoint with respect to
T =10

/vadT = / vLwdr, for every w,v.
R R

Integrating equation (4.19]) against udr we get

/uLiLdT — / 'udr + )\/ u?dr + )\/ uudr = 0.
R R R R

/ uLadr + )\/ utdr = / W(Lu + Au)dr = 0,
R

A/ QdT_/wm

We recall that v = uy = x and we introduce the normalized Gaussian measure dy(z) =
L e%"/2qz. We get

NG
b= [v@u@ie.am = [¢ (5 a=- [ v

= x)(z? — xzi x)(z? — e_éx
— Aw>< 1)dy () wﬁéwu< 1)e~% da.

In a similar way we can compute k, @, obtaining

k= 2/ Y(x/V2)(—xt + 622 — 3)dy(z \/_ / (x)(—4z* + 1227 — 3)e_$2dx,

On the other hand

as Lu + Au = 0. Hence

0 = /q,z)x/fx—nm \F/T’Z) (222 — 1)e " dz.

Hence the half-space H\%‘LI is stable for the measure 7, for € sufficiently small, if and only if
there exists a function ¢ € C§°(R) such that

/ () (—dat +122% — 3)e **dz > 0,
R

2

L 2 _é T z)(22% — 1)e ™ dz
ﬁ/ﬂgw(x)(x —1)e"zdx > 2/]1%1/1( )(2 1) dx.

:1;2
As (—42*+1222 —3)e " and (22 —1)e~T —2v/2(222—1)e~*" are linearly independent functions
in L2(R), there exists 1) € C§°(R) such that previous inequalities hold, and hence H, NP s stable
for 7., for any N +1 > 2.
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