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CONSTRUCTIBLE SHEAVES ON AFFINE GRASSMANNIANS
AND GEOMETRY OF THE DUAL NILPOTENT CONE

PRAMOD N. ACHAR AND SIMON RICHE

ABSTRACT. In this paper we study the derived category of sheaves on the affine
Grassmannian of a complex reductive group G, contructible with respect to the
stratification by G(C[[z]])-orbits. Following ideas of Ginzburg and Arkhipov—
Bezrukavnikov—Ginzburg, we describe this category (and a mixed version) in
terms of coherent sheaves on the nilpotent cone of the Langlangs dual re-
ductive group G. We also show, in the mixed case, that restriction to the
nilpotent cone of a Levi subgroup corresponds to hyperbolic localization on
affine Grassmannians.

1. INTRODUCTION

1.1. Let G be a complex connected reductive group, and let
Gre = G(R)/G(D)

be the associated affine Grassmannian (where 8 = C((z)) and O = C[[z]]). The
Satake equivalence is an equivalence of tensor categories

Sg : Rep(G) = Pé(9)-eq(Gra)

between the category Pg(o).oq(Gre) of G(9)-equivariant perverse sheaves on Grgs
(endowed with the convolution product) and the category Rep(G) of finite-dimen-
sional G-modules (endowed with the tensor product), where G is the complex re-
ductive group which is Langlands dual to G. This equivalence is “functorial with
respect to restriction to a Levi” in the sense that, if L C G is a Levi subgroup
and L € G a dual Levi subgroup, the restriction functor Rep(G) — Rep(L) can be
realized geometrically as a (renormalized) hyperbolic localization functor

9“% : PG(D)—eq(GrG‘) - PE(D)—eq(GrL)

in the sense of Braden [Bra).
The forgetful functor

PG(D)—eq(GrG‘) - PG‘(D)—mon(GrG‘)7

mon (Gr&) is the category of perverse sheaves constructible with respect

where P s o)

to the stratification by G(9O)-orbits, is an equivalence of categories. Hence the cat-
egory PG‘(D)-cq(GrG‘) is naturally the heart of a t-structure on the full subcategory

Dy, (
(O)-mon
jects have their cohomology sheaves constructible with respect to the stratification

by G(9)-orbits. Therefore, one can ask two natural questions:

Grg) of the derived category of constructible sheaves on Grs whose ob-

(1) TIs it possible to describe the category Dg Gr) in terms of the ge-

(D)-mon(
ometry of the group G?
(2) Is this description functorial with respect to restriction to a Levi subgroup?
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2 PRAMOD N. ACHAR AND SIMON RICHE

1.2. First, consider question (1). In [G2], Ginzburg has explained how to describe
morphisms in Dg(o)-mon(GrG‘) between shifts of simple objects of P (o) mon(Gra),
in terms of coherent sheaves on the nilpotent cone Ng of G. The next step towards
answering the question is to construct a functor from the category Dg ( 9)-mon(GrG)
to a certain category related to coherent sheaves on Ng. This question is rather

subtle, due to the lack of extra structure on the category Dg(D)—mon(Gré) (such as

a convolution product). However, one can adapt the constructions of Arkhipov—

Bezrukavnikov—-Ginzburg in [ABG] to construct a functor from Dg( o)-mon(Gré) to

DGCoh{..(Ng), where DGCoh$, (Ng) is a certain modified version of the derived
category of G-equivariant coherent sheaves on Ng, where G acts on Ng by conju-
gation (see §2.2 below for a precise definition). Then, it follows from Ginzburg’s

result that
(L1) Fo : DY) mon(Gres) > DGCohf (W)

is an equivalence of triangulated categories.

Note that this result can be deduced directly from the results of [ABG] in the case
G is semisimple of adjoint type. Instead, we give two direct proofs of equivalence
(1.1). The first one is based on the same construction as in [ABG], but is slightly
simpler. This construction uses a refinement of the stratification by G(9)-orbits,
namely the stratification by orbits of an Iwahori subgroup of G(9). The latter is
better-behaved than the former, e.g. because, due to results of Beilinson—Ginzburg—
Soergel in [BGS], the category of perverse sheaves for this stratification has enough
projectives, and its derived category is equivalent to the associated constructible
derived category. Another central argument is the formality of a certain dg-algebra,
see §3.4.

Our second proof of equivalence (1.1), inspired by the methods of [BF], is com-
pletely formal, and based on the notion of enhanced triangulated category. The
main argument is again a formality result (at the categorical level), similar to the
one used in the first proof.

1.3. Now, consider question (2). Here our answer is less satisfactory. The functor
RE induces a triangulated functor

G .
mL 'Dg(D)—mon(GrG) - DE(D)—mon(Gri)'

On the coherent side of the picture, the natural functor to consider is the inverse
image functor

(i%)* : DGCoh$ . (Ng) — DGCohk  (N1)

for the inclusion N — Ng. It would be natural to expect that there exists an
isomorphism of functors

(1.2) (i¥)" 0o Fg = FpoRY.

However, we were not able to prove this fact. More precisely, it is easy to check
that the images of perverse sheaves under both functors appearing in (1.2) coincide.
It can also be checked (see Proposition 6.7) that the action of both functors on
morphisms between shifts of perverse sheaves can be identified. However, we were
not able to construct a morphism of functors between (zf)* oFg and Fp, 09‘{(5. The
main reason is that the functor ER% is not well-behaved on the category of perverse
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sheaves constructible with respect to orbits of an Iwahori subgroup, and hence is
“not compatible with the construction of Fg.”

To be able to give an answer to (a variant of) question (2), we have to introduce
more rigidity (or more structure) on the category Dg( D)_mon(Ger). This rigidity
is provided by an additional grading, related to weights of Frobenius. In fact,
we replace the category DE(D)_mon(Gr@) by its “mixed version” Dgz’é)_mon(Gré),
defined and studied (in a general context) in [AR]. (This definition is based in an
essential way on the results of [BGS].) An easy generalization of the constructions
alluded to above yields an equivalence of categories

(13) FO . Db (Grg) = D Coh® (W),

where DR Coh“ ™ (Ng) is a certain subcategory of the derived category of G x
G-equivariant coherent sheaves on N, where G, acts on Ng by dilatation. (Note
that a similar construction was already considered in [ABG].)
Using again general constructions from [AR], one can define a “mixed version”
G,mix | mix ix
ERL s DG(D)—mon(Gré) - D?(D)—mon(GrL)

of the functor |¥. On the coherent side of the picture, one again has an inverse
image functor

(i )i : DheeCoNTE™ (V) — DR Coh™ m (N).

m

Our main result is the proof of an isomorphism of functors

(14) (I i 0 FE™ = FP™ o ™™,

This proof is based on the observation that the category D}’reeCthXGm (Neg) is
the bounded homotopy category of an Orlov category in the sense of [AR]. Then
(1.4) is a consequence of a general uniqueness result on functors between bounded

homotopy categories of Orlov categories.

1.4. Contents of the paper. In Section 2 we state precisely the main results of
this paper. In Section 3 we give a first proof of equivalences (1.1) and (1.3). In
Section 4 we give a second proof of these equivalences. In Section 5 we explain
the relation between our results and the main results of [ABG, Part II]. In Section
6, we prove isomorphism (1.4). This section also contains a new proof of a result
of Ginzburg [G2] on the geometric realization of the Brylinski-Kostant filtration
in terms of perverse sheaves, which may be of independent interest. In Sections 7
and 8 we study two related questions: the compatibility of our equivalence (1.3)
with convolution of (mixed) perverse sheaves, and compatibility of hyperbolic lo-
calization with convolution. Finally, in Section 9 we describe some of our objects
of study more concretely in the case G = SL(2).

1.5. Conventions. If X is a complex algebraic variety endowed with an action of
an algebraic group H, recall that an object F of the derived category of sheaves
on X is said to be H-monodromic if for any i € Z, the sheaf H!(F) is con-
structible with respect to a stratification whose strata are H-stable. We denote
by DY _.on(X) the subcategory of the derived category of sheaves on X whose ob-
jects are H-monodromic, and by Pg_men(X) the subcategory of perverse sheaves.
We use the same terminology and notation for Q,-sheaves on varieties defined over
an algebraically closed field of characteristic p # [. We also denote by D%_eq(X )
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the equivariant derived category of sheaves on X (see [BL]), and by Pp_eq(X) the
subcategory of perverse sheaves.

We will often work with Q,-sheaves on varieties defined over a finite field Fp,
where p ## [ is prime. For our considerations, the choice of [ and p is not important;
we fix it once and for all. We fix a square root of ¢ in Q,, which defines a square
root of the Tate sheaf on any such variety. We denote for any i € Z by (i) the
Tate twist (—%). We also fix an isomorphism Q, = C. If X is a variety over F,,
endowed with an action of an algebraic group H, we say that a perverse sheaf on X
is H-monodromic if its pull-back to X Xgpec(r,) Spec(F,) is H X Spec(F,) Spec(F,)-
monodromic.

For any dg-algebra A endowed with an action of an algebraic group H, we denote
by DGMod* (A) the derived category of H-equivariant A-dg-modules. Recall that
a dgg-algebra is a bigraded algebra endowed with a differential of bidegree (1,0),
which satisfies the usual Leibniz rule with respect to the first grading. (Here, “dgg”
stands for “differential graded graded.”) Similarly, a dgg-module over a dgg-algebra
is a dg-module over the underlying dg-algebra endowed with a compatible addi-
tional Z-grading. The first grading will be called “cohomological,” and the second
one “internal.” If A is a dgg-algebra, endowed with a compatible H-equivariant
structure, we denote by DGMod™*® (A) the derived category of H-equivariant
A-dgg-modules. We denote by (n) the “internal shift” defined by the formula

(M(n)j = Mj_,,

where subscripts indicate the internal grading, and superscripts indicate the coho-
mological grading.
For any algebraic group H, we denote by Z(H) the center of H.

1.6. Acknowledgements. The first author is grateful to the Université Clermont-
Ferrand II for its hospitality during a visit in June 2010, when much of the work in
this paper was carried out. This visit was supported by the CNRS and the ANR. In
addition, P.A. received support from NSA Grant No. H98230-09-1-0024 and NSF
Grant No. DMS-1001594, and S.R. is supported by ANR Grant No. ANR-09-JCJC-
0102-01.

2. NOTATION AND STATEMENT OF THE MAIN RESULTS

2.1. Reminder on the Satake equivalence. Let G be a complex connected
reductive algebraic group. Let O := C[[z]] be the ring of formal power series in an
indeterminate z, and let & := C((z)) be its quotient field. We will be interested in
the affine Grassmannian

Grg = G(R)/G(D).
This space has a natural structure of ind-variety, see [G2, MV, BD, Ga, NP], and

it is endowed with an action of the group-scheme G(9). We consider the reduced
ind-scheme structure on Grgs. Consider the category

PG(D)-eq(Grc)

of G(9)-equivariant perverse sheaves on Grgs, with coefficients in C. As usual, an
object of this category is understood to be an equivariant perverse sheaf on a closed
finite union of G(9)-orbits (which is a finite-dimensional algebraic variety).
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It is a well-known fundamental result (see [G2, MV]) that this category is en-
dowed with a natural convolution product x, which makes it a (rigid) tensor cate-
gory, and that it is also equipped with a fiber functor

H* (=) = H*(Grg, =) : (Pg(0)eq(Grg), *) — (Vecte, ®).
(Here, Vectc is the category of finite-dimensional C-vector spaces.)

Fix a maximal torus 7' C &, and a Borel subgroup B C G containing 7. The
constructions of [MV, Sections 11-12] provide a canonical complex connected re-
ductive algebraic group G which is dual to G in the sense of Langlands, and a
canonical equivalence Sg of tensor categories which makes the following diagram
commutative:

(Rep(G), @) %

(PG(D)-eq(Gré)7 *)

For H®(-)
(Vectc, ®)

where Rep(G) is the category of finite-dimensional G-modules (endowed with the
natural tensor product), and For is the natural fiber functor (which forgets the
action of G).

Let U be the unipotent radical of B. Let X be the cocharacter lattice of 7.
Then there is an inclusion

X = Gry — Grea.

We denote by Ly the image of A € X. For A € X, we denote by &) the U(&)-orbit
of Ly. Let also X be the character lattice of T', and consider the (complex) torus
T := Homg(X,C*), so that we have a canonical isomorphism X*(T) = X. (In
other words, T is dual to T in the sense of Langlands.) We have a tautological
equivalence of tensor categories

St : (Rep(T),®) — (PT(D)—eq(GrT)’*)'

Let R C X be the root system of G. The choice ova C G determines a system
of positive roots RT in R (chosen as the roots of Lie(B)). Let p be the half sum of
positive roots. By [MV, Proposition 6.4], the functor

RE = P HI*(Sx, ) : Peyo)eq(Grer) = Pro)eq(Gre)
AeX

is a tensor functor. And, by [MV, Theorem 3.6], there is a natural isomorphism of
tensor functors which makes the following diagram commutative:

R

(Pé(0)-eq(Gra)s ) (P7(9)-eq(Gr)s %)
H* (=) H*(-)
(Vectc, ®)

By Tannakian formalism ([DM, Corollary 2.9]), one obtains a morphism of algebraic
groups T' — G. By [MV, Section 7], this morphism is injective, and identifies T
with a maximal torus of G.

Let R C X the root system of G' (which is canonically the dual of R), and let R*
be the system of positive roots in R corresponding to the choice of R in R. This
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choice determines a canonical Borel subgroup B C G containing 7. Let A be the
basis of R associated to the choice of R*, and let X C X be the set of dominant
weights of T'.

Let I := (evo)~'(B) be the Iwahori subgroup of G(9) determined by B, where
evp : G(D) — G is the evaluation at = 0. Then {L),\ € X} is a set of
representatives of I-orbits on Greg. Similarly, {Lx, A € X} is a set a representatives
of G(9)-orbits. We denote by Grg the orbit of A € X+, and by IC, the associated

simple perverse sheaf, an object of Pg(p).q(Grg). For A € X we define
Vi = (Sg>_1(IC)\).

Then V) is a simple G-module with highest weight A (see [MV, Proposition 13.1]).
For any A € X, we denote by iy : {Ly} < Grg the inclusion.

2.2. Equivalence. Recall that the forgetful functor
Pc‘;(o)-eq(Grc‘;) - PG(D)—mon(GrG’)

from the category of G(9)-equivariant perverse sheaves on Grg to that of G(9)-
monodromic perverse sheaves is an equivalence of categories. (In our case this
follows easily from the semisimplicity of the category Pao) Grg) proved e.g. in
[MV, Lemma 7.1].) Hence the abelian category Pg(o).eq(Grg) is naturally the

—mon(

heart of a t-structure on the derived category Dbé ( o)-mon(GrG‘) of G/(9)-monodromic

sheaves on Grg. Our first result is a description of this triangulated category.
Recall that there exists a right action of the tensor category PG(D)-eq(Gré) on
b
the category D &(0)-mon

it by

(Grg), which extends the convolution product. We denote

D%(D)—mon(GrG) XPG(D)-Cq(Gré) - D%(D)—mon(Gré)
(M, P) — M~%P

On the other hand, consider the nilpotent cone Ng C g of the Lie algebra g of
G. Tt is endowed with an action of G x G,,, defined by the formula

(9,t) - X :=t?Ad,(X), for (g,t) € GxC*, X € Ng.

Hence, the algebra C[N¢] is a graded G-equivariant algebra, concentrated in even
degrees. We use this grading to consider it as a G-equivariant dg-algebra, en-
dowed with the trivial differential. We denote by DGCoh$. (Ng) the triangu-
lated subcategory of the derived category of G-equivariant dg-modules over this
G-equivariant dg-algebra which is generated by the “free” objects, i.e. the objects
of the form V ®¢ C|Ng]|, where V is a finite dimensional G-module. The differen-
tial on V ®¢ C[N¢] is the trivial one, the module structure and the grading are the
natural ones, and the G-action is diagonal. The tensor product with G-modules in-
duces a right action of the tensor category Rep(G) on the category DGCoh$, (Ng),
which we denote simply by

DGCoh{..(Ng) x Rep(G) — DGCoh§,, (Ne)
(M, V) — MV

Theorem 2.1. There exists an equivalence of triangulated categories

Fo : DYy o) mon(Gre) = DGCoh{..(Ng)
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and a natural bifunctorial isomorphism
(2.1) Fo(MxSq(V)) & Fe(M)®V

for M in Dg(D)-mon(Gré) and V in Rep(G).

This equivalence is proved at the level of morphisms between objects of the
form S¢(V)[n] (in the case G is semisimple) in [G2, Proposition 1.10.4]. It is also
suggested in [ABG, Sections 7 and 10] (in the case G is semisimple and adjoint),
though it is not explicitly stated. In fact, under this assumption one can deduce
Theorem 2.1 from [ABG, Theorem 9.1.4], see [AR, §11.2].

In this paper we give two direct proofs of this result. In Section 3, we provide a
rather explicit construction of the functor F“, and prove that it is an equivalence
in §3.6. These arguments are a simplified version of those of [ABG, Part II]. In
Section 5 we prove that the equivalence constructed this way is isomorphic to the
one which can be deduced from [ABG, Theorem 9.1.4] (in case G is semisimple and
adjoint).

Then, in Section 4 we give a second (shorter) proof of this equivalence, inspired
by the arguments of the proof of the main result of [BF]. This second proof does
not provide an explicit description of F¢. It is based on the notion of enhanced
triangulated category (see [BK, Dr, BLL]).

2.3. Equivalence: mixed version. Asin [ABG], the equivalence of Theorem 2.1
comes together with a “mixed version.” To explain this, we first have to consider
some generalities.

On several occasions in this paper we will use the following easy lemma on
triangulated categories. (This lemma is stated e.g. in [ABG, Lemma 3.9.3].)

Lemma 2.2. Let 2,9’ be triangulated categories, and let F : 9 — 2’ be a
triangulated functor. Assume given a set S of objects of P such that
(1) S, respectively F(S), generates 9, respectively 9', as a triangulated cate-
gory;
(2) for any M,N in S and i € Z the functor F induces an isomorphism
Homg (M, N[i]) = Homg: (F(M), F(N)[i]).

Then F' is an equivalence of categories. ([

Let Xz be a scheme over Z, endowed with a finite (algebraic) stratification .7z =
{Xz,s}ses by affine spaces. One can consider the version X¢ := X Xgpec(z) Spec(C)
of Xz over C, endowed with the stratification .“¢ = {X¢ s}ses, and the version
Xr := X Xgpec(z) Spec(F) of Xz over F := F,, endowed with the stratification
S5 = {Xr,s}ses.- We assume that ¢ is a Whitney stratification, and that the
stratification .#F satisfies the usual condition [AR, Equation (6.1)].

Consider the subcategory

DY, (Xc), respectively DY, (Xr)
of the derived category of sheaves on X¢ (for the complex topology), respectively of
Qg-sheaves on Xp (for the étale topology), consisting of objects whose cohomology
sheaves are constructible with respect to the stratification ¢, respectively .7%.

(Here, “constructible” amounts to requiring that the cohomology sheaves of our
complexes are constant on each stratum.) Consider also the abelian subcategory

Ps.(Xc), respectively P g (XF)
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of perverse sheaves. The following result is well known, and is used e.g. in [ABG].
We include a proof for completeness.

Lemma 2.3. There exists an equivalence of triangulated, respectively abelian, cat-
egories

’D?/C(X@) = D%(X[F) respectively P.go.(Xc) = Py (Xr).

Proof. 1t is enough to construct the first equivalence in such a way that it is t-exact.
Then, restricting to the hearts gives the second equivalence.

First, by general arguments (see [BBD, §6.1] or [BF, Proposition 5]), one can
replace the category Dg,c (X¢) by the analogous category D}’% (Xc,et) where the
complex topology is replaced by the étale topology, and the coefficients are Q,
instead of C. Then, choose a strictly henselian discrete valuation ring R C C whose
residue field is F, and consider the corresponding constructible category D};,R(X R)-
Then there are natural functors

Dy (Xcet) « Dy, (Xr) — D, (Xrp)

(see [BBD, §6.1.8]).

We claim that these functors are equivalences. Indeed, one can consider the stan-
dard and costandard objects A := (js)1Q,x, [dim X,] and V := (j,).Q, x, [dim X ]
in all three of these categories (where j, is the inclusion of the stratum labelled by
s). These families of objects each generate the categories under consideration (as
triangulated categories). Moreover, it is easy to check that in all these categories

we have
Hom(A,, Vi[n]) = Q)"
(see [Mi, V1.4.20]). The result follows by Lemma 2.2. O

The group G and its subgroups 7, B can be defined over Z. Hence the ind-
scheme Gr together with its stratification by /-orbits has a version over Z, and we
are in the situation of Lemma 2.3. We obtain an equivalence of abelian categories

(22) P GI’G) = Pf—mon(GrG,F)'

T-mon(
(On the right-hand side, we have simpliﬁed the notation: “I-mon” means mon-
odromic for the action of the version of I over F.) .

The category Py 0, (Gre r) has a natural mixed version PP (Grg) in the sense
of [BGS] or [AR], constructed as follows. Consider the versions Grg x , Ir, of Grg,
I over the finite field F,. With the notation of [AR, §6.1], one can consider the

Serre subcategory

I-mon

P mon (Grer,)

of the category of Q,-perverse sheaves on Gré,lb‘,, which is generated by the simple
objects IC(Y,Q,)(j) where j € Z and Y is an pr—orbit on Grgp . By [BBD,

Théoreme 5.3.5], every object P of this category is equipped with a canonical
weight filtration, denoted W, P. Then we define

PTIX (Grg) := {P € PYel! (Grep,) | for all i € Z, gr!¥ P is semisimple}.

I-mon I-mon
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This is an abelian subcategory of P} (Grsyy ). By [BGS, Theorem 4.4.4], the

I-mon
derived category DPP™™  (Grg) is a mixed version' of D"P; . (Gre ) in the
sense of [AR, §2.3], for the shift functor (1). (In particular, the abelian category
puix  (Grg) is a mixed version of Py, . (Grg ) in the sense of [AR, §2.3], but this
notion is weaker.) As the notation suggests, we will mainly forget about the field
F and, using equivalence (2.2), we will consider P?i’;on(Ger) as a mixed version of
P mon(Gre). In particular, we have a forgetful functor

For : P‘rfriin)ion(Gré) - Pi—mon(Gré)'

By [BGS, Corollary 3.3.2], the realization functor
(2.3) DPppon(Gres) — DY (Gre)
is an equivalence of categories. We define the category
DX (Grg) = DPPPX (Grg).

I-mon I-mon

By the remarks above, this triangulated category is a mixed version of D}’_mon(Gré)
in the sense of [AR, §2.3]. (Note that this definition is indeed a particular case of
the general definition given in [AR, Equation (7.1)] by [AR, Corollary 7.10].)

In this paper we are mainly not interested in the stratification by I-orbits, but

rather in the stratification by G(O)-orbits. We denote by
IDGIpé):j)—mon(Gré)

the triangulated subcategory of D;nz (Grg) generated by the simple objects associ-

on

ated with the G(F,[[x]])-orbits Grz\;’m7 A € Xt (and their shifts). By construction,

this triangulated category is a mixed version of the category Dg (Grg). In

(O)-mon
particular, there is a forgetful functor
(2.4) For : DG ) mon(G1&) = D(o)-mon (GF)-

Recall the dg-algebra C[Ng] considered in §2.2. Now we consider this alge-
bra as a dgg-algebra. Here, the differential on C[N¢] is again trivial, and the
bigrading is chosen so that the natural generators of this algebra are in bidegree
(2,2). We denote by DGCohG*Em (Ng) the subcategory of the derived category

free
DGMod“ %" (C[Ng]) generated by the objects of the form V @¢ C[Ng](i) for V a
finite dimensional G-module. This triangulated category is clearly a graded version
of the category DGCoh§..(Ng) in the sense of [AR, §2.3].
As in [ABG, §9.6], one can play the “regrading trick”: the functor which sends
the Z2-graded vector space M = D, j)ez? M; to the Z2-graded vector space N =

Di,j)ez? N; defined by

N .= pMitd
j J
induces an equivalence of triangulated categories
(2.5) DGCoh$XEm (Ng) = DR, Coh®*Em(Ng),

where D}’reeCthXG"‘ (Ng) is the subcategory of the bounded derived category of
G x G,-equivariant coherent sheaves on Ng (with respect to the G x G,,-action
defined in §2.2) generated by the “free” objects of the form V ®¢ Op, for V a

1Equivalently, in the terminology of [BGS, Definition 4.3.1], P’frf‘r’:l (Grx) is a grading on

on
Pf—mol) (GrG,F)
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G x G,,-module. Hence, the category DE, Coh®*Em(Ng) is also a graded version
of the category DGCoh§..(Ng). In particular, there is a forgetful functor

(2.6) For : DR,,Coh®*® (Ng) — DGCohf,. (Ne).
The “mixed version” of Theorem 2.1 is the following result.

Theorem 2.4. There exists an equivalence of triangulated categories

FE™ : DE) non(Gra) > DheeCoh™Em (W)

such that the following diagram commutes:

. F
D& (5)-mon(6ra) ——=——DE_ Coh®*C (A)
Forl(2.4) (Q.G)iFor
F
D%(D)—mon(GrG) NG DGCOhgcc(NG)

This equivalence satisfies:
FE™(M(n)) = FE™(M)(n)[n].

Again, in the case G is semisimple and adjoint, this result can be deduced from
[ABG, Theorem 9.4.3]. We give two proofs of this theorem in §3.8 and §4.3, which
are parallel to those of Theorem 2.1. In §4.5 we prove that the two equivalences
obtained by these methods are in fact isomorphic. One can also prove that, in the
case G is semisimple and adjoint, this equivalence is isomorphic to the one deduced
from [ABG, Theorem 9.4.3].

Note that, in contrast to Theorem 2.1, there is no “compatibility” statement
with respect to convolution of perverse sheaves in Theorem 2.4. We will address
this problem in §2.5 below.

2.4. Hyperbolic localization and restriction to a Levi subgroup. Next we
study functoriality properties of Theorems 2.1 and 2.4. Consider a standard para-
bolic subgroup P C G, and its Levi factor L C P containing 7. This data is entirely
determined by the choice of a subset of A, hence it determines a Levi subgroup
L C G containing T'.

On the coherent side of the picture, one can consider the inclusion

Zg N — NG
and the associated (derived) pull-back functors
(i) : DGCohf,.(Na) — DGCohf.(N1),
(i) fixc * DheoCONT™E™ (N) — DR, Coh?*Em (A).

mix

Now, consider the constructible side on the picture. Let VP‘ be the parabolic
subgroup of G opposite to P (relative to T'). The inclusions P — G, P~ — G and
the projections P — L, P~ — L induce morphisms of ind-schemes

i:Grp — Gra, j:Grpo — Grg,

p:Grp — Gry, q:Grp- — Grj.
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Then, one has functors

b b

DG(D) mon(G v) - DL(D) mon(GrL),
b

DG(D) mon(G V) - DL(D) mon(Grﬂ)'

Let Az : C* — T be a generic dominant coweight of 7" with values in the center
of L. (For example, one may take A\, = 2pe — 2pr, where pg, respectively py,, is
the half sum of positive roots of G, respectively of L.) Then Gry is the set of fixed
points for the action of Az(C*) C G(9) on Grs. Moreover, i is a locally closed
embedding which identifies Gr with the attracting set for this action. Similarly, j
identifies Grp- with the attracting set for the action of )\21. Hence we are in the
situation of [Bra, Theorem 1], which provides an isomorphism of functors

pi* = q.j': DY (g)_mon(GrG) - Db(g) mon(GL)-

This functor is called the hyperbolic localization functor, and is denoted h'L*

The connected components of Gr; are parametrized by the set X*(Z(L)) of char-
acters of the center of L. We denote by Gry , the connected component associated
to x € X*(Z(L)). Any object M of Db(D) mon(
many) objects M, supported on Gry ., x € X*(Z(L)). Let ©p be the functor
which sends such an M to

Gr;) is the direct sum of (finitely

B Ml 206 — 201)).
XEX*(Z(L))

Here, ps and pj are the half sums of positive coroots of G and L. Note that
2ps — 2p; is orthogonal to all roots of L, hence the pairing (x,2ps — 2p;) makes
sense. We consider the functor

RE = OL 0L Do) non(6r&) = D2 (o) mon (GFL)-

(Note that this notation is consistent with that of §2.1.)

The importance of this functor is clear from the following result, which is proved
in [BD, Proposition 5.3.29 and Lemma 5.3.1]. (The case L = T is one of the
fundamental preliminary results of [MV].)

Theorem 2.5. The functor RS sends Pé(0)-eq(Gra) C Dg(g) mon(GF@) to the sub-
category P o). 4(Grg) C Db(o)_mon(Gri). Moreover, the following diagram com-
mutes up to an isomorphism of functors:

Rep(G) — ¢+ Pyo).eq (Gres)

Resgl \ng

Rep(L) — > Py (1).q(GrE),

where Resf is the restriction functor. O

Remark 2.6. One of the main steps in the proof of the commutativity of the diagram
of Theorem 2.5 is to show that the functor ¢ commutes with convolution. In
Section 8 we give a new proof of this result in greater generality, see §2.6 for details.
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Our second main result relates these two pictures. In fact, we were only able
to relate mixed versions of these functors. Using general constructions of [AR], we
first prove that the functor R¢ has a “mixed version”

G, mix | qymix mix
%L . DG(D)—mon(Gré) - DL(D)—mon(GrL)

(see Proposition 6.4 for details). Then, using the notion of Orlov category studied
in [AR] we obtain the following result, which is proved in §6.5.

Theorem 2.7. The following diagram commutes up to an isomorphism of functors:

Fmix

Dgég)—mon(Gré) i > Dp COhGXGm (NG)

free

G, mix Gy
RL \L l(lg)nﬁx
mix

Dr()-mon L) ——=——DE_ Coh™ m (A7).
Remark 2.8. We expect that the non-mixed version of the diagram of Theorem 2.7
also commutes. However, we were not able to prove this fact. The problem is the
following. One can check that there exist isomorphisms

(2.7) (if)" 0 Fa(Sa(V)) = FLoRE(Sa(V))
for all V' in Rep(G), which are well-behaved with respect to morphisms (see Propo-
sition 6.7). The objects S¢ (V') generate the triangulated category Dg(o)-mon(GrG‘)'

However, we were not able to construct a morphism of functors which would in-
duce isomorphisms (2.7) on objects. In the mixed setting, we use the extra structure
given by the grading, and general constructions from homological algebra, to con-
struct such a morphism of functors.

In §52.5-2.6, we present results that are not essential but which enlighten some
of the interesting properties of the functors Fz and RY and their mixed versions.

2.5. Satake equivalence and mixed perverse sheaves. Consider the cate-
gories

Pé(D)—eq(GrG,FP)7 respectively PG(D)—mon(GrG,]FT_,)
of G(F,|[[x]])-equivariant, respectively G(F,[[x]])-monodromic, Q,-perverse sheaves
on the [Fp-version of Grx. The forgetful functor

PG‘(D)—eq(GrG,FP) - PG(D)—mon(GrG‘,]Fp)

is fully faithful. Indeed, the corresponding fact over F, is well known (see [MV,
Proposition A.1]). And it is also well known ([BBD, Proposition 5.1.2]) that the
categories of perverse sheaves over F, can be described as categories of perverse
sheaves over F,, endowed with a Weil structure. This implies our claim. (For this,
see also [Ga, Proposition 1 and its proof].)

For any A € X, we denote by IC}"™ the simple perverse sheaf associated to the
constant local system on Gr)\G‘,FP’ normalized so that it has weight 0. We let

PD)-mon (Créz,)

be the Serre subcategory of Pé(o)-eg(G"C:,IFp)a or equivalently Pe o) mon(Grar, ),
generated by the simple objects ICY"™*(j), where A € X and j € Z.
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It is well known that the category Pgp).q(Grg g, ) can be endowed with a con-
volution product (M,N) — M x N, which is associative and commutative (see
[Ga, §1.1.2]). The following result is well known, but we have not found any ex-
plicit proof in this setting in the literature. It can be easily deduced from [NP,
Propositions 9.4 and 9.6]. We give a different proof to illustrate the techniques of
[AR].

Proposition 2.9. For any \,pn € X, the convolution TCY™ *ICﬁ‘iX is a direct

sum of simple perverse sheaves ICL™, v € XT.

Proof. Let Fls := G(R)/I be the affine flag variety. It is naturally endowed with
the structure of an ind-scheme, and we have a natural smooth and proper morphism
p: Flsx — Gris. One can define the category D}fysﬂm(Flé) as for Grg, see [AR, §6.1].
We already know that ICT™ *ICEHX is a G(9)-equivariant perverse sheaf. Hence it
is enough to prove that p* (ICR™ % ICH™) is a sefnisimple object of D! (Fly).

Let us denote by (— ! —) the convolution of I-equivariant complexes on Fls, or
the action of I-equivariant complexes on Fls on [-equivariant complexes on Gre.
Then we have

p*(ICl;\llX) *f p*(ICEnx)

1

p* (p* (ICI)‘[\]IX) *f ICEHX)
P (. (7 (ACF™)) % 1C;™)
p* (ICY™ % IC™ ® H*(Gy,/Bs,)).

IR

>~

The cohomology H '(G'[Fp /B]Fp) has a semisimple action of Frobenius. Hence to
prove the proposition it is enough to prove that p*(ICTiX)*Ip*(ICZ‘iX) is a semisim-
ple object of D} (Fly;). However, this follows from [BY, Proposition 3.2.5], see

n

also [AR, Remark 12.3]. O

p Weil
G(9O)-mon
(Grg) be the subcategory of

It follows from Proposition 2.9 that the subcategory (Gr(m-p) is sta-

: 0
ble under the convolution product. Let P &(0)-mon

p Weil (Grg p,) whose objects are direct sums of objects ICY X € X*. Again

G(9)-mon
by Proposition 2.9, this subcategory is stable under the convolution product.
Equivalence (2.2) induces a similar equivalence where “I-mon” is replaced by

“G(O)-mon.” In particular, it follows that extension of scalars defines a functor
. po
Llek PG(D)—mon(Gré) - Pé(D)—mon(GrG)a
which commutes with convolution products.
Lemma 2.10. The functor ®g is an equivalence of tensor categories.

Proof. This functor induces a bijection on isomorphism classes of objects. Hence
it is enough to prove that it is fully faithful. As the category P%( D)_mon(Gr(;) is
semisimple by definition, it is enough to prove that for any A, u € X* the functor
® induces an isomorphism

Hompo, (Gre) ICX™,ICT™) = Hompy, - (Gry) (ICA, IC,).

G(9D)-mon

However, this fact is obvious since both spaces are isomorphic to Co*#. (]
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Using Lemma 2.10, we obtain an equivalence of tensor categories

(2.8) S2 : Rep(G) = P%(D)_mon(Gré).

Using again the general constructions of [AR] we construct for any object M in

POC:(D)-mon (Gre) a functor

(=) * M DES) on (Gr&) = DELS)mon (Gre)

which is a mixed version of the functor (—) x ®¢ (M), see Proposition 7.1. Then
compatibility of the equivalence Fé“ix with convolution can be stated as follows.
The proof of this result is given in §7.2.

Proposition 2.11. For any V in Rep(G) and M in Dgé’é)_mon(&@), there ezists

an tsomorphism
FEX(M % Sg (V) = FEX(M) eV,
which is functorial in M.

In the remainder of this subsection we describe a setting in which the abelian
category P% ( D)_mon(GrG) appears more naturally. These results will not be used in
the rest of the paper.

Let us define the category

Pgi(’g)_mon(GrG) ={P e PV@V(GS)_mon(ch,F,,) | for all i € Z, gr!¥ P is semisimple}.

By definition, this category is a full subcategory of the abelian category P‘}“ix (Grg),
. -mon

which is stable under extensions. Any object of Pg?};)—mon(GrG) is endowed with a

canonical weight filtration. By definition again, P,

of Pré‘i(”s)_mon(Ger) whose objects have weight 0.

(D)_mon(Gr@) is the subcategory

Lemma 2.12. (1) The category P“Glz’é)_mon(Gré) is semisimple.

(2) The weight filtration of any M in Pnél?s(a)-mon(GrG) splits canonically.

Proof. To prove (1), it is enough to prove that for any A, in Xt and any j € Z
we have
ExXt i (Grey ICXLIC™ () = 0.

G(9)-mon

mix ) g 3 .3 mix .
However, as PG‘(D)-mon(GrG) is stable under extensions in P (Grg), one can

compute the Ext'-group in the latter category. And, as DP P}riiéon(Gré) is a mixed
version of DPP;_ (Grg), this Ext'-group is a direct factor of

Extp (Grg)ICx, IC,).

It is well known that the latter group is trivial, see e.g. [MV, Proof of Lemma 7.1].
Let us consider assertion (2). The fact that the filtration splits follows from (1).
This splitting is canonical because there are no non-zero morphisms between pure

objects of distinct weights. O
By Lemmg 2.12 and Proposition 2.9, the subcategory Pgi();a_)-mon(GrG) of the
category Pg(eg)_mon(GrG) is stable under convolution. Hence (P‘é‘é’;)_mon(GrG),*) is

a semisimple tensor category. Using Tannakian formalism ([DM]), it is not difficult
to identify this category. The proof of the following proposition is left to the reader.
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Proposition 2.13. There exists an equivalence of tensor categories

SE* . (Rep(G x Gpp),®) — (Pg‘%’g) con(Gre)s %)

such that the diagram:

Rep(G X Gm) %’ Pg}g)—mon(GrG)

Resg XCm l \L For

Rep(G) Pé(D)—mon(Gré)

commutes. O

2.6. Hyperbolic localization and convolution. Consider, as in §2.4, a stan-
dard Levi subgroup L C G, and the corresponding standard Levi L ¢ G. It
follows in particular from Theorems 2.4 and 2.7 and Proposition 2.11 that for
any M € D2 on(Grg) which is in the image of the forgetful functor For :

G(D)-m
sz’g) onlGre) — DG(D) monGr@) and N € Py oo(Grg), there exists an iso-
morphism

RE(M x N) = RE(M)»RF(N).
Indeed, let M’ be an object of Dga{)) (Grg) such that M = For(M'). Let
N’ := (®5) }(N). Then we have a chain of isomorphisms

G Th. 2.7 mixy—1 -G\ * mix / !
RI (M xN) =] Foro (FL™)™ " o (if )mix © FG (M' % N')
Prop. 2.11 . .
& For o (FI™) ™" 0 (if )mix (FE™ (M) @ (S&) "' (N"))
) le le . mix
~  Foro(F} 1(( i) e FE™(M")) @ ((82)7'RE (N’)))
Prop, 2.11 mix mix mix
= For(FP™) (6w 0 FE™ (M) #RE™(N'))
Th. 2.7

>~ For(RY™X(M') » RF™X(N'))
= RE(M)xREWN).

Isomorphism (1) uses an isomorphism of functors %G mix 08y = 8o Res¢ which
follows from Theorem 2.5 and the construction of ER i, ; see Remark 6.5 for details.

In Section 8 we give a (topological) proof of the follovvlng much more gen-
eral claim. Recall that the right action of the tensor category PG(D (GrG) on

Db &) on(Gre) extends to a convolution bifunctor

(=% =)+ D(Gre) x DYoo (Gres) — DL (Grey),

where DP(Grg) is the bounded derived category of constructible sheaves on Gr.
As in §2.4, let Ay : C* — T be a generic dominant cocharacter with values in the

center of L. We let Aut denote the pro-algebraic group of automorphisms of 9, see
[Ga, §2.1.2]. Then we have the following result, whose proof is given in §8.3.

Grg) and N in DY (Gre),

Proposition 2.14. For any M in D G(D) % Auteq

there is a bifunctorial isomorphism

RE(M « N) = RE(M)«RE(N).

)\((C)mo(
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Note that the forgetful functor Pe o)  Aut-eq(Gra) = Pa(o)-eq(CGre) is an equiv-
alence of categories, see [Ga, Proposition 1] or more generally [MV, Proposition
A.1]. Hence Proposition 2.14 applies in particular if N is in PG(D)—cq(GrG‘)‘ In case

we assume in addition that M is a G(9)-monodromic perverse sheaf, this result is
well known, see Remark 2.6. The general case may be known to experts; however
we have not found any proof in this generality in the literature. Note also that our
proof of Proposition 2.14 works similarly in the case of sheaves with coeflicients in
any commutative ring of finite global dimension®. This proof is independent of the
rest of the paper.

3. CONSTRUCTIBLE SHEAVES ON Gré AND COHERENT SHEAVES ON Ngl
FIRST APPROACH

In this section we give a first proof of Theorems 2.1 and 2.4. Our arguments are
a simplified version of the proofs of [ABG, Theorems 9.1.4 and 9.4.3].

3.1. Reminder on cohomology of affine Grassmannians. Let us recall, fol-
lowing [G2] and [YZ], how one can give information on the cohomology H®(Grgs) :=
H*(Grs,C). As Grg is homeomorphic to the group of polynomial loops in a Lie
group (see [G2, §1.2]), this cohomology is a graded-commutative and cocommuta-~
tive Hopf algebra. Denote by prim its subspace of primitive elements, i.e. elements
x whose image under the comultiplication is * ® 1 + 1 ® x. This space is graded,
by restriction of the grading on H®*(Grx): prim = @, prim™. For any ¢ € prim”, the
cup product with ¢ induces, for any M in PG(D)_eq(GrG), a functorial morphism

cU—:H* (M) — H'+n(M).

Hence, via Sg, we obtain an endomorphism ¢(c) of the functor For : Rep(G) —
Vectce. By [YZ, Proposition 2.7], this endomorphism satisfies ¢(c)v,ov, = ¢(¢)v; ®
idy, +idy, ® ¢(c)v,. Hence one obtains an automorphism ¢(c) of the tensor functor
Rep(G) — Mod(Cle]/e?) which sends V to V ®c¢ Cle]/e2 =V @ V - € by setting

~ id 0
ple)v = < (/5(0‘)/\/ idy > VeV.e=VaaV. e

By Tannakian formalism ([DM, Proposition 2.8]), this gives us a point in G(Cl[e]/&?).
Moreover, the image of this point under the morphism G(Cle]/e?) — G induced by
the evaluation at € = 0 is 1 (because the induced automorphism of the fiber functor
For is trivial). Hence one obtains a point 1(c) € g. This way we have constructed
a Lie algebra morphism

P prim — g.

Note that this morphism is C*-equivariant, where the action on prim corresponds
to the grading defined above, and the action on g is via the adjoint action of the
cocharacter 2p: C* — T.

2In this case we need a more general case of Braden’s theorem, which holds by [Bra, Remark
(3) on p. 211].
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Let Lge¢ be a very ample line bundle® on Grs. Consider the first Chern class
c1(Laet) € H?(Grg). We let

eq = Y(c1(Laet)) € 8-

This element has weight 2 for the adjoint action of the cocharacter 2p. Hence
eG € Dy Jo- Moreover, eg is a regular nilpotent element of g (see [G2] or [YZ,
Proposition 5.6]), or equivalently its component on any g, is nonzero. (Note that
[YZ, Proposition 5.6] gives a much more explicit description of eg if Lget is the
determinant line bundle; we will not need this in this paper.) As prim is an abelian
Lie algebra, the morphism 1) factors through a C*-equivariant morphism (denoted
similarly for simplicity) ¢ : prim — g¢, where g¢ is the centralizer of eg in g.

Now, assume for a moment that G is semisimple and simply connected, so that
Grg is irreducible. By general theory of cocommutative Hopf algebras (see [Sw,
Theorem 13.0.1]), H*(Gr) is isomorphic to the symmetric algebra of the space prim.
By [G2, Proposition 1.7.2] or [YZ, Corollary 6.4], the morphism ¢ : prim — g°¢ is
an isomorphism. Hence we obtain an isomorphism of graded Hopf algebras

(3.1) ¥ H*(Grg) = S(g°c).

Note that, by construction, if M is in Pg o) q(Grg) and ¢ € H*(Grg), the endo-
morphism of H*(M) induced by the cup product with ¢ coincides with the action
of 1(c) on (Sg)~L(M).

For a general reductive G, the connected component Gr% of Grs containing
the base point G(9)/G (D) identifies with the affine Grassmannian of the simply-
connected cover of the derived subgroup of G. Hence (3.1) gives a description of
H*(Gr}) == H*(Gr}, C).

3.2. An Ext-algebra. Let us define the objects

lg = Sg(C) and Rg := Sg((C[GD,
where C is the trivial G-module, and C[G] is the (left) regular representation of
G. Then 1¢ is an object of P (o) mon(Grg) (more precisely the skyscraper sheaf at
Lo = G(D)/G(D) € Grg) and R is an ind-object in P(9)-mon(Gre). This object
is a ring-object, i.e. there is a natural associative (and commutative) product
(3.2) m:Ra*xRa — Rag

induced by the multiplication in C[G]. Moreover, R is endowed with an action of
G (induced by the right multiplication of G on itself).
More concretely, one can choose an isomorphism
Re = lim Re,
k>0
where R,k is an object of P (o) mon(
and such that the multiplication m of (3.2) is induced by G-equivariant morphisms

Gre) endowed with an action of G for any k,

me1: Rar*xRai — R ki

3The choice of Lget is not unique; however, it is easily seen that our constructions essentially do
not depend on this choice, mainly because we work with sheaves with coefficients in characteristic
0. If G is simple then there is a natural candidate for L4e¢, namely the determinant line bundle,
which explains our notation.
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Consider the G-equivariant graded algebra
EXté(D)_mon(lc, Rg)

whose i-th component is

%1)(1) HomD%w)-mon(ch)(lG’RGJ@M)-

(Note that this definition is consistent with the usual formula for morphisms with
values in an ind-object, see [KS2, Equation (2.6.1)]. In particular, it does not
depend on the choice of the R¢ x’s.) The action of G on this vector space is
induced by the action on R¢g. The (graded) algebra structure can be described
as follows. Take & € Extg(g)_monag,ng), = Extg( 0)-mon (16 R); then the
product £ - ¢ is the composition

g & Realj] = 1 * Ralj] SRl Re * Reli + 5] mli+d],

(This structure is also considered in [ABG, §7.2].)
On the other hand, consider the algebra

CNg]

of functions on the nilpotent cone Ng of G. It is G-equivariant, and graded by the
C*-action defined in §2.2.

Rg[Z—Fj]

Proposition 3.1. There exists an isomorphism of G-equivariant graded algebras
Ext& o) mon(la: Ra) = C[NG].

Proof. This result is proved in [ABG, Theorem 7.3.1] in the case where G is semisim-
ple and adjoint. (Part of the arguments for this proof are reproduced in the proof
of Proposition 3.8 below.) The general case follows, as both of these algebras are
unchanged under the replacement of G by G/Z(G). O

3.3. A projective resolution of 1. Recall the definition of the category of
pro-object in an abelian category (see [KS1, Definition 1.11.4] or [KS2, Definition
6.1.1]); recall also that this category is abelian (see [KS2, Theorem 8.6.5(i)]). In
this subsection we construct a projective resolution of the object 14 in the category
of pro-objects in P;  (Grs). A similar construction is also performed (without
much details) in [ABG, §9.5].

Let us fix a collection of closed finite unions of I-orbits

{L0}2X0CX1CX2C"'

such that Grx = Up>0X,. For any n > 0, we denote by i, : X, — Grx the
inclusion.

For any n > 0, it follows from [BGS, Theorem 3.3.1] that the category P;_, .. (X5)
is equivalent to the category of finite dimensional modules over a finite-dimensional
C-algebra. Hence one can choose a projective resolution

2 4?51 dat o
=P =P " — P —lc
which is minimal, i.e. such that for any i < 0, P! is a projective cover of ker(d’).
(Here, by an abuse of notation, we consider 1¢ as an object of Py (X,,), without
mentioning which “n” is considered.)
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Consider now the inclusion ¢, : X,, — X, +1. For any projective object P in
Pimon(Xn+1), (tn)* P is a perverse sheaf (because P has a filtration with standard
objects as subquotients, see [BGS, Theorem 3.3.1]), and it is even a projective
object in Py (X,) (because the functor (t,). is exact). More precisely, we have
the following.

Lemma 3.2. For any j <0 there is an isomorphism
(tn) Pryy 2 P

Proof. Fix j < 0. The projective object PJ, respectively PTZ 11, is the direct sum
of the projective covers in P; . (X,), respectively P; . (X,41), of the simple
objects L in Pj (Xy), respectively L' in P; (X,41), such that Hom(P7, L) #
0, respectively Hom(PTZ +1- L") # 0, counted with multiplicity. By minimality we
have isomorphisms

Hom(P!, L) = Ext;’

I-mon

x.y (e L), Hom(P! ,, L") = Ext,’

P mon (o) (162 L)
In fact, denoting by P(n, L), respectively P(n + 1, L") the projective cover of a
simple object L in P;_..(X,), respectively L' in Py (Xn11), there are (non-

canonical) isomorphisms

Pl €B (EXt;imon(Xn)(leL))* ®c P(n, L),

L simple in

Pf-mon(Xn)

P = D (Bt x.)(6 L)) @cPn+1,L).

L’ simple in

Pf-mon (Xn+1)
If Lisin Py . (X,), then

Exty! o (le,L) = Extp? (g, (tn)L)-
Indeed, by [BGS, Corollary 3.3.2] the left-hand side, respectively right-hand side,
is isomorphic to

Hompe (x,)(1g, L[—j]), respectively Hompy

b b (X (L@ ()« LI=4]).
Now these spaces coincide since (1,)*lg = 1lg. Moreover, by construction the
projective cover of L in Py (X,) is isomorphic to the restriction to X,, of the
projective cover of ()L in P;_  (Xnt1) (see [BGS, proof of Theorem 3.2.1]).
On the other hand, if I is a simple object associated to an I-orbit included in
Xn+1~Xpn, then the projective cover of L' in Py . (X,+1) is supported in X, 11\
X, (see again [BGS, proof of Theorem 3.2.1], or use reciprocity, see the arguments
in [AR, step 2 of the proof of Theorem 9.5]). This concludes the proof. O

More precisely, the resolution P? being fixed, one can choose the minimal pro-
jective resolution Py, in such a way that we have an isomorphism of complezes

(tn)"Ppyy = Py
In particular, by adjunction this provides a morphism of complexes
(1)« Py = (in): By
For any 57 < 0, we set

P7 = lim (i), P,
—
n>0
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a pro-object in PP (Gry). For j < 0, the differentials df, : PJ — PJ*' induce
morphisms d’ : P/ — PJi~! such that d’+! o @ = 0. Hence one can consider the

complex of pro-objects
P =(>P?5P ' P =0,
where P? is in degree i. There is a natural morphism of complexes P* — 1g.

Lemma 3.3. (1) For any k, the object P* is projective in the category of pro-
objects in Py . (Grg).
(2) The morphism P* — 1¢g is a quasi-isomorphism.

Proof. (1) First, let us prove that the functor
Hom(P*, —) : P;_.o.(Gra) — {C-vector spaces}

is exact, and takes values in Vectc. (Here, we consider morphisms in the category
of pro-objects.) By definition of pro-objects, for any M in P (Grx) we have

Hom(P* M) = lim Hom((i,,).P", M)
-
m>0
(see [KS2, Equation (2.6.2)]). By definition of the category P . (Gre), there ex-
ists n > 0 and an object M’ of P; . (X,,) such that M = (i,,),.M’. By adjunction,
for any m > 0 we have

Hom((ip )« P¥, M) = Hom((in)*(im)«P¥, M').
Using Lemma 3.2, we deduce that for m > n,

Hom((i,)-PY, M) = Hom(P* M’).

m? n?o

The claim follows, using the fact that P is projective in the category P;_ .. (Xy).

Now we conclude the proof of (1). Consider a short exact sequence M «— N —»
@ in the abelian category of pro-objects in Py . (Grs). By [KS2, Proposition
8.6.6(a)], this exact sequence is the projective limit of a projective system (M; —
N; = Q;)ier of short exact sequences in P;_ . (Grs) indexed by a small filtrant

category I. By our intermediate result, for any 7 the sequence
0 — Hom(P*, M;) — Hom(P*, N;) — Hom(P*,Q;) — 0

is an exact sequence of finite-dimensional vector spaces. It is well known that small
filtrant inductive limits of short exact sequences of vector spaces are exact. Using
the fact that the duality V' — V™ is exact, restricts to an involution on finite-
dimensional vector spaces, and transforms inductive limits into projective limits,
we deduce that the same property holds for small filtrant projective limits of short
exact sequences of finite-dimensional vector spaces. In particular, we get a short
exact sequence
0 — lim Hom(P*, M;) — lim Hom(P*, N;) — lim Hom(P*, Q;) — 0.
1 K3 K3
In other words, the sequence
0 — Hom(P*, M) — Hom(P*, N) — Hom(P*,Q) — 0
is exact, which proves the projectivity of P*.

The claim (2) is obvious from the description of kernels and images in a category
of pro-objects given in [KS2, Lemma 8.6.4(ii)]. O
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Remark 3.4. Let Gr% be the connected component of Gr containing G(9)/G(D),
and let G,qj = G/Z(G). By the main results of [ABG], the category P; ... (Gr%)
is equivalent to a certain category of finite-dimensional representations of Lusztig’s
quantum group at a root of unity associated with the group Gaqj, see [ABG, Theo-
rem 9.10.2]. By [APW, Theorem 9.12], the latter category has enough projectives.
Hence the category P j_mon(Gr%) has enough projectives.

It follows from this remark that in fact, for any 5 < 0, the sequence of objects
((in)+ PJ)n>0 stabilizes for n > 0. As this proof is very indirect, and as this fact is
not strictly necessary for our arguments, we will not use it.

3.4. Formality. Consider the G-equivariant? dg-algebra E®(1g, Rq) such that

E'(lg,Re) := lim Hom'(P*, P* x R k).

k
Here, we have set as usual
Hom'(P*, P*«Rgy) = [ Hom(P?, P xRe ),
JEZL

where the morphisms are taken in the category of pro-objects in the category
Pj-mon(Gré)7 and

PH 5 Rap = lim ((in)«P7) * Rog
The action of G is induced by the action on R, the differential on this dg-algebra
is the natural one (induced by the differential of the complex P*), and the product
is defined as follows. Consider £ € Hom'(P*, P* *R¢ i), ¢ € Hom’ (P*, P* *R¢,1);
their product ¢ - ¢ € Hom'*? (P*, P®* x R x11) is defined as the composition

. §xRa,ilj] P*xmy, i [i+5]
] ———— —_—

P* 5 P*xRey P* xR+ Rali + ] P* xR ppili+ j)-
On the other hand, recall the dg-algebra Exté(D)_mon(lg, R¢) defined in §3.2.

Proposition 3.5. There exists a natural quasi-isomorphism of G-equivariant dg-
algebras

¢ :E*(1g,Rg) — EXtE}(D)_mon(lGaRG)-
Proof. The morphism of complexes P* — 14 induces a morphism of complexes

E*(1g,Rg) — Hom*(P*, R¢),

where we use the same notation as above, i.e. by definition we have

Hom'(P*,Rg) = lim Hom(P™", Ra k).

k

Any morphism P~* — R¢ y factors through the composition

P Pt P /rad(PY)

for some n. (This follows from the definition of morphisms in the category of pro-
objects, and from the fact that Rg k is a semisimple perverse sheaf.) Hence, as

4Here, the term “G-equivariant” is not really appropriate since for i € Z, E¥(1g, Rg) is not
a rational G-module, but rather a projective limit of rational G-modules. We use this term by
an abuse of language. Similarly, by a G-equivariant dg-module over this dg-algebra we mean a
dg-module M*® such that for any i € Z, M? is a pro-object in the category of rational G-modules,
compatibly with the G-action on the dg-algebra. Similar comments apply to the dg-algebra Alf
defined in §3.7 below.
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the resolutions we have chosen are minimal, Hom(P~%, R k) is isomorphic to the
space of morphisms of chain complexes P* — R x[i]. Similar arguments show that
any such morphism of complexes which is homotopic to zero is in fact zero. Hence
Hom(P~* R k) is also isomorphic to the space of morphisms P®* — R¢ x[i] in the
homotopy category of pro-objects in P; _ (Grs). By Lemma 3.3, we deduce that
Hom(P~*,R¢ ) is the space of morphisms 1g — Rg k[i] in the derived category
of the abelian category of pro-objects in P; (Grs). By [KS2, Theorem 15.3.1(1)]
and equivalence (2.3), this space is also isomorphic to Extin(D) (1g,R¢). These

considerations imply that there is a natural isomorphism of complexes

HOIH.(P.,Rg) = EXtEJ(D)—mon(]'G’RG)’

-mon

where the right-hand side has trivial differential.
Hence we have constructed a morphism of complexes

¢ :E*(1g,Rg) — EXtE;(D)_mon(leRG)'

It follows directly from the definitions that this morphism is compatible with prod-
ucts, hence is a morphism of dg-algebras. The fact that it is a quasi-isomorphism
follows from Lemma 3.3(1) and from the fact that the morphism P**Rg r — Rak
is a quasi-isomorphism for any k£ > 0 by Lemma 3.3(2). |

3.5. Construction of the functor. Now we can construct a functor

Fg Dg(o)_mon(crc) — DGCoh§,,(Ng).

First, consider the category C°P;_ . (Gra) of bounded chain complexes of objects
of Pion(Gre). One can define a functor from this category to the category of
G-equivariant right dg-modules over the dg-algebra E*(1g, R¢), which sends the
complex M* to the dg-module E*(1g, M*® x R¢) such that
E'(le, M*xRg) = lim Hom'(P*, M* x Ra 1),
k

where the differential is the natural one (induced by the differentials of M*® and
P*), the action of G is induced by the action on Rg, and the action of the dg-
algebra is defined as follows. Consider some £ € Homi(P',M’ *Rg ) and ¢ €
Hom? (P*, P* « R¢,); their product ¢ - ¢ € Hom"" (P*, M® x R 1+1) is defined as
the composition

4 &*Ra,li] M®xmy, 1 [i47]
U] ——— —_—

P* S P aRa, M®«Re kxR [i+ ] M® xR pili+4]-
This functor is exact by Lemma 3.3(1), hence it induces a functor
(3.3) E*(1g, (=) * Ra) : D°Puon(Grea) — DGMod“ (E*(1¢, Re)°P).

Then, the quasi-isomorphism ¢ induces an equivalence of categories
L] L L] o
(34) EXtG(D)-mon(lg’RG)®E°(1G,RG)°P_ : DGMOdG<E <1G7RG) P)
= DGMod“(Ext, o) on(1a: Ra));

see [BL, Theorem 10.12.5.1] (or rather a G-equivariant analogue, which is easy since
G is a complex reductive group). Note that the dg-algebra Exté(g)_mon(lg,Rg)
is graded-commutative and concentrated in even degrees; hence it is equal to its
opposite dg-algebra.
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Finally, the isomorphism of Proposition 3.1 induces an equivalence of categories
(3.5) DGMod (Extg; ) o (1 Ra)) = DGMod(CING)).

Composing the functors (3.3), (3.4) and (3.5) with the inclusion

2.3

(2.3)
Dg(g)_mon(Gré) (_)D][?_mon(Gré) = DbPi—lnon(Gré)v

one obtains a functor

Fe D2 (19)-1mon(Gr&:) = DGMod“ (C[NG]).

Lemma 3.6. (1) There is a natural isomorphism Fg(1g) = CINg].
(2) For any V in Rep(G) and M in Dg Gre) there is a functorial iso-
morphism

(D)—mon(

Fo(MxSa(V)) =2 Fo(M)®V
in DGMod®(C[Ng]).

Proof. Claim (1) is obvious from definitions and the proof of Proposition 3.5.
(2) There exist isomorphisms of G-modules

V @c C[G] = V ®c Ind{};(C) = Indf,y (V) = C[G]#4mY),

Hence, applying the Satake equivalence Sg, one obtains an isomorphism of ind-
perverse sheaves

Sc(V)*Rag =2 Rg ®c V.

The natural G-action on the left-hand side induced by the action on R¢ corresponds
to the diagonal G-action on the right-hand side. The isomorphism follows. (I

It follows in particular from Lemma 3.6 that the functor Fg factors through a
functor

Fa - D%(D)—mon(GrG) - DGCOthree(NG)a

as promised.

3.6. I is an equivalence. The following lemma is well known, see e.g. [G2,
Equation (2.4.1)].

Lemma 3.7. Let V in Rep(G). The functors
(=) Sa(V) : D(Grg) — DX(Grg) and (=) xSa(V*) : D2(Grg) — Db (Gre)
are adjoint. O
The next important step in the proof of Theorem 2.1 is the following.

Proposition 3.8. For any Vi, Vs in Rep(G), the functor Fg induces an isomor-
phism of graded vector spaces

Hom.Db (GrG,)(SG(VI)ﬂSG(VvQ))

G(9D)-mon

~ [ ]
— Hompgeghe

free

W) (CWe] ®c Vi, CING] ®c V2).
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Proof. This result is proved is the case when G is semisimple in [G2, Proposition
1.10.4]. As the details will be needed later, we reproduce the proof. (See also [ABG,
§§7.4-7.5] for similar arguments.)

First, Lemma 3.7 reduces the proof to the case V; = C. For simplicity, we write
V for Va. Consider the projection V' — V%() orthogonal to other weight spaces of
the diagonalizable group Z(G). The perverse sheaf S (VZ(%) is the restriction of
Sa(V) to Gr%. Hence the projection above induces an isomorphism

. ~ . Z(G)
(3.6) Hong(o)»mon(GrG)(lG7 Sg(V)) - Hong(o)-mon(Gr%)(lG7 SG(V ))
Now, by the main result of [G1], the hypercohomology functor H*®(—) induces
an isomorphism
. Z(G) ~ . 0\ Z(G)
HOMDY oy men (@) (162 SV = Homie rg) (€, (V2 T,
where on the right-hand side we mean morphisms of graded modules, and V* =
H*(Sc(V)) is V, graded by the action of the cocharacter 2p. Using also isomor-
phism (3.1) (for the group Ga.q; := G/Z(G), whose Langlangs dual group is Gsc, the
simply connected cover of the derived subgroup of G, so that we have Gra., = Gr%),
we obtain an isomorphism
Hom,, Gy (e, Sa(VAD)) = (ve)?(@ee,
G(D)-mon"'&
By [Spl, Theorem 4.11], we have G°¢ = Z(G) x U°¢, and U®® is a connected
unipotent group. Hence we have VZ(6).8°¢ — yG°¢ and we finally obtain an
isomorphism of graded vector spaces
(3.7) Hom,, (o (la, Sa (VD)) = (Vo).
G(D)-mon " &

It is well known that the variety Ng is normal, and that G/G®¢ = G - eg has
complement of codimension 2 in Ng. Hence restriction induces an isomorphism of
graded algebras C[Ng] — C[G/G*¢], where the grading on C[N¢] is the one defined
in §2.2, and the grading on C[G/G*¢] is induced by the action of the cocharacter
2p via the right regular representation of G on C[G]. It follows that restriction to
ec € Ng induces an isomorphism of graded vector spaces

(3.8) (CNg]® V)¢ = (V)9 e,
Finally, there is a natural isomorphism of graded vector spaces
(3.9) Hompgeons vy (CVG], CING] @c V) = (CING] ® V)©.

Indeed, by [BL, Lemma 10.12.2.2] (adapted to the G-equivariant setting), the mor-

phisms in the left-hand side of (3.9) can be computed in the homotopy category of

G-equivariant C[N|-dg-modules. Then the isomorphism (3.9) is clear.
Combining isomorphisms (3.6), (3.7), (3.8) and (3.9) gives the proposition. O

Finally we can prove Theorem 2.1.

Proof of Theorem 2.1. Using Lemma 3.6 and Proposition 3.8, the fact that Fg is
an equivalence follows from Lemma 2.2.
Isomorphism (2.1) is proved in Lemma 3.6(2). O
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3.7. A locally-finite subalgebra. Now we come to the proof of the mixed version
of Theorem 2.1, namely Theorem 2.4. For any n > 0 one can consider the category
Pmix (X,,) defined as in §2.3 (replacing Grs by X,,), and the forgetful functor

I-mon

For : Prpix (Xn) — Pj_mon(Xn)-

I-mon

By [BGS, Lemma 4.4.8], every projective object of Py . (X,) can be lifted to
Pmix (X,). The object 1g can also obviously be lifted to an object 1%* of

I-mon
mix

f-mon(GrG‘)7 of weight 0. Hence one can choose the projective resolutions P2
of §3.3 in such a way that there exists a projective resolution

RN P—2 N P—l —>PO

mix
mix mix mix lG

in the category of pro-objects in PIIHE‘I (Grg) such that For(PéliX) =~ PJ for any

on

j <0, and similarly for the differentials. The pro-object Pi is obtained by taking

where P’

n,mix

ix
a formal projective limit of objects P, .,
Pwix (X ) such that PJ = For(Pj

I-mon n,mlx)'

Recall the equivalence S of (2.8). We set

is a projective object in

RE™ = S&(C[G)),

an ind-object in the category P?_mon(Gré). This object is endowed with an asso-
ciative and commutative multiplication map

mle . 81){ * Rl’éllx — RI(I;IIX'

One can choose the subobjects R, C R¢ of §3.2 in such a way that there exists
mix

G C REX guch that the isomorphism For(RE*) 2 R induces an isomorphism
For(REY) = Rax for any k, and my; can be lifted to a morphism mj'j* : R «
Ré&i — REkv- _

Then one can also consider, for any j, the object P, * Rg‘z This object is
a pro-object in the category of perverse sheaves on G"G,va but a priori not in the

category P‘}fiﬁon(Gré). Still, the pro-object

Pl «Rgy = For(P!

mix * RIGU,I;C()
is endowed with an automorphism induced by the Frobenius.
With these choices, by definition the dg-algebra E®*(1¢,R¢) of §3.4 is equipped

with an automorphism
Fr:E*(lg,R¢) — E*(1¢,Rq)

induced by the Frobenius. We would like to decompose the dg-algebra E*(1g, R¢)
according to the generalized eigenspaces of this automorphism. However, as this
dg-algebra has infinite-dimensional graded pieces, we need to be more careful.

First, observe that the Frobenius also induces an automorphism of the dg-algebra
EXté(D)_mon(lg,Rg), again denoted Fr.

Lemma 3.9. (1) The morphism ¢ of Proposition 3.5 commutes with the au-
tomorphisms Fr.

(2) For anyn >0, Fr acts on Extg(o)_mon(lg,Rg) as multiplication by p™/2.
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Proof. Statement (1) is clear from definitions. Let us consider (2). By adjunction
we have, for any n > 0,

Hompb (Grc)(1G7RG7k[n]) = Hn(ZE)RG7k)

G(9D)-mon

Hence the result follows from condition (x) of [BGS, §4.4]. O

Statement (2) of this lemma, together with Proposition 3.1, imply that there
exists an isomorphism of G-equivariant bigraded algebras

(3.10) EXté(D)-mon(1G7Rc) = (C[N(;],

where the additional Z-grading on the left-hand side is induced by the action of
Fr, while the additional grading on the right-hand side is defined in §2.3. We will
consider this isomorphism as an isomorphism of dgg-algebras, where both sides
have trivial differential.

To simplify notation, let us set

A = E.(IG,Rg).
By definition, we have A® = lim k A}, where
—k
A} = H Hom(P?, PP %« Ra ).
JEL
Let A, := Hom(P?, P7*" x R 1). Then we have

A7y = lim Hom(P?, P} « Ra k).

m>0
We set A7, . := Hom(P/, P;*" % Rg k). By construction, the automorphism Fr
considered above is induced by automorphisms denoted similarly Fr : A;lkm =
ATy
Lemma 3.10. The action of Fr on A7, s locally finite, and all its eigenvalues

are integral powers of p/?.

Proof. By definition we have

A?,k,m = h_r)n HOHl(PlJ7 P7]71+n * RG,k)'
1>0

Each space Hom(Plj , PIT"%R ¢ 1) is finite-dimensional, and stable under the action
of Fr. Hence it is enough to prove that the eigenvalues of the restriction of Fr to
this space are integral powers of p'/2.

By [AR, Lemma 7.8 and its proof], the eigenvalues of the Frobenius on the Hom-

space between any two objects which are images under For of objects of P}‘fzon(Gré)

are integral powers of p*/2. Here, as explained above, anfx"m * 21}; is a priori not

necessarily an object of P'}i’;on(Gré), but at least it is an extension of objects of
P (Grg). Hence the same property holds. O
Thanks to Lemma 3.10, one can write

n _ n
A = B ATk

reZ
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where A7, is the generalized eigenspace of Fr for the eigenvalue p"/2. Note that
for any m > 1, the morphism A7, =~ — A%, . is surjective (by projectivity of

P see Lemma 3.3), and compatible with the direct sum decomposition.
Now we can define our “locally-finite” subalgebra of A® as follows. First we set
1f, .
Ak "= @ H lin A?,k,m,rv
r€Z JEL m>0
and then
1f . 1f,
AN = lim Ay "
£>0
One easily checks that Af>* is a sub-dg-algebra of A®, stable under the action of G.

Lemma 3.11. The inclusion A¥* — A® is a quasi-isomorphism.

Proof. Clearly, it suffices to prove that the inclusion Alkf" — Aj is a quasi-isomor-
phism for any k& > 0.

First, we check that the morphism H* (Alkf") — H*(Ay) is surjective. Take some
f € A}, annihilated by the differential. By definition, f is a family (f;);ez, where
fj isin A7, Then, each f; is a family (fjm)m>0, where f;, € A? and each

3,k,m>
fj,m can be written as fj,, = > fjm,r With fj . € A7y m.- Tosay that d(f)=0

amounts to saying that for any j € Z, fj11 0 d?; = (—1)"d{;§%ak o fj. Then this
equation can be rewritten as fj1mod) = (_1)nd‘};7:’iRG,k o fj.m for any m, and the

latter equation can finally be rewritten as fji1 .m0 dp = (_1)nd§;:i72c,k o fimr
for any r.

By Lemma 3.9, the action of Fr on the image of f in cohomology is multiplication
by p*/2. We set f' = (f})jez € Af where f; is the family (f;,,)m>0, where for
any m we have set f;, = fjmn. By the remarks above, f is annihilated by the
differential. We claim that f and f’ define the same class in cohomology, which
proves surjectivity. Indeed, for any r # n, the family (fjm,r)jm is an element of
A*® annihilated by the differential, and has trivial image in cohomology for reasons
of degree. Hence it is in the image of the differential. The claim follows.

Injectivity can be proved similarly, which concludes the proof. O

By definition, the dg-algebra A" is endowed with an additional Z-grading, which
makes it a G-equivariant dgg-algebra. By Lemma 3.11 and isomorphism (3.10), the
morphism ¢ of Proposition 3.5 induces a quasi-isomorphism of dgg-algebras

(3.11) AF 2 CVgl,
where the right-hand side is endowed with the dgg-algebra structure defined in §2.3.

3.8. Mixed version of ;. Now we can construct the functor

FE™ : DES) on (Gr) = DitecCoh™ (W),

Using equivalence (2.5), it is enough to construct a functor

EE™:DE L o1(Grg) — DGCoh{ X (V).

(O)-mon free

As in §3.5, this functor will be the restriction of a functor
—mix

Fg  :DPPX (Grg) — DGCoh“ ™ (Ng).

I-mon

The functor F¢:  is constructed as follows. We use the same notation as in §3.7.
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For any bounded complex M*® of objects of P‘;‘;’; (Grg), the E*(1g, Rg)-dg-

on

module E*(1g,For(M*®) x Rg) of §3.5 is endowed with an automorphism induced
by the Frobenius. Moreover, by the same arguments as in the proof of Lemma
3.10, this action is locally finite, and the eigenvalues are all integral powers of p'/2.
Hence this action gives rise to an additional Z-grading on E®(1¢g, For(M*®) * Rg).
Restricting the action to A¥, this grading makes E*(1g, For(M*)*R¢g) an Af-dgg-
module, denoted E**(1g, M® x R¢g). Deriving this (exact) functor, we obtain a
functor
E**(1g, (=) * R¢) : DPPTX (Grg) — DGMod®*Em (Al).

I-mon

Then, quasi-isomorphism (3.11) induces an equivalence of categories

CING] ® a1t (=) : DGMod®*Cm (A1) = DGMod®*C (CING]).
Composing this equivalence with the functor E**(1g,(—) * Rg) gives our func-

tor ngx. We denote by ﬁénix the composition of this functor with the inclusion

D5)-mon (6r) = PP (Gre)-

Lemma 3.12. The following diagram commutes up to an isomorphism of functors:
Foix

Dg(b}s)—mon(GrG) - DGMOdGXGm (C[NG])

For i For

Fa

De(0)-mon(Gra) — > DGMod® (C[N]).

Proof. By construction of the equivalences, it is enough to prove that the compo-
sition of the restriction of scalars functor

Rest; : DGMod“ (E*(1¢, Re)) — DGMod® (AY)
with the equivalence
C[Ng] & a1t (=) : DGMod® (A) — DGMod® (C[Ng])
is isomorphic to the equivalence
CING] Der(16.70) (-) : DGMod® (E*(1g, Re)) — DGMod(CING]).
However, the latter equivalences have inverses the restriction of scalars functors
Resty : DGMod® (C[Ng]) — DGMod® (A')

and
Rests : DGMod® (C[Ng]) — DGMod® (E* (1, Ra))-

By construction, the morphism A — C[Ng] is the composition of the morphisms
Af — E*(1g,R¢) and E*(1g, Rg) — C[Ng]. Hence we have Rest; = Rest; oRests,
and the result follows. O

The same proof as that of Lemma 3.6 gives the following result.
Lemma 3.13. For V in Rep(G), there is an isomorphism in DGMod“*®™ (C[Ng])
F§™(8g(V)) = V ec CNG],

where, on the right-hand side, the G,,-action on V 1is trivial. (]
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It follows from this lemma that ﬁg;ix factors through a functor

EE™ DR L oa(Grg) — DGCoh{ X (N).

(O)-mon free
Proposition 3.14. The functor E’é‘ix is fully faithful.
Proof. The category DX (Grg), respectively DGCoh{*Em (Ng), is a graded

G(D)-mon free
version of the category DE(D)_mon(Gré), respectively DGCoh§..(Ng) in the sense of

[AR, §2.3]. Hence for two objects M, N in Dg’é’é)_mon(GrG) we have isomorphisms

G(9)-mon G(9D)-mon e

Homopy, (6rg) (For(M), For(N)) = @) Hompuie  (gry (M, N{(i)),

and
Hompgcone (e (For o F5™(M), For o FI5™*(N)) =

@ HOmDGCOhGXGm WNe) (EICIJIIX(MLESIX(N) <Z>)

free
1€EZ

By Theorem 2.1 and Lemma 3.12, we know that the functor F' g‘ix induces an iso-
morphism between the left-hand sides of these equations. Moreover, it respects the
direct sum decompositions of the right-hand sides. Hence it also induces an isomor-
phism between the right-hand sides, and also between the summands associated to
1 = 0. The result follows. O

Finally we can finish the proof of Theorem 2.4.

Proof of Theorem 2.4. By Proposition 3.14 and Lemma 3.13, one can apply Lemma
2.2 to the functor Egix, proving that it is an equivalence of categories. Composing
with the equivalence (2.5), we obtain the equivalence FZ'x.

The commutativity of the diagram of the theorem follows from Lemma 3.12. By
construction, the functor F%5™ commutes with internal shifts (i). The last assertion
of the theorem follows. O

4. CONSTRUCTIBLE SHEAVES ON Gri; AND COHERENT SHEAVES ON Ng:
SECOND APPROACH

In this section we give a second proof of Theorems 2.1 and 2.4, which was inspired
by the methods of [BF, §6.5].

4.1. Reminder on pretriangulated categories. The notion of pretriangulated
category was introduced in [BK]. We will rather use [Dr, BLL] as references. Recall
the basic notions of dg-categories, see e.g. [BLL, §4.1]° or [Dr, §2.1].

Let & be a dg-category over a field. Then one can define the dg-category o7/Pt"
as follows. First, one defines the dg-category </ with

e objects: formal expressions A[n] where A is an object of A and n € Z;

5In [BLL], the authors assume that dg-categories are additive, but this is not really used in
the results we quote. We only assume our dg-categories to be preadditive.
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e morphisms:

Hom?;(A[n], B[m]) = Hom$, (A, B)[m — n]

as graded vector spaces, and the differential of an element f € Hom$, (A, B)
viewed as an element of Hom®;(A[n], B[m]) is given by

dz(f) = (=1)" - der ().
Composition is defined in the natural way.

Note that this definition is chosen so as to mimic the relations for complexes of
morphisms between complexes in an additive category, with the usual sign conven-
tions.

Then, one defines the dg-category &P with

e objects: formal expressions

(@ ci[dzi,q)

where n > 0, C; is an object of &7, d; € Z, ¢ = (¢ij)i j=1..n With g;; €
Hom%(Ci [di], C}[d;]) such that dg+ ¢*> = 0 and ¢;; = 0 for i > j;

e morphisms: for objects C' = (&7_,C;[d;], q) and C" = (&2, C[d]],q'), the
graded vector space Hom®, e, (C, C") is the space of matrices (fi;)=) "

such that f;; € Hom®(C}[d;], C![d}]). The differential is defined by the rule
dogwes (f) = (d7(fig))ig +d'f = (=1)" fq

if f is homogeneous of degree k. Composition is defined by matrix multi-
plication.

Note that the assignment &7 +— &/P™" defines an endofunctor of the category of
dg-categories and dg-functors between them.

Recall that for any dg-category <7, the category Ho(&/P") is always triangu-
lated. (Here, for a dg-category %, we denote by Ho(Z) its homotopy category.)
For example, the cone of a closed morphism f € Homgﬂmr(C, (") is defined as the
object

cone(f) = @C{[d;]@@cj[derl]a(%/ _fq)

One has a natural fully faithful inclusion & — &P of dg-categories. One says
that o is pretriangulated if the induced functor

Ho(&/) — Ho(a/P™")

is an equivalence of categories. If o7 is pretriangulated, then by the remarks above
Ho() has a canonical structure of triangulated category.

An enhanced triangulated category is a triple (2, &, ¢) where 2 is a triangulated
category, & is a pretriangulated category, and ¢ is an equivalence of triangulated
categories Z = Ho(&).

Let (2,8, ¢) be an enhanced triangulated category. Consider a set of objects
S ={Ej,j € J} of & (or equivalently of ). Let us denote by (S)¢ the full trian-
gulated subcategory of & generated by .S, i.e. the smallest strictly full triangulated
subcategory of & containing S. Our aim is to explain how one can concretely
construct the category (S)g starting from the datum of S and &.
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Let <7 denote the dg-subcategory of & whose objects are the set S. This category
is determined by the morphism complexes Homg (E;, E;) and the composition maps.
Consider the functor

¢
T : Ho(&/P") — Ho(&P ") = Ho(&) = 2

induced by the inclusion &/ — &. The following result is [BK, §4, Theorem 1]. We
include the (very easy) proof for the reader’s convenience.

Proposition 4.1. The functor ¥ induces an equivalence of triangulated categories
Ho(&/P") = (S)g.

Proof. By construction, ¥ is a fully faithful triangulated functor. By [BLL, Propo-
sition 4.10(b)], the category Ho(&/P™'") is generated, as a triangulated category, by
the set of objects S. Hence ¥ factors though (S)4, which is its essential image. O

Finally, we will need the following result, see [Dr, Proposition 2.5]. Recall that
a dg-functor F': &f — A is a quasi-equivalence if it induces an isomorphism

H*(Hom, (A, B)) — H*(Hom3(F(A), F(B)))
for any A, B in & and if moreover Ho(F') : Ho(&/) — Ho(%) is essentially surjective.

Proposition 4.2. If F': o — A is a quasi-equivalence, then the induced functor
Pretr . gyPretr . BPretr s also a quasi-equivalence. O

4.2. Alternative definition of F¢. Now we can give the alternative definition
of the equivalence

FO Do) mon(Gra) = DGCohf,.(Na).

More precisely, we will construct an equivalence in the opposite direction.

Consider the triangulated category DGMod® (C[Ng]). This category has a nat-
ural enhancement. Indeed, let Kproj(C[Ng]) be the sub-dg-category of the dg-
category of C[Ng]-dg-modules whose objects are the K-projective objects (in the
sense of [BL, Definition 10.12.2.1], adapted to our setting). Then this category is
pretriangulated, and there is a natural equivalence of categories

Ho(Kproj©(C[Ng])) = DGMod®(C[NG]).

Hence we are in the setting of Proposition 4.1. We let @7 be the sub-dg-category of
Kproj” (C[Ng]) whose objects are the V @ C[Ng] for V € Rep(G). By Proposition
4.1, there is a natural equivalence

(4.1) Ho(72") = DGCoh§,.(Ng).

Note that all morphism spaces in the dg-category 7 have trivial differential.

Now, consider the constructible side. The category Dg ( o)-mon(GrG) is the sub-

category of the triangulated category D?  (Grs) generated by the objects Sg(V)

I-mon
for V in Rep(G). Moreover, the realization functor

D°Prmon(Gra) — D7 on(Gre)
is an equivalence of categories, see (2.3). As above, the category D"P;_ . (Grg) has

a natural enhancement. Indeed, let Proj(Grs) be the dg-category of bounded above
complexes of projective pro-objects in Py . (Grs) whose cohomology is bounded,
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and is in Py . (Grs). Then this is a pretriangulated category, and the natural
functor
Ho(Proj(Grg)) — D°P Gre)

is an equivalence of triangulated categories. Hence we are again in the setting of
Proposition 4.1. Recall the resolution P*® constructed in §3.3. We denote by %Bg
the dg-sub-category of Proj(Grs) whose objects are the complexes P*® x S¢(V), V
in Rep(G). Then, by Proposition 4.1, there is a natural equivalence of triangulated
categories

(4.2) Ho(#5") = DY,

Fmon (

(D)—mon(Gré)'

Now, we observe that the dg-categories @/ and % are quasi-equivalent. Indeed,
first there is a natural bijection between objects of these categories. Then, consider
V,V’ in Rep(G). Using Lemma 3.7 and the same arguments as in the proof of
Proposition 3.5, there are natural quasi-isomorphisms of complexes

qis
Homf%G (P*+«Sc(V),P*«Sc (V") & Ext;)%(g)_mon(cra)(Sg(V), Sa(V")
which are compatible with composition, where the differential on the right-hand
side is trivial. Then, by Proposition 3.8, we have a natural isomorphism

EXt.D%(D)_mon(Gré)(SG<V)7 Sa(V') = Extieeons ey (V ® CNG], V' @ CING]).

Finally, we observe that the graded vector space on the right-hand side, endowed
with the trivial differential, is the complex of morphisms in &7 between V @ C[N¢]
and V' ® C[Ng]. Combining these morphisms provides the quasi-equivalence of
dg-categories

Be L o,
Using Proposition 4.2, we deduce an equivalence of triangulated categories
(4.3) Ho(Z%") = Ho(af™").

Combining equivalences (4.1), (4.2) and (4.3), we obtain a second construction
of the equivalence of Theorem 2.1. Property (2.1) is obvious: the category Rep(G)
acts on all the categories we have considered, in particular on the dg-categories @5
and Hq, and all our equivalences commute with the action of Rep(G).

Remark 4.3. It would be natural to expect that the equivalence constructed in this
subsection is isomorphic to the one constructed in §3.5. However, we were not able
to prove this fact.

4.3. Mixed version. One can give a completely parallel proof of Theorem 2.4.
Namely, for any V in Rep(G) one can construct a projective resolution in the
category of pro-objects in PP (Grg):

RN P‘l}nix,72 _ P‘I;lix,fl N PS s Sg(V)

by choosing for any n > 0 a minimal projective resolution in the abelian category
P?filion(Xn) and then taking a projective limit over n. (See §3.3 for details.)

Then one considers the dg-category %a mix whose objects are the resolutions
Py (j) for V in Rep(G) and j € Z. Similarly, one defines the dg-category <z mix
whose objects are the G-equivariant dgg-modules V' @ C[Ng](j) for V in Rep(G)

and j € Z. Then, one can construct a quasi-equivalence of dg-categories

e%G,mix - WG,mixa
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hence obtain an equivalence of triangulated categories Ho(Z i) = Ho(#/8 ot ).
Combining with mixed analogs of equivalences (4.1) and (4.2), and equivalence
(2.5), one obtains an equivalence as in Theorem 2.4. One can also show that it
is possible to construct this equivalence and that of §4.2 in such a way that the
diagram of Theorem 2.4 commutes. Details are left to the reader.

In the remainder of this section, we prove that the equivalence constructed in this
subsection, denoted by 'FZ', is isomorphic to the equivalence F%_ constructed in
§3.8. This result will not be used in this paper; we only include it for completeness.
However, the constructions of §4.4 will be used in Sections 6 and 7 below.

4.4. An Orlov category. Consider the full subcategory CohX®™(Ng) of the
category Coh@*Em (Ng) which is generated under extensions by the objects V ®c¢
Ong (i), for V' a simple G-module. Note that these objects, called free objects, are
projective: since G X G, is a reductive group, the functor of taking G x G,,-fixed
points is exact. Hence the objects of Cohg;G’" (Ng) are in fact direct sums of free

objects. In particular, the indecomposable objects of the category Cohfcr'vexfm (Neg)

are exactly the objects V ®c Oy (i), for V' a simple G-module. Recall the notion
of Orlov category introduced in [AR, Definition 4.1].

Lemma 4.4. The category Coh$ X% (Ng), endowed with the function deg defined
by

deg(V ®@c Ong (i) =4,
is an Orlov category. Moreover, there is a natural equivalence of triangulated cate-
gories

(4.4) K (Coh§X®m(Ng)) = DE..Coh® Em (Ng).

free

Proof. First, it is clear that morphism spaces between objects of Cohgexe(c”" (Ng) are

finite-dimensional. Then, for V, V' simple G-modules and 7, j € Z we have

Hom 6 xcm () (V @c Ong (), V! @c Ong (7)) = (V! @ V* @ CING](j — i) 9.

free
If V=V’ and ¢ = j, this space has dimension 1. And, in the general case, this
space is zero unless j — i € 2Z g, or j = ¢ and V = V’. This proves the properties
of an Orlov category.
Now we prove equivalence (4.4). The abelian category Coh®*Em (Ng) has enough
projectives. Hence there is an equivalence of categories

K~ (Proj(Ng)) = D~ Coh®*Cm (Ng),

where Proj(Ng) is the additive category of projective objects in Coh®*®m (Ag).
We have remarked above that the objects V ®@c Op, (i), V' a simple G-module,
are projective. Hence the category DP Coh®*Cm (Ng) is equivalent to the full

free
triangulated subcategory of K~ (Proj(/\/g)) generated by these objects. It is clear
that this subcategory is the essential image of the fully faithful functor
K (Coh§Xfm(Ng)) — K~ (Proj(Ng))

GxXGy
h free

(Ng) — Proj(Ng). This proves the equivalence.
(I

induced by the inclusion Co

To simplify the task of working with the category Coh$*®m (Ng), let us make

free

the following remark. We have explained above that any object of Cohfcr'vexf’m (Ng) is
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isomorphic to a direct sum of objects of the form V ® O, (i). Hence this category
is equivalent to the additive (Orlov) category Ag with:
e objects: finite-dimensional graded G-modules V =
e morphisms:

Homa, (V, V') = Homeopoen () (€D Vi @ CING](n), €D Vi @ CING](m)).

neL ne”Z

nGZ

4.5. Isomorphism of F2* and 'FZ'™*. Consider the functor
/lex (lex) . be;eec hGXGm (NG) — Dgeec hGXGm (NG)

By Lemma 4.4, one can consider this functor as a functor from K® (Cohg;G"’ (./\fg))

to itself. As such, this functor stabilizes the subcategory CohgeXeG”” (Ng), and there
is a natural isomorphism of functors

(lex (lex) )|Cohgiﬁ’”(-/\/c) = ldCthX@m(NG)'

free

(Use Lemma 3.13 and the category Ag introduced in §4.4.) By [AR, Theorem 4.7],
we deduce that there exists an isomorphism of functors

! le mix 3
o (FE™)~ = ldD}’reeCthXGm (Ne)
hence an isomorphism of functors

/Fcr;nix ~ FCr:nix.
5. RELATION TO [ABG]

In this section we explain the relationship between Theorems 2.1 and 2.4 and
[ABG, Theorems 9.1.4 and 9.4.3]. For simplicity, we only treat the non-mixed case.
The mixed equivalences can be related similarly. (In this case, this result can also
be proved “abstractly” using Orlov categories.) The equivalence “F” we consider
in this section is the one constructed in Section 3. The results of this section are
not used in the rest of the paper.

5.1. Sheaves on A and multihomogeneous coordinate algebra. Let B¢ :=
G/B be the flag variety of G, and let Ng := T*Bg be its cotangent bundle. Recall
that for every weight A\ € X there is a natural line bundle Og () on Bg, which is
globally generated iff A is dominant. We denote by O, (M) the pullback of Op,, ()

to ng. Set
T(Ne) == P TWa, Og (V).
AeX+
This is a G-equivariant X-graded algebra called the multihomogeneous coordi-
nate algebra of N, We denote by Mod$% (T (NG)) the abelian category of G-
equivariant X-graded I‘(J\fg) modules, and by QCth(Ng) the abelian category
of G-equivariant quasi-coherent sheaves on Ng. There is a natural functor
. QCoh%(Ng) — Mod§ (T(N)) .
M = @Pirex+s TWe, M ®O/VG Oﬁ/’g()‘))

Now consider the G-equivariant X-graded sheaf of algebras

O, = EB Ox. (V)

reX
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We denote by QCoh$ (N, O ) the abelian category of G-equivariant X-graded
sheaves of modules over the algebra O N which are quasi-coherent over O N
There are natural adjoint functors

L. ) Mod{(T(NG)) — QCoh§ (N, Og;,)
M = Ox ®I‘(/VG)]M

and N B
c. QCoh% (N, Ox,) — Modg (T'(Ng))
' M = TWe, M)

Here, G and L stand for “global” and “local.” Note that the inclusion T'(Ng) C
I(Ng, Of,) is strict.
There are also natural functors
Inde - QCoh“(Ng) — QCoh% (N, Og.)
N ° M — ©/\~[G ®OJVG M
and
G (37 G
Resy - { QCohx (NG, 0f,,) — QCoh™(Ng) ,
¢ M = [M]o
where [M], is the component of M of degree A € X.

Finally, we let Torg (I'(Ng)) € Mod§ (T'(Ng)) be the subcategory whose objects
are inductive limits of objects M such that there exists A € X (depending on M)
such that [M], =0 for p € A+ XT. We denote by

Q : Mod% (T(Ng)) — Mod% (T'(NVg))/Torg (T(Ng))

the quotient functor.

The following result is a version of Serre’s theorem on quasi-coherent sheaves on
projective varieties. See [AV] for a similar result, whose proof can easily be adapted
to our setting.

Proposition 5.1. (1) The functor L is exact and vanishes on the subcategory
TorZ(T(Ng)). The induced functor

L' : Mod§ (T(Ng))/Torg (T(Ng)) — QCoh§ (Ne, Oy )

s an equivalence of abelian categories, with quasi-inverse Q o G.
(2) The functors Indﬁc and Resj\~[G are quasi-inverse equivalences of categories.
(3) There exists an isomorphism of functors QoT'" = Qo Golndg. O

Remark 5.2. The functor Res N oLisa non-C*-equivariant version of the functor
denoted by .# in [ABG, §8.8].

In fact, we will not use Proposition 5.1 in the sequel. This proposition only
serves as a motivation for the definition of the functor Loc below.

Consider the Springer resolution 7 : Ng — Ng, and the associated inverse image
functor © : QCoh®(Ng) — QCoh®(Ng). As N is an affine variety, the global

sections functor induces an equivalence
I'(Ng, —) : QCoh®(Ng) — Mod®(C[Ng))
(where Mod®(C[Ng]) is the category of G-equivariant C[Ng]-modules).
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Proposition 5.3. The following diagram commutes up to an isomorphism of func-

tors:
Gy— I‘(/\N/G) CNgl— ~
QCoh® W) — 7 Mod® (CINe]) o \odS (T(Nir))
w*i \LL
. Ind_/\\/.G v
QCoh®(Ng) QCoh% (N, Ox)-

Proof. This follows immediately from the fact that there exists a natural isomor-
phism of functors
™ 2 Of. ®cwe TNe, —)

and transitivity of the tensor product. O

Now we consider dg-analogues of these constructions. Let DGCoh®(Ng) be the
subcategory of the the derived category of G-equivariant quasi-coherent sheaves
of dg-modules over the sheaf of dg-algebras Sp, (7,) on Bg (where the tangent
sheaf T, is in degree 2, and the differential is trivial) whose objects have their
cohomology locally finitely generated over Soy . (75, )-

Consider also the X-graded G-equivariant quasi-coherent sheaf of dg-algebras on
Ba

Ox, = EB Sos, (Tss) ®0s,, OB (N).
rexX

Here the multiplication is the natural one, 75, is in degree 2 is each direct sum-
mand, and the differential is trivial. (This definition is chosen so that, if we

forget about the grading, O N 18 the direct image to Bg of O J\Nfc‘) We denote
by DGCohg(/\Nfg,@ NG) the subcategory of the derived category of X-graded G-
equivariant quasi-coherent sheaves of dg-modules over 0 N whose objects have

their cohomology locally finitely generated over @) N By the same arguments as
for Proposition 5.1(2), there is a natural equivalence of triangulated categories

(5.1) DGCoh“(N) 2 DGCoh% (N, O, )-

Finally, we consider I‘(j\N/ @) as an X-graded G-equivariant dg-algebra with trivial
differential and the X xZ-grading chosen so that the inclusion I'(Ng) C T'(Bg, Og..)

is graded. We denote by DGModg,X(I‘(ﬁfg)) the subcategory of the derived cate-
gory of X-graded G-equivariant dg-modules over this dg-algebra whose objects have
their cohomology finitely generated over I'(Ng). There is also a natural functor

DGModf] x(T(Ne)) — DGCoh%(Ng,Oj..)
{ M ~ @NG ér(ﬁc) M
We denote by
(5.2) Loc : DGModf; x (T(Ng)) — DGCoh®(Ng)

the composition of this functor with the equivalence (5.1).
The morphism 7 defined above induces a (derived) inverse image functor

7* : DGCoh$. (Ne) — DGCoh® (Ng).
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There is also a functor
I'(Ne) Gcine) (-) : DGCohfle, (M) — DGModf x (I(Ne))
The same proof as that of Proposition 5.3 gives the following result.

Proposition 5.4. The diagram

DGCohf..(Ne)
~ L / ﬂ'*
T'(Ng) ®cinvg (—)
= L _
DGMod x (T(Ng)) > DGCoh®(Ng).
commutes up to an isomorphism of functors. (I

5.2. Reminder on [ABG]. For the remainder of Section 5 we assume that G is
semisimple of adjoint type. By [ABG, Theorem 9.1.4], there exists an equivalence
of categories

(5.3) Fgo:D2  (Grg) < DGCoh®(Np).

I-mon
Let us recall how this equivalence is constructed.

First, we denote by Dpoj(Gres) the subcategory of the homotopy category of
bounded above complexes of projective pro-objects in P;  (Grs) whose objects
C* satisfy the following conditions:

e H'(C) € P; .u(Grg) for any i € Z;

e H{(C)=0fori<0.
There exists a natural functor from Dp,;05(Gr ) to the derived category of the abelian
category of pro-objects in P;  (Grs). The essential image of this functor is the
subcategory whose objects have their total cohomology in P; . (Grx). By [KS2,
Theorem 15.3.1(i)], the latter subcategory is equivalent to DPP;  (Grg). Hence
one obtains an equivalence of triangulated categories

(5-4) T : Dproj(Gre) = PP non(Gre) = D7 (Gre).

As in §2.5, let Flsy := G(8)/I be the affine flag variety. For every A\ € X one
can define a Wakimoto sheaf Wy € P (Flz), see [ABG, §8.3]. Recall that there

1

is a natural convolution product on D‘I?_Cq(FIG), which we denote by *'. For any

A, i € X there exists a canonical isomorphism
(5.5) Wil W, = Wiy,
(see [ABG, Corollary 8.3.2] or [AB, Corollary 1]).

There exists also a (convolution) action of the category D?_eq(Flé) on the cat-
egory D}’_eq(GrG). In [ABG, §8.9], the authors explain how to “extend” the con-
volution with W) to a functor on D‘I?_mon(Gré). More precisely, they construct for

Grg) — Db (Grg) such

every A € X1 an equivalence of categories Cy : D® 7-mon

I—IIIOH(
that the following diagram commutes up to isomorphism:

Wirx(—)

D o (Gra) —— D}, (Gre)
Forl lFor
DY (Grg) — 2> D®  (Grg)
I-mon G I-mon G/
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Moreover, for any A, u € X there exists a canonical isomorphism of functors
CroCy = Chrip

compatible (in the obvious sense) with isomorphism (5.5). For these reasons, for
any M in D}I?_mon(Gré) one can set Wy x M := C\(M). (Note that this notation
may be misleading, as this construction is not functorial in the left factor, but only
in the right one.)

Consider the X x Z-graded vector space
Ext$ (1G,Wx+ *RG),

i-mon
whose (A, 4)-component is zero if A ¢ Xt and otherwise is

l-l)l’l HomD‘I{mOIl(GrG-) (lGa Wi x ’R’G,k[i])'
k>0

This graded vector space can be endowed with an algebra structure, where for
¢ € Ext% (1g, Wr*R¢) and ¢ € Extjf_m (1g, W, *Rg), the product £ - { is by

I-mon on
definition the morphism

—>W/\*£*RG ] Wﬂ * W)\ * RG * RG [Z + ]}

] W)Hru*m[i"!‘j] W)\+u*RG[Z.+j].

16 S Wy Ralf] 2 W, + 16 Ralj]

EWiip*Ra *Reli +

The action of G on R¢ also induces an action on this algebra, which is compat-

ible with the product. Note that the algebra EXté(D)_mon(lg,Rg) of §3.2 is the
component of the algebra Ext} (1g, Wx+ * Rg) of weight 0 € X.

By [ABG, Theorem 8.5.2], there exists an isomorphism of G-equivariant X x Z-
graded algebras

(5.6) Ext?

% on(les Wi+ *Rg) =2 T(Ng),
where the Z-grading on the right-hand side is as in §5.1.
The next step is a formality result for some dg-algebra. Consider the resolution

P* as in §3.3, and form the X-graded dg-algebra
Ex(le,Ra) == @D lim Hom'(P®, Wy * P* x Ra.x).

rex+ k>0
1€EL

Here the differential is the natural one, and the product is defined as follows. If
¢ € Hom'(P*, W+ P* xR i) and ¢ € Hom? (P*, W, % P**R¢ 1), then the product
¢ - € is the composition

WA*E*RG,I [_7]
-

P* S W, % P* « Re,lj] W, Wi+ P* % Raie x Rali + j] =

Wir 4 pu*P®xmy g [i+7]

Wiipu*x P*xRar*xRali + j] Wi * P* * R gt + j].

Note that the dg-algebra E*(1g, R¢) of §3.4 is the component of E (1g, R¢) of
weight 0 € X.
By the same arguments as in §3.7, one can construct a sub-dg-algebra®

(57) E;((leRG)lf - E;{(leRG)

6This construction is not performed in [ABG]. It is necessary for the arguments there to work,
however, even in the non-mixed case.
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which is “the locally finite part for the action of the Frobenius”, such that the inclu-
sion E (1, Ra)" — E%(lg,R¢) is a quasi-isomorphism. Then, using pointwise
purity of simple G()-equivariant perverse sheaves on Grg (see [KL, G1]), one can
construct an injection and a surjection of X-graded, G-equivariant dg-algebras

(5.8) Ex(le, Re)f <— Ex(1g, Re)L — Ext} . (1a, Wx+ *xRg)

I-mon

which are both quasi-isomorphisms” (see [ABG, §9.5]).
Finally we can review the construction of the equivalence F¢. It is defined as
the composition

Db

I-mon

2, DEModf x (Ex (16, Re)"P) 21 DGModS x (Ex (1cr, Rer)'=P)

-1 1 ] (o)
(Gres) = Do (Grey) 5 DGModf] x (Ex (1, Rer)°™)

I-mon

(1e, Wt + Ra)) 2 DGMod x (T(Ny))
LS, DGCoh (Ng).

2, DGMod{ x (Ext?

Here, the categories DGModg’X(—) are defined as for I‘(/\~fg) in §5.1. The functor
(1) is defined by a formula very similar to that for the functor E*(1g, (—) * Ra)
defined in §3.5, adding Wakimoto sheaves to the picture. (This functor is defined at
the level of homotopy categories; the functor (1) is the composition with the natural
functor from the homotopy category to the derived category.) The functor (2) is
the equivalence induced by quasi-isomorphism (5.7). The functors (3) and (4) are
similarly induced by quasi-isomorphisms (5.8). The functor (5) is the equivalence
induced by isomorphism (5.6). Finally, the equivalence T is defined in (5.4), and
the functor Loc in (5.2).

5.3. Compatibility. The main result of this section is the following.

Proposition 5.5. The following diagram is commutative up to an isomorphism of
functors:

b B F
DG(D)-mon(GrG) T:l> DGCOhgee(NG)

b 3 Fa G/ 7
D7 L on(Gre) e DGCoh™ (Ng).
Proof. First, using Proposition 5.4 and arguments similar to those of the proof of
Lemma 3.12, one checks that the following diagram commutes up to an isomorphism
of functors:

DGMod$ . (E* (1, Ra)) DGCoh{..(Ng)
L\

EX(16,Rc) ®ee(15,7rq) () "

DGModf} x (Ex(1¢, Rc)) DGCoh®(Ng).

"Note that these arguments prove in particular the formality of the dg-algebra E®(1g,Rqg) of
§3.4. We believe our argument in the proof of Proposition 3.5 is more elementary.
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Here, DGMod{ (E*(1g,R¢)) is the subcategory of DGMod“(E*(1g, R¢)) gener-
ated by objects of the form E*(1g, Rg) ®c V for V in Rep(G), the functor on the
top line is the one appearing in the definition of Fz, and the functor on the bottom
line is the one appearing in the definition of Fg.

We define HDGMod (E*(1¢, R¢)) and HDGMod$% (E% (1¢, R¢)) as the homo-
topy categories whose associated derived categories are DGMod“ (E*(1¢, R¢)) and
DGMod§ (E% (16, R¢)). As Ex(1a, Re) is K-flat as an E*(1¢, R¢)-dg-module, the

following diagram commutes:

HDGMod%(E*(1¢, Re)) —> DGMod® (E*(1¢, Re))

EX (16, Ra)®ee (15,70 (—) Ex(1c.Ra) Bee (15,70 (-)

HDGMod% (E% (1, Rg)) —= DGMod$ (E% (1¢, Re)).

Recall that the functor Fi is constructed using an exact functor from the cat-
egory CPP; . (Grg) to the category of G-equivariant dg-modules over the dg-
algebra E*(1g, R¢). Hence this functor factors through the composition

DY) mon(67) > D01 (Grg) T Dy (Grg) 1% HDGMod® (E* (16, Res))

I-mon
which we denote by I. Here, the functor Hg sends a complex Q° to the dg-module
Hom*®(P*,Q°* xR¢)

(with obvious notation).
Now, consider the following diagram:

I
DE(0)-mon(G'a) —> HDGMod® (E* (15, R))

T loi EX(16,Rc)®ee (15,R ) ()

X

H,
Diroj(Gre) — = HDGMod$ (EX (1¢, Re)),

where the functor HY is the analogue of Hg which appears in the definition of F¢.
More precisely, H¥ sends a complex @Q* to the X-graded dg-module

P Hom®(P*, Wi »Q* *Rq).

AeXt
There exists a natural morphism of functors

EX(16,Rc) @+ (16,rq) Ha (=) — HE ()
defined by the natural map
Hom'(P*, Wy x P* « R¢) ®c Hom? (P*,Q® « Rg) — Hom ™ (P*, W) » Q* « R¢).
Composing with Y~! o i on the right, one obtains a morphism of functors
Ex(1g,Ra) ®E*(16,Rc) Ig(—) — Hév( oY 1o Z(—)

Using the diagram considered earlier in this proof, we obtain a morphism a
functors

v:m*oFg —Fgoi.
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To prove that v is an isomorphism, it is enough to check that for any V' in Rep(G),
v(Se(V)) is an isomorphism. However, there are natural isomorphisms

Fa(Sq(V)) = VacCNg|, Fe(Sa(V)) = Vac Oy,
(see Lemma 3.6 and [ABG, Proposition 9.8.1]), and this claim is obvious. O

6. HYPERBOLIC LOCALIZATION AND RESTRICTION

6.1. Reminder on the Brylinski—Kostant filtration. Recall the regular nilpo-
tent element eg € g introduced in §3.1. For any G-module V', and any subspace
U C V, the Brylinski-Kostant filtration FEXU on U associated to eg (introduced
and studied in particular in [Bry]) is by definition given by

FPR(U) = Unker(ef': V — V),

where eg acts on V' via the differential of the G-action. In particular, this way
we get a filtration on every T-weight space V(A) of V' (A € X). Let us recall a
geometric construction of this filtration, due to Ginzburg. For any p in X, we let
T, be the U~ (&)-orbit through L,, where U~ is the unipotent radical of the Borel
subgroup opposite to B with respect to 7.

Fix a G-module V| and a weight A € X. Then, by construction of the torus T
and [MV, Theorem 3.5] we have natural isomorphisms

V(A) = HZ(6x,Sa(V)) = Hz, (Sa(V)),
and both cohomology groups are concentrated in degree (\,2p). Let ty : T < Grg
be the inclusion. Then by definition we have

HE (Sa(V)) = H*(Tr,thSa(V)).

Now, consider the T-action on Gr by left multiplication. Recall that we have a
natural isomorphism of graded algebras

Hz(pt) = S(t7) = S(1),
where * is in degree 2. In particular, any point h € { defines a character of the
algebra H, %(pt). We denote by Cj, the corresponding one-dimensional module. The
only T-fixed point in Ty is {Lx}. Hence, by the localization theorem in equivariant
cohomology, the morphism

(6.1) Hi(i38a(V)) — Hj(Txt3Sa(V))

induced by the adjunction for the inclusion {Ly} < ¥ becomes an isomorphism
after inverting all & € R C t*, or equivalently induces an isomorphism

(6.2) H2(i586(V)) @ oty Ch = Hex (Tx,6386(V)) @2 1) Ch-
for any h € £\ U ker(@). (See Remark 6.2 below for comments. )
By [G2, Equation (8.3.3)], there is a (Leray) spectral sequence which computes
HE (%, t4Sc(V)) and with Fa-term
ERT = HE(pt) ®c HI(Tx, t3Sa(V)).

As recalled above, the cohomology H*(T,t,Sc(V)) is concentrated in one degree
(in particular in degrees of constant parity). Hence this spectral sequence degener-
ates, and H2.(T), t4S(V)) is a free HZ2 (pt)-module, with a canonical isomorphism
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of graded vector spaces
H2(TA, 1586(V)) @ms o) Co = H*(Tr,t386(V))

In particular, as the right-hand side is concentrated in degree (\,2p), it follows
that the lowest non-zero degree in H2,(Ty, t8Sa(V)) is (A, 2p), and that we have a
natural isomorphism (induced by forgetting the equivariance)

H%mm(smt!xsc(v)) =~ g S (V).
Hence there is a canonical morphism
(6.3)  (HM(T5,838a(V) @c H(pt))[—(A,20)] — HE(Tx, 15Sa(V)),

which is necessarily an isomorphism. (See also [YZ, proof of Lemma 2.2] for similar
arguments.) In particular, this way we get for any h € t a canonical isomorphism

(6.4) H®P(T\ 158a(V)) = H3(Tx, 1586(V)) ©ms o) Ch-

Now we come back to the morphism (6.2). It is well known that H*(i\Sg(V))
is concentrated in degrees of constant parity (see [Sp2, Corollaire 2.10] or [KL,
Theorem 5.5]). Hence, by the same spectral sequence arguments as above, the
equivariant cohomology H}(z'/\Sg(V)) is also a free H3 (pt)-module, and there is a
canonical isomorphism

H(i35c(V)) s pt) Co = H*(i5Sa(V)).
It follows that for any h € t the canonical filtration on the vector space
H2.(i5Sa (V) ®ms (pt) Ch

induced by the grading on H%(il)\Sg(V)) has associated graded H*(i\Sg(V)).

Finally, using isomorphisms (6.2) and (6.4), we have constructed for any h €
t\Uj ker (@) a canonical filtration on the vector space V(\) 2 HM20)(T, # Sa(V)),
denoted F§™™, with associated graded H®(i4Sc(V)). (Note that this filtration
depends on h, although we do not indicate this in the notation, for simplicity.)

The following result is due to Ginzburg (see [G2, Proposition 5.5.2]). As our
point of view is different from that of Ginzburg, we include a proof in §6.8. This
proof is completely different from the one given by Ginzburg, and more in the spirit
of [MV] and [YZ]. It is independent of the rest of the paper.

Theorem 6.1. There exists an explicit choice of h € t such that the filtration
F$™ on V(X) coincides with the filtration FBX up to a shift. More precisely, for
this choice of h, for any i we have

BK m m
FPRV(A) = Fg?iuzﬁ) vy = Fg?ilﬂ,\,m) V(A).

Remark 6.2. Here the particular case of the localization theorem we use in (6.1) is
very easy to prove directly. Indeed, consider the object N := tI/\Sg(V), an object of

the T-equivariant derived category D?_eq(i »). The variety ¥, has a natural action

of U~(C[t™']) (which is compatible with the T-action in the natural way), and
there exists a subgroup K C U~ (C[t~!]), normalized by T, such that the quotient
K\%, is a finite dimensional affine space, with a linear T-action (whose weights
are in —R*), and such that the natural quotient map ¥, — K\T restricts to a
closed embedding on the support of N. Then we can consider N as an object of
DR (K\T)).

T-eq
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Consider the inclusions

(L2 K\T <20 (K\T) ~ {Ly}
and the distinguished triangle
(@)(@)'N = N = (i) (ja) "N 5.

It is easy to check that HZ((jx)*N) is anihilated by [[;c g+ & (see e.g. [FW,
Lemma 3.3]). Hence morphism (6.1) becomes an isomorphism after inverting all
& € R. Moreover, as H%(Z‘ASG(V)) is free over S(t), this morphism is injective.

6.2. Hyperbolic localization and semisimplicity of Frobenius. Fix a stan-
dard Levi L € G, and recall the notation of §2.4. We will denote by the same
symbol the morphisms similar to i, j, p, ¢ but defined over F,. We define the func-
tor O 5o that it is a mixed version of ©, and that it sends pure objects of weight
0 to pure objects of weight 0. More precisely, using again the notation of §2.4, this
functor sends an object M to

O (M) = D Ml 206 — 208~ x 206 — 201)).
xeX*(2(L))

Then for any A € X one can consider the object

@1[1}ix Op!i* ICTiX ~ @rEix o q*j!ICI)“\nix7
an L(F,[[x]])-equivariant perverse sheaf on Gryp, - (Note that the isomorphism
provided by [Bra, Theorem 1] also holds over F,, see [Bra, Section 5].)

Proposition 6.3. The perverse sheaf O o pi* IC&niX is an object of the category
0 .
PL(D)—mon(GrL)'
Proof. By [Bra, Theorem 8], this perverse sheaf is pure of weight 0. Hence we only
have to show that it is semisimple. The case L = T is contained in [NP, Théoréme
3.1]. Now we deduce the general case. To avoid confusion, we add a subscript
“Lcg” to the morphisms ¢ and p and to ©™ relative to the inclusion L C G, and
similarly for the other inclusions.

First, by base change there is an isomorphism of functors

(6.5) (08, o (preohilircr)) o (072 o (prcahlinca)”)

mix . *
= 072 © (Prca)litce)”
Consider the perverse sheaf ©F2; 0 (prc)i(ince)* ICY™. Choose a decomposition
into a sum of indecomposable pure perverse sheaves on Grj F,:

P20 (prca)(inee) ICY™ = P M;.

By [BBD, Proposition 5.3.9], each M; can be written as S; ®g, V;, where S; is a

simple perverse sheaf, and V; is a Q,-vector space endowed with an indecomposable
unipotent action of the Frobenius. Assume that V;, # Q, for some ig. Then,
using isomorphism (6.5), we obtain that O o (prce)i(irce)* ICY™ has a direct
summand which is indecomposable but not simple. This is absurd since we know

already the result for T'. This concludes the proof. O
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6.3. Mixed version of \7. Consider the subcategory D}'e! (Gre p ) of the de-

I-mon
rived category of constructible sheaves on Gréﬁp generated by the simple objects

IC(Y)(j), for Y an I, -orbit on Grgp, and j € Z. We use the same notation
for G(9)-monodromic complexes. As in §2.3, we also denote by P‘vae” (Grap)
-m Fy

the abelian subcategory of perverse sheaves. As in [AR, §7.2], we denote by ¢ the
composition
DPPUX  (Grg) — DPYE! (Grgp ) <2 DY (Grg x ),

I-mon I-mon I-mon

where the first arrow is the derived functor of the embedding P}rfin’ion(GrG)Fp) —
Piel (Grayp ), and the second arrow is the realization functor. We also use the
same notation for the functor

mix ‘Weil
DG(D)—mOn (Gré) — DG(D)—mOH (GrG‘,]F,,)

obtained by restriction. We denote by

P DVGVGH (Gery]Fp) — Dg

(O)-mon Gré)

(D)—mon(
the composition of the extension of scalars from F, to F,, followed by the equiv-
alence obtained by restriction of the first equivalence of Lemma 2.3. With this
notation, by construction we have For = s o ¢.

It follows in particular from Proposition 6.3 that the functor O o p\i* restricts
to a functor

Df(0)mon(Gra.2,) = DI(3)mon(CrLr,)-

Hence it defines a geometric functor in the sense of [AR, Definition 6.6]. Recall
the notation Pure(—) introduced in [AR, §6.4]. Then our functor restricts to a
homogeneous functor

Pureé(D)—mon(Gré) - PureL(D)—mon(GrL)

in the sense of [AR, Definition 4.1]. Hence by [AR, Proposition 9.1] we have the
following existence result.

Proposition 6.4. There ezists a functor D‘if’mix which makes the diagram

Dgég)-mon(Gré) : D\sz'v(ei')l)—mon(Gréva)
k /
RE Dg(g)_mon(GrG‘) O™ opi”
Y
mix . L ‘Weil .
DL(D)—mon(GrL) DL(D)—mon(GrL7Fp)
k /
DE(D)—mon (GI”L)

commutative up to isomorphisms of functors. (I
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Remark 6.5. It follows in particular from Proposition 6.4 that the following diagram
commutes:

[
P%(D)—mon(Gré) —NG> PG(D)—mon(Gré)

P%(D)—mon(GrL) # P i(9)-mon(Gri)-
Hence we deduce from Theorem 2.5 an isomorphism of functors
RGP ™M 5 8% = §9 5 Res?.
6.4. Action of the functors on morphisms. Consider the triangulated functors
(6.6) (i) mix, F*oRE™ o (FRx)~1. Db Coh®Cm(N)
— DR Coh™ Em (A7)

By Lemma 4.4, there are equivalences of categories

K" (CohfX®™(Ng)) = Dpo,Coh“*®m(Ng),

free

K (Cohf X8 (N1)) = DR Coh™ Em(N7).

free

4

We claim that both functors in (6.6) send the subcategory CohS*®™(Ng) to the

free

subcategory CohZ*®m (A7), This is obvious for the first functor. For the second

free
one, we have natural isomorphisms, for any V' in Rep(G) and n € Z,

Fpi o G o (FE) "1V © O (n) 2 FP o RE™(SL(V) (n)—n)
= FP(Sp(ResE (V) (n)[—n))
= Res (V) ® Oy (n),
where we have used Lemma 3.13 and Remark 6.5. The claim follows.

Proposition 6.6. There exists an isomorphism of additive functors from the cat-
egory CohSXCm (NG) to CohZXEm(N):

free free

~ mix mix

-G G,mi -1
(W )mix|congrom ey = (FE™ 0 RL™ 0 (FE™) ™) congenm (-

~

Proof. Recall the category Ag and the equivalence Ag = Cohfcr’vcx(f[“’m (Ng) , see §4.4.
We have already constructed isomorphisms

(i) mix(V ® Ong (n)) 2= ResE (V) @ On (n)
= (FP™ o RE™ o (FF™) ™)V ® Ong (n))

for any V in Rep(G) and any n € Z. Hence to prove the proposition is enough to
prove that for any V,V’ in Rep(G) and n € Z, the morphisms

@ HomcthxGm (NG) (V ® ONG? V/ ® ONG <’I’L>) —
n€E”Z
D Homegprxem () (ResE (V) @ Oy, Resf (V') ® O (n))
neEZ
induced by our two functors coincide. Moreover, the direct sums of morphisms
spaces considered here can be expressed in terms of morphisms in the category
DGCoh§..(Ng). Hence Proposition 6.6 follows from Proposition 6.7 below. O
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Proposition 6.7. For any V,V' in Rep(G), the morphisms

D Hombeeons n) (V ® CING], V' @ CING]) —
nez

D Hompgeonz (ay) (Rest (V) ® CINL], Res' (V') ® CIVE])
nez

induced by the functors (i)* and Fr, o RY o (Fg)™! coincide.

Proof. As in the proof of Proposition 3.8, using adjunction (see Lemma 3.7), one
can assume that V = C. Then for simplicity we replace V’ by V in the notation.
What we have to prove is the commutativity of the following diagram:

Hom;ag(g)imon(cr@)(lcy Sa(V)) —= » yec <~ Homg(Ng,V)
(6.7) mfl (—)oi$
. G ~ e ~
Hompy (a1, Sc(RespV)) = yLte <= Hom (N7, Resf V),

where the first horizontal isomorphisms are given by (3.6) and (3.7), and the second
horizontal isomorphisms are given by restriction to eq € Ng, respectively e, € N.
(Here, Homg (N, V) denotes the space of morphisms of G-varieties from Ng to V,
and similarly for L.)
By adjunction for the pair ((ig),if) we have
. ~ o/ !
Homp, — (erole:Sa(V)) = H(ipSa(V)).

Hence, by Theorem 6.1, this graded vector space is (up to regrading) the associ-
ated graded of the Brylinski-Kostant filtration on V7, for the group G and the
nilpotent eq, denoted by FEC. Similarly, Hom3,, (Gri)(lbsL(ReSfV)) is

L(9)-mon
the associated graded of the Brylinski-Kostant filtration on V7 for the group L
and the nilpotent ey, denoted by FBKL Moreover, by base change we have an
isomorphism R¥ o RL = RS of functors on DY (Grg). Hence the morphism

G(9)-mon
VT — VT induced by R is the identity.
By the description of eg in §3.1 and the fact that [J .o« : T — (C*)#4 is
surjective, there exists a cocharacter y : C* — T such that

(6.8) er = }gr(l) x(t) - eq.
It follows that we have inclusions

VT nker(el) C VT Nker(e}),
which induce a morphism

9 G (VT) o gBRL(yT),

Via the isomorphisms

gl OV = Ve gl (V) 2 v
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which send v € gr?K’G(VT) to e - v (and a similar formula for L), see [Bry,

Corollary 2.7], one can complete diagram (6.7) to the diagram

Homé‘é(o),n,m,(Grc) (16, 8c(V)) —=— y6¢ <= Hom® N, V)
mfi lﬂ l(—)oz‘i
Hom.D'z(D)_mon(GrL)(lL7 Si(ResfV)) —= VI <=— Hom" (N7, Res¥V),

in which the left square commutes. The commutativity of the right square follows
again from (6.8). This finishes the proof. O

6.5. Proof of Theorem 2.7. Now we can finish the proof of Theorem 2.7. Na-
mely, we are in the situation of [AR, Theorem 4.7]: we have two triangulated func-
tors (see Equation (6.6)) between bounded homotopy categories of Orlov categories
(see Lemma 4.4), which induce homogeneous functors between these Orlov cate-
gories (see §6.4), and an isomorphism of additive functors between their restrictions
(see Proposition 6.6). Hence, by [AR, Theorem 4.7], we get an isomorphism

(ig)mix = Finix ° mg,mix o (F(r;nix)_l-
Composing with Fg‘ix gives the commutativity of the diagram of Theorem 2.7.

6.6. Digression: t-structures. We have explained in [AR, §5.1] that for any
Orlov category .7, there exists a natural bounded t-structure on KP (/) whose
heart is a finite length abelian category endowed with a mixed structure. The
simple objects in this heart are the S[deg S], where S runs over indecomposable
objects of <.

By Lemma 4.4, the category CohgeXeGm (Ng) has the structure of an Orlov cate-
gory, and its bounded homotopy category is

DRocCohT*E™ (NG) = DEES) on(Gre)-

Hence one gets an abelian category 4 as the heart of a certain ¢-structure on these

triangulated categories. With the definition of Lemma 4.4, the simple objects of
this heart are the objects

VA @ Ong ()i] in DReCoh® Em(Ng), or ICY™() in DEY) 0n(Gre)s

where A runs over X', and i over Z. The abelian category %¢ is semisimple and
equivalent to the category P‘é‘z’g)_mon(Gré) of §2.5, so nothing new arises in this
situation.

But the structure of Cohfcr"eXeGm (Ng) as an Orlov category is not unique. In fact,
one can take as a degree function

deg(Va ® On (i) = | %
for any k € Z~g. If k is even, then the situation is the same as above, and the heart
is semisimple. But if k is odd, then the simple objects are the
VA @ O (D[ 5]] in DR Coh®*Cm (Ng),
or the
ICFX (5] — i) in DI o (Greo).
In particular, this heart is not semisimple.
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As Koszul duality is ubiquitous in this geometric context, we expect that our
Orlov category is Koszulescent (in the sense of [AR, §5.2]) in this case, but we were
not able to prove it.

6.7. Reminder on equivariant cohomology of Grs. In the rest of this section
we give a proof of Theorem 6.1.

Consider the T-equivariant cohomology H}(GrG) It is naturally a Hopf algebra.
By the same arguments as in §3.1, any primitive element c in H%(Gré) defines an

element ¢7(c) € g ®c HE(pt) (see [YZ, §5.3] for details). In particular, we can

assume that the line bundle Lge; has a T-equivariant structure, replacing it by a
sufficiently large power if necessary (see [YZ, Lemma 4.2]). Hence one can consider
the equivariant first Chern class ¢f := ¢f (Laet) € H3(Grg). By [YZ, Lemma 5.1]
this element is primitive. Hence one can define

eq=1"(c{) €g®c H3(pt).

The element eg is described very explicitly in [YZ, Propositions 5.6 and 5.7]
(in the case Lge is the determinant line bundle). Let us recall the parts of this
description that we will need. First, it is easy to show (see [YZ, Lemma 5.5]) that
62 €EgD (t®c H%(pt)) By construction, the component on g is the element eq of
§3.1. Hence one can write

e =eq+ fa

where fg € t®¢ H%(pt) >~ t®c t. One can view fg as a bilinear form on { £ t*.
Decomposing the basis A into connected components, one obtains a direct sum
decomposition § = 3(g) ® (@i gz—) where each g; is a simple Lie algebra, and 3(g) is
the center of §. Accordingly we have a decomposition t = 3(g) ® (@i fi). On each {;
one can consider the restriction x; of the Killing form of §;, and use the direct sum
decomposition to extend it to . By [YZ, Proposition 5.7] we have the following:

fa is a linear combination with non-zero coefficients of the x;’s.

This bilinear form defines a morphism { — t* = t. Let us fix an element h € { such
that

(6.9) fa(—h)=2pet.

Such a choice is possible, and is unique up to adding an element of 3(g). This will
be our choice of h in Theorem 6.1.

6.8. Proof of Theorem 6.1. Fix V in Rep(G), and let M = S (V). Recall that

we have
‘3:7)\ = |_| gp,
n=A
(see [MV, Proposition 3.1]). Here, “>” is the partial order on X determined by our
choice of RT. Recall also that we denote by ¢y : Ty < Grg the inclusion. Similarly,
we denote the inclusion of the closure by fy : T\ — Gre. As %, is closed in Gre
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and T, is open in T, there are natural morphisms

o/ o /= ! P °
HT(Z'/\M) —U>HT(SA,1€,\’M) — H2 (M)

(6.10) \ id’

H2.(Sr, 8\ M).

Here, ¢ is the morphism (6.1).
The arguments for the proof of the following lemma are adapted from [YZ, Proof
of Lemma 2.2].

Lemma 6.8. (1) The morphism ¢ has a canonical splitting.
(2) There is a canonical isomorphism

Hy(Tn 0 M) = @ (H#(T,,, 8, M) @c Hy(pt)) [~ (1. 20)].
n>A

(3) There is a canonical isomorphism
HA(M) = @ (HE) (T, M) @ H3(00) [ (1, 20)].
pneX

(4) Under the isomorphisms of (2) and (3), and (6.3), the morphism 1, respec-
tively ¢, is the inclusion of, respectively projection on, the corresponding
direct summands.

Proof. (1) Tt is easy to show using degree arguments that there is a canonical
isomorphism
—— ! 1,25 ! .
H*(Ty, 0 M) = @ H™*)(T,,, 1, M)[— (1, 2p)].
B>
For any p > A, the parity of (u,2p) is the same as that of (A, 2p). Hence, by the

same argument using the Leray spectral sequence as in §6.1, there exists an a priori
non-canonical isomorphism as in (2). In particular, the lowest non-zero degree in

H}(ﬁ,EIM) is (\,2p), and we have
N 3
HMP(®3, 00 M) = HO)(T5 M),
In particular, there is a canonical morphism
5 ——
(H™22) (T, 6 M) ® H3(pt)) [~ (N, 2p)] — HE(Tx, T3 M).

Using isomorphism (6.3), one sees that this morphism is a splitting for ¢.
(2) By (1), ¢ is a canonically split surjection. Its kernel is

H2 (T~ Ty, rh M),

where ry : Ty Ty — Grg is the (closed) inclusion. By the same arguments, the
restriction morphism to

P H3(Trsar thiaM)

ac€A
is also a canonically split surjection. Repeating this argument again and again, one
obtains the isomorphism.
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(3) Using the splitting in (1) for any p € X, one obtains a canonical morphism
from the right-hand side to the left-hand side. By the same Leray spectral sequence
argument as above, one proves that this morphism is an isomorphism.

Property (4) is clear by construction. O
Proposition 6.9. Assume h € t is such that (6.9) holds. Then for any i € Z we
have

m m BK
F’;ffr(/\ 25) V(A = Fgf_OHH/\ 25) V(A C FRV(A).

Proof. The equality follows directly from the fact that H* (i}, M) is concentrated in

degrees of the same parity as (A, 2p), see e.g. [Sp2, Corollaire 2.10].

Consider some ¢ € HQH_O‘ 2,;)( 3 M). Its image under the morphism 7 of (6.10)

decomposes according to Lemma 6.8 as:
n(c) = zx+( Z Z Trivy)
0<j<inejA
where for any relevant p
x, € H (#:25) (‘Im t'uM) ®c H;H(/\*M,?ﬁ) (pt).
Here, jA C X is the set of sums of j (not necessarily distinct) elements of A. We
have £(c) = 5. Hence what we have to show is that e " - (2))5 = 0, where ()5,
is the image of x in V()A), under the isomorphism (6. 4) )

The morphism 7 is compatible with cup products, and the element ¢ of §6.7
acts on H}(Z‘AM) via its restriction to {L}, Yvhich is fa(A,—) € t (see [YZ, Proof
of Proposition 5.7]). (Here we view A in t* =2 t.) Hence

cl 17>\—|— Z Z 1:>\+,y (N, 2p) - x,\+ Z Z 33/\+'y
0<j<iyeEjA 0<j<iyeEjA
by our choice of h. On the other hand,
AU+ 3 3w, = (ot fol=h) - (ma+ D0 30 o),
0<j<iyEFA 0<j<iyeEjA
where on the right-hand side we consider the action in V. We deduce that

ea - ()n = =200 wri)n €a (D Taiy), = —4( D Tays)n,

YEA YEA dE2A

( Z x>\+’Y)h -

yEIA

and so on until

Taking all these equations into account, we obtain finally that eigl (xx)p=0. O
Now we can finish our proof of Theorem 6.1.

Proof of Theorem 6.1. By Proposition 6.9, it is enough to prove that the Laurent
polynomials in ¢
(6.11) Z dim ( gr%iozrr; 12 V(V) -¢" and Z dim (grPXV (N)) - ¢
€L iE€EL
coincide. However, both of these polynomials are known explicitly, as follows. One

can assume that V is a simple module: V = V,, for some v € X*. Moreover, V
restricts to a simple module of the derived subgroup of G; hence one can assume
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that G is semisimple. For simplicity, we write P} (g) for the left-hand side of
(6.11), and Pfﬁf (¢) for the right-hand side.

First, consider the left-hand side. The associated graded of the geometric filtra-
tion is known by construction, hence we have

Pyg:e)\om(q) _ Z diIn(H<)\,2ﬁ>+2j (’L')\ICV)) . qJ
JEZ
Let w € W be such that w()\) is dominant. Then we have by G(9)-equivariance of
IC,

P = P )

Now, this polynomial can be expressed in terms of Kazhdan—Lusztig polynomials

(see [KL, Sp2, Lu]). Using also the formula provided by [Ka, Theorem 1.8]%, one
obtains that Pygffj’a)(q) is equal to a polynomial m¥™ (q) defined combinatorially

and nowadays known as Lusztig’s g-analog of the weight multiplicity (see e.g. [JLZ,
§2.3] or [Bry, Equation (3.3)] for a definition).
Now, consider the right-hand side of (6.11). By [JLZ, Theorem 7.6], we have

(6.12) P (q) = ¢ mi P (g).
The result follows. O
Remark 6.10. In this paper we use Theorem 6.1 only in the case A = 0. In this

case (and more generally in the case where A is dominant), (6.12) is proved in [Bry,
Theorem 3.4] (under a cohomology vanishing assumption later proved in [Bro]).

7. MIXED EQUIVALENCE AND CONVOLUTION

In this section we prove Proposition 2.11.

7.1. Convolution with mixed perverse sheaves. Recall the notation of §6.3.
By definition, any object of P%( D)—mon(GrG) has a natural G(F,[[z]])-equivariant
structure. Let M be in P%(D)_mon(Gré). It follows from Proposition 2.9 that the

convolution with M defines a functor

(=) % M : DYel (Grg) — DYl (Grg).

G(9)-mon G(9)-mon
Moreover, this functor preserves the additive subcategory Pures o mon(Grg), and
induces a homogeneous functor Pures oy mon(Grg) — Pureg o) mon(Gre) in the

sense of [AR, Definition 4.1]. Hence by [AR, Proposition 9.1] we have the following
existence result.

0

Proposition 7.1. For any M in Pé(g)_nlon

(Grg), there exists a functor

(_) * M : Dgég)-mon(Gré) - Dgég)'mon(Gré)

8This formula was conjectured by Lusztig in [Lu, Equation (9.4)].



52 PRAMOD N. ACHAR AND SIMON RICHE

which makes the diagram

DES) mon (GFe) L DY oa(Gre)
T -
()M Dg(o).mon(Gré) ()M
(=)xPc (M)
DS mon (G11) L DY (Gry)
T —
DE(D)—mon(GrL)
commutative up to isomorphisms of functors. (Il

7.2. Compatibility of F2'* with convolution. Fix some V in Rep(G). Con-
sider the functors

Ay, Ay - DR Coh®*Cm(Ng) — D Coh®*Cm (N)
defined as follows:
Al(M)=M®V and Ay(M) = FE>((FE™)"H(M)* S&(V)),

where the object (F2*)~1(M)xS%(V) is defined in Proposition 7.1.
Under the equivalence

Kb (CthXGm (NG)) o DgeeCOhGXGm (NG)

free

of Lemma 4.4, both functors A; and Aj stabilize the subcategory CohSX®m (Ng).

free
Moreover, it is easy to construct an isomorphism of additive functors

(A1) congxem (ngy = (A2)congxem (ar)

free
using Lemma 3.6(2). By [AR, Theorem 4.7], we deduce that there exists an iso-
morphism of functors

Al = A27

which proves Proposition 2.11.

8. CONVOLUTION AND HYPERBOLIC LOCALIZATION

In this section we prove Proposition 2.14. Our arguments are independent of the
rest of the paper.

8.1. Reminder on nearby cycles. Recall the definition of the nearby cycles
functor (see [Re, p. 98] for more details and references). Let X be a variety, and
let f: X — C be a morphism. Let Xo := f~1(0), Xy := f~1(C*), and Xy =
Xy Xcx (6;, where C* is the universal cover of CX. We have the following diagram,
where the morphisms are the natural ones, and all squares are cartesian:

J v =

X=X Xy Xy

R

{0}€ C oCx Cx.
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Then the nearby cycles functor is defined by
U= i*jo0"[~1] : D2(Xy) — D2(Xo).
(Here, D2(—) is the bounded derived category of constructible sheaves.)

We will need some functoriality properties of this construction. Let g : Y — C
be another variety over C, and consider a commutative diagram

Yy —= X
| )
C=—=C.

We let mg : Yy — X and 7y : Yy — Xy be the restrictions of 7, and 7y : ?U — )Z'U
be the morphism obtained from 7y by base change. Then there are morphisms of
functors

(8.1) (mo)* 0¥y — W,o0(my)",
(8.2) (mo)1oW¥y — Wyo(mpy),
(8.3) Uyo(my)e — (mo)wo Wy,
(8.4) U, o0(mp) — (m0) oWy,

For example, let us construct morphism (8.1). The other morphisms are constructed
similarly. We use the notation above, adding indices “X” and “Y” to distinguish
the morphisms associated to f and g. Hence we have the following diagram, where
all squares are cartesian:

Y()C iy v Jjy )YU vy }~/U
Wol lw lﬂU l%u
X x LX< 7y

By definition, we have

~

(m0)" oWy = (m0)"(ix)" (jx )« (vx)x(vx)" = (iy) 7" (jx )« (vx)«(vx)"
Here, the isomorphism follows from the identity ix o mg = iy o w. Next, there are
natural morphisms of functors

T (jx)« = (Jy)«(mv)*  and  (7u)"(vx ) — (vy)«(Tv)",

induced by the adjunctions ((m¢)*, (7¢).) and ((7v)*, (7v)«). Hence we obtain a
morphism

(m0)" oWy — (iv)"(jy )«(vy)«(Tv)" (vx)"
Finally, using the equality vx o Ty = my o vy and the definition of ¥, one obtains
morphism (8.1).

8.2. Convolution via nearby cycles. Consider the convolution bifunctor

(— * —) : DE(GI’G) X D%(D)—eq(Gré) — 'DE(GI’(;)

It induces, via the forgetful functor, a bifunctor denoted similarly

(=% =) s DY(Grg) X Do) puceq(Grce) — D(Gre).
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In this subsection we recall a construction of Gaitsgory ([Ga]) which allows to give
an equivalent definition of this bifunctor in terms of nearby cycles.

In what follows, we set X := C and z = 0 € X. For an algebraic group® H, the
ind-scheme Gri; y is defined in [Ga, §3.1.1] as the ind-scheme which represents the
functor sending an affine scheme S to the set of triples (y, Fp, '), where y is an
S-point of X, Fg is an H-bundle over X x S, and 3’ is a trivialization of Fp off
the divisor I'y U (x x S). Here, T, is the graph of y. Let Gry x_,, resp. Gry ,, be
the restriction of Griy x to X \ {z}, resp. z.

Following [Ga, Lemma 3], we also define the ind-scheme Grpy x, which represents
the functor sending an affine scheme S to the set of triples (y, Fu, ), where y is
an S-point of X, Fp is an H-bundle over X x S, and [ is a trivialization of Fp off
the divisor I'y. As above, let Gry x4, resp. Grg ., be the restriction of Gry x to
X ~ {z}, resp. z. By [Ga, Lemma 3], there is an isomorphism of ind-schemes

GI’H’X ~ X XAut GFH,

where X is the canonical Aut-torsor over X, see [Ga, §2.1.2]. (Here, as in the
preceding sections, Gry is the affine Grassmannian of H, see [BD, §4.5], endowed
with the natural action of Aut.)

By [Ga, Proposition 5], there are natural isomorphisms

(8.5) Gy xwx = Graxe X Grg, Gry, =Gry.
There is a functor
Dkut-eq(GrH) - DE(GVH’X),

denoted M — Mx, where My is the twisted external product Cx[1] X M , an
object of the derived category of sheaves on X x4 Gry = Gry x. We denote by
Mx <, the restriction of Mx to Gry xz-

Finally we can explain the construction of the bifunctor Cy(—, —) of [Ga, §3.2].
Starting from M in D2(Gry) and N in ’DRU,E_eq(GrH), one can consider the external
product

NX\I X M

in DY, (Gry x ). (Here we have used the first isomorphism in (8.5).) Let
U D2(Gry xp) — De(Gra),
be the nearby cycle functor associated to the natural map Gr}L y — X = C (see

§8.1). (Here we have used the second isomorphism in (8.5).) Composing these two
operations, one obtains a bifunctor

Crr(—, =) : D2(Gru) X DRypeq(Grir) — D2 (Gra),
such that
Cu(M,N) =¥ (Ny_, X M).
The following result is part of [Ga, Proposition 6(b)].

Proposition 8.1. Assume H is reductive.
For M in D2(Grg) and N in D%(O)
isomorphism

st Aut-eq(GrH), there exists a bifunctorial

Cy(M,N) = M«N.
9n [Ga], the author works with reductive groups. However, some of his constructions generalize

to an arbitrary algebraic group, see e.g. [BD, §4.5.1-4.5.2] and [Ga, §A.5]. We freely use these
extensions.
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We will also need the following technical result.

Lemma 8.2. The functor M +— Mx commutes with Verdier duality. In other
words, for M in Dkut_eq(GrH) there is a functorial isomorphism

DGrHYX (MX) = (DGYH (M))X

Proof. For simplicity, in the proof we omit the subscript “H.” By definition, M is
supported on a finite-dimensional Aut-stable closed subvariety Y C Gr. (For sim-
plicity again, we omit direct image functors under closed embeddings.) Moreover,
the action of Aut on Y factors through a finite dimensional quotient Autg = Aut/K
of Aut such that M is an Autg-equivariant complex on Y. Consider the morphisms

XxAY = (X/K) xAtt Y <% (X/K) x Y —> X x Y.

By definition, Dg (M) = Dy (M). And (D (M))x is the unique object of the
category D2 (X xA"Y) such that
a*((Der(M))x) = b*(Cx[1] KDy (M)).

Hence, to prove the lemma, we only have to prove that D¢, (Mx) = D yauy (Mx)
satisfies this condition. However, as a is a smooth map of relative dimension r :=
dim(Autg) we have

a*(Dxxauy (Mx)) 2 Dix/ryxy (@ (Mx)) = Dix/x)xy (@ (Mx)[r]).

By definition of My we have a*(Mx) = b*(Cy[1] X M). As b is also smooth of
relative dimension r we obtain

a*(Dxxauy (Mx)) = Dex/x)xy (0*(Cx[1RM)[r]) = Dexjxoyxy (' (Cx [1]RM))
> p'Dxxy(Cy[1] X M) = v*(Cy[1] XDy (M)).
This concludes the proof. ([

8.3. Convolution and hyperbolic localization. Finally we can prove Propo-
sition 2.14.

Recall the notation of §2.4. The morphisms P — G, P~ < G, P - L, P~ — L
induce morphisms of ind-schemes

i GrlpyX — Gr'Cv;’X, i Gr'[;,,yX — Gr'Gv’X,
p Gr'p’X — Gr'L’X, q : Gr;-,_!X — Gr'L’X
(via induction of P-bundles or P~-bundles to G-bundles, and quotient of P-bundles
or P~-bundles to L-bundles). By definition, and using the identifications given by
the second isomorphism in (8.5), the hyperbolic localization functor is
hi = (pp)i(ip)" : De(Grg) — D2(Gry).

b

By [Bra, Theorem 1], on the category D)\L(CX)—mon

(Grg) there is an isomorphism
of functors

(8.6) (Po)i(in)™ = (a0)«(i0)" = DY, (o) mon(Gre) = DP2(Grp).

By (8.2) and (8.1), respectively by (8.4) and (8.3), there are natural morphisms
of functors

(8.7)  (Po)(ig)* 0 ¥ — WF o (pp)i(in)*, ¥ o (qu)« (i)' — (a0)«(d)' o ¥
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Now, there are also natural morphisms
ilI:Grp’X _)GrG',X’ j//:GI’I5,’X—>GFG“7X7
P’ Grp x — Gry x, q": Grp- x — Gry x.
Note that, via the identifications (8.5), we have
iy = (i x i), Ju =00 x50 Py =@ %), v = (af % qp)-
In particular, we get isomorphisms of bifunctors, for M; in DE(GrG, xp) and My
in 'DE(GI’G),

(8.8) () (i) " (M B Ma) = ((p)r (i) " M) B ((p): (i) Ma),
(8.9) (a0)+ (o) (My B M) 2= ((q77)« (557)' M1 ) B ((g0)+ (o) Mo).
We claim that for M in ’Dgut_cq(Gré), there is a functorial isomorphism

(8.10) (P (i)" (Mx <) = ((p0)1(i0)" M) x o
Using base change for the diagram

GrP,X\Jz(—> GrP,X

p'él lp”
Grﬁ,X\:c > GrL,Xa

the left-hand side is isomorphic to ((p”)1(i")*(Mx))

(8.10) would follow from an isomorphism

Gr . Hence isomorphism
I, X~z

(8.11) ") (") (Mx) = ((po)(in)" M) x.
However, it follows directly from the definition that
(8.12) (") Mx = ((ig)*M)x.

Now, consider the cartesian diagram

id x pi,
X xGrp N G"L

Tp i L l
1

p
X ><A“t Grp —X ><A“t GrL.

The base change theorem gives an isomorphism

()" (") = (id x pp)i(mp)".
By definition, for N in DY, .,(Gr;), Nx is the only object of DP(Gr; ) such that
(m;)*Nx =2 Cx[1] K N, and the same is true for Grp. Hence we have a functorial
isomorphism

(8.13) (o) N) = (") Nx

for N in D} cq(Grp). Combining (8.12) and (8.13), one gets (8.11), hence also
(8.10).
Now, if M is in DRut_Cq(Gré), we claim that there is a functorial isomorphism

(8.14) (@)« (G0) (Mx <o) = ((90)+(70)' M) x~a-
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Indeed, applying (8.11) to P~ instead of P, and using the fact that M — My
commutes with Verdier duality (see Lemma 8.2), we obtain a functorial isomorphism

(@")(") (Mx) = ((g0)+(50)' M) x-
Restricting to Gry y_, gives (8.14).

Combining the first morphism of functors in (8.7) and isomorphisms (8.8) and

(8.10), one obtains for M in D (Grg) and N in Dg Grs) a

AL (C*)-mon (D) x Aut—eq(

bifunctorial morphism
hi oCa(M,N) — Cp(hi(M),hf(N)),
hence, using Proposition 8.1 and the definition of RY, a bifunctorial morphism
RE(M + N) — RE (M) xRF(N).
Similarly, using isomorphisms (8.6), (8.9) and (8.14), the second morphism of func-
tors in (8.7) provides a bifunctorial morphism
RE (M) xRE(N) — RE(M « N).

One can check that these two morphisms are inverse to each other, which concludes
the proof of Proposition 2.14.

9. ExampLE: G = SL(2)

In this section we concentrate on the case G = SL(2). We choose as T' the
subgroup of diagonal matrices, and as B the subgroup of upper triangular matrices.
Then we have G = PSL(2). There is a natural isomorphism X 2 2Z, which matches
2p with 2. We denote by X,, the I-orbit of L, so that we have inclusions

X():{Lo}CX_Q CYQCX_4C"'

and we have
. n if n > 0;
dim(Xn) = { —n—1 ifn<0.
For any n € 2Z, we denote by j, : X, < Grg the inclusion, and by IC,, the
simple perverse sheaf IC(X,,).

9.1. Simple objects. It is well known that in this case all closures of I-orbits are
rationally smooth. For the reader’s convenience, we include a simple proof of this
fact.

Proposition 9.1. For any n € 2Z we have
IC, = Cx[dim X,,].

Proof. We proceed by induction on the dimension of orbits. The case n = 0 is
obvious. To fix notation, we assume that n > 0 and that the result is known for
X, and we prove it for X_,,_o.

Let Q be the (parahoric) subgroup of G/(f) generated by I and by the matrix

0 2zt
—x 0 '
Then we have Q/ I = P!. Consider the morphism

W:QVXIXnHGré
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induced by the G(£)-action on Grg by left multiplication. Tt is well known that its
image is X_,,_». By induction, the shifted constant sheaf C5, ix-[n+1] is a simple
perverse sheaf. The decomposition theorem, and the fact that 7 is a semismall map,
imply that the direct image

K =7, (QQXinn[n + 1])

is a semisimple perverse sheaf.
The morphism 7 is an isomorphism over X_,,_o U X,,, and its fibers over X_,
are isomorphic to P!. Hence the cohomology of the stalks of IC are as follows:

dim orbit |-n—1|-n|-n+1
n —|— 1 X_n_g (C 0 O

n X, C 0 0
n—1] X_, C 0 C

0 Xo C 0 C

From this table and the fact that the I-orbits are simply connected, we deduce
(looking at the diagonal) that
K 2 I1C_, .®IC_,.

By induction, we know that IC_,, = C5—[n — 1]. We deduce again from the table
that IC_,,_o = Cx——[n + 1] (see [BM, Proposition 1.4]). O

9.2. Standard and projective objects.

Proposition 9.2. For n € 27, the composition factors of the standard objects
A, = (Ju)C[dim X,,] are given as follows:

° AO = ICQ,‘
e forn >0,
1C, |
An - IC_n )
e forn <0,
IC,
An B IC—n—2

Proof. For n > 0, the natural exact sequence of sheaves
(jn)!gxn — an - an
induces an exact sequence of perverse sheaves
IC_,, — A, - 1C,,.
(Here we use Proposition 9.1.) The case n < 0 is similar. O
By duality, we obtain the following.

Proposition 9.3. For n € 2Z, the composition factors of the costandard objects
Vi := (jn)«Cldim X,,] are given as follows:
o Vo =1ICy;
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e forn >0,
1IC_, |
Vn - ICn I
e forn <0,
_ ICfn72
Vo = T1a,

Corollary 9.4. Let n € 2Z.
e For n > 0, the projective cover of IC,, in the category P; __ (X_,_o) is

I-mon

still projective in the category Pz . (X) for any I-orbit X whose closure
contains X_,_o, hence also in the category P; . (Gra). Its standard flag
and Jordan—-Hélder series are given as follows:
— 1C
A n
Pn — Ain - Icfn @ Icfnfg
[ 2=n—2 | IC,,
ifn >0, and
1Co
Py = 5?0 = [1C_,
—2 ICy
e For n < 0, the projective cover of IC,, in the category P; ..(X_p) is
still projective in the category Pz ... (X) for any I-orbit X whose closure
contains X_,,, hence also in the category P; .. (Grs). Its standard flag
and Jordan—Holder series are given as follows:
1C
A, L
P, = A = IC7n72 2 IC,n
—n 1C,

Proof. This follows from Proposition 9.3 and the reciprocity formula, see [BGS,
Remark (1) after Theorem 3.2.1]. O

In particular, it follows from this corollary that the category P; ... (Grx) has
enough projectives, in accordance with Remark 3.4.

9.3. Projective resolution of 1. In this case, the projective resolution of the
object 1¢ constructed in §3.3 looks as follows:

-—>P4—>P_4—>P2—>P_2—>P0—»ICQ::[(;.
9.4. Convolution of simple perverse sheaves.

Proposition 9.5. Let n,k € 2Z>¢.
o Ifn >k we have

IC, xIC, = IC, +1C,, = IC, 41 @ IC, 142 @ -+ D IC, _k.
e Ifn >k we have
IC_,xIC, 2 IC_,,_ 1 @IC_;,_p12® - BIC_, k.
o If0 <n <k we have
IC_, +xIC, =2 IC_,,_ 1 @IC_ k42D - B IC,__2.
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Proof. The first formula follows from representation theory of PGL(2), via the
Satake equivalence. The second and third formulas in the case n = 2 were proved
in the course of the proof of Proposition 9.1 (in a different language). The general
case can be proved by induction on n using the following two expressions:

IC_5 *IC, *IC, = IC_o* (IC)4x @ - ®IC),_y)
(Ic_n_g D IC_n) * 1Cp,

where in the first isomorphism we use the first formula, and in the second one we
use the case “n = 2”7 of the third formula. O

1

9.5. Dg-algebra. Using Corollary 9.4 and Proposition 9.5, one can describe the
dg-algebra Hom®(P®, P* x R¢) concretely.
For example, the dg-algebra
Hom*(P*, P*®)
is isomorphic to the product of an infinite number of exact complexes
C—=CopC—C
(in degrees —1, 0 and 1) parametrized by Z.o and one copy of the complex
C—=CeqC— {0}
(again in degrees —1, 0 and 1) with cohomology C in degree 0.
Similarly, the complex
Hom®(P*, P* x1C3)
is isomorphic to the product of an infinite number of exact complexes
C—C?P-C2-C?-C?=C2—C
(in degrees between —3 and 3) parametrized by Z_s, one copy of the complex
CoC?-C2—-C?-C?2-C%2—0
(again in degrees between —3 and 3) with cohomology C in degree 2, one copy of
the exact complex
C—C*—-C*=C*—»C
(in degrees between —3 and 1) and one copy of the exact complex
C—C?>—C

(in degrees between —3 and —1).
The description of
Hom®(P*, P* x1C,,)

for a general n € 2Z>¢ is similar.
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