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Abstract We consider a heteroscedastic convolution density model under the
“ordinary smooth case”. We introduce a new adaptive wavelet estimator based
on thresholding of estimated wavelet coefficients. Its asymptotic properties are
explored via the minimax approach under the mean integrated squared error
over Besov balls. We prove that our estimator attains near optimal rates of
convergence (lower bounds are determined).
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1 Motivations

The heteroscedastic deconvolution problem can be formulated as follows. Sup-
pose we have n random variables Y7, ... Y, where, for any v € {1,...,n},

Y, =X, + €, (1)

Xi,...,X, are i.i.d. random variables and €1, ..., €, are independent random
variables, also independent of Xy, ..., X,,. The density of X7 is unknown and
denoted f. For any v € {1,...,n}, the density of ¢, is known, denoted g,
and satisfies the “ordinary smooth case” (defined in Section 2). We want to
estimate f when only Y7,...,Y,, are observed. Such a deconvolution problem
arises often in engineering, biology, chemistry and economy.

In the homoscedastic case i.e. g1 = ... = gn, (1) becomes the standard
convolution density model. Various estimation techniques can be found in e.g.
Caroll and Hall (1988), Devroye (1989), Fan (1991), Pensky and Vidakovic
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(1999), Zhang and Karunamuni (2000), Fan and Koo (2002), Butucea and
Matias (2005), Hall and Qiu (2005), Comte et al. (2006), Delaigle and Gijbels
(2006), Lacour (2006), Hall and Meister (2007) and Lounici and Nickl (2011).
In the heteroscedastic case, (1) has been recently investigated in Delaigle and
Meister (2008), Staudenmayer et al. (2008), Meister et al. (2010) and Wang
et al. (2010) via kernel and Splines methods.

In this study, we focus our attention on wavelet methods. They are attrac-
tive for nonparametric function estimation because of their ability in estimat-
ing local features such as discontinuities and aberrations. From a theoretical
point of view, they can achieve near optimal convergence rates over a wide
range of function classes (typically, the Besov balls) and enjoy better mean
integrated squared error (MISE) properties than kernel methods. See e.g. An-
toniadis (1997) and Hérdle et al. (1998). The estimation of f from (1) in the
homoscedastic case via wavelet-based techniques can be found in Pensky and
Vidakovic (1999), Fan and Koo (2002) and Lounici and Nickl (2011).

The construction of our adaptive estimator uses a similar Fourier-wavelet
methodology to the one of Pensky and Vidakovic (1999) or Fan and Koo
(2002). The idea is to select the large wavelet coefficients estimators by us-
ing a term-by-term thresholding rule (hard thresholding is considered). Our
estimator has the originality to treat the heteroscedasticity of (1) and oper-
ate a new “observations thresholding”. Its performances are evaluated via the
minimax approach under the mean integrated squared error over the Besov
balls (to be defined in Section 3). We determine upper and lower bounds of
the minimax risk of our estimator and prove that it is near optimal.

The paper is organized as follows. Assumptions on (1) are introduced in
Section 2. Section 3 briefly describes the wavelet basis and the Besov balls.
Our hard thresholding estimator is presented in Section 4. The results are set
in Section 5. Technical proofs are given in Section 6.

2 Assumptions
Without loss of generality, we assume that the support of f is included in
[—£2, 2] and that there exists a constant C, > 0 such that

sup f(z) < C. < 0. (2)
z€R

We define the Fourier transform of an integrable function h by

Fh) (@) = [ T h)evdy,  weR

The notation == will be used for the complex conjugate.

We consider the “heteroscedastic” ordinary smooth case on g¢i,...,gn:
there exist three constants, Cy > 0, ¢, > 0 and § > 1, and n positive real
numbers o1, ...,0, such that, for any v € {1,...,n} and any x € R,

c
| F(go) ()] = ; (3)

(1 + 02x2)9/2
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and, for any ¢ € {0, 1,2}, the ¢-th derivative of the Fourier transform of g,
satisfies

lim o3| 2| (F(g0) (@) ] < Cy, lim o3 |z|"*|(F(g0) (2) ] < Cy.
r— x oo
(4)

In the homoscedastic case, (3) becomes the standard ordinary smooth as-
sumption. See e.g. Pensky and Vidakovic (1999), Fan and Koo (2002) and
Lounici and Nickl (2011).

Ezample: for any v € {1,...,n}, let us set

p
€y = E Eu,vs
u=1

where p € N*| (Eu’u)ue{l ,,,,, p} are i.7.d. random variables having the Laplace
density Laplace(0,0,): hy(z) = (1/20,)e"1#1/7 2z € R. Then

1

Flgo)(@) = (Fh) @) = G pmy

Thus (3) is satisfied with ¢ = 2p. Moreover, if there exists a constant ¢, > 0
such that inf,cq1, . 0} 02 > c., then (4) is satisfied too.
In the sequel, we set
1
Wy, = —
" ; (1+02)

and, for technical reasons, we suppose that w, > e.

3 Wavelets and Besov balls

Let N € N*, and ¢ and ¥ be the Daubechies wavelets dbN (in particular, ¢
and 1 are compactly supported). We chose N such that ¢ € C¥ and ¢ € C¥
for v > 6 + § where ¢ refers to (3). Set

Gin(x) =226z — k), u(z) =220z — k).

Then there exists an integer 7 and a set of consecutive integers A; with a
length proportional to 27 such that, for any integer ¢ > 7, the collection
B={¢ex(.), k€ Ag; ¥ r(.); j € N={0,...,£—1}, k € A;}is an orthonormal
basis of L2([-42,02]) = {h : [-2,02] — R; ff)g h%(z)dx < oo}. We refer to
Cohen et al. (1993) and Mallat (2009).

For any integer £ > 7, any h € L2([—2, £2]) can be expanded on B as

h(z) = Z ek () + Z Z B kj.k(T),

keA, J=L kEA,
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where «; ;; and B; 1 are the wavelet coeflicients of h defined by

N N
o= [ W@o@ie g [ W@wa@in )

Let M >0,s>0,p>1and r > 1. A function h belongs to B, , (M) if
and only if there exists a constant M* > 0 (depending on M) such that the
associated wavelet coefficients (5) satisfy

1/p
o7(1/2-1/p) (Z aTk|p> +

ke,
1/p\ " 1/r
o
Z 9i(s+1/2=1/p) Z 8% < M*.
Jj=T kEA]‘

In this expression, s is a smoothness parameter and p and r are norm param-
eters. Besov balls contain the Holder and Sobolev balls. See e.g. Meyer (1992)
and Mallat (2009).

4 Hard thresholding estimator

The first step to estimate f consists in expanding f on B and estimating its
unknown wavelet coefficients. For any integer j > 7 and any k € A;,

— we estimate o = f_QQ f(2)¢; 1 (x)dx by

1 ¢ 1  F(oj6)(@) _iay,
Gk = o, yz::l (1+02)° /_oo Flgo)@) ¢ o

— we estimate S = ffg [ (@)Y x(x)dz by

~ 1 &
Bite = 2 Cuanlla, uisoms /) ®)

where

1 1 T FWin)(@) iy,
Cogk = 5p (1+02)° /_oo Flgo)(x) © o,

for any random event A, M4 is the indicator function on A and 6 =

V(Cuf2med) [7 (14 227 1F (@) (@) da




Wavelet-based density estimation in a heteroscedastic convolution model 5

We define the hard thresholding estimator J/”\by

J1
f(x) = Z aT,k¢T,k($) + Z Z ﬁj,kﬂ{‘/ﬁ\j,k|2n02‘sj \/%E}#ﬁj,k(x)v (7)

keA, J=T k€A,
where k > 8/3+ 2+ 2,/16/9 + 4 and j; is the integer satisfying

%w}l/(%ﬂ) < 2 < l/(26+1),

The feature of the hard thresholding estimator is to only estimate the
“large” unknown wavelet coefficients of f which are those containing the main
characteristics of f. See e.g. Mallat (2009).

Our estimator (7) can be viewed as an extension of the one in Fan and
Koo (2002) to the heteroscedastic case.

The presence of the “observations thresholding” in (6) allows us to treat
this case under no restrictive assumptions on o1,...,0,.

5 Results

Theorem 1 Consider (1) under (2) and (3). Let f be (7)) andr>1,{p>2
and s > 0} or {p € [1,2) and s > (20 + 1)/p}. Then, for a large enough n,
there exists a constant C' > 0 such that

Q2 2 25/(2s+25+1)
sup E / (f(x) - f(m)) dr | <C (lnwn> .
fEB3 (M) 2 Wn

The proof of Theorem 1 is based on (Chesneau 2011, Theorem 2) and several
probability results related to &, and Bj,k-

Naturally, in the homoscedastic case, we have w, = Cn and we obtain
the same rate of convergence to the one attained by the hard thresholding
estimator in (Fan and Koo 2002, Theorem 2) i.e. (Inn/n)?s/(2s+20+1),

To discuss the minimax optimality of f, the minimax lower bounds must
be explored. This is done in Theorem 2 below.

Theorem 2 Consider (1) under (2), (3) and (4). Assume that there exists a
constant ¢, > 0 such that inf,cq1 . ) 02 > c.. Then there exists a constant
¢ > 0 such that, for any s >0, p> 1, r > 1 and n large enough,

2
lrlf sup E (/ (f(.’l;) o f((};‘))Qd;(;> Z c(u];kl)—23/(23—‘,—25-‘1-1)7
-

freB; (M)

where w) = Y""_, 1/c2% and the infimum is taken over all possible estimators

foff.
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The proof of Theorem 2 is based on (Tsybakov 2004, Theorem 2.5) and several
auxiliary results.

Note that, w, = >.o_1/(1 + 02)? # > 1/0%° = w}. However, if
there exists a constant ¢, > 0 such that inf,c(y,.. oy 0% > c,, then we have
(Inw, /wy,)?s/@s+2041) < C(Inw,, /w})?s/ 2512041 Therefore, due to Theo-
rems 1 and 2, f is optimal in the minimax sense up to the logarithmic term
(ln wn)Qs/(28+26+1) .

Note that oy, ...,0, can really deteriorate the performance of f A simple
example is, for any v € {1,...,n}, 02 = v and § = 1: for n large enough,

w, = C'lnn and w);, = C'lnn and the optimal rate of convergence becomes
(ln n)72s/(2s+3).

6 Proofs

Proof of Theorem 1. We will apply the following general result. It is a
reformulation of (Chesneau 2011, Theorem 2).

Theorem 3 (Chesneau (2011)) Let 2 > 0. We want to estimate an un-
known function f with support in [—(2, (2] from n independent random vari-
ables (or vectors) Uy, ..., U,. We consider the wavelet basis B and the nota-
tions of Section 3. Suppose that there exist n functions hy,...,h, such that,

for any v € {¢, ¢},
(A1) any integer j > T and any k € A;,

(Zh Vi U ) /f )Yk (@

(A2) there exist a sequence of real numbers (fy)yens Satisfying lim, oo fy =
oo and two constants, 0, > 0 and § > 0, such that, for any integer j > 7
and any k € A;,

nZ ZE( (V5. ks ))2) < 33225ji

fin

We define the hard thresholding estimator f by

27 -1 j1 29-1
SDILIVRIEES 35 o I B}
Jj=7 k=0

where

. _1{
Oéj,kzﬁzhv(d)j,ka[]v)a Bk = Zh (5 Uo) My (102 <}
v=1
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for any random event A, 14 is the indicator function on A,

Hn sj [npn
n= 0429 | " Njm = 0,299 | =12
P lnun Js ¥ L

k=8/3+4+242,/16/94 4 and j, is the integer satisfying

(1/2)/%1/(26“) <2 < Mrl/(26+1)-

Letr > 1, {p > 2 and s > 0} or {p € [1,2) and s > (26 + 1)/p}. Then
there exists a constant C > 0 such that

o 2 2s/(2s+26+1)
sup E / ( () — f(x)) de | <C (lnun) .
feBs (M) ) Hn

Let us now investigate the assumptions (A1) and (A2) of Theorem 3 with,
for any v € {1,...,n}, U, =Y,

n = F (v, k)(x)

ey
(1—}—(72 V92 F(gy) ()

hv (’Yj,kv y) =

and p, = wy,.

On (Al). Since X, and €, are independent, we have

E (eiiwy'“) ) (efimxu) E (efioceu) = F(f)(2)F(go)(x).

This combined with the Fubini theorem and the Parseval-Plancherel theo-
rem yield, for any integer j > 7 and any k € A;,

(i)

:LG: / ]:%k
+02527r )
U=1

S) E (e*imy’”) dx

g

)
(
)
(

= %Z 0 H,z TR / 7o o S’f(fxmﬂgv)(x)dx
1 oo n 1
=5 Oo]: F()(z )d$<wnvzl+02)>
L T o@r @ = [ femed @

—00 -
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On (A2). We have

n

o Y B (e o))

-1 )
_ 1< 1 F(1n) (@) iy,
= wiz 0T o252 (|/ v];(x) e~ @Yo dy: ) .9

Since X, and €, are independent, the density of Y, is g, (x) = (fxgy)(z) =
[Z5. f(t)go(x — t)dt, x € R. Therefore

(‘/ f%kg _wx,dx) /
-/

Since, by (2), sup,cp f(z) < C, and g, is a density, we have

2
/ F%k(x e~"Vdx| q,(y)dy

f<fmmo>@)

Flgo() )W) mw

(10)

sup  supg,(z) < C, sup / g (t)dt = C..
ve{l,...,n} z€R ve{l,...,n} )

The Parseval-Plancherel theorem and (3) imply that

2
/ f<fwmo>@ ol y<c/ ( %29>@

Flgv)(.)
:27TC’*/:>O F (@) do < 27 22/, (14 2202)° | F () () da.
(11)

F(go)(@)
By a change of variables, we obtain |F (v; ) (z)] = 277/2 |F () (@/27)].
Using again a change of variables and the inequality 1 + o22? < (1 +
02)(1 + 22), we have

dy

/_OO(HM) |]-'(fy]k)(x)|2dq::2_j/_oo(1—|—xa Y| F (1) (2/20) [ da
:/wﬂ+2%fﬁﬁuww@wdxé?”/mﬂ+vﬁ%%fwwmfm
<2t [0+ 1FO) @) e (12
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It follows from (10), (11) and (12) that

2
|/ f ’7] k 71:1:Yv dx

< (%(c*/cf,) / 0P IF) @ ) P04l (3

Putting (9) and (13) together, we obtain

n

o1
E 2 2628 E 2\9
n2 E( (i Vo )))SHWQ jw 1+02251+U”)

v:l

o1 o1
_ 02920 _ 2926
= 972 jwi"%wn = 972 Jwin, (14)

where 6, = \/(C*/chg) ffooo(l +22)8 | F (7) (x)|2 dz.

It follows from Theorem 3, (8) and (14) that the hard thresholding estimator
(7) satisfies, forany r > 1, {p > 2and s > 0} or {p € [1,2) and s > (20+1)/p},

LR 2 1 2s/(25+26+1)
sup E(/ (f(x)—f(m)) dgc> SC(nw"> _
res, o \J-g wh,

The proof of Theorem 1 is complete.

O

Proof of Theorem 2. We will apply the following general result. It is (Tsybakov
2004, Theorem 2.5).

Theorem 4 (Tsybakov (2004)) Let (F,d) be a metric space, (X, A, (Pg)gcr)
be a probability space, m € N—{0,1}, © C F be a set containing m—+1 elements
0o, ..., 0m and, for any j € {0,...,m}, P; = Py,. We make the following as-
sumptions:

(H1) For any (j,k) € {0,...,m}? with j # k, there exists § > 0 such that
d(;,0r) > 26.
(H2) Let K be the Kullback divergence defined by

K(P’Q){fln< )dIF’ if P<<Q,

otherwise.

There exists o € (0,1/8) such that

1
Kpn= inf — E K(Py,P,) < alogm.
ve{0,...,m} M ke{0nm)
k#v
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Then there exists a constant ¢ > 0 such that

sup sup P@(d(@, 0) >0d) >c.
G

Consider the Besov balls By ,(M). Let jo be an integer suitably chosen
below. For any € = (ex)kea,, € {0, 1}Card(4io) - get,

290 1
he(z) = p(x) +M*2—j0(s+1/2) Z 5k¢jo,k(x)7
k=0
where M, > 0 is a constant,
Co
p(x) - (1 +1‘2)T07

with 79 € (1/2,1) and Cj > 0 is such that p is a density. Then h,. is a density
and, with a suitable M., h. € B, (M) (see (Fan and Koo 2002, Lemma 4)).
The Varshamov-Gilbert theorem (see (Tsybakov 2004, Lemma 2.7)) as-
serts that there exist a set Ij, = {{—:(O), . ,E(Tio)} and two constants, ¢ €]0, 1]
and o €]0,1[, such that, for any u € {0,..., T}, e® = (e§)ren,, €
{0,1}Card(50) and any (u,v) € {0,...,Tj,}? with u < v, the following hold:

Dol —e Iz e Tz e (15)
kedjq

Let us now consider the set © = {h @) (z); u € {0,...,T},}} and the L*-
1/2
distance d(h,k) = (fng(h(x)—k(a:))zdx) for (h,k) € (L?([-£,2]))%

Note that, due to the Markov inequality, for any real number § > 0, we have

f s B ( / (; (f(x) - f@))%) > po?, (16)

f feB;‘r(M -

where

p = inf sup P . (d (f, h€<u)> > 5)
fouefo,... Ty} ©

and Py = x7_,P} where P} is the probability measure related to (1).

In order to bound p, let us now investigate the assumptions (H1) and (H2)
of Theorem 4 with the set © = {h ) (x); u € {0, ..., T}, }} previously defined
(so m = Tj,) and the L?-distance.
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On (H1). For any (u,v) € {0,..., T}, }*> with u # v, using the orthonormality
of B, the fact that, for any k € A;,, |E§€u) - E](Cv)| € {0,1} and (15), we have

o 1/2
A (e o) = ( / (hetor (&) — B (x))?dx)

o)
5 1/2
' 2
a2 et S ) o) | do
—2 \keay,
1/2
= M*Q—jo(s+l/2) Z |€](Cu) _ E](cv)| > 2~ do(s+1/2)940/2 _ 9—ios
ke,
Therefore, if we set § = (¢/2)2770%, we have
d (h&-(u) , hs(u)) > 20. (17)

On (H2). Let us now bound ICTjD. Let x be the convolution product. Let y?2
be the chi-square divergence defined by

2
2(P.Q) = J(%-1) a0 if P<<qQ,

0 otherwise,
and set
Fio(©) = S h e L2([-02,2]); h(z) = p(x) + > oo () : [Njokl <&
keAjy
For any fo € Fj,(§) with £ < C,2790(s+1/2) where € > 0 denotes a suit-

able constant, we have sup,c(_g o [f2(z) — p(z)| < (1/2) inf.e— 0 0 p(7)
and, a fortiori,

(f2 % g0)(@) = 5 (p*g0) (). (18)

DN | =

By the Fatou lemma, observe that

lim inf (142%™ (p*g,)(z) > C /00 lim inf Mg (y)dy
jal—ro0 T e e (L (w — )2y

= Co/ 9v(y)dy = Co.

— 00

Therefore, for any v € {1,...,n} and any = € R,

(0% gu)(x) > Co(1+ )77, (19)
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Using (3), (4) and inf,eq1, . n} 012,'2 ¢+, we can apply (Fan and Koo 2002,
Lemma 1) with 27°¢,, instead of 27°. This yields the existence of a constant
C > 0 such that, for any x € R,

L~ J0 4 =iy 2700
ﬂ/_mf(w)(y)f(gv)@ ye dy Scm

and, for any sequence of real numbers (uj, k)ke,, such that SUPke s, [wjo k| <
L

b
9—djo

aarEpe 0

Z Ujo kY jo,k % Go (2) §C2j0/2L
keAjq

Putting (18), (19) and (20) in (Fan and Koo 2002, Proof of Lemma 4), for
any functions fi and fa in Fj,(§) with £ < C,2790(+1/2) e have, for any
ve{l,...,n},

i * gy) () — *vxz

o (f2 % 90)(@) !
(1 = f2) * 90)(2))?
<f pro@

L[ (e
030 Joo (T+1a])*

< 0210522—2%0 1 =< C2” 2]0(5+1/2+5)2]0%. (21)
o2

2
U 0y

< C2i0g227 2000 —

Using the elementary inequality: K(P,Q) < x2(P,Q), and (21), we have,
for any (u,v) € {0,...,T},}* with u # v,

K<Ph w Ph ) ) ZK( h () 1 m) =
=1
n
< 09— 2do(s+1/2+8)9jo Z
v=1
— Cw22—2j0(8+1/2+5)2j0_

NE

2 v PY
X ( h_(u)y? ™ h_(v) )
1

S| e

020

Hence

, 1
Kr, = it 7 Z K (Phcy P, )

70 wefo,.. o+
u;év

< Cw} 2~ 20 (s+1/248)9j0

Choosing jo such that

9—jo(s+1/2+6) _ Coﬁ (i.e. 9o — (wjl)l/(25+25+1))’ (22)
w’I’L
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where ¢g denotes a suitable constant, (15) implies the existence of «a, €
(0,1/8) satisfying

ICTjO < Cc%Qj" < o, log T}, . (23)

It follows from Theorem 4, (17), (22) and (23) that

p=inf swp P (d (f, he(m) > 5) >e>0
f ue{0,...T;,} ¢

and, by (16),

Q 2 ‘
inf sup E / (f(x) —f(x)) dx | > pd? > 2728
I reBy (M) -0

*)—25/(23—',—26-{-1).

= c(wy,

The proof of Theorem 2 is complete.
This work is supported by ANR grant NatImages, ANR-08-EMER-009.
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