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Abstract We consider a heteroscedastic convolution density model under the
“ordinary smooth case”. We introduce a new adaptive wavelet estimator based
on thresholding of estimated wavelet coefficients. Its asymptotic properties are
explored via the minimax approach under the mean integrated squared error
over Besov balls. We prove that our estimator attains near optimal rates of
convergence (lower bounds are determined).

Keywords Density deconvolution - Heteroscedasticity - Rates of conver-
gence - Wavelet bases - Hard thresholding - Lower bounds.

2000 Mathematics Subject Classification 62G07, 62G20.

1 Motivations

The heteroscedastic deconvolution problem can be formulated as follows. Sup-
pose we have n random variables Y7, ... Y, where, for any v € {1,...,n},

Y, =X, + €, (1)

Xi,...,X, are i.i.d. random variables and €1, ..., €, are independent random
variables, also independent of Xy, ..., X,,. The density of X7 is unknown and
denoted f. For any v € {1,...,n}, the density of ¢, is known, denoted g,
and satisfies the “ordinary smooth case” (defined in Section 2). We want to
estimate f when only Y7,...,Y,, are observed. Such a deconvolution problem
arises often in engineering, biology, chemistry and economy.

In the homoscedastic case i.e. g1 = ... = gn, (1) becomes the standard
convolution density model. Various estimation techniques can be found in e.g.
Caroll and Hall (1988), Devroye (1989), Fan (1991), Pensky and Vidakovic
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(1999), Zhang and Karunamuni (2000), Fan and Koo (2002), Butucea and
Matias (2005), Hall and Qiu (2005), Comte et al. (2006), Delaigle and Gijbels
(2006), Lacour (2006), Hall and Meister (2007) and Lounici and Nickl (2011).
In the heteroscedastic case, (1) has been recently investigated in Delaigle and
Meister (2008), Staudenmayer et al. (2008), Meister et al. (2010) and Wang
et al. (2010) via kernel and Splines methods.

In this study, we focus our attention on wavelet methods. They are attrac-
tive for nonparametric function estimation because of their ability in estimat-
ing local features such as discontinuities and aberrations. From a theoretical
point of view, they can achieve near optimal convergence rates over a wide
range of function classes (typically, the Besov balls) and enjoy better mean
integrated squared error (MISE) properties than kernel methods. See e.g. An-
toniadis (1997) and Hérdle et al. (1998). The estimation of f from (1) in the
homoscedastic case via wavelet-based techniques can be found in Pensky and
Vidakovic (1999), Fan and Koo (2002) and Lounici and Nickl (2011).

The construction of our adaptive estimator uses a similar Fourier-wavelet
methodology to the one of Pensky and Vidakovic (1999) or Fan and Koo
(2002). The idea is to select the large wavelet coefficients estimators by us-
ing a term-by-term thresholding rule (hard thresholding is considered). Our
estimator has the originality to treat the heteroscedasticity of (1) and oper-
ate a new “observations thresholding”. Its performances are evaluated via the
minimax approach under the mean integrated squared error over the Besov
balls (to be defined in Section 3). We determine upper and lower bounds of
the minimax risk of our estimator and prove that it is near optimal.

The paper is organized as follows. Assumptions on (1) are introduced in
Section 2. Section 3 briefly describes the wavelet basis and the Besov balls.
Our hard thresholding estimator is presented in Section 4. The results are set
in Section 5. Technical proofs are given in Section 6.

2 Assumptions
Without loss of generality, we assume that the support of f is included in
[—£2, (2] and that there exists a constant C, > 0 such that

sup f(z) < Cyi < 0. (2)
z€R

We define the Fourier transform of an integrable function A by

Fh) (@) = [ T h)evdy,  weR

The notation —- will be used for the complex conjugate.

We consider the “heteroscedastic” ordinary smooth case on gp,...,¢gn:
there exist three constants, Cy > 0, ¢4 > 0 and § > 1, and n positive real
numbers o1, ...,0, such that, for any v € {1,...,n} and any x € R,

Cq C

5 <1 Fla)@)] < 3)

9 -9
(1+ 0222) (1 + 02x2)%/2"
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In the homoscedastic case, (3) becomes the standard ordinary smooth assump-
tion. See e.g. Pensky and Vidakovic (1999), Fan and Koo (2002) and Lounici
and Nickl (2011).

Ezample: for any v € {1,...,n}, let us set

p
€y = § Eu,vy
u=1

where p € N*, (€40)ue{1,... p} are i.i.d. random variables having the Laplace
density Laplace(0,7,): h,(x) = (1/20,)e”1#1/7 2 € R. Then

1

Floo)(@) = (Fh) @) = G5y

Thus (3) is satisfied with Cy = ¢4 = 1 and § = 2p.
In the sequel, we set
1
w"‘§h1+ﬁw

and, for technical reasons, we suppose that w, > e.

3 Wavelets and Besov balls

Let N € N*, and ¢ and ¢ be the Daubechies wavelets dbN (in particular, ¢
and 1 are compactly supported). We chose N such that ¢ € C¥ and ¢ € C¥
for v > 1+ § where ¢ refers to (3). Set

Sinlx) =229(2x — k), ulz) = 2722z k).

Then there exists an integer 7 and a set of consecutive integers A; with a
length proportional to 27 such that, for any integer ¢ > 7, the collection
B={¢ex(.), k€ Ay ¥ r(.); j € N={0,...,£—1}, k € A;}is an orthonormal
basis of L2([-2,02]) = {h: [-2,0] = R; [° h*(x)dz < oc}. We refer to
Cohen et al. (1993) and Mallat (2009).

For any integer £ > 7, any h € L?([—2, £2]) can be expanded on B as

h(z) = Z ke k() + Z Z Bi k()
k€A, j=t k€A,
where o ; and j3; 1 are the wavelet coefficients of h defined by
2

o)
Qjk :/_Q h(x) ¢k (x)dz, Bj.k Z/Qh(x)wj’k(x)d:r. (4)
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Let M >0,s>0,p>1and r > 1. A function h belongs to B; (M) if
and only if there exists a constant M* > 0 (depending on M) such that the
associated wavelet coefficients (4) satisfy

1/p
97(1/2=1/p) (Z a7k|p> +

keA,

1\ ™\ V7T
i 9i(s+1/2—1/p) Z |Bj.k|P < M*.
j=r keA;

In this expression, s is a smoothness parameter and p and r are norm param-
eters. Besov balls contain the Holder and Sobolev balls. See e.g. Meyer (1992)
and Mallat (2009).

4 Hard thresholding estimator

The first step to estimate f consists in expanding f on B and estimating its
unknown wavelet coefficients. For any integer j > 7 and any k € A;,
— we estimate o = ffzﬁ f(@)¢; k(x)dx by

~ 1 F(
Yk rw 1+ 02 / ¢j ) S)U ez,

— we estimate 3, = ffﬁ f (@), (z)dz by

~ 1 &
Bj,k = win;Gv7j’k]1{|G1z,_j,kt‘S626j /h:uTnn}, (5)

where

1 JT 1/)3, )( ) —ixYy
Guk = 27T(1+O’2 / F(gv)(x) € dz,

for any random event A, M4 is the indicator function on A and 6 =

\/( L/2me2) [7 (14 22)8 | F (v) ()] da,
We define the hard thresholding estimator fAby

=Y Arpbrple +Z > Bl {\Bj,k|2n025j\/%}¢j’k(x)’ (6)

ke, J=T k€A,
where k > 8/3+ 2+ 24/ 16/9 + 4 and j; is the integer satisfying

1/(25+1) < 9J1 < ’U) (25+1)
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The feature of the hard thresholding estimator is to only estimate the
”large” unknown wavelet coefficients of f which are those containing the main
characteristics of f. See e.g. Mallat (2009).

Our estimator (6) can be viewed as an extension of the one in Fan and
Koo (2002) to the heteroscedastic case.

The presence of the “observations thresholding” in (5) allows us to treat
this case under no restrictive assumptions on oy, ...,0,.

5 Results
Theorem 1 Consider (1) under the assumptions of Section 2. Let f be (6)

andr>1,{p>2and s >0} or {p €[1,2) and s > (26 + 1)/p}. Then, for a
large enough n, there exists a constant C' > 0 such that

2 5 1 25/ (25+25+1)
sup E / (f(a:)—f(m)) dx SC(nw"> .
feBy (M) —N Wn,

The proof of Theorem 1 is based on (Chesneau 2011, Theorem 2) and several

probability results related to @;, and ng

Naturally, in the homoscedastic case, we have w, = Cn and we obtain
the same rate of convergence to the one attained by the hard thresholding
estimator in (Fan and Koo 2002, Theorem 2) i.e. (Inn/n)?s/(2s+20+1),

To discuss the minimax optimality of f, the minimax lower bounds must
be explored. This is done in Theorem 2 below.

Theorem 2 Consider (1) under the assumptions of Section 2. Assume that
there exists a constant ¢, > 0 such that inf,cq1 . ) 0% > c,. Then there exists
a constant ¢ > 0 such that, for any s >0, p > 1, r > 1 and n large enough,

2
inf sup )E( / (f(x)—f(w))Qd:c>>C(w;§)_2s/(23+25+1)7

f feBy .. (M -0

where w) =Y""_ 1/02% and the infimum is taken over all possible estimators

foff.
The proof of Theorem 2 is based on (Tsybakov 2004, Theorem 2.5) and several
auxiliary results.

Note that, w, = Y. 1/(1 + 02)° # S I'_ 1/02 = w. However, if
there exists a constant ¢, > 0 such that inf,c(y, . oy 02 > c,, then we have
(Inw,, /wy,)?s/@s+2041) < C(Inw,, /w})?s/ 2572041 Therefore, due to Theo-
rems 1 and 2, f is optimal in the minimax sense up to the logarithmic term
(lnwn)Qs/(25+25+1).

Note that o4, ...,0, can really deteriorate the performance of f A simple
example is, for any v € {1,...,n}, 02 = v and § = 1: for n large enough,

wy, = Clnn and w}, = Clnn and the optimal rate of convergence becomes
(hl n)72s/(2s+3)'
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6 Proofs

Proof of Theorem 1. We will apply the following general result. It is a
reformulation of (Chesneau 2011, Theorem 2).

Theorem 3 (Chesneau (2011)) Let 2 > 0. We want to estimate an un-
known function f with support in [—$2, (2] from n independent random vari-
ables (or vectors) Uy, ..., U,. We consider the wavelet basis B and the nota-
tions of Section 3. Suppose that there exist n functions hy,...,h, such that,

for any v € {¢, ¥},
(A1) any integer j > T and any k € A;,

( Eytwm ) / F@)vin(z

(A2) there exist a sequence of real numbers (f,)yen Satisfying Um, oo p, =
oo and two constants, 6, > 0 and 6 > 0, such that, for any integer j > 1
and any k € A;,

9 -1
n2 ZE( v ’Y]ka )) ) S63226JE-

We define the hard thresholding estimator f by

271 1 291

SDILSURIEED 3) Dy RS

j=7 k=0

where
O[jk— Zh ]k,U ) /Bjk?_ Zh jk7 ‘Z[{|hv(¢gkU1))|<n7w}’

for any random event A, 14 is the indicator function on A,

Hn si [Inpin
Njm = 0y2%7 [ 7 Nip = 0,207, | —2,
J » In i, Js P Lin

k=8/3+2+424/16/94 4 and j; is the integer satisfying
(1/2)ulf P < 9 < /o,

Letr > 1, {p > 2 and s > 0} or {p € [1,2) and s > (26 + 1)/p}. Then
there exists a constant C > 0 such that

o, 2 2s/(25+26+1)
sup E / ( () — f(x)) de | <C (lnun) .
feB; (M) - 220
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Let us now investigate the assumptions (A1) and (A2) of Theorem 3 with,
for any v € {1,...,n}, U, =Y,,

b (Vjks y) = o (0T 02 5o / U)(x) e~y
and p, = wy,.
On (A1l). Since X, and ¢, are independent, we have

E () B (%) E (") = F(/)(2)F(5.) (o).

This combines with the Fubini theorem and the Parseval-Plancherel theo-
rem yield, for any integer j > 7 and any k € A;,

1 n
E <7’l Z hv (P)/jyka Yv))
v=1

(5’3 (e—izyqj) da

- ST | e
Wy, v:l 1+02 1+ 02)9 21 x)

7l
oo
- Ly e [ 2 gy ) g e

winv 1 )(z)

| T (wn 2 1+10->>

8

— 00

— % /_o;f(%,k)(x)}'(f)(x)dx = f( V). (x)de. (7)

On (A2). We have

= ZE( o3, Y2))
2
N w2 Z 1—|—02 5(2m)2 (|/ e %k S e ) )

Since X, and €, are independent, the density of Y, is ¢,(z) = (f*g,)(z) =
f f)gy(x — t)dt, x € R. Therefore

(‘/ ]-'%, g itV g ) /
-/

2
/ f%’ ) iz g, (y)dy

v) (@)

Fo0Y [
F<m> ()

0 (y)dy.

9)
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Since, by (2), sup,cp f(z) < C, and g, is a density, we have
o0
sup  supg,(z) < C, sup / g (t)dt = C.,.
ve{l,...,n} z€R ve{l,...,n}J—o0

The Parseval-Plancherel theorem and (3) imply that

JE— 2 R 2
[ F <w> )| aw(y)dy < C*/ F (J:(%‘k)(')> (v)

Floo)() N\ Fwn i

2
’VJk (95 < Cy /Oo 2 _2\§ ) 2
_QWC/ ey | s [ (el 1F ) @)

(10)
By a change of variables, we obtain |F (v; ) (z)| = 277/2 |F () (@/27)].
Using again a change of variables and the inequality 1 + o22? < (1 +
02)(1 + 2?), we have

o0

/OO (14 2202)° |F (1) (x)|2dx:2_j/ (1+2%62)° | F (v) (2/27)| da

— o0 — 00

- / T (14 29202 | F () (@) d < 2% / T (14 022 | F (7) (2) e

— 00 — 00

<140l [P IF ) @) de (1)

— 00

It follows from (9), (10) and (11) that

2
‘/ ]: ’Y]a —zvadl‘

< (2w<c*/c3> / 0 IFO) @ ) P04 ad (12

—00
Putting (8) and (12) together, we obtain

n

n2ZE( (3 Y)?) < 02290 > ol

v= 1

1 1
= 93225] Ewn = 9322@;’ (13)

where ., = \/(c*/%cg) I (1+ 42 |F () (a) P da.

It follows from Theorem 3, (7) and (13) that the hard thresholding estimator
(6) satisfies, forany r > 1, {p > 2and s > 0} or {p € [1,2) and s > (20+1)/p},

o, 2 1 25/(2s+25+1)
sup E / (f(x)—f(m)) dx SC(nwn> .
fEBs (M) - Wn

The proof of Theorem 1 is complete.
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]

Proof of Theorem 2. We will apply the following general result. It is (Tsybakov
2004, Theorem 2.5).

Theorem 4 (Tsybakov (2004)) Let (F,d) be a metric space, (X, A, (Pg)ocr)
be a probability space, m € N—{0,1}, © C F be a set containing m+1 elements
o, ...,0m and, for any j € {0,...,m}, P; = Py,. We make the following as-
sumptions:

(H1) For any (j,k) € {0,...,m}? with j # k, there exists § > 0 such that
d(;,0r) > 24.
(H2) Let K be the Kullback divergence defined by
dp .
ke = (£)ap if P<<Q
00 otherwise.

There exists o € (0,1/8) such that

1
Kmn=__mnf — K (P, Py) < al
vE{é?..,m}m Z ( k> ) alogm
ke{0,...,m}
kv

Then there exists a constant ¢ > 0 such that

sup sup ]P’g(d(g, 0) >46)>c.
§ 6o

Consider the Besov balls By, (M). Let jo be an integer suitably chosen
below. For any € = (ex)kea,, € {0, 1}Card(450) st

290 1
he(z) = p(x) + M270CH2 N ey (@),
k=0
where M, > 0 is a constant,
Co
p(z) = m7

with 79 € (1/2,1) and Cj > 0 is such that p is a density. Then h. is a density
and, with a suitable M., h. € By (M) (see (Fan and Koo 2002, Lemma 4)).
The Varshamov-Gilbert theorem (see (Tsybakov 2004, Lemma 2.7)) as-
serts that there exist a set Ij, = {5(0), e ,E(Tio)} and two constants, ¢ €]0, 1]
and o €]0,1[, such that, for any u € {0,..., Ty}, e® = (e§)ren,, €
{0,1}C2rd(50) and any (u,v) € {0,...,Tj,}? with u < v, the following hold:

Sl — ez ek, T > e (14)
kedjq
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Let us now consider the set © = {h ) (z); u € {0,...,T},}} and the L*-

1/2
distance d(h,k) = (f_QQ(h(x) - k(x))2dx) for (h,k) € (L2([—£2,9]))%
Note that, due to the Markov inequality, for any real number § > 0, we have

inf sup E (/Q (]?(x) - f(a:))2dx> > pé?, (15)

f feBj (M) -0

where

p=inf  sup Phe(“) (d (f, h5<u>) > 5)
f ue{0,....,Tj,}
and Py = x7_,P% where P} is the probability measure related to (1).
In order to bound p, let us now investigate the assumptions (H1) and (H2)
of Theorem 4 with the set © = {h_ @) (x); u € {0, ..., T}, }} previously defined
(so m = T},) and the L2-distance.

On (H1). For any (u,v) € {0,...,T},}* with u # v, using the orthonormality
of B, the fact that, for any k € 4;,, |5§€“) - 55:)| € {0,1} and (14), we have

o 1/2
A (e o) = ( / (e (@) = e (w»?dm)

9 1/2
2
_ M, 9—To(s+1/2) / ST (e e () | da
—2 \keay,
1/2
= M*Q—jo(s+l/2) Z |€§€u) —51(:)| > 2~ do(s+1/2)9j0/2 _ 9—jos
keAj,
Therefore, if we set § = (¢/2)2770%, we have
d (hew), howy) > 20. (16)

On (H2). Let us now bound Kr, . Let % be the convolution product. Let x>
be the chi-square divergence defined by

2
2(P.Q) = J(%-1) a0 if P<<q,

0 otherwise,

and set

Fio©) = S h e L2([~02,2]); h(z) = p(z) + D Nosthior(®) : [Njokl <&
kedj,
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For any fo € Fj, (&) with & < 0127706%1/2) where Oy > 0 denotes a suit-
able constant, we have sup,c(_q o) |f2(2) — p(2)] < (1/2) infre[— 0 o) p(2)
and, a fortiori,

(p* gv)(x). (17)

N | =

(f2 % gv)(x) >

Using (3) and inf,eq1,...n) 02 > c,, we have

C C
N < g < ) 18
F0)@)| € s < iy (18)
By the Fatou lemma, observe that
o < (1+a)m
lim inf (14 z?)" *vsz/ lim inf ————¢,(y)d
ImH00( )" (p*gu)(x) = Co L U e ey prown v e (y)dy
¢ [ gulw)y=Co.
Therefore, for any v € {1,...,n} and any =z € R,
(% gu)(x) = Co(1 +*)7". (19)

Putting (17), (18) and (19) in (Fan and Koo 2002, Proof of Lemma 4), for
any functions f; and fa in Fj,(§) with £ < C12790(+1/2) e have, for any
ve{l,...,n},

T

% (fixgn)(@) — (faxg)(@)’
CRAEY N s 2 90) @) d
© (f1 - fo) * 9.)(@))?

0

v

)
_ 1 o

<oz [ el e
g —0o0

< 02j0€22—25j0% < 02—2j0(3+1/2+5)2j0%. (20)
g

g

v v

Using the elementary inequality: K (P, Q) < x?(P,Q), and (20), we have,
for any (u,v) € {0,..., T}, }* with u # v,

n n
_ v v 2 v v
K (Phs<u>’Phs<v>) = ZK( by ’uv)) < ZX ( h5<u>’Ph€<v>)
v=1
n

< 2~ 250(s+1/2+6)9jo Z —
- o,
v=1 Y

— Cw:2*2jo(8+1/2+5)2jo'
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Hence

1
Kr, = inf — K (Ph_y P, )
Tio UG{O,,_,,TjU} ,1}0 ue{OZT‘ ) hg(u) hg(v)
e Lo
uFv

< Cw*9~2do(s+1/2+38) 950
< n .

Choosing jo such that

1

9—Jo(s+1/2+3)
(wy)1/2

= co (i.e. 200 = (wi)V/(ZsF2040y 0 (21)

where ¢g denotes a suitable constant, (14) implies the existence of «a, €
(0,1/8) satisfying

Kr;, < Cc327 < o, log T}, (22)

It follows from Theorem 4, (16), (21) and (22) that

p=inf sup P (d (f, ha(u)) > 5) >e>0
f uef0,... T,

and, by (15),

2 2 .
inf sup E / (f(x) —f(x)) dx | > pd? > 27 %s
f reBy (M) -0

*)—23/(23+26+1).

= c(wy,

The proof of Theorem 2 is complete.

This work is supported by ANR grant NatImages, ANR-08-EMER-009.

References

Antoniadis, A. (1997). Wavelets in statistics: a review (with discussion), Journal of the
Italian Statistical Society Series B 6, 97-144.

Butucea, C. and Matias, C. (2005). Minimax estimation of the noise level and of the signal
density in a semiparametric convolution model. Bernoulli, 11, 2, 309-340.

Caroll, R.J. and Hall, P. (1988). Optimal rates of convergence for deconvolving a density. J.
Amer. Statist. Assoc., 83, 1184-1186.
Chesneau, C. (2011). Adaptive wavelet estimator for a function and its derivatives in an
indirect convolution model. Journal of Statistical Theory and Practice, (to appear).
Cohen, A., Daubechies, 1., Jawerth, B. and Vial, P. (1993). Wavelets on the interval and
fast wavelet transforms. Applied and Computational Harmonic Analysis, 24, 1, 54-81.

Comte, F., Rozenhole, Y. and Taupin, M.-L. (2006). Penalized contrast estimator for density
deconvolution. The Canadian Journal of Statistics, 34, 431-452.

Delaigle, A. and Gijbels, I. (2006). Estimation of boundary and discontinuity points in
deconvolution problems. Statistica Sinica, 16, 773 -788.

Delaigle, A. and Meister, A. (2008). Density estimation with heteroscedastic error. Bernoulli,
14, 562-579.



Wavelet-based density estimation in a heteroscedastic convolution model 13

Devroye, L. (1989). Consistent deconvolution in density estimation. Canad. Journ. Statist.,
17, 235-239.

Fan, J. (1991). On the optimal rates of convergence for nonparametric deconvolution prob-
lem. Ann. Statist., 19, 1257-1272.

Fan, J. and Koo, J.Y. (2002). Wavelet deconvolution. IEEE transactions on information
theory, 48, 734-747.

Hall, P. and Qiu, P. (2005). Discrete-transform approach to deconvolution problems.
Biometrika 92 135-148.

Hall, P. and Meister, A. (2007). A ridge-parameter approach to deconvolution. Ann. Statist.,
35 1535-1558.

Héardle, W., Kerkyacharian, G., Picard, D. and Tsybakov, A. (1998). Wavelet, Approzima-
tion and Statistical Applications, Lectures Notes in Statistics New York 129, Springer
Verlag.

Lacour, C. (2006). Rates of convergence for nonparametric deconvolution. C. R. Acad. Sci.
Paris Ser. I Math., 342 (11), 877-882.

Lounici, K. and Nickl, R. (2011). Global Uniform Risk Bounds for Wavelet Deconvolution
Estimators. The Annals of Statistics, 39, 201-231.

Mallat, S. (2009). A wavelet tour of signal processing. Elsevier/ Academic Press, Amsterdam,
third edition. The sparse way, With contributions from Gabriel Peyré.

Meister, A., Stadtmller, U. and Wagner, C. (2010). Density deconvolution in a two-level
heteroscedastic model with unknown error density. Electron. J. Statist., 4, 36-57.

Meyer, Y. (1992). Wavelets and Operators. Cambridge University Press, Cambridge.

Pensky, M. and Vidakovic, B. (1999). Adaptive wavelet estimator for nonparametric density
deconvolution. The Annals of Statistics, 27, 2033—2053.

Staudenmayer, J., Ruppert, D. and Buonaccorsi, J. (2008). Density estimation in the pres-
ence of heteroskedastic measurement error, JASA, 103, 726-736.

Tsybakov, A. (2004). Introduction a l’estimation nonparamétrique. Springer Verlag, Berlin.

Wang, X.F., Fan, Z. and Wang, B. (2010). Estimating smooth distribution function in
the presence of heterogeneous measurement errors. Computational Statistics and Data
Analysis, 54, 25-36.

Zhang, S. and Karunamuni, R. (2000). Boundary bias correction for nonparametric decon-
volution. Ann. Inst. Statist. Math., 52, 612-629.



