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An investigation of the power law relationship between Nusselt number (Nu) and Rayleigh number (Ra) for Earth's convecting mantle is presented. The Nu(Ra) relationship was calculated from the results of a model with three dimensional spherical geometry and free slip boundary conditions. Both basally and internally heated convection has been examined.

For Nu(Ra) = aRa β , β was found to be 0.294 ± 0.004 for basally heated systems, which is lower than the value of 1 3 suggested by conventional boundary layer theory. The exponent β = 0.337±0.009 for internally heated systems, when the internally heated Ra is converted to a basally heated equivalent for comparison. The influence of the method used to calculate β was also considered, with particular attention paid to high Ra. As an example of the significance of β = 0.29 rather than 1 3 , a Ra of 10 9 results in a surface heat flux which is ≈ 32% lower. Within the range of Ra used in this study, there is no evidence that β changes at high Ra. Therefore, that mechanism cannot be used to moderate mantle temperature when projecting back to early Earth conditions. The differing planform of basally and internally heated models was shown to result in different scaling relationships between root mean square surface velocity and Ra for the two modes of heating, in particular, a much lower surface velocity for internally heated cases relative to equivalent Ra basally heated cases.

Introduction

The aim of geophysical research is to understand Earth and its processes over the entire history of the Planet on all scales. The endeavour is hindered by incomplete knowledge of some of the basic mechanisms of planetary development. The thermal evolution of Earth is one such area. Earth is, to a large extent, a heat engine. Assumptions regarding the evolution of temperature over time appear in most, if not all, conceptual models of plate tectonic theory, geochemistry and geophysics.

A favoured method for investigating Earth's thermal evolution has been one dimensional (1D) parameterised modelling of mantle convection (for example: [START_REF] Turcotte | Finite amplitude convective cells and continental drift[END_REF], the mantle comprising by far the largest portion of the Earth by volume (≈85%). A number of valuable insights have been gained into convective processes [START_REF] Sharpe | Parameterized mantle convection and the Earth's thermal history[END_REF][START_REF] Schubert | Subsolidus convective cooling histories of terrestrial planets[END_REF][START_REF] Davies | Thermal histories of convective Earth models and constraints on radiogenic heat production in the Earth[END_REF][START_REF] Turcotte | On the thermal evolution of the Earth[END_REF][START_REF] Stevenson | Magnetism and thermal evolution of the terrestrial planets[END_REF][START_REF] Honda | A simple parameterized model of Earth's thermal history with the transition from layered to whole mantle convection[END_REF][START_REF] Choblet | 3D thermal convection with variable viscosity: can transient cooling be described by a quasi-static scaling law?[END_REF][START_REF] Korenaga | Onset of convection with temperature and depth-dependent viscosity[END_REF][START_REF] Korenaga | Energetics of mantle convection and the fate of fossil heat[END_REF][START_REF] Nimmo | The influence of potassium on core and geodynamo evolution[END_REF]. Even when much more complex mantle convection simulations can be undertaken in 3D spherical geometry [START_REF] Tackley | Effects of multiple phase transitions A c c e p t e d M a n u s c r i p t in three-dimensional spherical model of convection in Earth's mantle[END_REF][START_REF] Bunge | A sensitivity study of three-dimensional spherical mantle convection at 10 8 Rayleigh number: Effects of depth-dependent viscosity, heating mode and an endothermic phase change[END_REF][START_REF] Zhong | Role of temperature-dependent viscosity and surface plates in spherical shell models of mantle convection[END_REF][START_REF] Davies | Steady plumes produced by downwellings in Earth-like vigor spherical whole mantle convection models[END_REF], there is still value in parameterised models. They (i) provide a convenient way to run a large number of simulations, (ii) allow very high Rayleigh numbers and (iii) permit simulations of thermal evolution over almost all of Earth history.

A critical aspect of these parameterised models is the assumed relationship between the ratio of convective to conductive heat transfer, characterised by the non-dimensional Nusselt number (Nu):

Nu = q q K (1)
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where: q is the heat transferred by convection, while q K = k∆T /D, is the amount of heat that would be conducted through a layer of thickness D with a temperature difference ∆T across it, k being the thermal conductivity.

The other important parameter is the convective vigour, characterised by the Rayleigh Number (Ra):

Ra = gρα∆T D 3 κµ (2)
where: g is the acceleration due to gravity, ρ is density, α is the coefficient of thermal expansion, ∆T is superadiabatic temperature drop across the shell, D is domain thickness (2900 km), κ is thermal diffusivity and µ is dynamic viscosity. Both equations are presented in their most common forms after [START_REF] Davies | Dynamic Earth : plates, plumes, and mantle convection[END_REF].

A series of models with sub Earth-like parameters may be used to derive the Nusselt-Rayleigh number relationship:

Nu(Ra) = aRa β ( 3 
)
where a is a constant and β, the index of the power law relation, is the main value of interest.

Nu(Ra) can then be extrapolated to present day and early Earth conditions (higher Ra).

These values can be compared with heat flux and temperature measurements to constrain the thermal budget of Earth.

The value of Ra (Equation 2), is often quoted to demonstrate how Earth-like a particular model is in terms of its convective vigour. Earth's mantle is considered to have a basally
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A c c e p t e d M a n u s c r i p t heated Ra in excess of 3 × 10 6 [START_REF] Davies | Dynamic Earth : plates, plumes, and mantle convection[END_REF] and probably in the range 10 8 [START_REF] Bunge | A sensitivity study of three-dimensional spherical mantle convection at 10 8 Rayleigh number: Effects of depth-dependent viscosity, heating mode and an endothermic phase change[END_REF][START_REF] Weeraratne | Transitions in the style of mantle convection at high Rayleigh numbers[END_REF]. The assumed Ra of Earth is based on the Ra obtained when Earth-like parameters are used in Equation 2. The accuracy of these values is open to interpretation, leading to the uncertainty as to the exact Ra of Earth's mantle.

Historically, β was derived from boundary layer theory in a unit square box (aspect ratio 1) and found to be 1 3 [START_REF] Turcotte | Finite amplitude convective cells and continental drift[END_REF]. [START_REF] Christensen | Heat transport by variable viscosity convection and implications for the Earth's thermal evolution[END_REF] suggested that β may be closer to 0.1 for systems with a rigid lid at the upper boundary. However, [START_REF] Gurnis | A reassessment of the heat transport by variable viscosity convection with plates and lids[END_REF] argued that the presence of plate tectonics on the Earth allowed much greater cooling efficiency, similar to that of a free-slip upper boundary. In his more Earth-like models, β was generally around 0.3. More recently, Solomatov and colleagues [START_REF] Solomatov | Scaling of temperature-and stress-dependent viscosity convection[END_REF][START_REF] Reese | Stagnant lid convection in a spherical shell[END_REF] have derived the Nu(Ra) relationship for the stagnant-lid and sluggish-lid regimes. This paper follows [START_REF] Gurnis | A reassessment of the heat transport by variable viscosity convection with plates and lids[END_REF], by considering mobile surface models as being most representative of Earth. Stagnant and sluggish lid regimes might be more meaningful for other terrestrial bodies and therefore any relationships derived for Earth should not be applied to other bodies without first considering which regime best describes their mode of convection. [START_REF] Korenaga | Onset of convection with temperature and depth-dependent viscosity[END_REF] and [START_REF] Korenaga | Energetics of mantle convection and the fate of fossil heat[END_REF] confirmed the value of around 0.3 for models of the onset of convection with temperature dependent viscosity, implying that although simpler models lack some of the more subtle features of the real mantle, the Nu(Ra) scaling relationship is robust. [START_REF] Stevenson | Styles of mantle convection and their influence on planetary evolution[END_REF] also noted that β is rarely observed to be exactly 1 3 . Experimental work, such as that of [START_REF] Castaing | Scaling of hard thermal turbulance in Rayleigh-Benard convection[END_REF] and some low vigour modelling work [START_REF] Bercovici | Three-dimensional thermal convection in a spherical shell[END_REF][START_REF] Bercovici | Three-dimensional convection of an infinite-Prandtlnumber compressible fluid in a basally heated spherical shell[END_REF] have produced results where β = 2 7 or ≈ 0.28. This has led to the suggestion that there is a transition in the behaviour of a thermally convecting system at Ra beyond 10 7 , with increasing convective vigour becoming less efficient at increasing the thermal throughput of the system. While such a change in β is an intriguing possibility, neither of the studies operated entirely in the physical domain of mantle convection on Earth. [START_REF] Bercovici | Three-dimensional thermal convection in a spherical shell[END_REF][START_REF] Bercovici | Three-dimensional convection of an infinite-Prandtlnumber compressible fluid in a basally heated spherical shell[END_REF] modelled significantly sub-Earth Ra, while [START_REF] Castaing | Scaling of hard thermal turbulance in Rayleigh-Benard convection[END_REF] Previous modelling work to evaluate Nu(Ra) has concentrated on 1D, 2D and 3D Cartesian box domains, with only a small number of studies employing Earth-scale 3D spherical geometry [START_REF] Bercovici | Three-dimensional thermal convection in a spherical shell[END_REF][START_REF] Bercovici | Three-dimensional convection of an infinite-Prandtlnumber compressible fluid in a basally heated spherical shell[END_REF][START_REF] Iwase | An interpretation of the Nusselt-Rayleigh number relationship for convection in a spherical shell[END_REF]. Although models that do not employ 3D spherical geometry can provide valuable insights into mantle mechanisms, they are often limited by imposed 'side' boundary conditions and non Earth-like aspect ratios.

Many studies carried out in the 1980's and early 1990's lacked sufficient computing resources to model high degrees of structural complexity, with many using significantly lower than Earth-like Ra and limiting convection to low spherical harmonic degree or prescribed initial conditions to improve computational efficiency (e.g. [START_REF] Bercovici | Three-dimensional thermal convection in a spherical shell[END_REF][START_REF] Bercovici | Three-dimensional convection of an infinite-Prandtlnumber compressible fluid in a basally heated spherical shell[END_REF].

This study advances the work of constraining the relationship between Nu and Ra by using 3D spherical geometry and utilising computationally efficient multi resolution solution algorithms, which allow the examination of more Earth-like Ra [START_REF] Davies | Applying multi-resolution numerical methods to geodynamics[END_REF]. The relationship can then be characterised to higher Ra, giving greater confidence in the resulting Nu(Ra) relationship and limiting the degree of extrapolation when considering Earth's mantle. Very long model runs have been undertaken, allowing the use of short-scale random initial conditions. This removes the need for specific initial conditions. Since it is known that more than one large scale planform can be stable at lower Ra [START_REF] Bercovici | Three-dimensional thermal convection in a spherical shell[END_REF], our approach avoids the need to make a choice a priori regarding the convective pattern.

Simulation Method

The most important controlling parameter for this study is the Ra of the modelled man- . Previous work has used the approach of simulating a range of low Ra and using the derived scaling to extrapolate the results to higher Ra. This study also utilises this approach, however, recent innovations applied to the TERRA code [START_REF] Davies | Applying multi-resolution numerical methods to geodynamics[END_REF] and the availability of large computing resources allows modelling up to Ra bh = 10 8 (basal heating)

and Ra ih = 10 9 (internal heating). Consequently, the degree of extrapolation is marginal.

The TERRA code utilised here [START_REF] Baumgardner | Three dimensional treatment of convective flow in the Earths mantle[END_REF][START_REF] Bunge | Mantle convection modeling on parallel virtual machines[END_REF][START_REF] Yang | Matrix-dependent transfer multigrid method for strongly variable viscosity infinite Prandtl number thermal convection[END_REF] is a benchmarked, 3-D spherical finite element mantle dynamics code. In order to simulate very high Ra cases a novel extension of TERRA was used. [START_REF] Davies | Applying multi-resolution numerical methods to geodynamics[END_REF] applied a multigrid refinement approach, which allows a priori selective radial refinement of model resolution. Thus, it was possible to model the mantle with a resolution of ≈ 14 km at upper and lower boundary layers, thereby resolving thermal boundary layers at a basally heated Ra bh = 10 8 and an internally heated Ra ih = 1.44 × 10 9 . Lower resolution can be used for the sake of efficiency as lower Ra result in thicker thermal boundary layers, which are resolvable at lower spatial resolution.

The dynamical problem solved by TERRA can be defined in terms of conservation of mass

∇ • v = 0 (4) momentum 1 ρ ∇P = ν∇ 2 v + αg∆T a r (5)
and energy
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∂T ∂t + v • ∇T = κ∇ 2 T + J ρC p (6) 
where

129 κ = k ρC p (7)
v is velocity, P is dynamic pressure, ν is kinematic viscosity, t is time, T is temperature, ∆T a is adiabatic temperature drop, J is rate of internal heat generation per unit volume, C p is specific heat at constant pressure and r is the inward directed unit radial vector.

A Newtonian viscosity constitutive equation was assumed [START_REF] Bunge | Mantle convection modeling on parallel virtual machines[END_REF].

In this work, we assume the Boussinesq approximation, where density differences are neglected except in the buoyancy term of the momentum equation. The Prandtl number is assumed to be infinite.

The equations are solved dimensionally in TERRA but can be non-dimensionalised using the following relations (after [START_REF] Davies | Physical model of source region of subduction zone volcanics[END_REF]:

x ′ = x D , t ′ = κt D 2 , T ′ = T ∆T and P ′ = D 2 P µκ (8) 
where 'primes' indicate non-dimensional terms and x is distance.

From these one obtains:

v ′ = vD κ and Q ′ = J ρC p D 2 κ∆T ( 9 
)
Page 8 of 40 where Q ′ is non-dimensional internal heating and v ′ is non-dimensional velocity. Dropping the primes, Equations 4, 5 and 6 can then be written as:

∇ • v = 0 (10) ∇P = ∇ 2 v + RaT r (11) ∂T ∂t + v • ∇T = ∇ 2 T + Q (12)
Thus it becomes evident that the Ra is the key controlling non-dimensional parameter.

The technical details of TERRA and its solvers are extensively documented [START_REF] Baumgardner | Three dimensional treatment of convective flow in the Earths mantle[END_REF][START_REF] Bunge | Mantle convection modeling on parallel virtual machines[END_REF][START_REF] Yang | Matrix-dependent transfer multigrid method for strongly variable viscosity infinite Prandtl number thermal convection[END_REF] only details directly relevant to this work are described here. The computational domain (i.e. the spherical shell) is discretised by means of a regular icosahedron, where the 20 triangular sides (paired as 10 diamonds) are repeatedly divided into 4 sub-diamonds until the desired resolution is achieved. The degree of refinement is referred to as 'mt' and increases in powers of 2 i.e. 16, [START_REF]Table 5: Resulting Nu for Ra=10 9 with different values of a for β = 1 3 . Note that for β = 0.29, a remains 0[END_REF]64,128,256 and so on. The grid is extended radially by placing several of these spherical shells above one another, generating a mesh of triangular prisms (layers) with spherical ends.

In this study, nr, the number of radial layers, is set to:

nr = mt 2 (13)
The following assumptions were used: isochemical convection, free slip upper and lower boundaries, no mineral phase changes, incompressible rheology, whole mantle convection, and constant viscosity. For basally heated cases, both boundaries were isothermal, whilst for internally heated cases the upper boundary was isothermal and the lower boundary insulating. The manner in which Ra and Nu are calculated depends on the style of heating.

For a model where all heat enters through the base of the shell, the Ra is calculated as, and the Nu (after [START_REF] Bunge | A sensitivity study of three-dimensional spherical mantle convection at 10 8 Rayleigh number: Effects of depth-dependent viscosity, heating mode and an endothermic phase change[END_REF] is

Nu bh = h s D 4πk(r s r b )∆T (15)
As internally heated cases have no fixed lower boundary temperature, different methods for calculating Ra and Nu must be adopted. Internally heated Ra is

Ra ih = αρ 2 gHD 5 µκk ( 16 
)
while internally heated Nu (after [START_REF] Reese | Scaling laws for time-dependent stagnant lid convection in a spherical shell[END_REF] is

Nu ih = Hρr 2 s (1 -η 2 (3 -2η)) 6k(T av -T s ) (17) 
where: η = inner to outer shell radius ratio (0.546... for the Earth), H is the rate of internal heat generation (W/kg), r s is the outer radius of the shell (6370 km), r b is the inner radius of the shell (3480 km), T av is the average temperature over all radial layers, T s is the surface temperature, and h s is the surface heat flux.

While the concept of Nu and Ra remains the same, previously one was able to use ∆T , now the rate of internal heating combined with the shell thickness and thermal conductivity
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A c c e p t e d M a n u s c r i p t is used to produce a ∆T equivalent, based on heat flux across the domain [START_REF] Davies | Dynamic Earth : plates, plumes, and mantle convection[END_REF].

Comparing equations 14 and 16 it is evident that the internally heated Ra will be 1-2 orders of magnitude larger than a basally heated Ra from an otherwise similar model. An internally heated Ra can be converted into its basally heated equivalent [START_REF] Davies | Dynamic Earth : plates, plumes, and mantle convection[END_REF]:

Ra bh i = Ra ih Nu ih (18) 
In this work, Ra bh and Ra bh i are used unless otherwise stated.

Input Parameters

While the vigour of convection is controlled by the Ra, TERRA solves the equations dimensionally. For completeness, the actual input values that remain unchanged from case to case are presented in Table 1. In this study, Ra was set by altering the dynamic viscosity of the model. This produced Ra bh in the range 10 3 to 10 8 and Ra ih from 10 4 to 10 9 . The initial conditions for each case were identical and based on low amplitude, short wavelength random temperature variations. Such an initial condition inevitably extends the time taken for a given model to evolve but has the advantage of not imposing an initial large-scale planform on the model.

Table 1 here.

The cases investigated in this study are outlined in Table 2. Eight cases were basally heated and seven cases were internally heated. Minimum viscosity was ≈ 10 20 P a•s (near Earth-like).

Table 2 here.

Model runs were allowed to evolve until a statistically stable condition was achieved. This
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A c c e p t e d M a n u s c r i p t differs from true steady state in that the models are intrinsically unsteady at high Rayleigh numbers, a feature which is likely to be shared by the real mantle. In this study, a simulation is considered to have reached 'steady state' if there is no strong long-term trend in the surface heat flux as a function of time.

An important question is whether a case has been sufficiently well resolved. As an approximate measure, the number of radial model layers within the thermal boundary layer should be ≥ 5 (after [START_REF] Lowman | Steady plumes in viscously stratified, vigorously convecting, three-dimensional numerical mantle convection models with mobile plates[END_REF]. It is this requirement that dictates which resolution a case is most efficiently modelled at.

Results

Degree of Model Evolution

Model cases were allowed to evolve such that they were no longer influenced by their initial condition. Figs. 1 and 2 demonstrate the evolution of each case.

Figures 1 and2 here.

The most apparent difference between basally and internally heated cases is that internally heated models converge towards the same heat flux, whereas basally heated models each find their own level. This is because heat output must equal heat generation at 'steady state' in the internally heated cases, otherwise the model is in a transient heating or cooling state. Basally heated models, by contrast, need to balance their heat input at the base and loss at the surface. With the viscosity controlling the thickness of the thermal boundary layer, each basally heated case has a different heat flux through the mantle.

Relationship of Nusselt Number to Rayleigh Number

A potential source of error is that the Nu will be time dependent in cases that are not truly steady state, a feature of most realistic mantle models. It can be seen from Table 3 here.

The Nu(Ra) results are presented in Table 3 and Figs. 3 and4. The mean Nu values were used to produce a power law fit by simple linear regression (Fig. 3 and4). This fit, while good, can alternatively be generated in what might be considered a more rigorous manner, using a weighted least squares method. In the weighted least squares method the weights were taken to be the variance in the mean of the Nu, which were greater for the higher Ra runs due to their temporal variability. It is important to note that the value for β produced by these two fits is very similar for basally heated cases but significantly different for internally heated cases. The data appear to be generally well fit by a single slope within range of Ra investigated, with the possible exception of the lowest Ra cases, which appear to lie on a slightly lower gradient for basally heated cases. This is discussed further in Section 4.

Figures 3 and4 here.

Scaling laws relating Nu and Ra were found to be:

Nu = 0.284Ra 0.294±0.004 bh ( 19 
)
for basally heated cases (Fig. 3) and: 

Nu = 0.164Ra 0.337±0.009 bh i ( 

Surface velocity -Ra scaling

The Nu(Ra) relationship for basally and internally heated cases have a similar value of a. In contrast, when the root mean square (V RM S ) surface velocity relationship (in ms -1 ) to the Ra is examined (Fig. 5) the resulting values of a differ more markedly, with a given Ra producing a significantly lower velocity for the internally heated cases than for the basally heated cases.

Figure 5 here.

The respective relationships are:

V RM S bh = 10 -13 Ra 0.538 (22)

V RM S ih = 7 × 10 -14 Ra 0.500 (23) 
In general, the V RM S results display a much greater scatter than Nu(Ra). The cause of this is the greater time dependence of the V RM S when compared to the surface heat flux, the key variable for the Nu. Therefore, at high Ra, V RM S is more unsteady than surface heat flux. As a result, interpretations of the V RM S scaling relationship should be considered more approximate than Nu(Ra).

Spectral Analysis

In order to better understand how the convective wavelength of the models varies with Ra, spectral plots of spherical harmonic power were generated for a subset of cases (Figure 6). As would be expected, the power shifts progressively to higher harmonic degree (l) as
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Ra increases and convective length scale reduces. For basally heated cases, the CMB and surface are generally symmetrical in terms of where the power peaks are located. At the highest basally heated Ra there appear to be two peaks at l = 6 and l = 10, indicating that different scales of flow may be co-existing. Internally heated cases demonstrate higher l and show an increasing asymmetry between surface and CMB as Ra increases. The surface generally demonstrates a higher l than the CMB. In comparison with basally heated cases, internally heated cases have power over a wide range of l and depth with many smaller power peaks suggesting a broad range of convective scale. Internally heated cases with high Ra show more power at the surface over a range of l from ≈ 9 -28.

Figure 6 here.

Discussion

There are a number of factors, particularly relating to how the Ra and Nu numbers are calculated, that need to be considered so this work can be seen in the correct context. Ra and Nu are calculated from average values. For example, surface heat flux will not be the same at all points globally. Therefore, as the Nu is calculated from model output, the nature of the model, be it 1D, 2D or 3D will have a bearing on the final value. One must also consider that not all Rayleigh numbers quoted in the literature represent the same measure. Ra for internally and basally heated models are, by necessity, calculated differently (Equations 14 and 16 and cannot be directly compared (unless the internal heating Ra is divided by the Nu, as is done here).

As a further example, the work of [START_REF] Christensen | Thermal evolution models for the Earth[END_REF], involving temperature dependent viscosity, defined Ra using the viscosity at average temperature, which produces somewhat lower values for β when using basal heating and higher values when using internal heating.

The advantage of Christensen's method for calculating the Ra is that it allows the relationship to be defined for temperature dependent viscosity convection. The disadvantage is that comparisons with other work are not straightforward. Christensen obtained a value

Page 15 of 40 A c c e p t e d M a n u s c r i p t of β=0.2 when using his definition of viscosity as opposed to the value of 0.28 when using the more commonly found definition of viscosity, the average viscosity over the entire domain.

The models presented here assumed free slip upper and lower boundaries (after [START_REF] Gurnis | A reassessment of the heat transport by variable viscosity convection with plates and lids[END_REF]. While free slip is a good approximation of the very large viscosity contrast at the CMB, it must be remembered that Earth's surface boundary layer is composed of rigid plates. [START_REF] Gurnis | A reassessment of the heat transport by variable viscosity convection with plates and lids[END_REF] argues that a stress free surface boundary condition is a better approximation to Earth than a rigid lid. In addition to the plate boundary condition, Earth also has phase transitions at 410 km, 660 km and D ′′ [START_REF] Murakami | Post-perovskite phase transition in MgSiO3[END_REF][START_REF] Oganov | Theoretical and experimental evidence for a post-perovskite phase of MgSiO3 in Earths D" layer[END_REF]. These features combined with other aspects such as: temperature and depth dependent viscosity, non uniform internal heating and heterogeneous composition may impose some limits on the applicability of the values for β presented here. It is also possible that grain size dependent viscosity in the diffusion creep regime is important [START_REF] Solomatov | Grain size-dependent viscosity convection and the thermal evolution of the Earth[END_REF]. If mantle minerals behave in a similar manner to laboratory analogues, the viscosity of the lower mantle could be influenced by factors affecting grain growth rate. As this study confines itself to thermal effects, the influence of such a mechanism was not investigated.

However, if such a mechanism proved important, it could exert a similar influence on thermal evolution as varying β.

Comparable previous studies (e.g. [START_REF] Korenaga | Energetics of mantle convection and the fate of fossil heat[END_REF] range of values for β, depending on their modelling and measuring methods, but have either concluded that 1 3 is a point which their models 'will' trend to at higher Ra (e.g. [START_REF] Iwase | An interpretation of the Nusselt-Rayleigh number relationship for convection in a spherical shell[END_REF], or that the value of β is entirely different due to particular boundary conditions [START_REF] Christensen | Heat transport by variable viscosity convection and implications for the Earth's thermal evolution[END_REF]. [START_REF] Iwase | An interpretation of the Nusselt-Rayleigh number relationship for convection in a spherical shell[END_REF] used 3D spherical harmonic models to obtain a value closer to 1 4 , very close to the β ≈ 0.24 of the uncorrected internally heated cases presented here. They argued that at higher Rayleigh numbers their β would tend to The power law scaling of RMS surface velocity and Ra shows notable differences between the basally and internally heated cases (Fig. 5), with internally heated cases producing lower velocities for any given Ra. Fig. 7 demonstrates how the planform of the two heating modes is different. In particular, the characteristic lateral length of individual convection 'cells' for internally heated cases is approximately half that of basally heated cases. In a basally heated case, the organising presence of the upper and lower thermal boundary layers produces larger scale features with correspondingly larger buoyancy anomalies. For an internally heated case, thermal anomalies are smaller and have lower buoyancy anomalies associated with them. Therefore, in an internally heated case, convection 'cells' are smaller than in an equivalent basally heated case (Fig. 7). This results in basally heated cases displaying higher velocities than internally heated cases for a given Ra.

The link between the above observation and the Nu(Ra) scaling differences (β = 0.29 for basal heating, 0.33 for internal heating) lies in the way in which heat is input and passes through the system. A basally heated system must transfer a given 'parcel' of heat from the bottom to the top of the mantle, whereas with internal heating, heat is input throughout the volume and the majority of heat 'parcels' have less distance to travel before reaching the surface. This effect appears to scale better with increasing Ra than it does for basally heated cases, leading to a higher value for β for internally heated cases. That this β is close to the 1 3 predicted by boundary layer theory, may be the result of the aspect ratio of the convection cells, as opposed to that of the domain, which remains constant. The generally lower aspect ratios of the internally heated convection cells appear to be closer to the 1:1 aspect ratio assumed by boundary layer theory and shown to give β ≈ 0.33 in 2D modelling [START_REF] Olsen | A comparison of heat transfer laws for mantle convection at very high Rayleigh numbers[END_REF].

Analysis is an important and often under emphasised-aspect of modelling. Many mod- A weighted fit which discards the lowest 3 Ra cases (Fig. 8) provides a much closer fit to the data and agrees more closely to the unweighted value for β (0.290 unweighted to 0.309 weighted). The cause of this improvement lies in the fact that the 3 cases with the lowest Ra for basal heating appear to lie on a slightly lower trend than the rest of the data points (see Fig. 3). This is a consequence of the large scale cubic/tetrahedral convective patterns that low Ra cases tend to adopt (Fig 9). These patterns appear to be less efficient (in a heat transfer sense) than the more complex patterns found at higher Ra. This has been observed previously for low Ra spherical geometry cases [START_REF] Bercovici | Three-dimensional thermal convection in a spherical shell[END_REF][START_REF] Bercovici | Three-dimensional convection of an infinite-Prandtlnumber compressible fluid in a basally heated spherical shell[END_REF].

Table 4 shows a selection of previously published values for β, calculated from a variety of model types.

Table 4 here. [START_REF] Bercovici | Three-dimensional thermal convection in a spherical shell[END_REF][START_REF] Bercovici | Three-dimensional convection of an infinite-Prandtlnumber compressible fluid in a basally heated spherical shell[END_REF] vigour, the convective pattern has a significant influence on β. The models used in this study explored much larger Ra, however the work of [START_REF] Bercovici | Three-dimensional thermal convection in a spherical shell[END_REF][START_REF] Bercovici | Three-dimensional convection of an infinite-Prandtlnumber compressible fluid in a basally heated spherical shell[END_REF] remains valid for low vigour convection.

Work by [START_REF] Giannandrea | Variable viscosity convection experiments with a stress-free upper boundary and implications for the heat transport in the Earth's mantle[END_REF] produced a value of 0.28 in large aspect ratio tank experiments. The aspect ratio of convection cells (λ) seems to have an impact in some geometries [START_REF] Olsen | A comparison of heat transfer laws for mantle convection at very high Rayleigh numbers[END_REF]. At larger values of λ, β seems to tend to 0.25, while at lower λ, β is closer to 0.33. It is likely that this effect was responsible for the value of 0.28 found by [START_REF] Giannandrea | Variable viscosity convection experiments with a stress-free upper boundary and implications for the heat transport in the Earth's mantle[END_REF], with Rayleigh numbers up to 10 5 . An arbitrary choice of aspect ratio is not an issue with 3D spherical geometry models, at least where whole mantle convection is considered.

The work of [START_REF] Korenaga | Energetics of mantle convection and the fate of fossil heat[END_REF][START_REF] Korenaga | Archean geodynamics and the thermal evolution of Earth[END_REF] examines the effect of chemically controlled viscosity in the mantle. Korenaga proposes that the dehydration of the upper mantle caused by the melting generating ocean crust causes the upper mantle to become more viscous. Logically, higher mantle temperatures in the past would be expected to result in more melting and a greater stiffening effect. Thus, Korenaga proposes that a hotter Archean mantle would in fact have a lower effective Ra than has been assumed. This effect would have implications for the value of β as it would have to be adjusted to accommodate this stiffening effect. [START_REF] Korenaga | Energetics of mantle convection and the fate of fossil heat[END_REF] suggests that β may be very low or even negative when this effect is taken into account. Without this effect included the value for β produced by Korenaga's models is 0.3, generally in agreement with other recent convection models and the values presented here.

It is worth noting that, while [START_REF] Korenaga | Energetics of mantle convection and the fate of fossil heat[END_REF][START_REF] Korenaga | Archean geodynamics and the thermal evolution of Earth[END_REF] uses a value for β derived from a uniform viscosity model, he then uses the scaling relationship in parameterised models where viscosity is temperature dependent. This is a slight clash of concept as the β being used was not explicitly defined for such a case. In practice, this does not appear to introduce significant error as β appears to be robust in such a situation [START_REF] Korenaga | Energetics of mantle convection and the fate of fossil heat[END_REF]Korenaga Page 20 of 40 , 2002). This again highlights the need for β to be very well defined. [START_REF] Zhong | Dynamics of thermal plumes in three-dimensional isoviscous thermal convection[END_REF] used CITCOM, a 3D Cartesian box model with 100% basal heating and the same definition of basally heated Ra as this study found that plume number (the global number of plumes transporting a significant amount of heat, see [START_REF] Zhong | Dynamics of thermal plumes in three-dimensional isoviscous thermal convection[END_REF] for details)

scales at Ra 0.31 . The work presented here agrees broadly with [START_REF] Zhong | Dynamics of thermal plumes in three-dimensional isoviscous thermal convection[END_REF] as large scale plumes, originating at the lower thermal boundary layer, are likely to be the primary transporters of heat, thus controlling surface heat flux in a 100% basally heated system. Internal heating by contrast, tends to produce a similar heat flux but over a broader area. Plume number would not be expected to scale in the same manner for internally heated cases.

An additional factor that may affect β is the type of convection. [START_REF] Castaing | Scaling of hard thermal turbulance in Rayleigh-Benard convection[END_REF] divide convection into soft and hard turbulent regimes, with the transition from soft to hard at Ra = 4 × 10 7 . Their experiments to extremely high vigour (Ra = 10 12 ) using liquid Helium, give β = 2 7 (0.2857...). While this type of experiment is obviously not intended to exactly simulate mantle convection, it suggests that convecting systems are capable of displaying behaviour at odds with boundary layer theory. The value of β derived by this study (Equation 19) is closer to 0.29 than 1 3 , indicating that a certain amount of non-classic boundary layer behaviour may be occurring. The broad range of Ra, reaching Earth-like vigour, lend weight to the argument that this is a valid result. The tendency of any change in behaviour at high Ra would be to reduce the value of β for Earth. The mechanism suggested to cause this reduction is the entrainment of parts of the lower boundary layer, possibly as fingers of hot material [START_REF] Castaing | Scaling of hard thermal turbulance in Rayleigh-Benard convection[END_REF]. This study finds no evidence of a change in β at high Ra, as illustrated in Figs. [START_REF] Moore | Heat transport in a convecting layer heated from within and below[END_REF] proposes that boundary layer theory applies to 'ambient' convection but does not account for plumes. The 'overshoot' of plumes thins the boundary layer, operating in a similar manner to the additional advection described by [START_REF] Jarvis | Convection Models and Geophysical Observations: Mantle Convection, Plate Tectonics and Global Dynamics[END_REF]. This effect is greater with larger plumes and cases in the low Ra range would have a higher surface heat flux than boundary layer theory would predict. For higher Ra cases, where plumes are smaller, this effect is reduced.

In the context of either Jarvis and Peltier or Moore, Nu(Ra) derived from a wide range of Ra will have a value of β < 1 3 . In effect, this additional heat flux represents the interference of the lower boundary layer on the upper, something which is not included in boundary layer theory assumptions. A hint of such flow may be present in Fig. 6 at higher Ra, where there is more than one peak in the power spectra. Care must be taken when comparing this study directly to the work of Moore as his conclusions are based on mixed mode heating, where the upper and lower boundary layers are not of equal thickness. General observations on boundary layer theory should however be comparable.

Other ideas also involve the disruption of the upper thermal boundary layer by plumes, a dramatic example of which is provided by the degree-1 convection found by [START_REF] Zhong | Degree-1 mantle convection and the crustal dichotomy on Mars[END_REF] A feature of Fig. 3 is that if the trend is extended to Nu = 1 (the onset of convection), our predicted critical Ra would be of order 10 2 . The critical Ra has been extensively investigated and is accepted to be ≈ 712 [START_REF] Bercovici | Three-dimensional thermal convection in a spherical shell[END_REF]. This apparent inconsistency in our results is explained by the fact that at Nu = 1 (critical Ra) there is effectively no convection and therefore no boundary layers (or the whole layer can be considered a single boundary layer), boundary layer theory of convection is no longer valid and conduction is dominant. [START_REF] Moore | Heat transport in a convecting layer heated from within and below[END_REF] suggests that at near critical Ra a single slope does not fit because conduction interferes significantly with convection.

There is also the question of whether the data are indeed best fit by a single slope (β).

At very low Ra, basally heated cases seem to lie on a slightly flatter trend (lower β). This is caused by the presence of near steady state convective planforms similar to those observed by [START_REF] Bercovici | Three-dimensional thermal convection in a spherical shell[END_REF]. Apart from these very low Ra cases, results from the range of Ra modelled in this study do appear to be fit by a single slope (e.g. Fig. 3). Based on 2D Cartesian models, [START_REF] Moore | Heat transport in a convecting layer heated from within and below[END_REF] suggests that at Ra above those investigated in this work, the data are best fit by several slopes. In particular, Moore cites [START_REF] Lenardic | Thermal convection below a conducting lid of variable extent: Heat flow scalings and two-dimensional, infinite Prandtl number numerical simulations[END_REF], who suggested that β = 1 3 is recovered above Ra ≈ 10 9 . Unfortunately, their use of 2-D modelling with a rigid lid surface boundary condition limits the applicability of the result to the data presented here. No studies have been carried out in 3D spherical geometry at Ra > 2 × 10 9 , leaving open the question of whether β = 1 3 can be recovered a extremely high Ra. Some laboratory convection experiments to high Ra in plane layers such as those of [START_REF] Castaing | Scaling of hard thermal turbulance in Rayleigh-Benard convection[END_REF] have been able to fit a single slope to their data over a wide range of Ra. It is interesting to note that the basally heated Ra of 10 9 -10 11 , suggested by Moore as the point at which β = 1 3 , is probably much higher than the likely Ra over most of Earth's history.

The implication of β = 0.29 as opposed to 1 3 is that the extrapolated surface heat flux
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A c c e p t e d M a n u s c r i p t in the past (at higher Ra) would be lower than otherwise estimated. This lower heat flux would arise from the efficiency of the convective system, before other factors, such as rheology, are taken into account.

To demonstrate this, consider the relationship Nu = aRa β where a is 0.284 (from Equation 19). When using an upper bound present-day Earth Ra bh of 10 9 , a value of β = 0.29 results in Nu = 116 (Surface Heat Flux (q) of 114 TW). The value of q was calculated from the Nu using the following equation re-arranged and simplified from equation 15:

q = Nu × 9.832 × 10 11 W (24) 
To compare this to β = 1 3 another value for a must be chosen to prevent the two trends from being pinned at the origin, leading to an artificially large Nu at high Ra. In order to obtain reasonable projection, a was calculated using Nu and Ra values for the mid-point of the data on Fig. 3 and also for the lowest value Ra in the data. These two values pin the projected values to points within the data. The three possibilities for projecting the power law are shown in sketch form in Fig. 10.

Figure 10 here.

A comparison of Nu values for β = 1 3 and β = 0.29 at Ra = 10 9 is shown in Table 5.

The favoured values are highlighted bold and show a 32% reduction in the expected Nu when β = 0.29 rather than 1 3 . The difference in q would be 55 TW. These results are particularly significant when one considers that this is a fairly conservative choice of a when generating the β = 1 3 Nu(Ra) relationship. Clearly, when extrapolating to higher Ra, the difference between the outcomes predicted by the two values of β would be greater still.

Page 24 of 40 It can be seen that the Earth's ancient heat flux could be lower than conventional boundary layer theory would suggest for a relatively small change in β. This perhaps offers a mechanism that could partially assist in resolving the thermal catastrophe paradox which occurs when projecting the Earth's temperature into the distant geological past as described by [START_REF] Korenaga | Energetics of mantle convection and the fate of fossil heat[END_REF]. However, the reduction of β is not sufficiently large to solve the problem by itself. Further mechanisms, possibly only significant in early Earth, are required to reconcile the present day mantle heat flux.

Conclusion

The Nu(Ra) scaling relationship has been investigated in 3D spherical geometry over a large range of convective vigour, using both internally and basally heated models. Basally and internally heated systems were directly compared by converting the internally heated Ra to a basally heated equivalent. This was achieved by dividing the internally heated Ra by the Nu (Equation 18). It was found that β is closer to 0.29 than 

  used liquid Helium, a fluid with a low Prandtl number.Thus, investigations at infinite Prandtl number and high Ra are required to test the possi-

  Figs. 1 Page 12 of 40 A c c e p t e d M a n u s c r i p t and 2 that the surface heat flux of a statistically stable model tends to fluctuate about its average value. For this reason the Nusselt numbers were calculated by averaging over the last 1000 timesteps of each model at 10 timestep intervals. The last 1000 timesteps of each run are higlighted in Figs. 1 and 2.

  20) for internally heated cases (Fig. 4 using Ra bh i ) when simple linear regression was used to fit the data. The value of β obtained by weighted least squares fit was not used further in this Page 13 of 40 A c c e p t e d M a n u s c r i p t study as the variance of residuals was larger than for the unweighed fit. For completeness, the uncorrected internally heated Ra gives the following relationship: Nu = 0.297Ra 0.24 ih (21)

  the weighted line fit is notably different. Previous studies have found a

1 3 ,

 3 an assumption somewhat at odds with high Ra experimental work such as[START_REF] Castaing | Scaling of hard thermal turbulance in Rayleigh-Benard convection[END_REF] and indeed with this study. A significant difference in the work of[START_REF] Iwase | An interpretation of the Nusselt-Rayleigh number relationship for convection in a spherical shell[END_REF] is their use of local Nu and Ra (calculated across the thermal boundary layer) as opposed to global Nu and Ra as is traditionally the case. Therefore, their value for β is based on somewhat different assumptions to the classical case and may be more sensitive to variations in planform, possibly similar to the differences in Rayleigh-RMS velocity scaling of different heating modes observed in this work.

Figure 7

 7 Figure 7 here.

  Figures 8 and 9 here.

  have proposed a value for β of around 0.28. Their work, in 3D spherical geometry, demonstrates tetrahedral and cubic patterns of convection at relatively low Ra. They note differing values of β for the different planforms, with β for their cubic cases given as 0.28, while tetrahedral solutions give 0.26. This indicates that at low

  1 and 2. The mechanism reducing β relative to the classical theory operates consistently over the range of Ra studied. The work presented here does not support β reducing with Ra as a solution to the thermal catastrophe when modelling thermal evolution backwards from the present. The question of why β derived from experiment and simulation is not completely consistent Page 21 of 40 A c c e p t e d M a n u s c r i p t with boundary layer theory has been addressed by a number of studies. What many have in common, is the idea that the simplifications underlying boundary layer theory are more suited to some Ra than others. Jarvis and Peltier (1989) demonstrated that the assumption in boundary layer theory of zero vertical velocity along the top of the unit box is more valid for higher Ra than lower Ra. Lower Ra cases have a greater degree of advection of heat in the upwelling corner of the box, which enhances heat flux out of the surface. Higher Ra cases result in less vertical heat advection, more closely resembling boundary layer theory.

  when considering Martian convection. Degree-1 convection was not observed Page 22 of 40 A c c e p t e d M a n u s c r i p t in any of the cases presented here.

1 3 (Figure 1 .

 31 Figure captions

Figure 2 .

 2 Figure 2. Summary of model evolution for internally heated cases, boxes indicate the time interval over which the average Nu was calculated. Logarithmic axes.

Figure 3 .

 3 Figure 3. Two possible fits to the results from basally heated cases. Trends of 1 3 and 2 7 are also shown. A value of 1 3 being the value predicted by boundary layer theory, and 2 7 being the value suggested by Castaing et al. (1989) from their high Ra, but low Prandtl number experiments.

Figure 4 . 2 PageFigure 5 .

 425 Figure 4. Two possible fits for output from the internally heated cases. Trends of 1 3 and 2

Figure 6 .

 6 Figure 6. Spectral plots showing power at a given spherical harmonic degree (l) for the temperature field up to l = 32. l increases up each plot, the CMB is on the left and surface on the right. Row (a) consists of basally heated cases and row (b) internally heated cases. Ra increases across each row from left to right.

Figure 7 .

 7 Figure 7. Comparison of temperature field planform at 22 km depth for cases with a dynamic viscosity of 1 × 10 22 Pas. (a) basally heated model and (b) internally heated model. Colour figure can be found in the electronic version of this paper.

Figure 8 .

 8 Figure 8. An improved fit may be achieved when the lowest 3 Ra cases are excluded from the analysis. Basally heated cases only.

Figure 9 .

 9 Figure 9. Case B7, 900 km depth. Temperature plot in Kelvin. Note tetrahedral planform. Colour figure can be found in the electronic version of this paper.

Figure 10 .

 10 Figure10. Sketch representation of how the chosen value for a effects the Nu when extrapolating to higher Ra (see text for details).
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  have shown that simplified models are capable of capturing the essence of the more complex real Earth. This study has charac-

	terised Nu(Ra) using a model that is more Earth-like, in terms of convective vigour and
	geometry, than the majority of previous work.
	Nu(Ra) derived by boundary layer theory of thermal convection gives a β value of 1 3 (Tur-
	cotte and Oxburgh, 1967). It is therefore important to consider why our model derived

value for β is closer to 0.29. The value of β=0.337 for internally heated cases appears to agree, though we note that classical boundary layer theory assumes no internal heating. The error for β is however somewhat higher for the internally heated value than for the basally Page 16 of 40

Table 5 here .

 5. 

Table 1 :

 1 Common input values used for all cases. Note: the governing equations can be expressed nondimensionally, these values are presented for completeness.

	Page 33 of 40

are shown for comparison.
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