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Abstract

Adaptive approximation (or interpolation) takes into account local variations in the behavior of
the given function, adjusts the approximant depending on it, and hence yields the smaller error of
approximation. The question of constructing optimal approximating spline for each function proved
to be very hard. In fact, no polynomial time algorithm of adaptive spline approximation can be
designed and no exact formula for the optimal error of approximation can be given. Therefore,
the next natural question would be to study the asymptotic behavior of the error and construct
asymptotically optimal sequences of partitions.

In this paper we provide sharp asymptotic estimates for the error of interpolation by splines on
block partitions in IRY. We consider various projection operators to define the interpolant and provide
the analysis of the exact constant in the asymptotics as well as its explicit form in certain cases.
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1 Introduction

The goal of this paper is to study the adaptive approximation by interpolating splines defined over block
partitions in IRY. With the help of introduced projection operator we shall handle the general case,
and then apply the obtained estimates to several different interpolating schemes most commonly used in
practice.

Our approach is to introduce the “error function” which reflects the interaction of approximation
procedure with polynomials. Throughout the paper we shall study the asymptotic behavior of the ap-
proximation error and, whenever possible, the explicit form of the error function which plays a major
role in finding the constants in the formulae for exact asymptotics.

1.1 The projection operator

Let us first introduce the definitions that will be necessary to state the main problem and the results of
this paper.
We consider a fixed integer d > 1 and we denote by = = (z1,--- ,74) the elements of R?. A block R
is a subset of R? of the form
R = H [ai,bi]

1<i<d

where a; < b;, for all 1 < i < d. For any block R C R?, by L,(R), 1 < p < oo, we denote the space of
measurable functions f : R — IR for which the value

Pd if 1<
1 £1lp = 1fllL,r) == /'Jf(gc)| Tl if 1<p<oo,
R
esssup{|f(x)|: = € R}, if p=ooc.

is finite. We also consider the space C°(R) of continuous functions on R equipped with the uniform norm
| “ | (r)- We shall make a frequent use of the canonical block I?, where I is the interval
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Next we define the space V := C°(I?) and the norm || - ||y := || - [|;__e)- Throughout this paper we
consider a linear and bounded (hence, continuous) operator I : V' — V. This implies that there exists a

constant C7 such that
[ Tully < Ciflullv for all u € V. (1.1)

We assume furthermore that I is a projector, which means that it satisfies
Tol=T1. (1.2)

Let R be an arbitrary block. It is easy to show that there exists a unique xo € R? and a unique diagonal
matrix D with positive diagonal coefficients such that the transformation

é(z) := 20 + Dz satisfies ¢(I%) = R. (1.3)
The volume of R, denoted by |R|, is equal to det(D). For any function f € C°(R) we then define
Inf=1(fod)os L. (1.4)

Note that )
|f —1r fllz,(r) = (det D)? | fo ¢ —I(f o d)|L,1a)- (1.5)

A block partition R of a block Ry is a finite collection of blocks such that their union covers Ry and
which pairwise intersections have zero Lebesgue measure. If R is a block partition of a block Ry and



if f € C°(Ro), by Ig f € Loo(Ro) we denote the (possibly discontinuous) function which coincides with
I f on the interior of each block R € R.
Main Question. The purpose of this paper is to understand the asymptotic behavior of the quantity

Hf - IRN f”Lp(Ro)

for each given function f on Ry from some class of smoothness, where (Ry)n>1 is a sequence of block
partitions of Ry that are optimally adapted to f.

Note that the exact value of this error can be explicitly computed only in trivial cases. Therefore, the
natural question is to study the asymptotic behavior of the error function, i.e. the behavior of the error
as the number of elements of the partition Ry tends to infinity.

Most of our results hold with only assumptions (ILI)) of continuity of the operator I, the projection
axiom ([2)), and the definition of Ix given by ([4]). Our analysis therefore applies to various projection
operators I, such as the Ls-orthogonal projection on a space of polynomials, or spline interpolating
schemes described in T4

1.2 History

The main problem formulated above is interesting for functions of arbitrary smoothness as well as for
various classes of splines (for instance, for splines of higher order, interpolating splines, best approximating
splines, etc.). In the univariate case general questions of this type have been investigated by many authors.
The results are more or less complete and have numerous applications (see, for example, [I1]).

Fewer results are known in the multivariate case. Most of them, starting with the works [II @], are
for the case of approximation by splines on triangulations (for review of existing results see, for instance
[2LBL6L [7, T0L[12]). However, in applications where preferred directions exist, box partitions are sometimes
more convenient and efficient.

The first result on the error of interpolation on rectangular partitions by bivariate splines linear in each
variable (or bilinear) is due to D’Azevedo [8] who obtained local (on a single rectangle) error estimates.
In [4] Babenko obtained the exact asymptotics for the error (in L1, Lo, and Ly, norms) of interpolation
of C2(I?) functions by bilinear splines.

In [5] Babenko generalized the result to interpolation and quasiinterpolation of a function f € C2(I%)
with arbitrary but fixed throughout the domain signature (number of positive and negative second-order
partial derivatives). However, the norm used to measure the error of approximation was uniform.

In this paper we use a different, more abstract, approach which allows us to obtain the exact asymp-
totics of the error in a more general framework which can be applied to many particular interpolation
schemes by an appropriate choice of the interpolation operator. In general, the constant in the asymp-
totics is implicit. However, imposing additional assumptions on the interpolation operator allows us to
compute the constant explicitly.

The paper is organized as follows. Section [[L3] contains the statements of main approximation results.
The closer study of the error function, as well as its explicit formulas under some restrictions, can be
found in Section 2l The proofs of the theorems about asymptotic behavior of the error are contained in
Section [3]

1.3 Polynomials and the error function

In order to obtain the asymptotic error estimates we need to study the interaction of the projection
operator I with polynomials.
The notation « always refers to a d-vector of non-negative integers

a=(ay, -, aq) € 7Z%.

For each a we define the following quantities

laf == Z a;, al:= H a;!,  max(a) := max «;.

1<i<d
1<i<d 1<i<d



We also define the monomial

xe= [ X

1<i<d

where the variable is X = (X1,..., X4) € RY. Finally, for each integer k& > 0 we define the following three
vector spaces of polynomials

P, = Vect{X: |o| <k},
P; = Vect{X*: max(a) <k and |a| < k + 1}, (1.6)
P;* = Vect{X*: max(a) < k}.

Note that clearly dim(IP}*) = (k + 1)¢. In addition, a classical combinatorial argument shows that

k+d
dim]Pk_< ; )

Furthermore,

dim P} = dimPyyy —d = (k+d+ 1) —d.

d

By Wi we denote the image of I, which is a subspace of V = C°(I¢). Since I is a projector ([L2), we
have

Vi={(f): feVi={feVv: f=1/} (1.7)
From this point on, the integer k is fixed and defined as follows
k= k() := max{k’ > 0: Py C Vi} (1.8)

Hence, the operator I reproduces polynomials of total degree less or equal than k. (If K = co then we
obtain, using the density of polynomials in V' and the continuity of I, that I(f) = f for all f € V. We
exclude this case from now on.)

In what follows, by m we denote the integer defined by

m=m():=k+1, (1.9)
where k = k(I) is defined in (C8)). By H,, we denote the space of homogeneous polynomials of degree m
H,, := Vect{X“: |a| = m}.
We now introduce a function K; on H,,, further referred to as the “error function”.
Definition 1.1 (Error Function) For all 7 € HH,,

K[(F) = |}1{li1£1 H?T—IRFHLP(R), (110)

where the infimum is taken over all blocks R of unit d-dimensional volume.

The error function K plays a major role in our asymptotical error estimates developed in the next
subsection. Hence, we dedicate §2 to its close study, and we provide its explicit form in various cases.

The optimization (I0) among blocks can be rephrased into an optimization among diagonal matrices.
Indeed, if |R| = 1, then there exists a unique zo € R? and a unique diagonal matrix with positive
coefficients such that R = ¢(I¢) with ¢(z) = x¢ + Dz. Furthermore, the homogeneous component of
degree m is the same in both 7 o ¢ and 7o D, hence w0 ¢ — w o D € Py, (recal that m = k4 1) and
therefore this polynomial is reproduced by the projection operator I. Using the linearity of I, we obtain

mop—I(ro¢)=moD —1I(moD).
Combining this with (IH), we obtain that

K = inf D -1 D 1.11

im) = inf oD~ 1(ro D)y, (1.11)
D>0

where the infimum is taken over the set of diagonal matrices with non-negative entries and unit determi-

nant.



1.4 Examples of projection operators

In this section we define several possible choices for the projection operator I which are consistent with
(L) and, in our opinion, are most useful for practical purposes. However, many other possibilities could
be considered.

Definition 1.2 (L3(I?) orthogonal projection) We may define I(f) as the La(I?) orthogonal projec-
tion of f onto one of the spaces of polynomials Py, IP;, or IP;" defined in (I.0).

If the projection operator I is chosen as in Definition [[L2] then a simple change of variables shows that
for any block R, the operator I defined by (L4 is the Lo(R) orthogonal projection onto the same space
of polynomials.

To introduce several possible interpolation schemes for which we obtain the estimates using our
approach, we consider a set Uy C I of cardinality #(Uj) = k + 1 (special cases are given below). For any
u = (u1,- - ug) € U we define an element of IP}* as follows

pu(X) = H H Xi —v e P

; U; — U
1<i<d | veUy

vFU,;

Clearly, ,uu(u) = ,uu(ula' o ,Ud) =1 and ‘LLU(V) = ,ull(vla' o ,’Ud) =0ifv = (vlv" ! avd) € Ul? and
v # u.

It follows that the elements of B := (uiu)uecya are linearly independent. Since #(B) = #UY) =
(k+1)¢ = dim(IP}*), B is a basis of IP}".

Therefore, any element of p € P} can be written in the form

wX) = Z Aufu (X).

ueUp

It follows that there is a unique element of g € IP;* such that u(u) = f(u) for all u € UZ. We define
If := u, namely
INX) = Y fwua(X) € P

ueUg

We may take Uy to be the set of k + 1 equi-spaced points on I
Ukz{—§+—:0<n<k}. (1.12)

We obtain a different, but equally relevant, operator I by choosing Uy to be the set of Tchebychev points
on I

1 nmw
=4 = —:0<n< . .
Us {2cos(k) O_n_k} (1.13)

Different interpolation procedures can be used to construct I. Another convenient interpolation scheme
is to take
I(f) € Py

and I(f) = f on a subset of U{. This subset contains dim IP} points, which are convenient to choose first
on the boundary of I¢ and then (if needed) at some interior lattice points. Note that since dim P} <
#(UD) = (k +1)4, it is always possible to construct such an operator.

If the projection operator I is chosen as described above, then for any block R and any f € C°(R),
Ig(f) is the unique element of respective space of polynomials which coincides with f at the image ¢(p)
of the points p mentioned in the definition of I, by the transformation ¢ described in (L3)).



1.5 Main results

In order to obtain the approximation results we often impose a slight technical restriction (which can be
removed, see for instance [2]) on sequences of block partitions, which is defined as follows.

Definition 1.3 (admissibility) We say that a sequence (Ry)n>1 of block partitions of a block Ry is
admissible if #(Rn) < N for all N > 1, and

sup (Né sup diam(R)) < oo (1.14)
N>1 RERN

We recall that the approximation error is measured in L, norm, where the exponent p is fixed and
1 < p < oo. We define 7 € (0,00) by

1
Si= 4. (1.15)
-

In the following estimates we identified d™ f(x) with an element of TH,, according to

am f(x) o™ f(a) X
m Z oz al (1.16)
laj=m
We now state the asymptotically sharp lower bound for the approximation error of a function f on an
admissible sequence of block partitions.

Theorem 1.4 Let Ry be a block and let f € C™(Ry). For any admissible sequence of block partitions
(Rn)n>1 of Ro

dm
hmland 1f —Irn fllz,(ro) = HKI < mlf)

L;(Ro) '

The next theorem provides an upper bound for the projection error of a function f when an optimal
sequence of block partitions is used. It confirms the sharpness of the previous theorem.

Theorem 1.5 Let Ry be a block and let f € C™(Ry). Then there exists a (perhaps non-admissible)
sequence (Rn)n>1, #RN < N, of block partitions of Ry satisfying

. m am
limsup N7 ||f — g, fHLp(RO) < HKI ( |f> (1.17)
N—oo m:

L+ (Ro) '

Furthermore, for all € > 0 there exists an admissible sequence (R )n>1 of block partitions of Ry
satisfying

te. (1.18)

hmsude Hf—IRE f||L (Ro) < HKI ( 'f)
m L. (Ro)

N—o0

An important feature of these estimates is the “limsup”. Recall that the upper limit of a sequence
(UN)NZNO is defined by

limsupuy := lim sup ug,,

N—oo N—oop>N
and is in general strictly smaller than the supremum sup >y, un. It is still an open question to find an
appropriate upper estimate of supy~ n, IV T f—Iry fll L,(Ry) When optimally adapted block partitions
are used.

In order to have more control of the quality of approximation on various parts of the domain we

introduce a positive weight function Q € C°(Rp). For 1 < p < oo and for any u € L,(Ry) as usual we
define

lullz,(ro.) = U L, (R (1.19)

Remark 1.6 Theorems[1.]) and [1.77] below also hold when the norm || - |1, (ry) (resp |l - ||z, (ry)) is
replaced with the weighted norm || - ||z, (ro.) (resp || - |, (ro.0)) defined in .



In the following section we shall use some restrictive hypotheses on the interpolation operator in order
to obtain an explicit formula for the shape function. In particular, Propositions 227 2.8 and equation
[220) show that, under some assumptions, there exists a constant C' = C(I) > 0 such that

These restrictive hypotheses also allow to improve slightly the estimate (LIJ)) as follows.

Theorem 1.7 If the hypotheses of Proposition [2.7 or [Z.8 hold, and if K (%) > 0 everywhere on
Ry, then there exists an admissible sequence of partitions (Rn)n>1 which satisfies the optimal estimate

(LD

The proofs of the Theorems [[.4] and [[L7] are given in §3l Each of these proofs can be adapted to
weighted norms, hence establishing Remark Some details on how to adapt proofs for the case of
weighted norms are provided at the end of each proof.

2 Study of the error function

In this section we perform a close study of the error function Kj, since it plays a major role in our
asymptotic error estimates. In the first subsection §2.1] we investigate general properties which are valid
for any continuous projection operator I. However, we are not able to obtain an explicit form of K
under such general assumptions. Recall that in §I.4] we presented several possible choices of projection
operators I that seem more likely to be used in practice. In §2.2 we identify four important properties
shared by these examples. These properties are used in §2.3] to obtain an explicit form of K.

2.1 General properties

The error function K obeys the following important invariance property with respect to diagonal changes
of coordinates.

Proposition 2.1 For all 7 € H,, and all diagonal matrices D with non-negative coefficients
Ki(mo D) = (det D)@ K(m).

Proof: We first assume that the diagonal matrix D has positive diagonal coefficients. Let D be a
diagonal matrix with positive diagonal coefficient and which satisfies det D = 1. Let also m € H,,,. Then

70 (DD) =mo ((det D)D) = (det D)4 7o D,

where D := (det D)_éDE satisfies det D = det D = 1 and is uniquely determined by D. According to
(CII) we therefore have

Ki(oD) = inf |wo(DD)~I(ro(DD)|r,e
526
= (detD)% inf ||7TOD—I(7TO.D)HLP(HGL)
det D=1
D>0
= (det D)@ K;(m),

which concludes the proof in the case where D has positive diagonal coefficients.
Let us now assume that D is a diagonal matrix with non-negative diagonal coeflicients and such that
det(D) = 0. Let D’ be a diagonal matrix with positive diagonal coefficients, and such that D = DD’ and
det D’ = 2. We obtain

Ki(mroD)=K;(ro(DD'") =2%K(moD),



which implies that K;(m o D) = 0 and concludes the proof. o

The next proposition shows that the exponent p used for measuring the approximation error plays a
rather minor role. By K, we denote the error function associated with the exponent p.

Proposition 2.2 There exists a constant ¢ > 0 such that for all 1 < p; < py < 0o we have on H,,
Ko < Kp <Kp, <Ky

Proof: For any function f € V = C°(I?) and for any 1 < p; < ps < oo by a standard convexity argument
we obtain that

Ifllzyasy <Nz, < UFllz,,a0 < IFllzcas-

Using ([LIT)), it follows that
Kl S Kpl S Kpg S Koo

on H,,. Furthermore, the following semi norms on H,,
Imly == ||m = I, ey and |7]oo := || = Imr|| L (1a)

vanish precisely on the same subspace of H,,, namely Vi N H,, = {m € H,, : © = Ix}. Since H,,
has finite dimension, it follows that they are equivalent. Hence, there exists a constant ¢ > 0 such that
¢l oo < |- ]1 on H,,. Using (LIT), it follows that ¢K. < K3, which concludes the proof. o

2.2 Desirable properties of the projection operator

The examples of projection operators presented in §I.4] share some important properties which allow to
obtain the explicit expression of the error function K. These properties are defined below and called H,
H,, H, or H,.. They are satisfied when operator I is the interpolation at equispaced points (Definition
[L12), at Tchebychev points (Definition [LT3)), and usually on the most interesting sets of other points.
They are also satisfied when I is the Ly(I?) orthogonal projection onto IP; or IP;* (Definition [2).

The first property reflects the fact that a coordinate z; on I¢ can be changed to —x;, independently
of the projection process.

Definition 2.3 (Hy hypothesis) We say that the interpolation operator 1 satisfies the Hy hypothesis
if for any diagonal matriz D with entries in =1 we have for all f € V

I(foD) =1(f) o D.

The next property implies that the different coordinates 1, - - , 24 on I? play symmetrical roles with
respect to the projection operator.

Definition 2.4 (H, hypothesis) If M, is a permutation matriz, i.e. (My)ij := ;5(;) for some per-
mutation o of {1,--- ,d}, then for all f €V

I(f o M,)=1(f) o M,.

According to (L8], the projection operator I reproduces the space of polynomials Py. However, in
many situations the space V} of functions reproduced by I is larger than IPg. In particular Vi = IP;* when
I is the interpolation on equispaced or Tchebychev points, and Vi = Py, (resp Py, IP;*) when I is the
Ly(I%) orthogonal projection onto Py (resp P}, IP}*).

It is particularly useful to know whether the projection operator I reproduces the elements of P, and
we therefore give a name to this property. Note that it clearly does not hold for the Ly(I?) orthogonal
projection onto IPy.

Definition 2.5 (H. hypothesis) The following inclusion holds :

Py c V.



On the contrary it is useful to know that some polynomials, and in particular pure powers x;*, are
not reproduced by 1.

Definition 2.6 (H,. hypothesis)

If > Nam € Vi then (M-, Aa) = (0,-++,0).
1<i<d
This condition obviously holds if I( f) € IP;* (polynomials of degree < k in each variable) for all f. Hence,
it holds for all the examples of projection operators given in the previous subsection .4l
2.3 Explicit formulas

In this section we provide the explicit expression for K when some of the hypotheses H., H,, H, or H,,
hold. Let 7 € IH,, and let \; be the corresponding coefficient of X" in 7, for all 1 < i < d. We define

K*(ﬂ—) = a H |A7f|
1<i<d

and
s(m):=#{1<i<d: N\ >0}

If % is identified by (LI6) to an element of H,,, then one has

dm 1
K. ( f@) == (2.20)
m! m!
Proposition 2.7 If m is odd and if H+, H, and H, hold, then
Kp(m) = C(p)K.(m),
where
Clp)=| Y X —1{ > X > 0.
1<i<d 1<i<d L (14)
Proposition 2.8 If m is even and if H,, H, and H.. hold then
Kp(m) = C(p, s(m)) K ().
Furthermore,
Cp,0)=Clp,d)=| > X =1 > X" > 0. (2.21)

1<i<d 1<i<d L, (14)

Other constants C(p, s) are positive and obey C(p,s) = C(p,d — s).

Next we turn to the proofs of Propositions 2.7 and

10



Proof of Proposition 2.7 Let m € H,, and let \; be the coefficient of X" in 7. Denote by
My 1= Z A X
1<i<d

so that 7 — . € P}, and, more generally, 7o D —, 0 D € P}, for any diagonal matrix D. The hypothesis
H., states that the projection operator I reproduces the elements of P}, and therefore

moD—I(roD)=m.0D —1I(me 0 D).

Hence, Ki(m) = Ky(m,) according to (LII)). If there exists ig, 1 < ig < d, such that \;, = 0, then we
denote by D the diagonal matrix of entries D;; = 1 if i # ip and 0 if ¢ = 9. Applying Proposition 2.1l we
find

Ki(n) = Ki(m,) = Ki(m, 0 D) = (det D)% K(m,) = 0.

which concludes the proof. We now assume that all the coefficients \;, 1 < ¢ < d, are different from 0,
and we denote by £; be the sign of A;. Applying Proposition 2] to the diagonal matrix D of entries | ;|7
we find that

Ki(r) = K;(m.) = (det D)4 K (mo o DY) = Ku(m) Ky | D X"

Using the Hy hypothesis with the diagonal matrix D of entries D;; = ¢;, and recalling that m is odd, we
find that

K| Y aXx| =K | > X
1<i<d 1<i<d

We now define the functions
gi = X" —I(X") for 1 <i<d.

It follows from (CIT]) that

K] Z sz = inf Z a;g; s

- [Ti<icqai=1 :
1<i<d <ig 1<i<d L, (1)

where the infimum is taken over all d-vectors of positive reals of product 1. Let us consider such a d-vector

(a1, ,aq), and a permutation o of the set {1,---,d}. The H, hypothesis implies that the quantity
Z Qg (i) Yi
tsrsd Ly (1)

is independent of . Hence, summing over all permutations, we obtain

Z @igi = %Z Z Qg (i) 9i Zé Z gi Z a;. (2.22)

1<i<d L, (14) 1<i<d L, (1) 1<i<d || qgay 1Si<d
The right-hand side is minimal when a; = --- = a4 = 1, which shows that
Z aigi 2 Z gi =C(p)
it ey ==l o

with equality when a; = 1 for all 7. Note as a corollary that

Kr(me) = ||me = I(me) ||, q0) = C(p) where m. = Y  &X]". (2.23)

1<i<d

11



It remains to prove that C(p) > 0. Using the hypothesis Hy, we find that for all u; € {£1} we have

Z Higi =C(p).

sed e

In particular, for any 1 < iy < d one has

2giollz, a0y < || D i +1120— D, i < 2C(p).

1<i<d || gy 1<i<d || gy

If C(p) = 0, it follows that g;, = 0 and therefore that X" = I(X]"), for any 1 < iy < d. Using the
assumption H,, we find that the projection operator I reproduces all the polynomials of degree m = k41,
which contradicts the definition (L)) of the integer k.

o

Proof of proposition 2.8 We define \;, m. and &; € {£1} as before and we find, using similar
reasoning, that

Ki(r)=K.(mE | Y eX]"
1<i<d

For 1 < s < d we define

From the hypothesis H, it follows that Kj(w
Using again H, and the fact that K(m)

Clps)=Kr | Y xm— > xr|=r (- Y xr— Y x||=Chpd-s.

1<i<s s+1<i<d 1<i<d—s d—s+1<i<d

K( )C(p, s(m)).
—m) for all 7 € H,,, we find that

C(p,s):= Ky ( Z xm
i

1<i<s s+1<i<d

K

We define g; := X —I(X[™), as in the proof of Proposition 271 We obtain the expression for C(p,0)
by summing over all permutations as in (2.22)

Cp,0) =1 > g
==, a0

This concludes the proof of the first part of Proposition We now prove that C(p,s) > 0 for all
1<p<ooandallsec{0,---,d}. To this end we define the following quantity on R?

|a||K Z a;gi

1<i<d L, (I%)

Note that ||a||x = 0 if and only if
SooaXt= Y al(X]"),
1<i<d 1<i<d

and the hypothesis H,. precisely states that this equality occurs if and only if a; = 0, for all 1 < i < d.
Hence, || - || is a norm on RY. Furthermore, let

Byi=SaeRy xR ] || =1
1<i<d

12



Then
Clp,s) = inf Jlalc.

Since Fj is a closed subset of R%, which does not contain the origin, this infimum is attained. It follows
that C(p,s) > 0, and that there exists a rectangle R. of unit volume such that

Ki(re) = |me = Imelp,(r,) = C(p, s(ne)) where me = Y & X", (2.24)
1<i<d

3 Proof of the approximation results

In this section, let the block Ry, the integer m, the function f € C™(Ry) and the exponent p be fixed.
We conduct our proofs for 1 < p < oo and provide comments on how to adjust our arguments for the
case p = 00.

For each x € Ry by p, we denote the m-th degree Taylor polynomial of f at the point x

fo = pe(X) =Y ‘ZZf (z) (X ;'“’)a, (3.25)
o] <m. '

and we define m, to be the homogeneous component of degree m in i,

re=m(X) = Y ‘ZZf@)%. (3.26)
|a]=m ’

Since m, and pu, are polynomials of degree m, their m-th derivative is constant, and clearly d™n, =
d™u, = d™f(xz). In particular, for any x € Ry the polynomial u, — 7, belongs to Py (recall that
k =m — 1) and is therefore reproduced by the projection operator I. It follows that for any = € Ry and
any block R

Ty — Il Ty = e — IR tg- (3.27)

In addition, we introduce a measure p of the degeneracy of a block R

iam(R)?
o(R) = %.

Given any function g € C"™(R) and any = € R we can define, similarly to ([B.20), a polynomial 7, € H,,
associated to g at . We then define

[d™gllLo.(r) = sup (SUP |ﬁz(u)|> : (3.28)
z€ER \ |ul=1

Proposition 3.1 There exists a constant C = C(m,d) > 0 such that for any block R and any function
g€ C™(R)
1 m m
19 =Ir gllL,r) < CIRI7p(R) @ |d™ gl[L.(r)- (3.29)

Proof: Let z9 € R and let gg be the Taylor polynomial for ¢ of degree m — 1 at point z¢ which is defined

as follows
0% f(zo) (X —x0)*
O™ ol '

go(X) ==

lal<m—1

Let z € R and let z(t) = z¢ + t(z — zp). We have

o) = o) + [ EEZIN g g

13



Hence,

1
m—+1

1
lg(z) — go(z)| < / 4™l e () l2 = o ™ (1 = #)™dt < 1"l (r) diam(R)™. (3.30)
t=0

Since go is a polynomial of degree at most m — 1, we have go = I go. Hence,

1
lg—1Irglr,rm < |R?llg—1IrgllL.(r)
1
= [R|7[|(g — g0) — Ir(9 — 90)|lL(r)
1
(L+C)IRI7[lg = goll Lo (r)>

where Cf is the operator norm of I: V' — V. Combining this estimate with ([330]), we obtain ([329)).

IN

3.1 Proof of Theorem [I.4] (Lower bound)
The following lemma allows us to bound the interpolation error of f on the block R from below.
Lemma 3.2 For any block R C Ry and x € R we have
1S = 1n fllz,m > [BI7 (Ki(m) — w(diam R)p(R) ¥)
where the function w is positive, depends only on f and m, and satisfies w(d) — 0 as 6 — 0.

Proof: Let h:= f — u,, where p, is defined in (325]) Using [B27)), we obtain

If =1 flle,ry = |7 —IrmellL,r) — P —IrlL,(R)
1
|R|* Kr(me) = |h = 1R hlL,(R)>

Y

and according to (329) we have
1 m m
1h =TrhllL,r) < Col BRI~ p(R) @ [|d™h| L. (r)-

Observe that
ld" Rl ry = ™ f —d" el r) = A" f —d" f(2)|| L (r)-

We introduce the modulus of continuity w. of the m-th derivatives of f.

z1,22€Rg: r1,x2€R: \ |u|<1
|z —z2|<r |z —x2|<r

wi(r) == sup ||d"f(z1) —d" f(z2)| = sup <sup Iml(U)—%(U)I) (3.31)

By setting w = Cp w, we conclude the proof of this lemma. o

We now consider an admissible sequence of block partitions (Ry)ny>o. For all N >0, R € Ry and
x € R, we define

m

on(z) :=|R| and YN (z) = (K(ms) — w(diam(R))p(R)U)Jr,

where A} := max{),0}. We now apply Holder’s inequality fRo fifz < |fille,, (ro)ll f2llL,, (o) With the
functions . o
fi=0¢5N Yy and fo = ¢y ?

and the exponents p; = £ and p; = %. Note that pll + plz =T (% + %) = 1. Hence,

s ([ o) ([ o) (3.32)
Ro Ry Ro

14



Note that fRo o5 = #(Ry) < N. Furthermore, if R € Ry and = € R then according to Lemma B2

on(2) Fn (@) = [RI7 7 (z) < |RI77(|f — g fllo,m)-

URU@?%];S[

Inequality [B32) therefore leads to

1NNz, (o) < If = Trn Fllz,(ro)N ¥ - (3.34)

Since the sequence (Ry)n>o is admissible, there exists a constant C4 > 0 such that for all N and all
R € Ry we have diam(R) < CAN_é. We introduce a subset of Ry, C Ry which collects the most
degenerate blocks

Hence,
1

1 P
2 @/R”f_IRf“ip(m] =If =& fllz,(r)- (3.33)

RERN

N={RERN: p(R)>w(CsAN"7)"7},

where w is the function defined in Lemma B2l By R, we denote the portion of Ry covered by R’y. For
all z € Ry \ Ry we obtain

() > Ki(m,) —w(CaN~#)1 77,

We define ey := w(CAN_é)l_é and we notice that ey — 0 as N — co. Hence,

||¢N||7L—T(R0) > H(KI(WJC) - EN)JF‘ ZT(RU\RSV)
> H(KI(T%) - eN)JFHZT(Ro) - OT|R3V|a

where C' := maxgcr, K7(7;). Next we observe that |Ry| — 0 as N — +oo: indeed for all R € Ry we
have
|R| = diam(R)?p(R) ™" < C4N " w(CyN~"4)m .

1

Since #(R’y) < N, we obtain |Ry| < C’jw(C’AN’é)H, and the right-hand side tends to 0 as N — oo.
We thus obtain

liminf on . my 2 Hm | (Kr () = n) i, oy = 1K1 o)
Combining this result with (334]), we conclude the proof of the announced estimate.
Note that this proof also works with the exponent p = co by changing

mp v . m
([ odur)" o lofnli
Ro
in 332) and performing the standard modification in (333)).

Remark 3.3 As announced in Remark[LG, this proof can be adapted to the weighted norm || - |1 (ry,0)
associated to a positive weight function Q € C°(Ry) and defined in (II9). For that purpose let ry =
sup{diam(R): R € Ry} and let
Qn(z):= inf  Q2).
z'€Ry
|lz—a'|<ry

The sequence of functions Qn increases with N and tends uniformly to Q as N — oo. If R € Ry and
x € R, then

If =1r fllL,(ra) = Q@) f =1k fllL,r)-

The main change in the proof is that the function ¥n should be replaced with ¥ = Qnn. Other details
are left to the reader.
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3.2 Proof of the upper estimates

The proof of Theorems (and [[7) is based on the actual construction of an asymptotically optimal
sequence of block partitions. To that end we introduce the notion of a local block specification.

Definition 3.4 (local block specification) A local block specification on a block Ry is a (possibly
discontinuous) map x — R(x) which associates to each point x € Ry a block R(x), and such that

o The volume |R(z)| is a positive continuous function of the variable © € Ry.
o The diameter is bounded : sup{diam(R(x)): x € Ry} < 0.

The following lemma shows that it is possible to build sequences of block partitions of Ry adapted in
a certain sense to a local block specification.

Lemma 3.5 Let Ry be a block in RY and let x — R(z) be a local block specification on Ry. Then there
exists a sequence (Py)n>1 of block partitions of Ry, P, = PLUP2, satisfying the following properties.

e (The number of blocks in P, is asymptotically controlled)

Pr _
lim #T(de) = /R |R(x)| ™ da. (3.35)

e (The elements of P} follow the block specifications) For each R € P} there exists y € Ry such that

diam(R
R is a translate of n”*R(y), and |z —y| < diam(Fo) for all x € R. (3.36)
n
o (The elements of P2 have a small diameter)
lim (n? sup diam(R) | = 0. (3.37)
oo ReP?
Proof: See Appendix. o

We recall that the block Ry, the exponent p and the function f € C™(Ry) are fixed, and that at each
point z € Ry the polynomial 7, € H,, is defined by (B28). The sequence of block partitions described
in the previous lemma is now used to obtain an asymptotical error estimate.

Lemma 3.6 Let x — R(x) be a local block specification such that for all x € Ry
e — L) (T2)l L, (R(z)) < 1- (3.38)
Let (Pp)n>1 be a sequence of block partitions satisfying the properties of Lemmal33, and let for all N > 0
n(N) = max{n > 1: #(P.) < N}.
Then Ry := Pp(ny s an admissible sequence of block partitions and

1
limsup N4 || f —Iry fllL,(ro) < < / R(x)‘ldx> : (3.39)
Ro

N —o00

Proof: Let n >0 and let R € P,,. If R € P} then let y € Ry be as in (3.36). Using 3.29) we find

If=Irfll,ry < lmy —Irmylle,r) +1I(f —my) = Ir(f — my)llL,(m)
< 0% lmy —Tag) Tyl v + CIRIP diam(R)™ [ f = ™| 1.
< 0% 4+ Cn~ 7 |R(y)|7 diam(R)™ A" f — d" F ()| e ()
< nF (14 C'wy(n~t diam(Ry))),
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where we defined C” := C'sup, cg, |R(y)|% diam(R(y))™, which is finite by Definition B4l We denoted by
w, the modulus of continuity of the m-th derivatives of f which is defined at (B.31). We now define for
alln > 1,
6n :=n? sup diam(R).
ReP2

According to [B37) one has &, — 0 as n — oo. If R € P2, then diam(R) < n~26, and therefore
|R| < diam(R)? < n=245¢. Using again ([B29), and recalling that + = % + % we find

A
-

1f = 1& fllz,r) < CIR|7 diam(R)™ |4 |1 n,y < "0 7 81

where C" = C||d™ f]|L From the previous observations it follows that

o (Rq) "
1 124 ~1 4
1f =1p, fllL,(ro) < #(Pn)?® ax If =g fllL,(r) < #(Pn)?n~ = max{1+ C'w,(n"" diam(Ry)), C"67 }.

Hence,
1 2

) _1 2
limsup #(Pn)" 70~ |f —Ip, fll,(re) < 1.

n—00

Combining the last equation with (B:35), we obtain
1
s #(P) 71 = To, Sl < ([ R ae)
n—00 Ro

The sequence of block partitions Ry := P,y clearly satisfies #(Ry)/N — 1 as N — oo and therefore
leads to the announced equation ([B.39). Furthermore, it follows from the boundedness of diam(R(x)) on
Ry and the properties of P, described in Lemma B3 that

sup (#(73”)5 sup diam(R)) < 00

n>1 ReP,,

which implies that Ry is an admissible sequence of partitions. o

We now choose adequate local block specifications in order to obtain the estimates announced in
Theorems and [ For any M > diam(I?) = v/d we define the modified error function

KM(ﬂ') = |1%f1:f1 H7T —1g ﬂ-HLp(R)7 (340)

diam(R)<M

where the infimum is taken on blocks of unit volume and diameter smaller that M. It follows from
a compactness argument that this infimum is attained and that Kj; is a continuous function on H,,.
Furthermore, for all # € H,,, M — Ky (m) is a decreasing function of M which tends to Kj(w) as
M — oc.

For all x € Ry we denote by Rj,(x) a block which realises the infimum in K/ (7). Hence,

[Ray ()] =1, diam(Ry(2)) < M, and Kn(m2) = |70 — Lry, 2) Tl L, (5, (2))
We define a local block specification on R as follows
Ryr(z) = (K (o) + M™Y) 7T Ry (2). (3.41)
We now observe that
172 = Liys (o) T ll 2y (Ra (2)) = Ena () (K s () + M1 71 < 1.
Hence, according to Lemma B8] there exists a sequence (RY)n>1 of block partitions of Ry such that

limsup N4 || f = Tgar £, (ro) < 1 Ear(me) + M|z, (ry)-

N —oc0

17



Using our previous observations on the function Kj;, we see that

15 ar (ma) + M|z (o) = 1K1 () 2, (R0 -

lim
M—o0
Hence, given € > 0 we can choose M (g) large enough in such a way that
||KM(E) (ﬂ—iﬂ) + M(E)_l||L-,—(R0) S ||KI(7T$)||LT(R0) + g,

which concludes the proof of the estimate (ILI8)) of Theorem [T
For each N let M = M(N) be such that

NENf =T fllo,(ro) < 1K m(me) + M7 |1 (ryy + M

and M(N) — oo as N — co. Then the (perhaps non admissible) sequence of block partitions Ry :=

R]I\\/,[(N) satisfies (LI7)) which concludes the proof of Theorem [[H o
We now turn to the proof of Theorem [[.7} which follows the same scheme for the most. There exists
d functions A1 (z), -+, Aa(z) € C°(Ry), and a function z +— . (z) € P}, such that for all x € Ry we have
Ty = Z Ai(2) X" 4 ().
1<i<d

The hypotheses of Theorem [[.7] state that K (d%f) = K;(m;) does not vanish on Ry. It follows from
) .

Propositions 27 and 2.8 that the product Ai(z)---Ag(x) is nonzero for all + € Ry. We denote by
g; € {£1} the sign of \;, which is therefore constant over the block Ry, and we define

Te 1= E g X"

1<i<d

The proofs of Propositions and [277] show that there exists a block R, satisfying |R.| = 1, and such
that Ki(r.) = ||m —Ir. 7|z, (r.)- By D(z) we denote the diagonal matrix of entries [Ay(x)[,- -, |Aa(z)],
and we define

R*(z) = (det D(z)) 77 D(z)” = R..

Clearly, |R*(x)| = 1. Using (LI and the homogeneity of 7, € H,,, we find that
172 — IR+ (2) Tzl L, (R (2)) = (det D(x)) 7 Kr(m.) = Kr(m,).
We then define the local block specification
R(z) == K;(m,) @ R*(z). (3.42)

The admissible sequence (Ry)n>1 of block partitions constructed in Lemma[3.6 then satisfies the optimal
upper estimate (LIT), which concludes the proof of Theorem [Tl o

Remark 3.7 (Adaptation to weighted norms) Lemmal34 also holds if (338) is replaced with

Q@)||me = Ire) (Tl L, (R(z)) <1

and if the L,(Ry) norm is replaced with the weighted L,(Ro,Q) norm in (3:39). Replacing the block
Ry(z) defined in (341) with
Ry (z) = Q)77 R (),

one can easily obtain the extension of Theorem [ to weighted norms. Similarly, replacing R(x) defined
in (343) with R'(z) := Q(z)~ 7 R(x), one obtains the extension of Theorem [I.7 to weighted norms.

APPENDIX
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Figure 1: (Left) the initial uniform (coarse) tiling Qs of Ry. (Right) the set of blocks P} in green and
the set of blocks P2* in red.

A Proof of Lemma

By Q. we denote the standard partition of Ry € RY in n? identical blocks of diameter n~! diam(Ry)
illustrated on the left in Figure 1. For each Q € Q,, by zg we denote the barycenter of () and we consider
the tiling 7 of RY formed with the block n2R(z¢) and its translates. We define PL(Q) and P} as
follows

PhQ):={ReTy: RCQ} and P):= ] PLQ).
QeQn

Comparing the areas, we obtain

#PD= Y PAQI S Y s = Y (@Rl

QeQ, QeQ, QEQ,

1
From this point, using the continuity of 2 — |R(x)|, one can easily show that % — fRo |R(z)|"tdx
as n — oo. Furthermore, the property ([3.36)) clearly holds. In order to construct P2, we first define two
sets of blocks P2*(Q) and P2* as follows

P2(Q):={RNQ: Re Ty and RNIQ # 0} and P2 := ] P (Q).
QeQ,

Comparing the surface of 9Q with the dimensions of R(xq), we find that

#(Pr'(Q)) < Cn!

where C is independent of n and of Q € Q,,. Therefore, #(P2*) < Cn?¢=1. The set of blocks P2 is then
obtained by subdividing each block of P2* into o(n) (for instance, |In(n)|?) identical sub-blocks, in such
a way that #(P2) is o(n??) and that the requirement ([3.37) is met.
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