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FRACTIONAL ORDER KINETIC EQUATIONS AND HYPOELLIPTICITY

R. ALEXANDRE

AsstracT. We give simple proofs of hypoelliptic estimates for somedels of kinetic equations with
a diffusion part. The proofs are based on energy estimates togeithe-. Bouchut and B. Perthame
previous ideas.

1. INTRODUCTION

Recently, after the study initiated by Morimoto and Xu [1#ble paper of Lerner and all [14] was
concerned with hypoellipticfBects related to a kinetic equation similar to the followingeo

(1.1) Af(t, X, V,) + V.V f(t, X, V) + a(t, x, v)|Dy/#f = g

Here we assume that, &, v) € R™*™" for some integen > 1, thatg € L?, wherelL? = L2(R**?").
We denote byl.|| the associated norm. The usual interpretation from kirtegory is that plays the
role of a time variablex the position ands the velocity. The coficienta is assumed for example
to be smooth and strictly positive, see below for preciseotiygsis. The parametgris assumed to
satisfy 0< g < 1.

As regards Fourier transformation, we shall denoterbly andé the Fourier variables dual i
x andv respectively. Other notations used in (1.1) are standael far example [13, 17]. Let us
note immediately that the third (elliptic) term on the l.Lhaf (1.1) is not exactly similar to the one
considered in [14, 15] in that the behavior therein was tadsai¢| for small frequency variables
but this is not an important point from the point of viewloftheory. In the rest of the paper, we shall
always assume that all functions such as f, g are smooth

Forp = 1, (1.1) is a well known model of Fokker Planck or Kolmogorauation, for which one
can find numerous methods for proving hypoellipticity, seeexample [13, 9, 14, 15, 16] and the
references therein.

We refer for example to [19] for physical motivations forghype of kinetic equations. Another
motivation is linked with the study of the spatially inhonsrgous Boltzmann equation with cffto
see for example [2, 18, 1, 3, 7, 5, 6, 11], see also recenttsasUlB] and references therein .

As far as we know, the study of hypoellipti¢tects for problem (1.1) was initiated by Morimoto
and Xu [15] and they derive therein a partial and non optiraglit. This study was then completed

with optimal results by Lerner and all [14], where they prdvgpically that|Dx|%ﬂf e L2and a
similar estimate w.r.t. time variable. In both works, théhaus used_? type methods.

While still working with an energy method, we want to showtthaslight modification of the
computations of Bouchut [9] can lead to the same results aset&nd all [14], and therefore in
comparison, we provide a very simple proof. One advantadieaisit is very simple to keep track
of the diferent constants depending on the givenfitcientsa, and furthermore, we avoid using any
deep pseudo flerential calculus. However, in order to study the model |lenob(1.1), we do use
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2 R. ALEXANDRE

one result, namely Proposition 1.1 from Bouchut [9], whos®opis also elementary as it relies on
averaging regularity type arguments. Bouchut’s resulbisrgby

Proposition 1.1. [Proposition 1.1 of[9]] Assume fe L2, g€ L2, |D,f|*f € L? for somex > 0 and
(1.2) O+ V.V f = g,

Then )
IDx|T ]| < [lgll =+ [|Dy|* f|| T+

The proof done in [9] uses both Fourier transform w.r.t. tiamel space variableg &), and argu-
ments introduced in [10]. It might be plausible to only useauft@r transform w.r.t. variable and
using again the arguments of [10]. For completeness, weygvanother proof which was used
in Alexandre [1] following arguments introduced by Pertleafh6] in his study of higher moments
estimates. Our proof is also elementary, but uses this timtie $pace and velocity variables Fourier
transform. However, we do not use Fourier transform wintetvariable, and therefore we can also
deal with the Cauchy initial value problem associated withdal problem (1.2). We refer also to [4]
for another proof involving Fourier transform w.r.t. timadaspace variables and a certain kind of
uncertainty principle.

Once given Proposition 1.1, we can proceed to study hyjptielifects connected with (1.1). As
an even more simple model problem, we shall also begin tydhe&lcase of constaat say 1, that is
we shall also study

(1.3) Aft, xV,) + V.V, f(t, x, V) + |DJ#f =g
Our main result is given by
Theorem 1.2. (1) Let f satisfy(1.3). Then one has

2
IIDZ £l + 11D« =% f]] < gl

(2) Let f satisfy(1.3). Assume that & b?y + a_ for some strictly positive constang,aa smooth
positive function b and a compactly supported and positinetiony. Then one has

2B
IIDVZ £ + 1D ™2 | < Calligll + I 11

As it will appear clearly in the proof, similar estimate Ww.rspace variable also holds for time
variable. Furthermore, the proofs given below can also taleaccount the initial value problem.
Finally, the assumption camight appear strange, but this is one possible choice amang others.
We mention that ifa is assumed to be only locally bounded from below, then albfsr@adapt up to
introducing cutd functions. Finally, the proof also shows that it is not nseeg to have a diusion
term as above. One might consider instead an equation such as

K(t, X, V)
(9t+V.VXf +j]£;n |h|n—+2ﬁ[f(v+ h)— f(V)]dh: g

with good assumptions on the kerr€l This example is more closer to a linear version of Boltzmann
operator. Details are left to the interested reader.

2. THE FREE TRANSPORT EQUATION: PROOF OF ProprosiTioN 1.1

We are interested in the transport equation (1.2), undemsbemptions of Proposition 1.1.

It is shown by Bouchut that we obtajby|== f € L2. The method of proof was based on velocity
arguments, see [9, 10] and references therein. In fact engitoof is also provided in [4] using
a kind of uncertainty principle, but which is more complexindfly, another argument based on
Perthame method [16] is also possible, see for example Atrd1]. As mentioned by Bouchut, the
commutator method seems to require more derivatives wartablev, but in that case, the proof is
very easy (see the proof in [9]).



HYPOELLIPTICITY EFFECTS 3

We shall apply Perthame’s argument for the usual FokkerdRlaase below, following [1]. Note
that this a Fourier method, using characteristics assmtiat the Fourier side which is also somehow
used in the paper by Lerner and all [14].

If ~ denotes the Fourier transform with respect to the variaided and K, &) the dual variables,
one has

of —kV.f =g
Multiplying by f, and taking the complex conjugate also, we obtain:
ol f1? - k Ve f1? = 2Re(@, ) < 161l
Then

t
| f(t.k.&) |2sf (| fa] (k& + skt 9ds
Fixr > 0andD > 0, andk. Then

fdtf|k|f|f(t,k,§)|2

—00 é—‘

=f dtf |k|f|f“(t,k,§)|2+f dtf K | ft.k.é) P= A+ B,
—w0 JigD w0 Jigl<D

For B, one has:
) t
B [ dtf K[ (folersk-9ds
—00 |€|<D —00

Changing variable i, this gives

B [t [k [ e seol o1 (et~ 9ds
Change variables in(for fixed s) to get

B [ ot [deh [ el fol (k0
Sincelé — sK > [|£] — gK]|, it follows that

B< f "t f délkD( a1 (k& 1)
0

<e f dt f delk2 D2 | fi2(k,£,1) + C. f dta 2 (k. &.1)
0 0

foranye > 0.
Now for A, we get directly

A< f at f delgim"D MK | fit k&) 2.
ChooseD = |k|. Then
A< f dt f delel™ | f(t k&) 12 .

Then note thalk2(-YD2 = |k2(-D+25 = |kI', if we choose the value afsuch that = 20 We

choosem = 2a. Thereforer = %. In conclusion with all these choices, we get, for fixedoy
absorbing the right hand side with the left hand side:

f "t f K25 | itk ) Ps f " dt f deiel® | ft.k.&) 2 +C, f "G P (k£
oo & —c0 0
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and therefore

IDT f]) < ID” | + [igll-

It should be observed that we do not have the same scalingBaichut. But this can fixed easily
as follows. We proceed as above, repladhdy AD but use instead Cauchy Schwarz inequality for
B, with the same choice of parameters:

Bed [t [dekr o falken < [ [ e [ g ke
while i i i
Ax a—"‘fw dtfdél§||m| flt k&) P
The we get an inequality such as: h
C < AC3D? + 1™™E.
If we choosel such that the two terms on the r.h.s. coincide then we get, sfime computations
C < Dm2Em?,

Now integrate w.r.tk and use Holder inequality with expongmt m/(m + 2) to get

[extf o[ e

Recalling thaim = 2, we get exactly
o o 1
D& fIl < llgl == [IDg Fll ==

Remark 2.1. The same proof also works, if we consider the transport egugt.2) for say positive
time and a given initial value at tim@ fo.

3. PROOF OF THE FIRST PART OF THEOREM 1.2 THE CONSTANT COEFFICIENT CASE

Here we shall prove the first part of Theorem 1.2 relatetl satisfying (1.3). We shall again adapt
the ideas of Bouchut, except for a modification of the testtiplidr in Step 4 below.

Step 1: We multiply (1.3) byf and integrate over all variables. Taking into account usyaime-
try cancellation, we get

(3.4) DV EI < llgliZ1I 12,
Step 2: Now having in mind that we want to prove tHat|# f e L? and knowing thagy € L2, we
note that
Hf +v.Vyf =G=—-|Dy¥f+g.
Therefore applying Proposition 1.1 of Bouchut (with thegmaetera there replaced byg), it
follows that

28 1 2B
IDx|T% || < [ID# fI|T%.|| - IDJ# f + g|| =%

_1 1 2B
< [IDP T T2 [[|IDUP £I| + IDVIP £1| 7% .||gl| 2],
Thus

B 1 B
(3.5) 1D« ™% f|| < [IDJP | + IIDy? 1|5 .||gl| 2.

Step 3: Now apply|DX|%ﬂ on (1.3), multiply by|DX|%ﬂ f and integrate to get

B 21 1
(3.6) IIDVIIDI =% || < D=7 f|1Zigl|2.
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Step 4: This step is dferent from Bouchut’s arguments, in that we choose anotheiplieu,
taking into account the control for large frequency vamad$sociated witix.
,
Considering (1.3), multiply it by|Dy|? + |Dx|T% ) f and integrate to get

2

f(|DV|2+ DY Dy =

2 o5 \B f 2 o5 \B §
~Re((IDl” + IDx|T# ) £, v.Vx f) + Re((IDyI* + DX TZ YT, g) = | +1I
Using Fourier transformation for example, it follows that
2B
11 < (DY £l + DI =2 fI])ligll.
Using the previous steps, we get

1 28
1< IDJP gl + 1DV £1| 52 igi ™ =22
On the other hand, using Parseval relation

2 np 2 o~ ~
| = —Re((IDy* + IDUTZY £, V.V, ) = —Re(((£° + K =2 f, k0, |

2 PPN 2 ~ A
= R0 [(1€1” + T2 YT £, kf) + Re((€1” + K T7 Yo, £, kf).
Thus

2

| = BRe(E (12 + =71 kf) = Re f FRER) (e + KT

sffﬂgnknﬂﬁ—ﬂm% sfwfuq% fies £

B 28
< IDyP D= f|L.]ID« %% fl.

Using the previous steps, it follows that

1

3 1 3 3. .1
| < IDJUPTl12IiglIZ + [IIDyI 112758 |g|| 2 25+ 2,
Step 5: In conclusion, we get

3_1 3
2

I'< |||D\,|23f||%||g||% + IDJUZ 111277 ||g| 7t
and
Il < IDV® fllilgll + IIIDvlzﬁf”ﬁﬁ,”g”H%
Using Holder inequality, we get for example, for smalt 0

DV flillgll < 2D 111 + Coligl?
3 1 4
IIDU# l12llgllz < £3[IDV £|% + Celigl?

D 55 gl ¥5 < 220Dy 2 ]2 + C,lgl?
and therefore, it follows that
IIDV# £ < Cellgll-
We get also from Step 2 that

7
IIDxI %% £ < [lgll.

Remark 3.1. (1) To get also the same result for the derivative w.rt. t, weeag¢pthe above

arguments, but with the muItipIie(thﬁs +|Dyl? + |Dx|ﬁ)ﬁ. As well we could have done
the computations from the beginning with this multiplier.
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(2) We choose a mutiplier which is somehow singular near nullealf the frequency variables.

It would have been better to chooge+ |D,|? + |Dx|ﬁ)ﬁ, for a smalls. Nothing is changed,
except that now the upper bound involyiég. In fact an even better choice would have been

2
to choosex< 6 + |Dy>+ < Dy >T%)8, whose symbol is smooth.

4. PROOF OF THE SECOND PART OF |HEOREM 1.2: THE NON CONSTANT COEFFICIENT CASE

We now consider the model problem (1.1). As it should be abear, the main issue is the estima-
2
tion of the commutator of any smooth functibwith the operator< Dy >2 + < Dy >T% ), see the
remarks in the previous section for the choice of this migipRecall that we assume
a=b%%+a

with b > 0 smooth ang > 0 compactly supported. Note that we do not assume any lowerdon
b.

Then, we write
f (IDJ2 + D=7 f 2Dy

- f (IDJ? + IDJTF Y f.a_ D21 + f (IDJ? + D TZ Y F b2 2D [# 1
=1 +1l.

The first terml is nice since it will give a lower bound as we wish. So we needeal withll to
make appear a positive term and commutators terms:

We write belowP = (< Dy >2 + < Dy >%ﬁ)ﬁ andQ = |Dy|%. Then

I :f(|DV|2+|Dx|ﬁ)ﬁf_.b2)(2.|Dv|23f :fb)(Pf.b)(Qf_
= f{[bx, Pl f + P(by f)H[by, Q] f + Q(by )}

= f[b)(, PIf.[by, QI + [by, P f.Q(bx f) + P(bx f).[bx, QI f + P(by f)Q(bx f)

The last term is positive. So we need to consider the firsetteams, and in particular to study the
commutator.
The easiest commutator ilgyf, Q], Indeed, we note that

Lemmad4.1. Forg < 1, one has

Iy, QIfll < Collfl]

1
and forg > 3, one has

by, QI fll < colllIDF Y2 £l + [1£1]
where the constant,nly depends on a finite number of derivatives of b.

Proof. This is a well know result, so we just sketch the main arguse@ne possibility is to write
(see for example Stein [17]), for some constant

= — n+2a
Qf = an;[f(v+ h) — f(v)]/Ih|™2.
Then
byQf = chby >[;[f(v+ h) — f(v)]/|h|n+2a

_¢, f [y f(v+ h) — by F (V)] /12 + f [bx(v) — by(v + ] F(v + h)/ 2.
h h
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Therefore:
[by, Q] f = j; [ox (V) — by (v + h)] f (v + h)/[n[*2
= f [[bx(v) - bY@ f(@)/Iz - V™" = f K(v. 2 f(2dz
Note that:

K(v.2)] < |z- V™ and|K(v, 2)| < 1/|z— V™"

Thsymetrizedus iB < % we can apply Shur's Lemma to see thatQ] is a L? bounded operator.
For larger values g8 we need to use the symetrized version of the integral express Q. In fact
another method is the following: writ®,|% = [|DyJ**— < Dy >%*]+ < Dy, >%*. The first factor is
clearly bounded in.? while the second one is dealt with the same method as the Lgusnbelow
for the commutator withp.

m]
Lemma4.2. For§ < 1, one has
Ilby, Pl < coll fll
and forg > 1, one has
by Pl s colllIDuf Y2 £1| + [ £1]
where the constant,nly depends on a finite number of derivatives of b.
Proof. SetP = p(Dy, D) = (IDy2 + IDJTZ ), with p(k, &) = (< ¢ >2 + < k >TH). Leth = by.
Then [P, bju = P(bu) — b(PL). Therefore

[P.BJu (k.£) = P(BU) - BPY) = p(k. £)b * 0(k.£) - b+ [pl]
= [ 198 - PO ENB - Ko - 0K )

Set _
Kk &K, &) = [pk &) — p(K, &bk — K, £ - &) = Ky + Kz
with —
K1 =[p(k &) - pK, &bk - K, & - &)
and

K2 = [p(k. &) = p(k. &bk — K& = &)
li is immediately seen that the:\second therm gives rise taraekdor which we can apply Schur
Lemma. That is we see thiigt;| < [b(k — K, & — &)|lk — K|, and then (for any smadl)

f <k> ik &) <[ f < (k&) >22% 53,
k&

Thus, going back to the inverse Fourier transform, we havepamatorK; such that|Kyf|| < |If]I.
For the part related t&,, suppose first tha < 1/2. Then using Taylor’s formulae, it follows that

f Ka(k, &, K, &) < f € &bk - K. - ¢&) <[ f < (k.&) >*2 b2
k& k& k&

Schur Lemma applies and yields that it is%abounded operator. ff > % we have a upper bound on

Ko aslallé—¢|[< & P12 + < ¢ >P~Y2, Then, it's enough to use Petree’s inequality to conclude.

Remark 4.3. The bound above depends on the normyolsHy, with m= n+ 1+ ¢ for smallé > 0.
For the remaining case of

Putting together the two previous Lemma, we can concludpribef of the second part of Theorem
1.2.
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