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Abstract

We solve the currently smallest open case in the 1976 problem of Molluzzo on
Z/mZ, namely the case m = 4. This amounts to constructing, for all positive
integer n congruent to 0 or 7 mod 8, a sequence of integers modulo 4 of length
n generating, by Pascal’s rule, a Steinhaus triangle containing 0,1,2,3 with equal
multiplicities.

Keywords: Molluzzo’s problem; Steinhaus triangles; balanced triangles; mul-

tisets; Pascal’s rule.
MSC2010: 05A05; 05A15; 05B30; 05E15; 11B50; 11B75.

1 Introduction

The problem of Molluzzo in combinatorial number theory is about the existence of certain
triangular arrays in Z/mZ. It was first formulated by Steinhaus in 1958 for m = 2 [f],
and then generalized by Molluzzo in 1976 for m > 3 [§]. It is still widely open for most
moduli m. The problem reads as follows. Given m > 2, for which n > 1 does there exist
a triangle

T1,1 T1,2 cvereene Tin—1 T1n
T2.1 T2.n—1

‘Tn,l
with entries x; ; in Z/mZ, of side length n, satisfying the following two conditions:

C1) Pascal’s rule: every element of V outside the first row is the sum of the two elements
above it.

(C2) The elements of Z/mZ all occur with the same multiplicity in V.

Definition 1. A triangle V in Z/mZ satisfying condition (C1) is called a Steinhaus
triangle. It is said to be balanced if it satisfies condition (C2).
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By (C1), a Steinhaus triangle is completely determined by its first row S, and may thus be
denoted by V.S. For instance, the sequence S = 0100203 in Z/4Z generates the following
Steinhaus triangle V.S:

0100203
110223
21201
33 21
213
30
3

Observe that VS is balanced, since each element of Z/4Z appears with the same
multiplicity, namely 7.

An obvious necessary condition for the existence of a balanced Steinhaus triangle V
in Z/mZ of side length n is given by

(”;1) = 0 mod m. (1)

Indeed, it follows from (C2) that m divides the multiset cardinality of V, which is ("$').

Is this necessary condition also sufficient? This is the more detailed content of Mol-
luzzo’s problem. While it seems reasonable to conjecture a positive answer in most cases,
two counterexamples are known: in Z/15Z and in Z /217, there is no balanced Steinhaus
triangle of side length 5 and 6, respectively, even though the pairs (m,n) = (15,5) and
(21,6) both satisfy condition ([ll). (See [, p. 75] and [B, p. 293].)

Note that, given m > 2, the condition for n € N to satisfy ([[) only depends on the
class of n mod m if m is odd, or mod 2m if m is even.

1.1 Known results

Despite its apparent simplicity, the problem of Molluzzo is very challenging, as testified
by the scarcity of available results. The only moduli m for which it has been completely
solved so far are

e m=2in [,
e m=23 foralli>1in [l [,
[ ] m:5,7in @7@]

In each case, the necessary existence condition ([l]) turns out to be sufficient.

1.2 Contents

In this paper, we solve the currently smallest open case of the problem, namely the case
m = 4. Our solution is presented in Section P and proved valid in Section B Here
again, the necessary existence condition ([) is found to be sufficient. The construction
method, which consists in attempting to lift to Z/47Z specific known solutions in Z/27Z, is
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explained in Section f. It will probably take some time before complete solutions emerge
for more moduli. For this reason we propose, in a short concluding section, a hopefully
more tractable version of the problem.

2 A solution for m =14

Here we solve Molluzzo’s problem in the group Z/47. For m = 4, it is easy to see that
the necessary condition ([[) amounts to the following: for all n € N, we have

1
(n;)EOmodll <= n = 0or 7mod 8.

As in [[] for the case m = 2, our solution involves the concept of strongly balanced
triangles. We first introduce a notation for initial segments of sequences.

Notation 1. Let S = (x;);>1 be a finite or infinite sequence, and let [ > 0 be an integer
not exceeding the length of S. We denote by S[I] = (x1,...,2;) the initial segment of
length [ of S.

Definition 2. Let S be a finite sequence of length n > 0 in Z/4Z. The Steinhaus
triangle V.S is said to be strongly balanced if, for every 0 < t < n/8, the Steinhaus
triangle V.S[n — 8t] is balanced.

Here is our main result in this paper.

Theorem 1. There exists a balanced Steinhaus triangle of length n in Z/AZ if and only
if (”;rl) = 0 mod 4. More precisely, consider the following infinite, eventually periodic
sequences in ZLJ/AZ:

S1 = 01220232(212113220030232311200232),
Sy = 21210130(200132022112002110220130)°,

T; = 0120021(212202102023032200322021)°°,
T, = 1000212(312223301210312003103232),
T3 = 1200210(220101222032222103000210)°°,
Ty = 2102203(232002102021230022302203)°.

Then, for all integers i,j,k such that 1 < i < 2,1 < j <4 and k > 0, the Steinhaus
triangles of the initial segments S;[8k| and T;[8k + 7] are strongly balanced.

3 Proof of Theorem [

We now prove the above theorem. Actually, only the statements concerning Sy are treated
in detail. The proof method for the other sequences Sy, Ti, Ty, T3, T4 is similar.

Notation 2. Let A, B be two blocks, either triangles or lozenges. We denote by A x B the
unique parallelogram they would determine by Pascal’s rule (C1) if they were adjacent
in a large Steinhaus triangle (as may be freely assumed to be the case). See Figure [.



Figure 1: Defining A * B.

Note that A x B only depends on the right lower side of A and the left lower side of
B, and is a lozenge if A, B have the same side length. For example:

0123

3 131

01 2 3 00 00
eifA= 1 andB= 1 , then Ax B = 0 since 0 ;
2 3

230 2

2 3 3 13 2

2 3 0 2 01 01

eifA= 1| andB= 2 , then Ax B = L since 1

Consider now the four triangular blocks Ay, A, A, A3 depicted in Figure f. Taking
the * product of selected pairs, we define

B;=A;xA;;, fori=0,1,2 and Bsz= Azx A;.
Similarly, we set
C;=B;*Bj;; fori=0,1,2 and (3= B;sx* B.
Finally, we also need to set
Dy=CyxC; and FEyj= Dgx*Cs.

The blocks A;, B;, Ci, Do, Eg (i = 1,2, 3) are displayed in Figure . In view of the following
lemma, we shall refer to them as the building blocks of VS [8k].

Lemma 1. For every integer k > 0, the Steinhaus triangle V.Si[8k| has the structure
depicted in Figure [3, where A;, B;, C; and Dy, Ey are the blocks defined above.

Proof. Recall that 57 = 01220232(212113220030232311200232)*°. Thus, S; is made of an
initial block I = 01220232 of length 8, and a period P, P, P; of length 24 = 3 x 8, where

P =21211322, P, = 00302323, P; = 11200232.
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Figure 2: Structure of V.S [8k]

Observe that Ag = VI and A, = VP, for ¢ = 1,2,3. This accounts for the top structure
of VS1[8k]. Now, by definition we have

B(]:A(]*Ah Blel*A27 BQZAQ*Ag, B3:A3*A1,
COZB(]*Bl, ClzBl*Bg, 02282*83, C3:B3*Bl7
DOZCQ*Cl, EOZDo*Cg.

It remains to show that C, x Cy = (3, Cy x C3 = C, C3 % C7 = Cy and Eg x Cy = (.
To do this, recall that the * product of two blocks only depends on their lower sides, and
observe on Figure B that

— the lower sides of C] coincide with those of Bj;

— the lower sides of (5 coincide with those of By;

— the lower sides of (3 coincide with those of Bs;

— the lower sides of Ej coincide with those of Bj.
It follows that

01*02233*31203, 02*03231*32201,
03*01282*83202, E0*02230*31:CO,

as desired. This completes the proof. O
We are now in a position to prove our main result.

Proof of Theorem [ for S1. We shall prove, by induction on &, that the Steinhaus triangle
V 51[8k] is strongly balanced. This is true for £ = 0. For k£ > 1, it suffices to show that



01220232 21211322 00302323 11200232

1302211 3332010 0332111 2320211
032032 221211 321322 112232
31231 033 3 2 13010 23011
0310 3221 0311 1312
301 103 30 2 003
31 13 3 2 03
0 0 1 3
Ao Ay Ay As
0 2 0 0
13 2 2 1 2 13
301 301 333 301
0311 1312 3221 0311
03020 2003 2 01032 23020
133221 120311 211312 113221
2021032 0323020 0320032 0201032
22231312 03113221 13120311 32211312
0010003 3020103 0032302 1032003
011003 322113 031132 131203
12103 10320 30201 00323
3313 1312 3221 0311
200 003 103 30 2
20 03 13 3 2
2 3 0 1
By B, B, By
2 2 0 2
11 1 2 21 11
020 03 2 03 2 020
3221 0311 1 312 3221
2103 2 23020 2003 2 0103 2
231312 113221 120311 211312
2100032 0201032 0323020 0320032
0603100311 32211312 03113221 13120311
301030 2 1032003 3020103 0032302
311332 131203 322113 031132
02021 00323 10320 30201
2223 0311 1312 3221
001 30 2 003 103
01 3 2 0 3 13
1 1 3 0
Co Ch Cs Cs

Figure 3: The building blocks of V.S;[8k]



0 2

21 1 2
03 2 03 2
1312 0311
00032 03020
100311 133221
2103020 2021032
33133221 22231312
2002103 0010003
202313 011003
22100 12103
0310 3313
301 200
31 20
0 2
Dy Ey

Figure fJ: The building blocks of V.S;[8%] (continued)

V 51[8k] is balanced. It will then automatically be strongly balanced since V.S;[8k — 8]

is, by the induction hypothesis. Thus, we are assuming that 0, 1, 2, 3 occur with the same

multiplicity in V.51[8k — 8], and we must show that this remains true in V.S;[8k].
Consider the multiset difference

T = VSi[8k]\ VSi[8k — 8],

a band of width 8 bordering the eastern side of V.S;[8k]. To conclude the proof, we need
only show that 0,1, 2, 3 occur with the same multiplicity in 7". For any finite multiset X
on Z/47Z, and for all j € Z/4Z, let us denote by

mx(j)

the occurrence multiplicity of 7 in X.
In order to determine the function my on Z/47Z, we need to determine my for the
building blocks X = A;, B;, C;, Dy, Ey. This is done in Table [ Let now C denote the

L [ Ao [ A [As [As [ Bo | Bi [ By [ By [Co [C[Ch[Ch[ Do B |
9 | 5| 8] 7 |20|16]15]16]17]15]17]16] 20 | 19
9 [10] 9 |10 |15 15|16 |17 |17 16| 15| 17| 15 | 14
O [11| 8 |11 |14 |16 |15 | 14| 17|17 15|16 14 | 17
0 (10|11 8 |15 |17 |18 |17 | 13| 16|17 | 15| 15 | 14

W= O

Table 1: Multiplicities of 0, 1,2, 3 in each building block of V.S;[8k]
multiset union of C, Cy, C3. That is, by definition we have
mC(]) = mC1(]) +ran(]) +mC3(])
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for all j € Z/4Z. Looking at the columns below Cj, Cy, C3 in Table [, we see that
me(j) = 15+ 16 4 17 = 48 (2)

for all j € Z/4Z. We are now ready to show that mr is constant on Z/4Z. For this, we
need to distinguish 3 cases, according to the class of £ mod 3.

e Case 1: k = 3q. Figure P shows that the building blocks making up 7" are A,, B,
and Cj occurring once each, and Cy, Cy, C3 occurring ¢ — 1 times each. Therefore,
using Table [l and (f), we get

my(j) = ma,(f) + mp, (7) + me, (7) + (¢ = Dme())
— 41 +48(q — 1),
for all j € Z/AZ.

e Case 2: k = 3q+ 1. In this case, the building blocks making up 7" are As, By,
and Dy occurring once each, and Cf, Cy, C3 occurring ¢ — 1 times each. Thus

my(j) =ma,(j) + mp, () + me, (§) + mp, (j) + (¢ — Dme(j)
— 57+ 48(q — 1),
for all j € Z/AZ.

e Case 3: k = 3q+ 2. Now, the building blocks making up 7" are A;, Bz, Cs, C3 and
Ey occurring once each, and C7, Cy, C3 occurring ¢ — 1 times each. Thus

my(j) =ma, () + mp,(§) + me, (5) + mey (5) + mp,(5) + (¢ — Dme())
— 731 48(q— 1),
for all j € Z/AZ.

Hence my is constant on Z/4Z in each case, as desired. This completes the proof of
Theorem [[] for the sequence S;. O

4 The construction method

We now explain how our solution was constructed. Let mq, ms > 2 be integers, with ms
a multiple of m;. Consider the canonical quotient map

7 L/meli — Z/my Z.

If V is a Steinhaus triangle in Z/moZ, then ©(V) is a Steinhaus triangle in Z/m,Z.
Moreover, if V is balanced, then so is 7(V), as all fibers of m have the same cardinality.
Thus, an obvious strategy for constructing balanced Steinhaus triangles in Z/msZ consists
in trying to lift to Z/msZ known balanced Steinhaus triangles in Z/m;Z. This route is
tricky, as illustrated by Theorems B and [l. It allowed us to solve the case m = 4 of
Molluzzo’s problem, but neither the case m = 6 nor the case m = 8 so far.

We shall restrict our attention to strongly balanced Steinhaus triangles. These were
defined earlier in Z/47 only. We now generalize them to Z/mZ for all even moduli.
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Definition 3. Let m > 2 be an even modulus. Let S be a finite sequence of length
n > 0 in Z/mZ. The Steinhaus triangle V.S is said to be strongly balanced if, for every
0 <t <n/(2m), the Steinhaus triangle V.S[n — 2mt] is balanced.

Note that this definition coincides with Definition P for m = 4. From now on, we
assume that m; = m is an even number, and that my = 2m,. The following notation
helps to measure, roughly speaking, to what extent strong solutions in Z/mZ can be
lifted to strong solutions in Z/2mZ.

Notation 3. Let S be an infinite sequence in Z/mZ. For n > 0, let a,(S) denote the
number of sequences T' in Z/2mZ, of length n, such that

e VT is a strongly balanced Steinhaus triangle in Z/2mZ;
e 7(T) = S[n], the initial segment of length n in S.
We denote by Gs(t) = > 7, a,(S)t" the generating function of the numbers a,(S).

The most favorable case is when Gg(t) is an infinite series, not just a polynomial.
This occurs whenever there exist strongly balanced Steinhaus triangles in Z/2mZ, of
unbounded lengths, which lift those in Z/mZ generated by initial segments of S.

4.1 From 7Z/27 to Z/AZ

Here we set m = 2. Several types of balanced Steinhaus triangles of length 4k or 4k + 3
in Z/27 are known. See [[d, B, f]. We focus here on the ones given in [[], which have the
added property of being strongly balanced.

Theorem 2 ([f]). Let Qi,...,Q4 and Ry,..., Ris be the following eventually periodic
sequences of 7./27.:

Q1 = 0100(001001011100) R, = 0100001(010010111100001010111111)>°,
Q. = (010010000111)> Rs = 0100001(100100001001),

Rs = 010(101110110010),
Ry = 100(001000010100),

R, = 001(010000100001), Rio = 1000010(110001101010),

For all integers 1, 3, k such that 1 <1 <4, 1< 75 <12 and k > 0, the Steinhaus triangles
VQi[4k] and VR;[4k + 3] are strongly balanced in Z/27Z.

Can we lift some initial segments of these sequences to sequences in Z/47 which
generate strongly balanced Steinhaus triangles? To answer this question, we have de-
termined by computer the numbers a,(S) for all 16 sequences S in Theorem P and all
n > 1. The result is summarized below. It shows that, among these sequences, only 5 of
them give rise to infinitely many strongly balanced Steinhaus triangles in Z /47, namely
Q1,Qs, R3, Ry, R1p. They correspond to those S for which Gg(t) is an infinite series.
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Theorem 3. The generating functions Gs(t) of Q1,...,Q4 and Ry, ..., Ry are:

Go, (t) = 1+ 813 + 34t10 + 581" + 84132 + 8810 + 86t + 82¢5¢ + 60t%* + 36172+
104

2
+34¢5%0 4 28458 + 16¢%° + -

Go,(t) = 1+ 413 + 14816 + 3212 + 36132 4 48110 + 44118 + 26650 + 22¢%4 + 8™+
+61%0 4158 4 2%

Go,(t) = 1+ 815 + 2816 + 4612* + 78t32 + 124110 4 118" + 96¢°¢ + 78154 + 60t™+

28t80 + 20t88 + 14t96 + 1Ot104 + 4t112 + 6t120 + 4t128 + 6t136 + 4t144 + 2t152+
216

2t
—|—2t160 4 2t168 4 2t176 4 2t184 4 2t192 4 2t200 T 4t208 T : tS’

Go,(t) = 1+ 8% 4 26t'6 + 4212 + 66132 + 620 + 52¢%8 + 36¢°¢ + 26¢54 + 12t™ + 6¢%,
gR1 (t) =0, gR2 (t) =0,

Gr,(t) = 1017 + 3815 + 70123 + 883! + 76139 + 54147 + 44155 + 2853 4 16t™ + 8™+
151

4t
+4t87 —|—4t95 +4t103 +4t111 +4t119 +6t127 —|—4t135 +6t143 4 : tS’

Gr,(t) = 107 4 52t'° 4+ 102t?% 4 136£3" 4 152t + 1187 + 108t°° + 80t + 60t™ +
+32t™ 4+ 20687 + 8% 4 2¢193,

G, (1) = 1017,

Gre(t) = 1087 + 30t + 661> + 963! + 9639 + 94147 + 66155 + 4253 4 24¢™ + 8™+
+2t87 + 2.[:95’

Gr,(t) = 1067 4+ 60t + 1382 + 204¢3 + 304¢% + 266t*7 + 246t°° + 148¢5 + 64¢™ +
+36t7 + 14157 + 10t% + 8¢1%3,

Gre(t) = 107,

Gro(t) = 107 + 42t'° + 80t + 130¢*! + 164¢%° + 174¢*7 4 12665 4 68t%° + 38t +
+20t79 4 22t87 4 12t95 4 2t103 4 2t111 4 2t119 4 2t127 4 2t135 4 2t143 4 2t151+
215

2t
+2t159 +2t167+2t175 +2t183 +2t191 +2t199 +4t207+ : tS’

Gry,(t) = 107 4 58t + 98t%% + 130¢3! + 160t 4 138447 4 132¢% + 84¢53 4 64¢™ +
135

2t
+34t79 + 14t87 +8t95 +6t103 +2t111 +2t119 +4t127 + : t8’

Gry, (1) = 467 + 16815 4 2673 + 32631 + 30¢3° + 30¢47 + 26¢°° + 12193 + 8™ + 2¢™,

Gry, (t) = 4t".
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The origin of our sequences Si, So, 11, 15, T3, T}, solving the problem of Molluzzo in
7./AZ, is now clear. Indeed, they are lifts to Z/47 of the 5 sequences Q1, @3, R3, Ry, R1o
in Z/27 with Gs(t) infinite. More precisely, we have

w(S1) = Q1, 7(S2) =Qs, w(Ty) =7(Ty) = Rs, 7(T3) = Ryo, m(T3) = Ry,

as the reader may readily check.

4.2 From Z/A7 to 7 /87

Having solved the problem in Z/47Z with Theorem B, can we lift our solutions S, Ss, T,
Ty, T3, Ty to sequences in Z /87 giving rise to infinitely many strongly balanced Steinhaus
triangles? Unfortunately, the answer is no, as shown by the following computational
result.

Theorem 4. The generating functions Gs(t) of S1, 52, 11, T, T, Ty are polynomials only:

Gg, (1) = 1+ 1616 + 46132 + 32¢%8 4 14454,
G, (t) = 1 + 2216 4 60t 4 561*° + 28%* 4 6%,

Gr, (t) = 1481 + 406°" + 40t"7 + 2485 4 8¢™ + 209 4 24111,
Gr, (t) = 30t" + 66°" 4 76117 + 32t + 127,

Gr, (t) = 148" 4 54431 + 4247 4+ 34453 4 1247 + 2%,

Gr, (t) = 14115 + 54431 4 64417 + 40153 + 10¢™ + 2¢%.

Summarizing, at this stage, it is not even known whether there exist infinitely many
balanced Steinhaus triangles in Z/8Z.

5 A weaker version of the problem

With our present solution of the case m = 4, the currently smallest open case of Molluzzo’s
problem becomes m = 6. The scarcity of solved instances (m = 2,3% 4,5, 7) motivates
us to propose a weaker, more accessible version of the problem.

Problem (The Weak Molluzzo Problem). Let m € N, m > 2. Are there infinitely many
balanced Steinhaus triangles in Z/mZ?

The picture is brighter here. Indeed, the first author has shown in [[l], B, f] that, for
each odd modulus m, there are infinitely many balanced Steinhaus triangles in Z/mZ.
Thus, the weak Molluzzo problem is affirmatively solved for all odd m, for m = 2 and
here for m = 4. On the other hand, it is widely open for all even moduli m > 6.

Somewhat similarly to the Hadamard conjecture, the nature of the problem seems to
lie less in the rarity of the solutions than in the difficulty of pinpointing easy-to-describe
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ones. For instance, in Z/67Z, there are exactly 94648 sequences of length 12 yielding a
balanced Steinhaus triangle; up to automorphisms, they still total 23662 classes.

We note, finally, that all known solutions so far are by explicit constructions. However,

the possibility of future nonconstructive existence results cannot be ruled out, for instance
with the polynomial method of Alon-Tarsi.
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