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CHERN-SIMONS LINE BUNDLE ON TEICHMULLER SPACE

COLIN GUILLARMOU AND SERGIU MOROIANU

ABSTRACT. Let (X, g) be a convex co-compact hyperbolic 3-manifold with boundary a (not
necessarily connected) closed Riemann surface M of genus g. Let Tz be the Teichmiiller
space of the Riemann surface M. We view the deformation space of the hyperbolic metric g
as a submanifold 3 of the tangent bundle T'Tx of the quotient Tx of Teichmiiller space Tg by
a subgroup of the mapping class group, with H projecting diffeomorphically on Tx through
TTx — Tx. We show that the renormalized volume Volg on X is a Kéhler potential for
the Weil-Petersson metric, and that d Volg is the Liouville 1-form restricted to H, implying
that H is Lagrangian in T'Tx with respect to the canonical symplectic form. This recovers
and extends previous results of Takhtajan-Zograf, Takhtajan-Teo, McMullen and Krasnov-
Schlenker. We introduce a holomorphic line bundle £g over Tx, with a Hermitian connection
V39®) we show that its curvature is % times the Weil-Petersson form and that its lift to H is
flat with respect to the modified connection V59 4 %ul’o where p is the canonical Liouville
1-form. The properties of Volg arise by interpreting the real and imaginary parts of the
flatness of £g along H. The line bundle Lg is constructed from Chern-Simons invariants on
the compactified 3-manifold X with boundary M, using ideas of Ramadas-Singer-Weitsman.
The Chern-Simons invariant of the Levi-Civita connection is an imaginary counterpart of the
renormalized volume on H (or Tx ) in the sense that e VolRT27i0S ig flag for VSOG) 4 2,50 on
H and holomorphic when pulled-back on Tx. Finally, in the case of Schottky uniformisation,
we use a formula of Zograf to construct an explicit isometric isomorphism of holomorphic
Hermitian line bundles between Lg and a power of the determinant line bundle.

1. INTRODUCTION

In [[i], S.S. Chern and J. Simons defined new invariants of connections on principal bundles,
arising from Chern-Weil theory. These were used for instance to give necessary conditions
for a Riemannian manifold of dimension n to be conformally immersed in R"**. The work
of Chern and Simons has been extensively developed to what is now called Chern-Simons
theory, with many applications in geometry and topology, but also in theoretical physics.
In particular, Witten [Bf] studied a 2 4+ 1 dimensional quantum Yang-Mills theory, with an
action consisting of the Chern-Simons term of connections on a SU(2)-principal bundle P

over a 3-dimensional manifold

CS(w):#/ S* (Tr(w A dw + 3w Aw Aw)),
X

where S : X — P is an arbitrary section. He obtained the Jones polynomial of knots on S°
as expectation values of Wilson loop functionals. On closed 3-manifolds, the invariant CS(w)
is only defined up to integers in the sense that the values for two different sections S differ
by an integer, and one usually considers e2™“S() which is independent of the choice of S, as
the Chern-Simons invariant. The same invariant for SO(3)-principal bundles is also defined
(with a different normalizing constant) and in particular the Chern-Simons invariant of the
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2 COLIN GUILLARMOU AND SERGIU MOROIANU

Levi-Civita connection on the frame bundle is an invariant of the Riemannian metric when
considered with values in R/277Z. Moreover, by the Atiyah-Patodi-Singer theorem for the
signature operator, the Chern-Simons invariant of the Levi-Civita connection is related to the
eta invariant by the identity 3n = 2CS modulo Z (see for instance [BY]).

The theory has been extended to 3-manifolds with boundary by Ramadas-Singer-Weitsman
[B1l], in which case CS(w) depends on the boundary value of the section S. When considering
the moduli space of flat SU(2) connections up to gauge equivalence over Riemann surfaces,
the Chern-Simons invariant e2™“S() of 3-manifolds bordered by the surface can be viewed as
a section of a complex line bundle (with a Hermitian structure) over the moduli space and it
is shown in [BI]] that it is isomorphic to the determinant line bundle introduced by Quillen
[BJ. Some more systematic studies and extensions have then been developed by Freed [d]
and Kirk-Klassen [[[g].

Another interesting feature of Chern-Simons theory is for hyperbolic 3-manifolds X = T'\H?,
which possess natural flat connections 6 over principal PSLy(C)-bundles. For closed manifolds,
one can define their Chern-Simons invariant as above by

CS(f) = —ﬁ/ S* (Tr(0 Adf+ 20 AOAG))
X

where S : X — P are particular sections coming from the frame bundle over X. It turns
out to be a complex number with imaginary part —#VOI(X ), and real part equal to the
Chern-Simons invariant of the Levi-Civita connection on the frame bundle. As we shall now
recall from Yoshida’s work in [Bg], CS(6,) solves some 0. type equation on certain deformation
spaces of hyperbolic structures 7, and thus the Levi-Civita (or SO(3)) Chern-Simons invariant
is the imaginary counterpart of the volume on hyperbolic manifolds. Indeed, one can not
consider the set of smooth hyperbolic 3-manifold as a regular manifold by Mostow rigidity,
but Yoshida [BY] considered the closed cases as discrete points within a deformation space of
the hyperbolic structure (in general not complete) on a 3-manifold N with h cusps. To do
that, a hyperbolic Dehn surgery needs to be performed to ‘fill the cusps’ with solid tori, and
the closed hyperbolic manifold has a particular embedded link v corresponding to the filling.
The deformation space U of the hyperbolic structure on N has complex dimension h and
Yoshida proved that there is a holomorphic function on U such that for all v € U for which
the hyperbolic structure can be filled to a closed hyperbolic manifold M,, (with link ,)

(1) F(u) = exp (2Vol(M,) + length(v,) + i(4rCS(M,) + torsion(v,)))

where CS(M,,) is the Levi-Civita (or SO(3)) Chern-Simons invariant of M,,. Therefore, up to
the contribution of the link, the function exp(2 Vol(M)+4riCS(M)) extends to a holomorphic
function on a natural deformation space containing closed hyperbolic manifolds as a discrete
set.

Our setting is that of 3-dimensional infinite-volume hyperbolic 3-manifolds, more particularly
convex co-compact hyperbolic manifolds, which are conformally compactifiable to a smooth
manifold with boundary. These are particular cases of quotients of H? by Kleinian groups;
typical examples are quotients of H? by quasi-Fuchsian or Schottky groups. Their conformal
boundary, called conformal infinity, is a disjoint union of Riemann surfaces and they have
a finite dimensional deformation space which is essentially the deformation space of their
conformal boundary. Before defining a Chern-Simons invariant, it is natural to ask about
a replacement of the volume in this case. For Einstein conformally compact manifolds, the
notion of renormalized volume Volr(X) has been introduced by Henningson-Skenderis [[[5] in
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the physics literature and by Graham [[L]] in the mathematical literature. In the particular
setting of hyperbolic 3-manifolds, this has been studied by Krasnov [[J] and extended by
Takhtajan-Teo [BJ], in relation with earlier work of Takhtajan-Zograf [B4], to show that Volg
is a Kéhler potential for the Weil-Petersson metric on Teichmiiller space in Schottky and
quasi-Fuchsian cases. Krasnov and Schlenker [PI] gave a more geometric proof of this, using
the Schlaffli formula on convex co-compact hyperbolic 3-manifolds to compute the variation
of Volg in the deformation space (notice that there were works of Anderson [fJ] and Albin [
on the variation of Volg in even dimensional Einstein settings).

Before we introduce the Chern-Simons invariant in our setting, let us first recall the defini-
tion of Volg. An asymptotically hyperbolic (AH in short) manifold is a Riemannian manifold
(X, g) with X being the interior of a compact smooth manifold with boundary X and such
that, if = is any smooth boundary defining function, then § := x2g extends smoothly to a met-
ricon X and |dz|; = 1 on 0X. The curvature of g tends to —1 at X under these assumptions
and a choice of x induces a conformal representative hg = g|;5x of the conformal infinity,
defined to be (90X, {hg}) where {ho} is the conformal class of hg. Conversely, to each confor-
mal representative hg in {hgo}, there is a boundary defining function x, uniquely characterized
near 0X by the equation |dz|,2, = 1 near 0X and the initial condition 2?g|,5% = ho, these
are called geodesic boundary defining functions. A convex co-compact hyperbolic manifold is
a particular case of AH manifold, with constant —1 sectional curvatures. The renormalized
volume of (X, g) is defined to be the renormalized integral of 1 as follows

Volg(X) = FPeﬁo/ dvolg

r>e€

where FP means finite-part (i.e. the coefficient of € in the asymptotic expansion as ¢ — 0)
and x is a geodesic boundary defining function. Notice that this a priori depends on the choice
of x. It can be shown to be independent of the choice of = in even dimension if ¢ is Einstein
(or asymptotically Einstein), see [[d, [, fl]. In odd dimension, there is always a conformal
anomaly in the sense that Volg(X) depends on the choice of x, however in dimension 3 and
when the boundary components have genus > 2, one can take a geodesic boundary defining
function 2 associated to the hyperbolic conformal representative hy on 90X, which fixes a
natural choice. This is done by Krasnov-Schlenker [21].

We then come to Chern-Simons invariants on 3 dimensional AH manifolds. We assume that
the metric g has totally geodesic boundary in the sense that Ly, g|yx = 0if L is Lie derivative
and Vz is the gradient of = with respect to § = g, this condition is independent of the
choice of geodesic boundary defining function = by [[[J]. If w is the so(3)-valued connection
1-form of the Levi-Civita connection of an AH metric ¢ in an oriented orthonormal frame

S = (51,53, 53), we define
(2) CS(g,S) = —#FPE_,O/ Tr(wAdw + 3w Aw Aw)
xr>€
where z is a geodesic boundary-defining function associated to the constant curvature rep-

resentative of the conformal infinity. For the conformal metric ¢ which is smooth up to the
boundary, we define similarly

CS(g,8) := —%/ Tr(@ Add + 20 ADAD)
X
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if $ = 2719 is an orthonormal frame for g, and @ the associated Levi-Civita connection
1-form. We also define a PSLy(C) Chern-Simons invariant on (X, g) by

(3) CSPS2(C)(g, 8) 1= — 15 FPe g / Tr(0 Adf+ 20 NG ADB)
xr>€

where § = w + i7" with w as above and T the so(3)-valued 1-form defined by T;;(V) :=
g(V x 8;,8;) if S = (S1,52,53) is an oriented orthonormal frame for g and x denotes the
vector product with respect to g. In the particular case of a convex co-compact hyperbolic
manifold X = T'\H?, there is a natural flat connection on a PSLy(C) principal bundle F€(X)
over X (which can be seen as a complexified frame bundle), with sla(C)-valued connection
I-form ©, and we show that the definition (f]) coincides with the renormalized integral of
the pull-back of the Chern-Simons form —ﬁTr(@ AdO + %@3) of the flat connection O, see
Section ]l We first show

Proposition 1. On an 3-dimensional AH manifold (X, g) which has totally geodesic bound-

~

ary, one has CS(g,S) = CS(g,S). If moreover (X, g) is of constant curvature —1, then
(4) CsPS120) (g,9) = — 55 Vol p(X) + ££x(0X) + CS(g, S)

where x(0X) is the Euler characteristic of the boundary 0X .

~

The relation between CS(g,S) and CS(g,S) comes rather easily from the conformal change
formula in the Chern-Simons form (the boundary term turns out to not contribute), while
(@) is a generalization of a formula in Yoshida [Bg, but we give an independent easy proof.
Similar identities to (f]) can be found in the physics literature (see for instance [P(]).

Like the function F(u) of (fl), it is natural to consider the variation of CSPSM2(C) (g4 §) in
the set of convex co-compact hyperbolic 3-manifolds, especially since, in contrast with the
finite volume case, there is a finite dimensional deformation space of smooth hyperbolic 3-
manifolds, which essentially coincides with the Teichmiiller space of their boundaries. One of
the problem, related to the work of Ramadas-Singer-Weitsman [B1] is that 2miCST2(0(g,9)
depends on the choice of frame S, since X is not closed and has boundary. This leads us to

define a complex line bundle £y over Teichmiiller space Tg of Riemann surfaces of genus g,

2miCSPSL2(C)

for which e and e2™CS are sections.

Let TJg be the Teichmiiller space of a, not necessarily connected, oriented Riemann surface
M with genus g = (g1,...,9n), gj > 2, defined as the space of hyperbolic metrics on M
modulo the group Do(M) of diffeomorphisms isotopic to the identity. We denote by [h] the
class of a hyperbolic metric h. Recall that this is a complex simply connected manifold of
complex dimension 3|g| — 3 equipped with a natural Kéhler metric called the Weil-Petersson
metric (see Subsection [.1)). The mapping class group Modg of isotopy classes of orientation
preserving diffeomorphisms of M acts properly discontinuously on Ty.

Theorem 2. There exists a holomorphic Hermitian line bundle Lg over Tg equipped with a
Hermitian connection VS°®) such that, z'fy[h] = (X, gin)) s a smooth family of Riemannian
3-manifolds with totally geodesic boundary 0X = M, parametrized by classes of constant
curvature metrics [h] € Tg so that (g |m] = [h], then h — e2miCSm) s a section of Lg. The
curvature of VSOG) s # times the Weil-Petersson symplectic form wwp on Tg. Moreover,
elements of Modg which extend as diffeomorphisms of X act on this bundle.
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The line bundle is defined using the cocycle which appears in the Chern-Simons action under
gauge transformations, this is explained in Subsection .3 We remark that the computation
of the curvature of £y reduces to the computation of the curvature of the vertical bundle of
the universal Teichmiiller curve over Tg, and we show that the fiberwise integral of the first
Pontrjagin form of this bundle is given by the Weil-Petersson form, recovering a result of
Wolpert [B7]. A similar line bundle, but in a more general setting, has been recently studied
by Bunke [fj].

Of particular interest for us will be the deformation space Tx of a given convex co-compact
hyperbolic 3-manifold (X, g). By Theorem 3.1 of [RJ], this space is identified with a quotient
of the Teichmiiller space Ty of the conformal boundary X by the subgroup Modx of Modg
consisting of elements which extend to diffeomorphisms on X homotopic to the identity. This
subgroup acts freely, properly discontinuously on Ty and the quotient is a complex manifold
of dimension 3|g| — 3, by [RJ]. Then, the bundle £ descends with its connection on Ty.

To analyze the variation of eszSPSLQ(C), we need to work on the tangent space T'Jg of Te-

ichmiiller space. A hyperbolic funnel is some collar (0,¢€), x M equipped with a metric

dz? + h(z
. ()

2 h(z) € CF(M, S2T M), m@:m«m+§m4m+§m)

x
where M is a Riemann surface of genus > 2 with a hyperbolic metric hg, A is an endomorphism
of TM satisfying divy,A = 0 and Tr(A) = —1scalp,. Such a metric g is of constant sectional
curvature —1, and every end of a convex co-compact hyperbolic manifold is isometric to a
unique hyperbolic funnel, see [E, @] A couple (hg,Ag) can be considered as an element
of Tj,Tg, if Ag = A — %tr(A)Id is the trace-free part of the divergence-free tensor A. We
therefore identify the tangent bundle TTg of Jg with the set of hyperbolic funnels modulo

the action of the group Dg(M), acting trivially in the = variable.

Let us still denote by L£g the Chern-Simons line bundle pulled-back to T'Jg by the projection
7y : T'Jg — Tg, and define a modified connection

(5) VPSLQ(C) — vSO(3) + %Iul,o

on Lg over TTg, where p0 is the (1,0) part of the Liouville 1-form p on T'Tg (we identify
TTg — T*Tg via the Weil-Petersson metric). As before, the connection descends to T'7x,
and it is not Hermitian since p'¥ is not purely imaginary.

27iCSPSL2(C)

We compute the variation of e with respect to VF52(C) along any path of convex

co-compact hyperbolic 3-manifolds:

Theorem 3. Let (X,g") be a curve of convex co-compact hyperbolic 3-manifolds, and write
g' in funnel form near the boundary M = 0X

da? + h((1d+ S AY), (Id + S AY))
- 2

gt

x
for some hyperbolic metric hfy on M. Then, denoting § := 0y(hl), Ab)|i=0 € T(T'Tg) we have

vESIQ(C) p2imCsP2(©

In particular, VFS%2(C) g flat on any submanifold H C TTg whose points correspond to
hyperbolic convex co-compact 3-manifolds.
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In the theorem, we notice that for g written in funnel form, the function z is taken inde-
pendent of ¢, this can always be arranged by pulling back the metric by a diffeomorphism
depending on t.

If Tg is Teichmiiller space for a given oriented surface M of genus g (possibly not connected)
and hg € Tg, we assume that we fix a compact 3-manifold X with boundary M with hyperbolic
convex-cocompact metric gp, whose conformal infinity is {ho}. The deformation space of
(X, gny) is well understood and is essentially given by T (or some quotient by a subgroup of
the mapping class group): by [R9 for a local result or 3, Th 3.1] for a global result, there
exists a neighborhood U C Ty of hg and a smooth map g : U — €°(X, % (°T"X))) such that
gn is hyperbolic convex-cocompact with conformal infinity [A] for all h € U. This map induces
a section o in the tangent bundle of Ty defined by o : h — AR if gj, is written in funnel form

g dz® 4+ h((1d + £ AM)., (Id + - Ah).)

5 .

x
The graph

(6) H = {(ho,d(ho)) S TTg;hQ S Tg}

is then a smooth submanifold of T'Tg of dimension dim TJg, which can be identified with Tg.
Actually, we can also mod out by the subgroup of the mapping class group corresponding
to classes of diffeomorphisms on M which extend to X to diffeomorphisms homotopic to the
Identity, acting freely on Tg, see B3, Theorem 3.1], and all objects we construct descend to
the quotient.

As a corollary of Theorem [] we obtain

Corollary 4. Let H C T'Tg be the submanifold defined in (E), then H is Lagrangian with
respect to the Liouville symplectic form du. More precisely, viewing the renormalized volume
Volg as a function on H, we have dVolg = —%,u.

This fact was already known for quasi-Fuchsian manifolds by results of McMullen [R§] and
extended by Krasnov-Schlenker R3] to the convex co-compact setting.

Krasnov [[9], extended by Takhtajan-Teo [B], combined with the results of Takhtajan-Zograf
[@], on the Liouville functional, proved that the renormalized volume is a Kéhler potential
for the Weil-Petersson metric on the Schottky and quasi-Fuchsian deformation spaces. This
was reproved by Krasnov-Schlenker [R1] in the quasi-Fuchsian case. Another consequence of
the flatness of VFS82(C) in Theorem B is a quite simple and general proof of this fact:

Corollary 5. Consider the renormalized volume as a function on Tg by the composition
Volg o o, then we have on Tg
d0(Volg 0 0) = {gwwp

where wwp is the Weil-Petersson symplectic form.

The same result holds on the quotient Tx = Tg/Modx. Our final result relates the Chern-
Simons line bundle £z and the Quillen determinant line bundle det @ of 0 on functions in
the particular case of Schottky hyperbolic manifolds. If M is a connected surface of genus
g > 2, one can realize any complex structure on M as a quotient of an open set Qp C C by
a Schottky group I' C PSLy(C) and using a marking of 7 (M) and a certain normalization,
there is complex manifold &g, called the Schottky space, of such groups. This corresponds
to Tx when the boundary M is a connected Riemann surface. This is of complex dimension
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3g — 3 and has Teichmiiller space Tg as universal cover. The Chern-Simons line bundle Lg,
can be defined on &4 and since to any point I' € G there corresponds a hyperbolic 3-manifold
I\H? by viewing I' € PSLy(C) as a group of isometries of H3, with conformal boundary given
by I'\Qr ~ M, we can define a manifold H C T'Sg projecting diffeomorphically to the base

27miCSPSL2(C)

Gg. Using this diffeomorphism, we can define the section e of Lg, over &g, there

is a holomorphic structure on the bundle £g, and the Hermitian connection Vies .= vS0E),
The Quillen determinant bundle det 0 is equipped with its Quillen metric and a natural
holomorphic structure induced by Sg (see Subsection (B.9)), therefore inducing a Hermitian
connection compatible with the holomorphic structure.

Using a formula of Zograf B9, i(], we show

Theorem 6. There is an explicit isometric isomorphism of holomorphic Hermitian line bun-
dles between the inverse Lé; of the Chern-Simons line bundle and the 6-th power (det 9)®°
of the determinant line bundle det 9, given by

5 QPSLy(C)
(ng)®6 e 2miCS 2 )

where ¢ is the canonical section of det 0 with respect to the Schottky marking, cg is a constant
on &g and F is a holomorphic function on &g which is given, on the open set where the

product converges, by
[e.e]
1
F(F) = CgH H(l _q'erm)a
{r} m=0
where q, is the multiplier of v € I', {v} runs over all distinct primitive conjugacy classes in
I' € &g excluding the identity, and cg is a constant depending only on g.

We finally mention that there is a work by Krasnov [R(] in the physics literature on Chern-
Simons theory on asymptotically AdS spaces.

The paper splits in two parts: in Section 2-6, we introduce Chern-Simons invariants associated
to the Levi-Civita connection and some complexification on asymptotically hyperbolic 3-
manifolds with totally geodesic boundary and we study their relation with the renormalized
volume in the case of convex co-compact hyperbolic metrics. In the second part, Section 7-9,
we define the line bundle over T, its connections, we compute the variation of our Chern-
Simons invariants and deduce its links to the Weil-Petersson metric and the determinant line
bundle.

Extension to hyperbolic manifolds of finite geometry. We expect the results of this
paper to extend to geometrically finite hyperbolic 3-manifolds. While cusps of maximal rank
seem rather straightforward to treat, several technical difficulties appear when we extend our
analysis to cusps of rank 1, so we prefered to leave out this extension from the present paper.
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to whom we owe the idea of connecting the determinant and Chern-Simons line bundles in
this context. We also thank S. Baseilhac, U. Bunke, K. Krasnov, G. Massuyeau and J.-
M. Schlenker for useful discussions. C.G. is supported by grant ANR-09-JCJC-0099-01, S.M.
is partially supported by grant PN-II-ID-PCE 1188 265/2009. This work was done while S.M.
was a visiting researcher for CNRS at the DMA of the Ecole Normale Supérieure and a visitor
at THES, we thank these institutions for their support.
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2. ASYMPTOTICALLY HYPERBOLIC MANIFOLDS

Let (X, g) be an (n+ 1)-dimensional asymptotically hyperbolic manifold, i.e., X is the interior
of a compact smooth manifold with boundary X, and there exists a smooth boundary-defining
function z such that near the boundary {z = 0} the Riemannian metric g has the form

dz® + h(z
,_ da® 4 )

72

in a product decomposition [0,¢), x M < X near the boundary M = dX, for some smooth
one-parameter family h(x) of metrics on M. This condition on the metric is in fact equivalent
to |dx|,2, = 1 near 0X and such 2 are called geodesic boundary defining functions. When
plyh(z)lz—o = 0, the boundary M is totally geodesic for the metric 22g and we shall say
that g has totally geodesic boundary. This condition is shown in [[J] to be invariant with
respect to the choice of z and is called evenness modulo O(2?) in that paper. Examples of
asymptotically hyperbolic manifold with totally geodesic boundary are the hyperbolic space
H"+!, or more generally convex co-compact hyperbolic manifolds (cf. Eq. (§)). The conformal
infinity of (X, g) is the compact manifold M = X equipped with the conformal class {hg}
of hg := h(0) = 22g|7)-

2.1. Convex co-compact hyperbolic quotients. Let X be an oriented complete hyper-
bolic 3-manifold, equipped with its constant curvature metric g. The universal cover X is
isometric to the 3-dimensional hyperbolic space H?, and the deck transformation group is
conjugated via this isometry to a Kleinian group I' C PSLy(C) (we recall below that PSLy(C)
can be viewed as the group of orientation-preserving isometries of H?). In this way we get a
representation of the fundamental group

(7) p:m(X) — PSLy(C)

with image I', well-defined up to conjugation.

Assume that X is convex co-compact, meaning that there exists a compact non-empty subset
of X (called the convex core) which is geodesically convex. Then the manifold X has a
smooth compactification into a manifold X, with boundary M which is a disjoint union of
Riemann surfaces. The boundary can be realized as the quotient I'\Q(T') where Q(T') C S?
is the domain of discontinuity of the convex co-compact subgroup I', acting as conformal
transformations on S2. Each connected component of M has a projective structure induced
by the group I' C PSLy(C). It is proved in [§, BI] that the constant sectional curvature
condition implies the following structure for the metric near infinity: there exists a product
decomposition [0, €), x M of X near M, induced by the choice of a geodesic boundary-defining
function x of M, a metric hg on M and a symmetric endomorphism A of T'M such that the
metric g is of the form

dz® + h(z
. ()

®) . hw) = ho (L4 54),(1+ 5 A))

and moreover A satisfies

X

9) Tr(A) = —iscaly,, dV A =0.
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2.2. Tangent, cotangent and frame bundles. There exists a smooth vector bundle over X
spanned over €*°(X) by smooth vector fields vanishing on the boundary X (those are locally
spanned near X by 20, and x0y if x is a boundary defining function and y are coordinates
on the boundary), we denote by °7°X this bundle. Its dual is denoted °7"X and is locally
spanned over (X)) by the forms dz/x and dy/z. An asymptotically hyperbolic metric can
be also defined to be a smooth section of the bundle of positive definite symmetric tensors
52 (°T"X) such that |dz/z|, = 1 at 0X. The frame bundle Fy(X) for an asymptotically
hyperbolic metric g is a SO(3)-principal bundle and its sections are smooth g-orthogonal
vector fields in ®TX. It is clearly canonically isomorphic to the frame bundle F(X) of the
compactified metric § := 22¢ if z is a boundary defining function. A smooth frame S € Fy(X)
is said to be even to first order if, in local coordinates (y1,%2,z) near X induced by any
geodesic defining function z, S is of the form S = x(u10y, + u20y, + u30,) where u; are such
that J,uj|pm = 0, or equivalently [0,, SHM — 0 if §:= 2719 is the related frame for § := z2g.
In general, we refer the reader to [R, 4] for more details about the O-structures and bundles.

2.3. Orientation convention. For an oriented asymptotically hyperbolic manifold the ori-
entation of the boundary at infinity M is defined by the requirement that (0,,Y7,Y3) is a
positive frame on X if and only if (Y7, Y3) is a positive frame on M. With this convention,

Stokes’s formula gives
/ da = — / @
X M

2.4. Renormalized integrals. Let w € 27V O®(X,A"X)+C>(X,A"X) for some N € R*.
The 0O-integral (or renormalized integral) of w on X is defined by

0
/ w = FPE—)O / w
X T>€

where FP denotes the finite part, i.e., the coefficient of ¥ in the expansion of the integral
at € = 0. This is independent of the choice of function x when N is not integer or N > —1
but it depends a priori on the choice of x when N is a negative integer. More generally,
one can define renormalized integrals of polyhomogeneous forms but this will not be used
here. We refer the reader [fl, [4] for detailed discussions on this topic. An example which has
been introduced by Henningson-Skenderis [L5] and Graham [[LT] for asymptotically hyperbolic
Einstein manifolds is the renormalized volume (or 0-volume) defined by

for every a € €*°(X,A?).

0

Volg(X) ::/ dvol,
X

where dvol is the volume form on (X, g).
3. THE BUNDLE OF INFINITESIMAL KILLING VECTOR FIELDS FOR HYPERBOLIC MANIFOLDS
The hyperbolic 3-space H? can be viewed as a subset of quaternions

. . d 2
H? ~ {y1 +iy2 + ysj; ys > 0,41, 42 € R}, gH3:y_?/2_
3
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a b

The action of v = [c d] € PSL(C) on ¢ = y1 +iys + y3j € H3 is given by

7.6 = (aC +b)(e¢ + )~

This action identifies PSLy(C) with the group of oriented isometries of H?, which is diffeo-
morphic to the frame bundle F(H?) = H? x SO(3) of H? via the map

® : PSLy(C) — F(H?), v = (7.5, 75 (Oyy s Oya, Oy )).-
There exists a natural embedding
(10) g: F(H?) — H? x PSLy(C), (m, Vi) = (m, @1 (m, V).

which is equivariant with respect to the right action of SO(3). If X = I'\H? is an oriented
hyperbolic quotient, ¢ descends to a bundle map

(11) q: F(X) — H? xp PSLy(C) =: FE(X).

where FC(X) is a principal bundle over X with fiber PSLy(C). The trivial flat connection
on the product H? x PSLy(C) also descends to a flat connection on FC(X), denoted 6 (i.e.,

a sl (C)-valued 1-form on FC(X)), with holonomy representation conjugated to p, where p is
defined in (7).

Let V be the Levi-Civita connection on T'X with respect to the hyperbolic metric g, and let
(12) T € A'(X,End(TX)), TyW := -V x W,
where X is the vector product with respect to the metric g.

Proposition 7. The vector bundle E(X) associated to the principal bundle FC(X) with
respect to the adjoint representation is isomorphic, as a complex bundle, to the complexified
tangent bundle TcX. The connection induced by 0 is D :=V +iT.

Proof. The associated bundle with respect to the adjoint representation is given by
E(X) =H? xp PSLy(C) Xpgi,(c) sl(2,C) = H? xpsl(2,C) = (H? x sly(C))/ ~

where the equivalence relation is [m,h] ~ [ym,yhy~!] for all ¥ € I'. We also have TX =
I'\TH? where the action of PSLy(C) on TH? is given by ~.(m, vy) := (ym,v«(vm)). For every
vector field u on X define its canonical lift s, to Tc X by

Su = u+ tcurl(u)

where curl(u) = (xdu?)’ (the map u — s, is a first-order differential operator). Note that the
sign in front of curl is different from the one used in [[]. For every h € sly(C) let s, be the
Killing field on H? corresponding to the infinitesimal isometry h.

Lemma 8. We have k;;, = —%curl(/ﬁh), thus

Sk, = Kh — iKip, Sk = 18k,

Proof. Direct verification on a basis of sly(C), using the explicit formula for x; at ¢ € H?:
Kk = b4 aq + qa — qcq

b

a
where h = [c d

] € sly(C) and T,H? was identified with C @ jR. O
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Define a vector bundle morphism
U C®(H?, E(H?)) — C°(H?, TcH?),  (m,h) = sy, (m) = kp(m) + Leurl(sy,)(m).

This map is injective, for a Killing field which vanishes at a point together with its curl must
vanish identically. By dimensional reasons, ¥ must be a bundle isomorphism. Moreover, W is
PSLy(C)-equivariant in the sense that for all v € PSLy(C) we have W(ym, ad,h) = v,V (m, h)
(this is clear for the real part by definition, while for the imaginary part we use the fact
that + is an isometry to commute it across curl), hence ¥ descends to the I'-quotient as an
isomorphism €*(X, E(X)) — €*(X,TcX). By Lemma f, this isomorphism is compatible
with the complex structures. It remains to identify the push-forward D of the flat connection
from E(X) to TcX under this map. It is enough to prove that on H® we have D = V +iT,
since both terms are PSLy(C) invariant.

Lemma 9. Let k be a Killing vector field on an oriented 3-manifold of constant sectional
curvature €. Then the field v := —%curl(n) is also Killing, and satisfies for every vector U
Vuk =U x v, Vyv = €U X k.
Proof. Directly from the Koszul formula, the Levi-Civita covariant derivative of a Killing
vector field « satisfies (Vyk, V) = 2dx*(U, V), which in dimension 3 implies
Vuk =—3U x curl(k) = U x v.

Let now (Uy, Uz, Us) be a radially parallel orthonormal frame near a point p, so that V¢, U; = 0
at p. On one hand, by assumption on the sectional curvatures, one has (Ry, v, %, Us) = 0 where
R is the curvature tensor of the metric. On the other hand, at the point p we have

<RU1U2I<:7 U3> :U1 <VU2I£, U3> - U2<VU1I£, U3>
:U1<U X UQ,Ug> — UQ(U X Ul,U3>
=<VU11), U1> + <VU2?}, U2>.
Similarly, (Vy,v,Us) + (Vy,v,Us) = 0 and (Vy,v,Us) + (Vy,v,Ur) = 0 so we deduce that
<VUJ.U, U;) =0 at p. So Vv is skew-symmetric at the (arbitrary) point p, or equivalently v is
Killing.
Since Vi, k = U; x v we see that
v :Z(v, UZ>UZ = (v, Uy X U3>U1 + <U, Us x U1>U2 + (v, U; x U2>U3
:<U3 X v, U2>U1 + <U1 X v, U3>U2 + <U2 X v, U1>U3
:<VU3KV, U2>U1 + <VUII€, U3>U2 + <VU2:‘€, U1>U3

hence at the point p where U; are parallel and commute, using (Vy, %, Usz) = 0,
<VU2U,U1> =<VU2VU3I<L, U2> = <RU2U3,‘<L, U2> = 6<I€, U3> = €<U2 X R, U1>.

Similarly, (Vy,v, Us) = €(Us X k, Us). Together with (V,v,Us) = 0 proved above, we deduce
Vu,v = Uy x k. This identity clearly holds for any U in place of Us. O

For every h € sly(C), the section S}, : m + (m,h) is by definition a flat section in E(H?),
so (again by definition) Dy W(Sy) = 0 for every vector U. Using the above lemma, we also
have (Vi +iT(U))(kp, + Lcurl(ky)) = 0. Thus the connections V + i7" and D have the same
parallel (generating) sections, hence they coincide. O
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4. CHERN-SIMONS FORMS AND INVARIANTS

Let Z be a manifold, n € N* and 6 € A(Z, M,,(C)) a matrix-valued 1-form, and set  :=
df + 6 N 6. Define

cs(0) :=Tr(O A df + 26°) = Tr(0 AQ — 16%).
(Notation: if oj are M, (C)-valued forms of degree d; on Z, j = 1,..., k, their exterior product
is defined by its action on vectors Vp,...,Vn, N := Zle d; as follows

(al/\.../\ak)(Vl,...,VN)
1
::7' Z E(U)al(Vo(l)a'--aVo(dl))"'O‘k(VU(Nfkorl)?""VU(N))

hld! L

where €(0) is the sign of the permutation o.
4.1. Properties of Chern-Simons forms.

Relation to Chern-Weil forms. An easy computation shows that d(cs(f)) = Tr(Q A Q).

Variation. If 6% is a 1-parameter family of 1-forms and § = 040 |—o, the variation of cs is
computed using the trace identity:

(13) Ayes(0)]i—o = Tr(0 A d + 0 A df + 20 A 6%) = dTr(0 A 6) 4 2Tr(6 A Q).
Pull-back. If ® : Z' — Z is a smooth map, we have cs(®*6) = ®*cs(6).

Action of representations. If 6 takes values in a linear Lie algebra g C M, (C) and p is a
representation of g in M, (C) such that there exists some p, € C with Tr(p(a)p(b)) = pTr(ab)
for every a,b € g, then

(14) cs(p(0)) = ppes(0).
Gauge transformation. 1f a : Z — M,(C) is a smooth map and 7 := a~'0a + a~'da, then
(15) es(y) = cs(f) + dTr(0 A daa™") — %Tr((a_lda)?’).

The particular cases of 6 considered below are connection 1-forms either in a principal bundle
or in a trivialization of a vector bundle.

4.2. The PSLy(C) invariant. Let 6 be the flat connection in the PSLy(C) bundle F¢(X)
of an oriented hyperbolic 3-manifold X. Let S : X — F(X) be a section in the orthonormal
frame bundle (recall that oriented 3-manifolds are parallelizable), so ¢ o S is a section in
FC(X) where ¢ is the natural map from F(X) to F®(X) defined in ([[I]). We shall denote by
cs(6, S) the complex valued 3-form (g o S)*cs(6) on X.

Recall that for X compact, the Chern-Simons invariant of 6 with respect to S is defined by
CcsPS2(©(g, 9) = — / cs(6,9).
X

The normalization coefficient in front of CSPSL2(C) ig so chosen because

4 /K Tr(—L(wre)?) = 1,
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where wysc is the sly(C)-valued Maurer-Cartan 1-form on PSLy(C), and K is the (compact)
stabilizer of j € H®. Because PSLy(C) = K x H? is homotopy equivalent to K, this identity
implies that Tr(wyc)/1272 is an integer cohomology class on PSLy(C). Thus for X closed,
([F) implies that CSPSL2(©) (g, S) is independent of S modulo Z.

Definition 10. Let X be a convex co-compact hyperbolic 3-manifold and S a section in the
orthonormal frame bundle which is even to first order. The Chern-Simons invariant of 6 with
respect to S is defined by

0
CS(0,S5) = —ﬁ/ cs(0,S) = —ﬁFPeﬁo/ (goS)*cs(0).
X r>€

We can express cs((¢g o )*#) in terms of the Riemannian connection of g as follows: let

0 1 0 4 1 0
hy = [1 0} | hy = [_i 0] | hy = [O _1]
be a complex basis in sly(C). The corresponding Killing vector fields on H? evaluated at j
take the values

Rh, = 28%, Rih,, = 0

for k = 1,2,3. If U}, is the section over X in the bundle FC(X) x,q slo(C) corresponding to
the vector h; in the trivialization go.S, the above relations show that the complex vector field
corresponding to Uy by the isomorphism from Proposition [] is just 2Sk. Thus

ad((qgo S)"0) =w+1T

where w is the so(3)-valued connection 1-form of the Levi-Civita covariant derivative V in
the frame S, and T denotes the so(3) valued 1-form T from Equation ([[J) in the basis S.

(16) wii(Y) == g(VySj, 5), Tij(Y) := g(Y x 55, 5)
Lemma 11. The Chern-Simons form of a hyperbolic metric on a 3-manifold satisfies
es((go S)*0) = tes(w +iT).
Proof. We use the following identity, valid for every u,v € sly(C):
TrM2(C) (uv) = %TrMS((C) (adyad,).
The lemma follows from the above discussion and Equation ([[4). O

Proposition 12. The PSLy(C) Chern-Simons form on a hyperbolic 3-manifold, pulled back
by a section S € Fy(X), has the following real and imaginary parts:

cs(6, ) = 2idvoly + Ld(Tr(T A w)) + 1Tr(w A dw + 2w?).

Proof. Since the connection D is flat, it follows that cs(w + iT) = —2Tr((w +iT")%). By the
above lemma we can write (using the cyclicity of the trace)

—12¢s(0, S) =TrM(©) (W +4T)?)
17
1 = <TrM3(C) (W? = 3T? Aw) +iTr(3w’ AT — T3)) .



14 COLIN GUILLARMOU AND SERGIU MOROTANU

The vanishing of the D-curvature implies dw + w? —T? =0 and dT + T Aw +w AT = 0.

Taking the exterior product of the first identity with w and taking the trace we deduce that
3 2 3

(18) Tr(w® — 3T% Aw) = =3Tr(w A dw + 3w?)

Similarly, since both T A (dw + w? — T?) and w A (dT + T Aw +w A T) are 0, one can take
their trace and make the difference to deduce

0=Tr(TANdw —dT ANw — T3 —w? AT) = —d(Te(T Aw)) — Tr(T3) — Tr(w? A T)
and then

(19) Tr(3w? AT — T3) = —4Tr(T?) — 3d(Tr(T A w)).
We also easily see that Tr(73) = 6dvol, and therefore combining ([19), (L) and ([[7), we have
proved the Proposition. O

Definition 13. Let (X, g) be an oriented asymptotically hyperbolic 3 manifold with totally
geodesic boundary. Let S be an even to first order orthonormal frame on X and w + T

the so(3) ® C-valued 1-form defined in ([[f). The PSLy(C) Chern-Simons form of g in the
trivialization S is cs(w +47"). The PSLy(C) Chern-Simons invariant is

0
08PSL2(C)(9’ S) = _16% /X CS(W + ’LT)
This invariant is our main object of study in the present paper.

4.3. The SO(3) Chern-Simons invariant. Let (X, g) be an oriented Riemannian manifold
of dimension 3. Denote by cs(g) the Chern-Simons form of the Levi-Civita connection 1-form
of g on the orthonormal frame bundle F(X). Note that S*cs(g) = cs(w) where w is the
connection 1-form in the trivialization S.

If X is compact, for every section S : X — F(X) in the orthonormal frame bundle we define
the Chern-Simons invariant

CS(g,5) == —ﬁ/ S*cs(g).
X
When a : X — SO(3) is a compactly supported map (i.e., a = 1 outside a compact), we have

(20) 16% /XTr(—%(alda)?’) = —deg(a) € Z,

so for X is closed, using ([[§) we see that the Chern-Simons invariant is independent of S
modulo Z.

We aim to define a SO(3) Chern-Simons invariant associated to the Levi-Civita connection
V9 on an asymptotically hyperbolic 3-manifold (X, g) with totally geodesic boundary. First,
we fix a geodesic boundary defining function x and we set

§:=z%g.
Let S : X — F(X,§) be a smooth section of the orthonormal frame bundle associated to
the metric g. We say that S is even to first order if Ly, S|y = 0 where £ denotes the

Lie derivative. We define, starting from S, a section S := zS in the frame bundle Fy(X)
associated to g.
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Definition 14. The SO(3) Chern-Simons invariant of an asymptotically hyperbolic metric
g with totally geodesic boundary, with respect to an even to first order trivialization S of
FO (X)7 is

0
CS(g,95) = _16%/)( S*cs(g).

5. COMPARISON OF THE ASYMPTOTICALLY HYPERBOLIC AND COMPACT CHERN-SIMONS
SO(3) INVARIANTS

For any pair of conformal metrics § = 22g we can relate cs(g, S) to cs(g, S ) as follows. We
denote by w,& the connection 1-forms of g, § in the trivialization S, respectively S = z~1S.
For every Y € T X that means

@i (V) = §(V5.5;, 5), wij (V) = g(V{.S;,S:).

Lemma 15. The connection forms of the conformal metrics g and § = x°g satisfy & = w+a,
where

(21) aij(Y) := §(Y, 8;)8;(a) = §(Y, 5))Si(a) = g(Y, 5i)Sj(a) — 9(Y. S;)Si(a)
with a := log(x).

Proof. An easy computation using Koszul’s formula for the Riemannian connection in a frame.

O

Let g' = 2% g where t € [0,1], then S* := 27tS defines a section of the frame bundle F*(X)
of g¢. Consider w! the connection form of g* in the basis S, and write o = w! — w. Notice
from (R1) that af = ta is linear in ¢, so we compute the variation of cs(w?) using (ILJ):

Ores(wh)]i=o = dTr(a Aw) + 2Tr(a A Q)
where ) = dw + w A w is the curvature of w.

Lemma 16. We have Tr(a A Q) = 0.

Proof. At points where Va = 0 this is clear. At other points, take an orthonormal basis
(X1, X2, X3) of TX for g such that X3 is proportional to grad(a). Since aA {2 is a tensor, we
can compute its trace in the basis X instead of S;:

TI'(O[ AN Q)(Xl, XQ, Xg) = Z Oéij(Xl)jS(Xz, X3) — Oél'j(Xz)jS(Xl, X3)
()
=2((Rx,x;X1,grad(a)) — (Rx, x, X2, grad(a)))
and this vanishes using the symmetry of the Riemannian curvature together with the fact
that X3 and grad(a) are collinear. O
We deduce that dycs(w?)|i—p = dTr(a A w) and so
Ores(wh) = dses(wi™¥) 4= = d(a’ Aw') = dTr(a A (w + ta)).

Since Tr(a A a) = 0 by cyclicity of the trace, we find

cs(g,5) = cs(g, S) + dTr(a A w).
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Proposition 17. Let g be an asymptotically hyperbolic metric on X with totally geodesic
boundary, let x be a smooth geodesic boundary defining function and set § := x*g. Let S be
an even to first order section in F(X) with respect to g, and let S = xS be the corresponding
section in Fy(X). Then the SO(3) Chern-Simons invariants of g and g with respect to S, S
coincide:

CS(g, 5) = CS(3, ).
Proof. By integration on X and using Stokes, we get

(22) 1672CS(g, S) = 1672CS(g, S) — FPeﬁo/ Tr(a A w).

=€

The proof is finished by showing that the trace Tr(a A w) is odd in x to order O(z4), so

FPE_,O/ Tr(a Aw) = 0.
r=€

For this, note that x« is smooth in x and has an even expansion at = 0 in powers of  up to
O(23) by assumption on the section S, while 2w is smooth in 2 but a priori not even. Setting
a := log x we write for Y7,Y5 vector fields on 90X (thus orthogonal to Va) and (-,-) := g(-,):

Tr(a Aw)(Yr,Y3)
= > o (V)wsi(¥a) — 0 (YVa)w;i(¥1)

1<i,j<3
= > Si(a)(Vy, 5}, Y1) — Sj(a)(Vy, S, Ya) — (S5, V1)(Vy, S}, Va) + (S}, V2)(Vy, S}, Va)
1<j<3
=2(Vy,Va, Y1) — 2(Vy, Va, Ys) — 2 Z Y2(Sj(a))<sj’yl> - Yi(Sj(a))<Sj,Y2>
1<5<3
= Y —2Y5(85(a)(S;, Y1) + 2Y1(S;())(S;, Ya)
1<j<3
and this is odd in z to order O(z?) since da = —df, S'j = 2715, is even to first order, and
the metric has totally geodesic boundary (i.e. #2g is even to order O(x?)). O

6. COMPARISON OF THE PSLy(C) AND SO(3) INVARIANTS IN THE HYPERBOLIC SETTING

In this section we establish the relation between the PSLy(C) and the SO(3) Chern-Simons
invariants. This was known in the compact case and in the finite volume case since the work
of Yoshida [Bg].

Proposition 18. Let (X, g) = T'\H? be a convex co-compact hyperbolic 3-manifold with T' C
PSLy(C) and let 6 be the associated flat connection on the bundle F€(X) = H3 xp PSLy(C).
Let S : X — Fo(X) be an even section of Fo(X). Then

€SP0 (9, §) = — 55 Volp(X) + 5= x(M) + CS(g, 5).
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Proof. Using Proposition 4 and Stokes’s formula, we have

1617TQ cs(w)

CcsPS2(©) (g, §) =FP._, / sidvolys +

{J:>e}

= — 55 Volg(X) — FP0 72 / Tr(w A T) + CS(g, S).

o —od(Tr(wAT)) —

The conclusion follows from Lemma @ O

Lemma 19. We have

(23) FPeﬁo/ Tr(T ANw) = 2/ scalp,dvoly, = 8mx(M).
T=€ M

Proof. Let U; := x_lsj denote the orthonormal frame for the compact metric § = 22g,
(S',8%,83) the dual basis to S, @;;(Y) :== Q(V‘;’/Ui, Uj) the Levi-Civita connection 1-form of
g in the frame U, and U’ = 57 the dual co-frame. Let Y;,Y5 be a local orthonormal frame
on M for hg of eigenvectors for the map A defined on TM by (f), extended on X constantly
in x near M.

We split w = @ — o and we first compute

Te(T' A o) (Y1, Y2) :Z<Y1 x S, S;)((Ya, 57)Si(a) — (Y2, Si)Sj(a))
i,J
— (Y2 x 53, 55)((Y1, 55) Si(a) — (Y1, 5:)5j(a))
=—4(Y1 x Ys,Va).
Define Y; := (1 + 322A)~1Y;. Then 2V}, 2Y5, Va form an orthonormal frame near = = 0 and
2Y] x 2Ys = Va. Thus, z2(1 + %)*1(1 + %)*1(5/1 x Y2, Va) = 1 which shows that
FP_oTr(T A a) = 2tr(A)dvoly,.
Let us now compute the form Tr(w A T') on the hypersurface = e. Notice that
Tip = S°, Tos = S, Ty = S?
so z'I" is smooth in z, and we easily see that
ITe(WAT) =S Adog + S* Adss + S Adna.
Using Koszul formula and the evenness of g and 5, for a vector Y € T'M independent of x
the term @;; can be decomposed under the form
205(Y) =Ui(9(Y,U;)) = U;(g(Y,U;)) — g([U;i, Uj],Y) + even function of =
=dY#(U;,U;) + even function of z

so the odd component is tensorial in U;. Therefore we can compute FP._,oTr(w A T) using
the orthonormal frame Y7,Y5, Y3 := 0,:

Tr(T A @) (Y1, Y2) melz(ﬂﬁ X Yi, Vi) (Vy,Yi,V;) — (Yo x Y3, V) (Vy, Vi, ;)
2%
= Z(VYQ%Yl X Y;) — (Vy, Y3, Yy X ;).
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(here the vector product is with respect to §). Since f’j —Yj is of order 22, the finite part is
unchanged if we replace Y7, Ys by Y7, Y5 in the above, thus getting

1'_1 Z<v372?i’?1 X ffl> — <V{/1Y/;‘,}72 X Y/;>
7

For k = 1,2 the coefficient of x in <V1~/kl~/k, Or) = —<vaam, f/k> is —Agx. We therefore get
FPeoTr(T A @) = —2tr(A)dvoly,,.
Together with the identity 2tr(A) = —scaly,, and Gauss-Bonnet this ends the proof. O

7. THE CHERN-SIMONS LINE BUNDLE AND ITS CONNECTION

7.1. The tangent space of Teichmiiller space as the set of hyperbolic funnels. In
this subsection, we shall see that the tangent space 1Ty of Teichmiiller space of Riemann
surfaces of genus g can be identified with ends of hyperbolic 3-manifolds of funnel type. For
Teichmiiller space definition and conventions, we follow the book of Tromba [B].

The Teichmiiller space T, is defined here as the quotient M_;(2,)/Do(X,) where M_; (%)
is the set of metrics with Gaussian curvature —1 on a fixed smooth surface X, of genus g,
and Dy(X,) is the group of orientation-preserving diffeomorphisms of 3, which are isotopic
to the identity. Let My,..., My be N Riemann surfaces of genera g¢1,...,gn. Denoting g =
(g1,...,98) € NV we aim to define the Chern-Simons line bundle Lg over the Teichmiiller
space Jg = Ty, X Ty, of the disjoint union M = I_J§V:1Mj.

First, we shall identify each point of T'T,, with an isometry class of 3-dimensional hyperbolic
ends, with conformal infinity given by the base point.

Definition 20. A hyperbolic funnel is a couple (M, g) where M is a Riemann surface (not
necessarily connected) equipped with a metric hy of Gaussian curvature 0,1 or —1 and ¢ is a
metric on the product M x (0, €), for some small € > 0, which is of the form

dz® + h(z
o hia)

(24) R h(x) := ho + 22hy + Lathy o hy

x
where hy is a symmetric tensor satisfying

Trp, (he) = K, divp, (ha) = 0.

It is shown in Fefferman-Graham [§] that M x (0, €) equipped with such a metric ¢ is a (non-
complete) hyperbolic manifold if € > 0 is chosen small enough, and conversely every end of a
convex co-compact hyperbolic manifold with conformal infinity (M, {ho}) and genus(M) > 1
is isometric to a unique funnel (24) with ho the hyperbolic metric representing the conformal
class {hg}. There is an action of the group D of diffeomorphisms of M on the space of funnels,
simply given by
. dz? +¢*h(z
e
for all ¢ € D, where ¢¥*h(z) is the pull-back of the metric hA(x) on M. Notice also that a
funnel induces a representation of m (M) into PSLy(C) up to conjugation.

The tangent space TM_; has a natural inner product, the L2-metric, defined as follows (see
B, Sec. 2.6]): let hg € M_q, and h, k € T, M_1. Since M_; is a Fréchet submanifold in the
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space of symmetric tensors on M, it follows that TM_; C S?(TM); define

(k) = / (h, Kn dvoly,
M

This scalar product is D(M )-invariant.
For any hg € M_1(M) consider the vector space

Vi 1= {h € C°(S*T*M); Try,, (h) = 0;divy, (h) = 0},

i.e., the set of transverse traceless symmetric tensors with respect to hg. This is a real vector
space of finite dimension which is precisely the orthogonal complement in 7}, M_; of the orbit
of Do with respect to the L?(M, hg) inner product. When hq varies, these spaces form a locally
trivial vector bundle V over M_; (M) of rank 6g—6 (assuming that the genera of the connected
components M; are strictly larger than 1), which we think of as the horizontal tangent bundle
in the principal Riemannian fibration M_; (M) — Tg. The group D(M) acts isometrically on
this bundle by pull-back of tensors, and the restriction of this action to the subgroup Dy(M)
is free. The quotient of V by Dy is identified [BF, Sec 2.4] with the tangent bundle TJg of the
Teichmiiller space of genus g. Thus, Teichmiiller space inherits a Riemannian metric called
the Weil-Petersson metric. Explicitly, on vectors in T}, T described by trace-free, divergence
free symmetric tensors h,k with respect to a representative hy € [ho], the Weil-Petersson
metric is defined by

(25) (h, k)wp = /M(h, k) podvoly,,.

The following is a direct consequence of the discussion above:

Lemma 21. There is a canonical bijection W from the total space of the horizontal tangent
bundle V-— M_1(M) to the set Fg of hyperbolic funnels of genus g, defined explicitly by

(26) W : (ho, hY) — (M, W) . (@) =ho+a%hy + Zhyohy,  hy = hY+ ke,
This bijection commutes with the action of Dy on both sides and hence descends to a bijection
from T'Tg to the space of Do(M)-equivalence classes of hyperbolic funnels.
Any divergence free traceless tensor k = udz? — udy® — 2vdxdy with respect to a metric hg is
the real part of a quadratic holomorphic differential (QHD in short)

3k =Re(k"") with k%' := % (u + iv)dz? in local complex coordinates z = z + iy.

The complex structure J on Teichmiiller space is then given by multiplication by —¢ on QHD,
which on the level of transverse traceless tensors means

(27) Jk = vdx* — vdy* + 2udzdy
or setting K to be the symmetric endomorphism of TM defined by k(-,-) = ho(K-, "),

= (V) )= )

The space Tovl‘J'g is then defined to be the subspace of complexified tangent space T¢Tg
spanned by the elements k+iJk with k£ € T'T, and TLO‘Tg is spanned by the k —iJk. Notice
also that, with the notations used just above, one has

(28) KOl = 2k +iJk) € T Ty, kY0 = K0T = L(k — iJk) € T"OT,.
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The Weil-Petersson metric on 17y induces an isomorphism ® between 7Ty and T™Tg. It is
also a Hermitian metric for the complex structure J, in the sense that (Jh, Jk)wp = (h, k)wp
for all h,k € T'Tg, the associated symplectic form is wwp(:,-) := (J-,-)wp. By convention,
the metric (-,-)wp on TTg is extended to be bilinear on T¢Tg, so that (k%! A%1)wp =
(kM0 R0 wp = 0 for all b,k € TTg and (k%' k10)wp > 0 for all k € TT,.

On T*Tg, there is a natural symplectic form, obtained by taking the exterior derivative du of
the Liouville 1-form 4 defined for hg € Tg, k™ € T;; Ty by

IU’(ho,k*) = ]C*dﬂ'

if m: T*Tg — Tg is the natural projection. Since T*Tg has a complex structure induced
naturally by that of Ty we can also define the (0,1) component 'Y of the Liouville measure.
The Liouville form z and p"° pull-back to natural form on TTg through @, satisfying

B 1o k) (hos k) = (ks ho)we, @ pge o (o, k) = (K, g )we

for (ho,k) € TTg, and (hg, k) € TTh,Tg = ThyTg @ ThyTg- Notice that du'? is a (1,1) type
form on T Tg.

7.2. The cocycle. In order to define the Chern-Simons line bundle Lg over Ty in a way
similar to Freed and Ramadas-Singer-Weitsman [BI]], we need to define a certain cocycle.
The natural bundle turns out to be the SO(3) Chern-Simons line bundle associated to a
3-manifold bounding a given surface.

For each hg € M_1, let (X, §) be a compact Riemannian manifold with boundary (M, hg) with
¢ having totally geodesic boundary M. Consider the map ¢* : € (M, F(X))x €%, (M,SO(3)) —
C defined by

X (S,a) = exp (2772'/ 16%Tr((i; Adaa™') + 27?1'/ 481”2 Tr((Zilei)B’))
M X

where @ is the connection form of the Levi-Civita connection of § in any extension in
C®(X,F(X)) of S to X, and @ is any smooth extension of a on X (€% (M) means sec-

tions which are extendible to X ). Note that any a € €*°(M,SO(3)) can be extended to some
a on a handlebody with boundary M. This definition is consistent by the following Lemma.

Lemma 22. The value cX(S’, a) depends only on hy, S and a.

Proof. In other words, we must prove that ¢ (5‘ ,a) does not depend on the choice of the even
metric g, on the choice of X bounding M and on the extensions of (S, a) from M to X. The
independence of w|pps with respect to g and the extension of S is a consequence of Koszul
formula and the evenness to first order of §. The independence with respect to the choice of
X and the extension @ is a consequence of the fact that

exp <—27m'/ ﬁTr(('d_ld’d)?’O =1
z
if Z is a compact manifold without boundary and @ € €>°(Z,SO(3)) (see (£0Q)). O

ext

We therefore get a map ¢X : (M, F(X)) x €%, (M,SO(3)) — C by associating to (ﬁ‘M, alar)
the quantity ¢ (5‘, a), where the subscript ext denotes objects on M extendible to X. As we
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shall see below, when acting on S € €%, this map satisfies the cocycle condition

ext>

(29) X (S, ab) = ¢X(S,a)c* (Sa,b).

7.3. The Chern-Simons line bundle L. We follow the presentation given in the book of
Baseilhac [, but adapted to our setting.

Definition 23. The complex line Lffo over hg € M_; is defined for a choice of extension X
by

={f: € (M, F(X)) = C; Va € €5 (M,50(3)), f(Sa) = (S, a)f(5)}-
We deﬁne the Chern—SlmonS line bundle (as a set) over M_; by

LI i

hoeM_1

Using the Gauge transformation law ([[§), we deduce

Lemma 24. For any metric § on X with dlox = ho, the map S s €27iCS@:9) s an element

of the fiber over hyg.

This fact directly implies the cocycle condition (R9).
An element in LhXo is determined by its value on any frame extendible to X by the condition

f(Sa) = ¢(S,a)f(S), therefore the dimension of the C-vector space LhXo is 1. If Xy and Xo
are two fillings of M, let Z = X1 U X3 be the oriented closed manifold obtained by gluing X;
and Xy along M, then any frame on Z restricted to M is extendible both to X; and Xs. For
such a frame S, we define an isomorphism between £X1 and LX2 by setting

e 122(9) = f(9).

By Lemma 3, this isomorphism is independent of the choice of S extendible to X; and Xo.
Therefore we have a well defined bundle Lg over Ty independent of the filling X.

We define the smooth structure on Lg through global trivializations as follows: let S be

a smooth positively oriented frame (not a priori orthonormal) on X and let 5’;10 be the
orthonormal frame obtained from S by Gram-Schmidt process with respect to the metric
dx? + hgy near the boundary 0X and define a global trivialization by

£X Moy xC (ho, £) = (ho, £ (Sh))-

Changes of trivializations corresponding to different choices of S are smooth on M_q, thus
we get a structure of smooth line bundle on £§ over M_j.

7.4. Action by the mapping class group. The mapping class group Modg is the set of
isotopy classes of orientation preserving diffeomorphisms of M = X, it acts on Ty properly
discontinuously. By following Marden 23, Theorem 3.1], the subgroup Mod x of Mod, arising
from elements which extend to diffeomorphisms of X homotopic to the identity on X acts
freely on T and the quotient Tx := Tg/Modx is a complex manifold of dimension 3|g| — 3.
Moreover the Weil-Petersson metric descends to Tx.

Every diffeomorphism 1 : X — X induces an isomorphism LX — Lfg iho DY [ fyi= (S —

f (S )) In particular since any v € Dy can be extended on X as a diffeomorphism and
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the map Lfo — Lff* h, does not depend on the extension, the bundle Lg descends to Jg as a
complex line bundle.

We define the pull-back bundle 7*Lg on T'Tg if m : T'Tg — Tg is the projection on the base
and we shall use the notation Lg instead of 7* L.

In what follows, we shall work with Teichmiiller space but all constructions are Modx invari-
ants and descend to Tx.

7.5. Hermitian metric on L. Since the cocycle is of absolute value 1, there exists on Lg
a canonical Hermitian metric, denoted (-, -)cs, given simply by

(30) (f1, f2)cs = f1(9) f2(9)
if f1, fa are two sections of Lg and S € C®°(M, F(X)).

7.6. The connections on Lgz. We define 2 different connections on £g. We start with a
Hermitian connection coming from the base Tg.

Definition 25. Let hfy € M_; for t € R be a curve of hyperbolic metrics on M extended
evenly to first order to a metric ¢* on X, with h) =: hg. For any g-orthonormal frame S on
X we define S't to be the parallel transport of S in the ¢ direction with respect to the metric
G:=dt*+§ (St is then a g'-orthonormal frame). For any section f of Lg, we define for
ho = 8th0‘t:0 S ThOM—l

(V:S(g)f)( )= 0tf(h07 St)’t o —2mif(S )/M 1617r2 Tr( AG)

where & = 9,&t|,—o and & is the Levi-Civita connection 1-form (so(3)-valued) of the metric
g' in the frame S°.

This connection is D(X) invariant (recall that D(X) acts on Lg over M_1), thus we get a
connection in the Chern-Simons bundle over T and any of its quotients by a subgroup of the
mapping class group acting freely on Ty whose elements can be realized as diffeomorphism of
X for some given X bounding M.

A straightforward application of Koszul formula shows the

Lemma 26. Let S € C™(X, Fy(X)) be an even to first order orthonormal frame on X with
respect to an even to first order AH metric g, and let g' be a curve of even to first order AH
metrics with g° = g. Write the metric g' near the boundary under the funnel form (B4)

g = da? + ht(z)

72

Then the pamllel transported frame S of S in the t direction with respect to the metric
G = dt? + g' is equal to xSt where x is a geodesic boundary defining function for g and St s
the parallel transported frame of S := x=1S for Gt = dt? + 224" in the t-direction.

7.7. The curvature of V5°®), Consider the trivial fibration M_; x M over M_; with fiber
type M, with metric h along the fiber over h € M_;. The action of the group D(M) on
M_; extends isometrically to the fibers, thus by quotienting through the free action of Dy
we obtain the so-called universal fibration F — T with fiber type M. This fibration inher-
its a Riemannian fibration structure with integrable horizontal distribution (i.e., vanishing
curvature).
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Proposition 27. The curvature of VSOG) equals 8%pr, where wwp denotes the Weil-
Petersson symplectic form on Tg, wwp(U,V) = (JU,V)wp.

Proof. Let f be alocal section in Lz — T constructed as follows: first, choose a local section
s: U C Tg — M_q in the principal fibration M_; — Tg, i.e., a smooth family of hyperbolic
metrics U 5 [h] — h which give a local parametrization of Ty. Next, extend these metrics to a
compact manifold X with boundary M, so that for each [h] € U, gin) is a metric on X which
restricts to h on M, has totally geodesic boundary, and depends smoothly on [h]. Define

f:U— Lg, f([n]) == e2miCS(gin) 7).

The restriction of the universal fibration to U is canonically diffeomorphic to the restriction
of the trivial fibration M x M_; to the image of the section s(U). Thus we get a metric on
U x M with respect to which U and M are orthogonal, the projection on U is a Riemannian
submersion on the Weil-Petersson metric on U, and the metric on [h] x M is h = s([h]) chosen
above.

Let ¢t — [h'] be a smooth curve in U parametrized by arc-length and [h] its tangent vector at
t = 0. By the variation formula ([[J), the covariant derivative of the section f in the direction

[A] is

(V300 1)(S) = - 1(5) [ 2@ n ),

where  is the curvature tensor of g([h]) on X, and w is the connection 1-form, in any or-
thonormal frame S. Therefore the connection 1-form a € A'(U) of VSO®) in the trivialization
f is given by

3
(i) = ok [ 3wy n 9
b, st
Z?]
(of course this does not depend on S§). We choose S; to be parallel in the ¢ direction on the
X-fibration above the curve [h!], which is isometric to R x X with the metric G := dt* + ¢,
where g’ := g([h!]). Let R“ be the curvature tensor of G, and RV the curvature of the vertical
connection VV := IIpx o VE. Then we compute

Oywij (V) = (R§ v S;, Si) = (RY, vS;, i), Qi(Ya,Ys) = (RY, 1, Si. Sj) = (RY, v,5:, S;)

where the scalar products are with respect to G. This implies a([h]) = &= [ 9 Tr((RV)?).

— 8mi
The Chern-Simons form of the connection VV is a transgression for the Chern-Weil form

Tr((RY)?):

des(w") = Tr((RY)?)
where w" is the connection 1-form of V" in a vertical frame S. Writing d = d* + d® and
using Stokes, we get

i) = s ([ ees?)) + ko1 ([ ) heo

Thus the connection 1-form of VSO®) over s(U) satisfies

o= g es(w’) + %d/ cs(w?).
F/s(U) FX /(W)

\%
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The second contribution is an exact form, the curvature of VS°G) is therefore the horizontal
exterior differential

R%°G) = do = = des(w").
F/s(U)

By Stokes, we can add inside the integral the vertical exterior differential, thus

(31) RSOG) = L / des(w") = g / Tr((RY)?) = ¢ / Tr(R?).
F/s(W) F/T F/T

Here R is the curvature of the vertical tangent bundle of ¥ — T with respect to the natural
connection induced by the vertical metric and the horizontal distribution. Notice that the
vertical tangent bundle of the fibration X — T splits orthogonally along F — T into a flat
real line bundle corresponding to the normal bundle to M C X, and the tangent bundle to
the fibers of F. Thus in the above Chern-Weil integral we can eliminate the normal bundle
to M in X, which justifies the last equality in (BI]).

Next, we compute explicitly this integral along the fibers of the universal curve in terms of the
Weil-Petersson form on T. Take a 2-parameters family h%* in M_1 and let H', H® € End(T M)
be defined by

3tht78‘t:s:0 = h(Ht'7 ')7 8sht78’t:s:0 = h(HS'7 )

where h 1= hb¥|;_s—.
Let X1, X5 be a local frame on M, orthogonal at some point p € M with respect to the metric
h, and R the curvature of the connection on T'M over R? x M.

Lemma 28. At the point p € M where the frame X; is orthonormal we have

Rasath :—%[HS,Ht]Xj, <RX17X2X27X1> =-1

and if we choose the family h such that H' € Vi, the space of transverse traceless symmetric
2-tensors, then

Ro,x, =0.

Proof. We first compute from Koszul’s formula

(Vo Xi, X;) = 300X, X;) = HH'(X;), X;),

so Vg, X; = %Ht(Xi) and similarly Vg X; = %HS(XZ) Next we compute

(Ro,0,Xi, Xj) =(Vo, Vo, Xi, Xj) — (Va, Vo, X, X;)
=05(Vo, Xi, X;) — (V, Xi, Vo, Xj) — 0V, Xi, Xj) + (Vo Xi, Vo, Xj)
=350500(X;, X;) — §(H'(X:), H* (X)) — 50:05(X;, X;) + 1 (H(X3), H'(X;))
which proves the first identity of the lemma. The second identity is simply the fact that metric
along the fibers has curvature —1. For the third, assume that H' is transverse traceless.

At a fixed point p € M choose a holomorphic coordinate z = x1 + ixo for h such that
h = |dz%|+ O(|z|?), and choose X1 = 0,,, X2 = O,,. Using that Vx, X; = 0 at p, we compute
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at that point
(Vo Vx, X1, X2) =0,(Vx, X1, Xo) = 0y(X1 (X1, Xo) — $X2(X1, X1))
=0, Hiy — 305, H1y,
(Vx, Vo, X1, X2) =X1(Vo, X1, Xa) = $0,, Hi
which implies at p
(Royx, X1, Xa) =3(0uy Hiy — 0, Hy).

This last quantity vanishes by the Cauchy-Riemann equations when we expand Hfj using
H' = R(f(2)dz?) for some holomorphic function f. O

Lemma (R§) implies for the trace of the curvature at p € M
Tr(R?)(Ds, 0y, X1, Xa) =2Tr(Ro, 5, Rx, x,) = 4(Ra,,0,X1, X2) (Rx, x, X2, X1)
=([H®, H'X,, Xo) = —(H°*H'J X5, X5) — (H'H* X1, JX1)
—T(JEHY.

Since H! is transverse traceless, the Weil-Petersson inner product of the vectors 9y, JOs € T, T
is just the L? product [;, Tr(H'JH?)dvol,. The proof is finished by applying (B1). O

The identity (B]) expressing the curvature of the Chern-Simons bundle as the fiberwise inte-
gral of the Pontrjagin form Tr(R?) was proved for arbitrary surface fibrations by U. Bunke
[A] in the context of smooth cohomology.

Since the curvature of the connection V593 is a (1,1) form, we get the

Corollary 29. The complex line bundle Lg on Tg has a holomorphic structure induced by
the connection VSOG) | such that the O operator is the (0,1) component of VS0E),

8. VARIATION OF THE CHERN-SIMONS INVARIANT AND CURVATURE OF Lg

In this section we study the covariant derivative of the Chern-Simons CS(#) invariant viewed
as a section in the pull-back of Chern-Simons bundle to 1T'T.

By Proposition [[§, Proposition and Lemma P4, if ¢’ is a curve of convex co-compact
hyperbolic 3-manifolds, then the invariant 2miCST 2O (6% can be seen as a section of the
line bundle £g over a curve hf, € M_; induced by the conformal infinities of g".

Theorem 30. Let (X, g'), t € (—¢,€), be a smooth curve of convex co-compact hyperbolic
3-manifolds with conformal infinity a disjoint union of Riemann surface M = Myl --- 1 My
with genus g, and such that g is isometric near M to the funnel (0,€), x M

g = da? + ht(z)

(32) SR

" h(z) = hfy + 2*hl + La*hl o B,

with (hl,h — 3hE) € TTg. Let S € C(X, Fy(X)) be an orthonormal frame for ¢° and let
St be the parallel transport of S in the t direction with respect to the metric G = dt> + ¢* on



26 COLIN GUILLARMOU AND SERGIU MOROIANU

X x (—€,€). Then, setting ho = Ophl|i=o and hy := (R — %h6)|t=0 so that ho, hy € ThoTg,
one has

0CS™O(o S = bz [ TH(6 AG) + (1 = i) ).
M

Notice, by Lemma P§, that Sti= 2718 is parallel for Gt = di? + z%g' and thus Theorem
is sufficient to compute the covariant derivative of e2miCSTE2 (O gy respect to VSOG) in the
direction of conformal infinities of hyperbolic metrics on X.

Before giving the proof, let us write a few applications in terms of Chern-Simons line bundle
and variations of the renormalized volume.

Corollary 31. Let X! := (X,g") be a smooth curve of convex co-compact hyperbolic 3-
manifolds like in Theorem [3q. Then

Oy (Volr(X"))|t=o = — 1 (ho, ha)wp.

Proof. Tt suffices to combine Theorem with Proposition [[§ and consider the imaginary
part in the variation formula of CSPSE2(©), U

This formula was proved by Krasnov and Schlenker [R], using the Schlaffli formula, in order
to show that the renormalized volume is a Kahler potential for the Weil-Petersson metric on
Teichmiiller space. The Chern-Simons approach thus provides another proof.

Proof of Theorem [34. Let T € A'(X,End(TX)) be defined by Ty(V) := —U x V, where
x denotes the vector product with respect to the Riemannian metric. Clearly T is anti-
symmetric. We consider a 1-parameter family of metrics on X hyperbolic outside a compact
2 t
dm%’;(l‘), and we define a Riemannian metric on R x X by
G =dt* +¢'.
Recall that for every fixed ¢, the metrics hf(x) and hf := h'(0) on M are related by ().

For a given section S in the orthonormal frame bundle for gy, we define S as the parallel
transport in the ¢ direction of S, more precisely VatS;» =0 for j = 1,2,3. Here and in
what follows, V denotes the Riemannian connection for G. Since the integral curves of 0; are
geodesics, it follows that S’ is an orthonormal frame for g.

set, gt =

Consider the connections D! = V¢ + iT* on Te X corresponding to the metric g*. In the
trivialization given by the section S?, the connection form is 6% = w? + T, Tt is a so(3) ® C-
valued 1-form with real and imaginary parts
t Lot ot t t ot ot
wi;(Y) = (VY. 55,87 gt T5(Y) = (Y x" 5}, 85) 4.

We first compute the variation with respect to ¢ of the Chern-Simons form of 6 on X. In
what follows, we will drop the upperscript ¢ when we evaluate at ¢ = 0 and we shall use a
dot to denote the t-derivative at t = 0. Substituting in ([J) for § = w +iT = & — a +iT
like in (R1)), with & the connection form of the Levi-Civita connection of the conformally
compactified metric § = x%g, we get

dres(0)] im0 =d(Tr(w A w) — Te(T AT) 4 i(Tr(w AT) + Te(T A w))) + 2Te(d A QF)
(33) =dTr (& A Q) + d[Tr(@ A D) + Tr(@ A )] + id[Tr(@ A T) 4+ Te(T A w))]
+d[Tr(q A o) — Te(T A T)] + 2Tr(0 A QF).
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Observe that if ¢g¢ is a variation through hyperbolic metrics on X then QY vanishes. We
claim that in the variation formula for the Chern-Simons invariant of 0, the finite parts
corresponding to the terms Tr(aA«) and Tr(T'AT') vanish. We start with the term Tr(T'AT):

Lemma 32. We have FP—q [,_ Te(T AT) = 0.
Proof. Let Y7, Y5 be vector fields on M, independent of ¢, then using that Vg’; S; =0, we have
ng(Yk) = <VgiYk X SZ',S]'> SO

TI“(T VAN T)(Yl,Yé) :Z<Y1 X Si,SJ-)(Vng X SZ',S]'> — (Yé X SZ,S]><V3GtYV1 X SZ',S]'>
,J

:<Y17 vatY2> - <Y27 vatY1>
which is zero because by Koszul, (Y1, Vg, Y2) = 3(Ls,G)(Y1,Ys) is symmetric in V1, Y2, O
Lemma 33. For e > 0 sufficiently small we have

Tr(& A a)|g=e =0

Proof. Let Y1,Y> be tangent vector fields to M, independent of ¢. Notice that for .S; parallel
with respect to Vg then S; = 2715, is parallel with respect to Vg where G = dt? +¢'. Then
since 0, is also killed by Vgﬁ

aTr(d A a) (Y1, Ya) =0,[5" (Y1, SP)SH(x) — §F (Y1, SHSH@)]li=0 (§(Ya, S7)Si(x) — §(Y2, 8i)S;(2))
— Sym(Y1 — Y3)

— —2G(VG Y1, Y2) 4 2G(V§ Ya, Y1) = —2G(VE, 01, Ya) + 2G(VE, 01, Y1)
2Tr(a A a)(V1,Ya) =2G(VE Ve, 0) — 2G(VE YA, 8) = 2G([V1,Ya),8,) = 0
and this finishes the proof. O
We now consider the term Tr( A o) 4+ Tr(& A &).

Lemma 34. Let Hy and A be the symmetric endomorphism on TM defined by ho(-,-) =
ho(Ho-,-) and ha(-,-) = ho(A-,-). We have the following identity

FP. (Tr(afj Aa)+ Tr(a A d})) lo=e = 2/ Tr(.J HyA)dvoly,
M
where J is the complex structure on T M.

Proof. First, from the proof of Proposition [, we know that FP._,¢Tr(a A &)|z—e = 0, and
therefore

FP. o (Tr(zf) Aa)+ Tr(a A d))) lome = 2 FP6_>0Tr(<f) A ).

Now, for Y7, Ys tangent to M and independent of ¢, we can use that Vg*;é'i =0and @;;(Y) =
Q(Vggj, S;) = G(V§S;, i) to deduce
wij(Y) = 0,(Vy 55, 8;) = (Va, Vv S, Si) = (Ra,ySj, Si)
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where R is the curvature tensor of @, therefore
To(6 A a)(V1,Y2) = 3 (o, 5550 (¥2. 5))Si(@) — (¥2, 598 (a)
.3
— (R85, i) (Y1, 55)Si(a) — (Y1, 5:) Sj(a))
=2((Ro,y, Y1,27 ' 00) — (R, Yo, 2 ' 0n)
=227 (Ry, 0,1, Ya)

by Bianchi. Since we are interested in the finite part, we can modify Y1, Y by a term of order
22 without changing the result, and we will take Y;! = (1— %x2At)Yi where the endomorphism
At of TM is defined by h4(-,-) = h (A", -). Then

G(Ro,0,Y1,Y2) = — 0, (9(%’1171’2 572t)> =0 + O(?)

= 130, (06 (7. T20) + 4 (0 1. ¥)lvmo — (19 T3] T o) + O(2).
The term 9;(9t (Y, V))|imo is easily seen to be a ho(Y1,Ys) + O(2®) by using that §' =
dx? + hi + 22hi (Al ) + O(x*), while the other two terms are

34106, Y1, Yd) im0 — 68 ([04, Y31, V) |1=0 =222 ho(AY1, Ya) — La2ho(AYs, Y1) + O(2)
:%.%'Qho((A — AT)Yl, YQ) + 0(1'4)
but since A' is symmetric with respect to hf, we deduce by differentiating at ¢t = 0 that
A— AT = (HgA)T — HyA and therefore
3100, Y1, Y im0 — 3104, Y4], Vi) 1o =2a?ho(HoAY1, JY1) + La?ho(HoAYa, JYa) + O(z*)
=— %:cQTr(JHOA) + O(xh).

We conclude that the limit of %G(Rahaxyl, Ys) as & — 0 is given by Tr(JHyA). O

Next, we reduce the sum Tr(T A w) + Tr(w A T) as follows:

Lemma 35. We have the following identity

FP_g / Tr(T Aw) + Tr(w AT) = 2FP g / Tr(w A T).
Tr—€ x

—€

Proof. It suffices use (R3) to deduce that 9 FPc—q [,_ Tr(w AT) = 870, (x(M)) = 0. O

Proposition 36. Let Hy be the endomorphism on TM defined by ho(-, ) = ho(Ho-,-). Then
near xr = 0 we have

Tr(wAT) = [~z >Tr(Hp) + Tr(A) — %Tr(A)Tr(HO) + Tr(HoA)]dvoly, + O(z?).

Proof. Notice that for every Y tangent to X we have wfj (Y) = wy;(Y), as a simple consequence

of the Koszul formula. For a vector field Y on X extended on R x X to be constant with
respect to the flow of 9; we compute

(Owwig)(Y)|t=0 = 9(VyS}, SHli=0 = (Va, V' S}, S))li=0 = (Ra,,y Sj, Si)
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where (-, -) denotes the metric G. In the last equality we have used the fact that S! is parallel
in the direction of J; and the vanishing of the bracket [0;,Y]. By the symmetry of the
Riemannian curvature tensor, we rewrite the last term as —<R5i75’j 0, Y). Tt follows that

3
Tr (UJ A\ T Yl,Yé Z RSiSjat,Yi><Y2 X Sj,5i> + <Rsig]0t,Y2><Y1 X Sj,SZ'>
i,j=1

(34) 8

:Z RYQXS S at,Y1> <RY1XSj,SjataYé>
=1
=E(Y1,Ys) — E(Y2, Y1)

where we have defined
3
= Z(RXG/’XSj,Sjata Z>
j=1

For every vector field Y on M, define a vector field ¥* on a neighborhood of M in X by
yt— (1 + x_QAt)—l

where h, = h(A"-,-). From (f) we see that for any orthonormal frame Y7, Y2 on M for hg, the
frame Y{, Y at t = 0 is also orthonormal on X. The complex structure .J on {t} x {z} x M
satisfies JY' = 20, x! Y, so in particular JY = JY att =0.

Lemma 37. Let Y, Z be vector fields on M. Then near x = 0 we have the expansion
(35)  E(JY,Z) =2 2h(Y,Z) — L(ho(AY, Z) + ho(Y, AZ)) — ho(AY, Z) + O(a?).

Proof. The expression defining F is independent of the orthonormal frame S; for g, thus we
can compute it using the frame Y, xJY, 20, (all these are at t = 0):

E(JY,Z) =2(Ry 5. 01, 7).
Note the following identities:
(36) Y=Y — %AtY +0(z%), [20p,2Y" = 2Y" — 234 + O(2°), VS, 22" = O(a*).
Also, note that ng 0y = 0. Using these facts, we get
(V-0 22) =3(Lo,G)(aY ", 2Z")|1=0
(37) =3((Ohb((1 + 54 (14 549N Do + O
=1ho(Y, Z) + 2 (ho(AY, Z) + ho(Y, AZ)) + O(z%),
therefore by using (B6)
(Ryo, o 0ra2) =20,V o0, 0 Z) — <V[G e zZ)
=20y — (V0,2 2) + 2> (V90,2 2)
— Lho(Y, Z) + Z(ho(AY, Z) + ho(Y, AZ)) + Z-ho(AY, Z) + O(a*)

(in the last step we have used (B7) for AY in the place of V). Using the tensoriality of the
curvature to get out the factors of x, we proved the lemma. ]
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Let us now write (all what follows is at ¢ = 0)

L g2 L p2
Y=Y+ AV + Oo@z*) =Y + S AY + O(x4).

By linearity we get
~ ~ 2 —_——— ——
(38) E(Y,Z)=E(Y,Z) + %(E(AY, Z) + E(Y, AZ)) + O(?).

Assume now that Y; have been chosen at a given point on M as (orthonormal) eigenvectors
of A for hg of eigenvalue \;, with JY; = Y5. Then from (B§) we get

E(Y2, Y1) =(1+ 5 (A1 + X)) E(Y2, V1),
E(Y1,Y2) =(14 % (A + X)) B(V3, Va),
therefore from (B4)) and Lemma B7
Tr(é A T)(V1,Ys) =E(Y1,Y3) — E(Y3, Y1)
=(1+ ZTx(A))(B(V1,Ys) — B(Y2, V1))
= — (1+ S Te(A)(B(JY1, V1) + B(JY2, Y2))
=(1 + ZTr(A))(—2 >Tr(HO) + Tr(A) + Tr(HoA) + O(a?)
Tr(w AT)(Y1,Y2) = — o 2Tr(Hp) + Tr(A) — L Te(A)Tr(Hp) + Tr(HoA) + O(2?).
which is the claim of Proposition Bg. O

We are now in position to finish the proof of Theorem B0, Since we consider a family of
hyperbolic metrics g, we have Tr(A!) = —%Scalhé by () so by Gauss-Bonnet the following
integral is constant in ¢:

(39) / Tr(At)dvolhé = 2mx(M).
M
Using 9ydvoly, |i=0 = %Tr(ho)dvolho we deduce by differentiating (B9) that

/M(Tr(A) + %TI“(A)TI"(Ho))dVOIhO =0

S0
/ Tr(w AT) = —e 29, Vol(M, hg) + / (2Tr(A) + Tr(HoA))dvoly,, + O(€?).
Tr=¢€ M
This achieves the proof of Theorem B0, O

9. CHERN-SIMONS LINE BUNDLE AND DETERMINANT LINE BUNDLE

In Ramadas-Singer-Weitsman [B1], the Chern-Simons line bundle was introduced on the mod-
uli space A%/G of irreducible flat SU(2) connections up to gauge, they showed that it has
a natural connection whose curvature is (up to a factor of 7) the standard symplectic form,
and a natural Hermitian structure. Quillen [B{] defined the determinant line bundle over the
space {04; A € A%} of d-bar operators for a given complex structure on the surface M: he
showed that it descends to A% /G as a Hermitian line bundle with a natural connection and
with curvature the standard symplectic form (up to a factor of 7). Ramadas-Singer-Weitsman
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proved that these bundles are isomorphic as Hermitian line bundle with connection over
%/9. Moreover there curvature form is of (1,1) type with respect to the natural complex
structure on A% /G and therefore the line bundle admits a holomorphic structure.

9.1. The submanifold H of hyperbolic 3-manifolds. In what follows, we shall construct,
in particular cases, a similar isomorphism using our Chern-Simons invariant and the determi-
nant of the Laplacian. Let us be more precise and first make the following assumption: if Tg
is Teichmiiller space for a given oriented surface M of genus g (possibly not connected) and
ho € Tg, we assume that we fix a compact 3-manifold X with boundary M with hyperbolic
convex-cocompact metric F'(hg) whose conformal infinity is {ho}.

Proposition 38. There exists a neighborhood W C Tg of hg and a smooth map F : U —
C>®(X,S2(°T"X))) such that F(h) is hyperbolic convex-cocompact with conformal infinity
{h} for all h € U.

Proof. The proof is written for instance in [RJ]. A quasiconformal approach can be found for
instance in Marden [pJ]. O

This map induces by Lemma P a local section in the tangent bundle of Jg. By Mostow
rigidity [R3, Theorem 2.12] and Marden [23, Theorem 3.1], this section is unique and extends
to a global smooth section o : Jg — T'Jg. The graph

(40) H :={(ho,0(ho)) € TTg; ho € Tg}

is then a smooth submanifold of 7T of dimension dim Tg. By uniqueness, the subgroup of
modular transformations of M consisting of classes of diffeomorphisms which extend to X
leaves this section invariant, therefore o descends to any quotient of T by such a subgroup.
For instance, this applies to the deformation space of a given convex co-compact hyperbolic
3 manifold X = I'\H?, which is a quotient of Tg by the subgroup of the mapping class group
corresponding to diffeomorphisms of the boundary X which extend to diffeomorphisms on
X homotopic to the Identity; this subgroup acts freely and the quotient space is a complex
manifold by Theorem 3.1 in Marden [R3] .

The examples we have in mind are the quasi-Fuchsian and Schottky cases. For the quasi-
Fuchsian setting, we take M = M_ LI M, a disjoint union of 2 surfaces of the same genus
(> 1). By a result of Bers [f], for any hyperbolic metric hy := (ha,har) € Jg on M, there
exist a unique (modulo isometries) convex co-compact hyperbolic 3-manifold with conformal
infinity ho := (hy, hg' )on M = M_ UM, and which is a topological cylinder. It is isometric
near My to a funnel

4
> h*(z) :h§+x2h§+%h§oh§

((0, €)z X My, M) ;

and this defines the tensor hy = (h3, hy ) — %ho € T,Tg. The map o : hg — RS is then a
smooth section of T'Tg. This corresponds to the set of points in T'Jg for which the associated
2 funnels are the 2 ends of a (topologically cylindrical) hyperbolic 3-manifold. For Schottky
uniformisation, this is essentially similar: any hyperbolic metric hg on a connected Riemann
surface of genus g can be realized as a quotient I'\C? by a Schottky group in PSLy(C), and
it is therefore the conformal infinity of the 3-dimensional hyperbolic manifold X = T'\H?,
where I is considered as a group of isometries on H? by Poincaré extension. This manifold
X is topologically a solid torus. Actually, to realize this in global fashion on a deformation
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space, one needs to pass to a quotient of Tg, called the Schottky space &g, for which one has
a covering map Ty — G, see for instance Takhtajan-Zograf [B4] or Hejhal [Ld] for details.
Like in the quasi-Fuchsian case, there is a map o : hg — h9 = hy — %ho which is a smooth
section of T'Gg. In general, in the context of Proposition BY, one defines similarly a section o
of T'Sg and a submanifold

H :={(ho,0(hy)) € TGg; hg € Sg}
of TGg.
Let us introduce a new connection on the pull-back of Lg to T'Tg, for which the PSLy(C)
Chern-Simons section is flat along the deformation space of hyperbolic metrics on X.
Definition 39. We define the connection V¥5L2(C) op Lg by
PSL2(0) _ ¢S0() . L0

where f1 is the Liouville 1-form on T*Tg and ® : T'Tg — T™T is the isomorphism induced by
the Weil-Petersson metric. In what follows we will omit the identification ®.

This connection is not Hermitian with respect to (-,-)cg since the form p!? is not purely
imaginary. The Chern-Simons line bundle Lg equipped with the connection VPSL2(C) has
curvature

(41) Qe, = £Qwp + w=0p™’

with real part Re(flg,) = ﬁd,u, where here and below, wwp is understood as m*wwp if
m = T7Tg — Tg is the projection on the basis.

Theorem 40. The Chern-Simons invariant e2™S"""> restricted to the submanifold H
in (0) s a parallel section of Lglac for the connection VPSL2(©) - As a consequence, H is a
Lagrangian submanifold of T'Tg for the standard symplectic Liouville form du on T'Tg obtained
from pull-back by the duality isomorphism TTg — T*Tg induced by (-,-)wp.

Proof. This is a direct consequence of the variation formula in Theorem B0l and the definition
of the connection VFSL2(C), O

It is proved by Krasnov [[J] for Schottky cases and more generally by Takhtajan-Teo [BJ] for
Kleinian groups of class A (see also Krasnov-Schlenker [R1] for quasi-Fuchsian cases), that

58(\/013) = %WWP

using previous work of Takhtajan-Zograf [B4] on Liouville functional. Here we use our con-
vention for Weil-Petersson metric. The Theorem above generalizes these results providing a
unified treatment:

Corollary 41. For hy in an open set U C Tg, let Xp, = (X, gpn,) be a smooth family of
convex co-compact hyperbolic 3-manifolds with conformal infinity parametrized smoothly by

ho € U, then _ A
86V01R(Xh0) = f—wap.

Proof. Let 0 : U C Tg — T'Tg be the smooth map ho — (ho, h) parametrizing the submani-
fold 3. We consider Volgr(Xp,) as a function on U. By Corollary B1, we have for hg € T ho T

3V01R(Xh0).ilo = —%O'*,u,l’o(ilo).
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From the vanishing of the curvature Qg, on H and the formula ([]), we obtain for any
iLo,éo € Tho‘Ig
d,u,(lj’(oho)(d()'.ho,dd.go) = —%wwp(ho,go)

and since a*dulll’oo(ho,éo) = d(o* "0 (ho, £o) = BOVOl (X4, ) (ho, £o), the proof is finished. [

9.2. An isomorphism with the determinant line bundle. Finally, we construct an
explicit isomorphism of Hermitian line bundles between L4 and the determinant line bundle
in the particular cases of quasi-Fuchsian and Schottky manifolds.

Let M be a marked Riemann surface of genus g, i.e., a surface with a distinguished set
of generators ai,...,ag,B1,...,Pg of m(M,xg) for some xqg € M. With respect to this
marking, if a complex structure is given on M, there is a basis ¢1,...,¢g of holomorphic
1-forms such that faj ¢; = 0;; and this defines the period matrix (7;;) = (fﬁj v;) whose
imaginary part is positive definite since 2Im7;; = (¢;, ;). Schottky groups are free groups
generated by Li,..., Lg € PSLy(C) which map circles C; ...,Cq € C = CU {0} to other
circles C_1,...,C_¢ € C (with orientation reversed). Each element v € T' is conjugated in
PSLy(C) to z — g,z for some ¢, € C with |¢,| < 1, called the multiplier of . The quotient
of the discontinuity set Qr of I' by I' is a closed Riemann surface and every closed Riemann
surface of genus g can be represented in this manner by a result of Koebe, see [[(]. The
Schottky group is marked if each C} is homotopic to ay in the quotient I'\Qp. The marked
group is unique up to a global conjugation in PSLy(C) and a normalization condition (by
assigning the 2 fixed points of L; and one of Lg) can be set to fix it. One then obtains
the Schottky space &, which covers the moduli space (i.e., the set of isomorphism classes of
compact Riemann surface of genus g) but is covered by Teichmiiller space Ty whose points
are isomorphism classes of marked compact Riemann surfaces.

Since any Schottky group I' € PSLy(C) acts as isometries on H? as a convex co-compact group,
there is a canonical hyperbolic 3-manifold I'\H? with conformal infinity given by I'\Qr. This
manifold denoted X is a handlebody with conformal boundary M. Let Dx (M) the group of
diffeomorphisms of M which extend to X factored by the group Dg of diffeomorphisms of M
homotopic to Id.

The Chern-Simons line bundle defined on Tg above is acted upon by D x (M), thus it descends
to the Schottky space &g which is a quotient of Ty by a subgroup of Dx (M), we denote it
Le,. The connection on Lg over Tg defined in Subsection [.q is Dx (M) invariant, hence
it descends to &g. The Liouville form on 7Ty is D(M) invariant and thus also descends to
T'Gg, then the connection VS0E) descends to TGg, we denote it Ve, Again, we can define
the Lagrangian submanifold H C T'Gg consisting of those funnels which extend to Schottky
3-manifolds. The operator dp : C®(M) — C>®(M,AYYM) for a given complex structure
induced by I' on M is Fredholm on Sobolev spaces and, considered as a family of operators
parametrized by points I' € G, one can define its determinant line bundle det(9) of 0, as in
Quillen [BJ], to be at T' the line]]

det(dr) := A®(coker Or)
when g € N and coker dr = ker(dp : € (M, AN0) — C®(M,A%(M))) =: H*(I'\Qr) is the
vector space of holomorphic 1-forms on M ~ I'\Qp. The line bundle det(d) over &g is a

lWe have ignored the kernel of O since it is only made of constants with norm given essentially by the Euler
characteristic of M by Gauss-Bonnet, therefore not depending at all on the complex structure on M.
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holomorphic line bundle with a holomorphic canonical section

(42) =1 A Apg

and is equipped with a Hermitian norm, called Quillen metric, defined as follows: for each
Riemann surface I'\Qr with I' € G, let hy be the associated hyperbolic metric obtained by
uniformisation and define det’ A, the determinant of its Laplacian, as defined in Ray-Singer
B2, then the Hermitian metric on det(9) is given at I' € &4 by

ol det Im 7
43 2= 0 —
( ) HSOHQ det/ Aho det/ Aho
where || - ||p, is the Hermitian product on A®(coker Or) induced by the metric hy on differ-

ential forms on M. We denote by V9 the unique Hermitian connection associated to the
holomorphic structure on det @ and the Hermitian norm ||¢||q.

To state the isomorphism between powers of Chern-Simons line bundle and a power of the
determinant line bundle, we will use a formula proved by Zograf [Bd, 0] and generalized by
MclIntyre-Takhtajan [Rf

Theorem 42. [Zograf| There exists a holomorphic function F(I') : &g — C such that

det,AhO Volgr(X) 9
v =he RN (T
detIm T gexp< 3 > ()]

™

(44)

where cg is a constant depending only on g where X = I'\H? when we see ' C PSLy(C) as a
group of isometries of H3, and hg is the hyperbolic metric on T\Qr ~ 0X. For points in G
corresponding to Schottky groups T with dimension of limit set p < 1, the function F(I') is
given by the following absolutely convergent product:

(45) roy=1TIJa-4™
{7} m=0

where q is the multiplier of v € I', and {~v} runs over all distinct primitive conjugacy classes
i I excluding the identity.

Remark 43. The formula (f4) was in fact given in terms of Liouville action S instead of
renormalized volume, but it has been shown that S = —4 Volg(X) 4 ¢g for some constant cg
depending only on g, by Krasnov [L9] for Schottky manifolds and by Takhtajan-Teo [B] for
quasi-Fuchsian manifolds.

We therefore deduce from this last theorem and our construction the following

Theorem 44. On the Schottky space Gg, the bundle Lé; is isomorphic to (det 9)®® when
equipped with their connections and Hermitian products induced by those of (L, VO [ -]|z)
and (det 9,V ||-||g). There is an explicit isometric isomorphism of holomorphic Hermitian
line bundles given by
(\/C—FQD)®6 — 6727TiCSPSL2(C)
» .

where I and cg are the holomorphic functions and constants of Theorem {3, ¢ is the canonical
section of det @ defined in ([{2).
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Proof. The section e2miCs2(O) \ /ch<p)®6 is holomorphic and has constant norm in the
Hermitian line bundle Lg, ® (det 0)®% which is flat with respect to the Hermitian connection,
then it is parallel and provides an isomorphism with the trivial line bundle. O

Remark 45. Notice that the function F' defined by the product (f3) when §(I') < 1 is known
to extend analytically in &g by results of Zograf B9, Ed], and our theorem provides another
proof, assuming formula ([4) only in the subset {T' € &g;6(T") < 1}.

Remark 46. In our previous work [[J], we proved that
F(T) = [F(D)] exp (~Fn(A))

when 6(I') < 1, where n(A) is the eta invariant of the signature operator A = *d + d* on
1-forms on the Schottky 3-manifold I'\H?.

Remark 47. Using the result of McIntyre-Takhajan and McIntyre-Teo [R€, P7], a similar result
with different powers of the bundles is easily obtained in the Schottky and quasi-Fuchsian
cases if one replaces the bundle det 0 by the determinant line bundle det A,, of the vector
space of holomorphic n-differentials on M.
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