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❆❜str❛❝t

▼♦st ♦❢ st❛t✐st✐❝❛❧ ♣r♦❝❡❞✉r❡s ❝♦♥s✐st ♦♥ ❡st✐♠❛t✐♥❣ ♣❛r❛♠❡t❡rs ❜② ♠✐♥✐♠✐③✐♥❣ ✭♦r
♠❛①✐♠✐③✐♥❣✮ s♦♠❡ ❝r✐t❡r✐♦♥✳ ❆ ♠✐♥✐♠✐③✐♥❣ ♣❛r❛♠❡t❡r ✐s ❛❧s♦ ❝❛❧❧❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡
▼✲❡st✐♠❛t♦r✱ ❬✷❪✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ st❛t✐st✐❝❛❧ ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ❛✈❛✐❧❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥✱
t❤❡ ❝r✐t❡r✐♦♥ ♠❛② ❜❡ ♠♦r❡ ♦r ❧❡ss ❝♦♠♣❧✐❝❛t❡❞✿ ♥♦♥ ❝♦♥✈❡①✱ ♥♦ ❣r❛❞✐❡♥t✱ ♥♦♥ s♠♦♦t❤
❡t❝✳✳✳ ❚❤✉s✱ ✐t ❝❛♥ ❜❡ ❞✐✣❝✉❧t ✐♥ ♣r❛❝t✐❝❡ t♦ ❝♦♠♣✉t❡ ❛ ▼✲❡st✐♠❛t♦r✳ ❲❡ ♣r♦♣♦s❡ ❛ ♥❡✇
❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡ t❤❡ ♣❛r❛♠❡t❡rs✱ ♠✐①✐♥❣ st♦❝❤❛st✐❝ ❛❧❣♦r✐t❤♠s ❛♥❞ s♠♦♦t❤♥❡ss
t❡❝❤♥✐❝s✳ ❲❡ ✇✐❧❧ ❝❛❧❧ ✐t S2Dyn ❢♦r ❙t♦❝❤❛st✐❝ ✫ ❙♠♦♦t❤ ❉②♥❛♠✐❝ ❛❧❣♦r✐t❤♠✳

✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t H : Θ −→ R ❜❡ s♦♠❡ ♠❛♣♣✐♥❣✱ ♦r ❝r✐t❡r✐♦♥ ❢✉♥❝t✐♦♥✱ ✇❤❡r❡ Θ ✐s ❛ ❝♦♥✈❡① ❛♥❞ ❝♦♠♣❛❝t
s❡t ♦❢ R

k✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t H ❤❛s ❛ ✉♥✐q✉❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ θ ♦✈❡r Θ ♥♦t❡❞ θ̂✱
❤❡♥❝❡ t❤❡ ♣r♦❜❧❡♠ ✐s t♦ ❝♦♠♣✉t❡

θ̂ = Argmin
θ∈Θ

H(θ) . ✭✶✮

❆ ❝❧❛ss✐❝❛❧ ❡①❛♠♣❧❡ ✐s t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦r ✇❤❡r❡ H t❛❦❡s t❤❡ ❢♦r♠

H(θ) =
n∑

i=1

log(pθ(Yi)) .

✇❤❡r❡ Y1, ..., Yn ❛r❡ ✐✳✐✳❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❞r❛✇♥ ❢r♦♠ ❛ ❞✐str✐❜✉t✐♦♥ Q ❛♥❞ {pθ, θ ∈ Θ}
✐s s♦♠❡ ❢❛♠✐❧② ♦❢ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❣❛✉ss✐❛♥ ❢❛♠✐❧② ♦❢ ♠❡❛♥ µ = θ ❛♥❞
✈❛r✐❛♥❝❡ σ2 = 1✱ t❤❡ ❢✉♥❝t✐♦♥ H ❜❡❝♦♠❡s s✐♠♣❧② ✭s❡❡ ✜❣✉r❡ ✶✭❛✮✮

✶■♥st✐t✉t ❞❡ ▼❛t❤é♠❛t✐q✉❡s ❞❡ ❚♦✉❧♦✉s❡ ✲ ❊❆❉❙ ■♥♥♦✈❛t✐♦♥ ❲♦r❦s✱ ✶✷ r✉❡ P❛st❡✉r✱ ✾✷✶✺✷ ❙✉r❡s♥❡s
✷❯♥✐✈❡rs✐té P❛r✐s ❉❡s❝❛rt❡s✱ ✹✺ r✉❡ ❞❡s s❛✐♥ts ♣èr❡s✱ ✼✺✵✵✻ P❛r✐s

✶



H(θ) =
n∑

i=1

(Yi − θ)2 + C ,

✇❤❡r❡ C ✐s s♦♠❡ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ θ✳ ❍❡r❡✱ ♦♥❡ ❝♦♠♣✉t❡s

θ̂ = Argmin
θ∈Θ

n∑

i=1

(Yi − θ)2 =
1

n

n∑

i=1

Yi ,

❚❤❡r❡ ❛r❡ ❛❧s♦ ❝❛s❡s ✇❤❡r❡ ❛ s✐♠♣❧❡ ◆❡✇t♦♥ ❛❧❣♦r✐t❤♠ ✐s ❡♥♦✉❣❤ t♦ ❝♦♠♣✉t❡ θ̂✳ ❍♦✇❡✈❡r✱
t❤❡ ❢✉♥❝t✐♦♥ H ❝❛♥ ❜❡ ❝♦♠♣❧✐❝❛t❡❞✱ ❢♦r ✐♥st❛♥❝❡ ✐❢ ✐t ✐s t❤❡ r❡s✉❧t ♦❢ ❛ ✧❝♦♠♣❧❡①✧ st❛t✐s✲
t✐❝❛❧ ♠♦❞❡❧✐♥❣✳ ■♥❞❡❡❞✱ ❧❡t ❝♦♥s✐❞❡r t❤❡ ❡st✐♠❛t♦rs r❡s✉❧t✐♥❣ ✐♥ t❤❡ st❛t✐st✐❝❛❧ ♣r♦❝❡❞✉r❡s
✐♥tr♦❞✉❝❡ ✐♥ t❤❡ ✇♦r❦ ♦❢ ❘❛❝❤❞✐ ❡t ❛❧✳ ❬✹❪ ✿

θ̂ = Argmin
θ∈Θ

n∑

i=1

Ψ

(
m∑

j=1

ρ̃F(h(Xj, θ)) ; Yi

)
✭✷✮

✇❤❡r❡ Y1, ..., Yn ❛r❡ ✐✳✐✳❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❞r❛✇♥ ❢r♦♠ ❛ ❞✐str✐❜✉t✐♦♥ Q✱ F ✐s s♦♠❡ ❢❡❛t✉r❡
s♣❛❝❡✱ Ψ : F → L1(Q) ✐s ❛ F ✲❝♦♥tr❛st✱ ρ̃F : Y → F ✐s s♦♠❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ❛♥❞ h ✐s ❛
❝♦♠♣✉t❡r ❝♦❞❡✳ ❍❡r❡✱ t❤❡ ❢✉♥❝t✐♦♥ H ✐s

H(θ) =
n∑

i=1

Ψ

(
m∑

j=1

ρ̃F(h(Xj, θ)) ; Yi

)
.

■♥ t❤✐s ♣❛♣❡r ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ t❤❡ log✲❝♦♥tr❛st Ψ(ρ; y) := − log(ρ(y)) ❛♥❞ t❤❡ ✇❡✐❣❤t

❢✉♥❝t✐♦♥ ρ̃F(y)(·) := 1√
2π b

e( · −y

b
)2 ✇✐t❤ ❛ ❜❛♥❞✇✐❞t❤ b✳ ❚❤❡ ❜❛♥❞✇✐❞t❤ b✱ ✐♥ ❢❛❝t bθ✱ ✐s

❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ s❛♠♣❧❡ h(Xj, θ), j = 1, ...,m ❢♦r θ ∈ Θ✱ ❜② t❤❡ ❙✐❧✈❡r♠❛♥✬s r✉❧❡✲♦❢✲
t❤✉♠❜ ✿

bθ = 1.06 m−1/5 σ̂θ ,

✇❤❡r❡ σ̂θ ✐s t❤❡ ❡♠♣✐r✐❝❛❧ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡ h(Xj, θ), j = 1, ...,m✳
❋✐♥❛❧❧② H ❜❡❝♦♠❡s

H(θ) = −

n∑

i=1

log

(
m∑

j=1

e(h(Xj ,θ)−Yi)
2/b2

θ

)
+ C, ✭✸✮

✇❤❡r❡ C ✐s s♦♠❡ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ θ .
❘❡❝❛❧❧ t❤❛t h ✐s ❛ ❝♦♠♣✉t❡r ❝♦❞❡✱ ✈✐❡✇❡❞ ❛s ❛ ❜❧❛❝❦✲❜♦① ✸✱ s✐♠✉❧❛t✐♥❣ ❛ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥♦♥✳
❚②♣✐❝❛❧❧②✱ h ❣✐✈❡s s♦❧✉t✐♦♥s ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❡t❝✳✳✳ ❚❤❛t ✐♠♣❧✐❡s t✇♦ ✐♠♣♦rt❛♥t t❤✐♥❣s
✐♥ ♦r❞❡r t♦ ✐♥✈❡st✐❣❛t❡ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ❝♦♠♣✉t✐♥❣

θ̂ = Argmin
θ∈Θ

−

n∑

i=1

log

(
m∑

j=1

e(h(Xj ,θ)−Yi)
2/b2

θ

)
. ✭✹✮

✸❜❧❛❝❦✲❜♦①✿ ❢✉♥❝t✐♦♥ ❦♥♦✇♥ ♦♥❧② t❤r♦✉❣❤ ✐ts ✐♥♣✉t ❛♥❞ ♦✉t♣✉t ✈❛❧✉❡s

✷



✭❛✮ ✭❜✮

❋✐❣✉r❡ ✶✿ ✭❛✮ ❋✉♥❝t✐♦♥ H ❢♦r t❤❡ ♠❡❛♥ ♦❢ ❛ ❣❛✉ss✐❛♥ ✇✐t❤ ❦♥♦✇♥ ✈❛r✐❛♥❝❡✳ ✭❜✮ ❋✉♥❝t✐♦♥ H
❢♦r ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡① st❛t✐st✐❝❛❧ ♠♦❞❡❧✐♥❣✳

❋✐rst✱ t❤❡ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❤✐❣❤❧② ♥♦♥✲❝♦♥✈❡① ✭✇✐t❤ ♠❛♥② ❧♦❝❛❧ ♠✐♥✐♠❛✮✱ s❡❝♦♥❞ ✇❡ ❞♦♥✬t
❤❛✈❡ t❤❡ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t✳ ❚❤❡ ✜❣✉r❡ ✭✶❜✮ s❤♦✇s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❢✉♥❝t✐♦♥
H r❡s✉❧t✐♥❣ ♦❢ t❤✐s ♠♦❞❡❧✐♥❣✳

✷ ❙♠♦♦t❤♥❡ss ❛♥❞ st♦❝❤❛st✐❝ ❛❧❣♦r✐t❤♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛tt❡♠♣t t♦ ♦✈❡r❝♦♠❡ ✐rr❡❣✉❧❛r✐t✐❡s ♦r ✉♥s♠♦♦t❤♥❡ss ♦❢ t❤❡ ❢✉♥❝t✐♦♥ H✱ ❜②
♠❛❦✐♥❣ ❛ ❝♦♥✈♦❧✉t✐♦♥ ❜② s♦♠❡ ❛♣♣r♦♣r✐❛t❡ ❢✉♥❝t✐♦♥✱ ❛♥❞ ✇❡ ✇✐❧❧ s❡❡ ❤♦✇ ♥❛t✉r❛❧❧② ❛♣♣❡❛rs
❛ st♦❝❤❛st✐❝ ❛❧❣♦r✐t❤♠✳
❚❤❡ s♠♦♦t❤♥❡ss ♠❡t❤♦❞ ✐s t❛❦❡♥ ❢r♦♠ ❬✸❪ ✇❤❡r❡ t❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t❤❛t ✐♥st❡❛❞ ♦❢ ♠✐♥✐♠✐③✐♥❣
❞✐r❡❝t❧② H✱ ✐t ✐s t♦ ♠✐♥✐♠✐③❡ ❛ ♠♦❞✐✜❡❞ ❢✉♥❝t✐♦♥✱ s♠♦♦t❤❡r t❤❛♥ H ✇❤✐❧❡ ❝♦♥tr♦❧❧✐♥❣ t❤❡
❞❡❣r❡❡ ♦❢ s♠♦♦t❤♥❡ss✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ t❤❡ ♠♦❞✐✜❡❞ ❢✉♥❝t✐♦♥ ✐s ❛ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝r✐t❡r✐♦♥
H ✇✐t❤ s♦♠❡ ❢✉♥❝t✐♦♥✱ ♦♥❡ ❤❛s t♦ ❝♦♠♣✉t❡ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ✐♥t❡❣r❛❧s✳ ❚❤❛t ♠❛❦❡s✱ ✐♥
❣❡♥❡r❛❧✱ ♥♦t ♣♦ss✐❜❧❡ t❤❡ ♠❡t❤♦❞ ✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥✳ ▼♦r❡♦✈❡r✱ ✐♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s H ✐s
♥♦t ❛♥❛❧②t✐❝❛❧❧② ❦♥♦✇♥✱ ♦♥❧② ❝♦♠♣✉t❛❜❧❡✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ♣r♦♣♦s❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡s
❜❛s❡❞ ♦♥ st♦❝❤❛st✐❝ ❛❧❣♦r✐t❤♠s t♦ ❝♦♠♣✉t❡ t❤❡ ♠✐♥✐♠✐③❡r✱ ✇❤✐❝❤ ✐♥ ❛♥② ❝❛s❡ ♦✈❡r❝♦♠❡ t❤❡
❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ✐♥t❡❣r❛❧s✳

▲❡t gΣ ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ ❛ ❝❡♥t❡r❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦❢ R
k✱ ❛♥❞ Σ

❜❡ t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✭k × k✮ ❞✐❛❣(σ2
1, ..., σ

2
k)✳ ❋♦r s✐♠♣❧✐❝✐t②✱ s✉♣♣♦s❡ t❤❛t σ2 = σ2

l , l =
1, ..., k✱ ✇❤❡r❡ σ > 0✱ ❛♥❞ ❞❡♥♦t❡ ❜② gΣ = gσ2 ✳ ❉❡♥♦t❡ ❜② λΘ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ Θ
❛♥❞ ❞❡♥♦t❡ ❜② L1(λΘ) t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s ✉♥❞❡r t❤❡ ♠❡❛s✉r❡ λΘ✳

✸



Hσ(θ) :=

∫

Θ

H(θ − w) gσ2(w)dw, σ > 0 , ✭✺✮

✇❤✐❝❤ ❛r❡ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ H ❛♥❞ gσ2 ✳

▲❡♠♠❛ ✷✳✶✳ ▲❡t C(Θ) ❜❡ t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ♦♥ Θ✳
■❢ H ∈ C(Θ)✱ t❤❡♥

∀θ ∈ Θ , Hσ(θ) −→
σ→0

H(θ) .

■❢ H ∈ L1(λΘ)✱ t❤❡♥
∀θ ∈ Θ , Hσ(θ) −→

σ→+∞
0 .

❚❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ s❤♦✇s t❤❡ s♠♦♦t❤✐♥❣ ❝♦♥tr♦❧ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ H ❜② t❤❡ tr❛♥s❢♦r♠❛t✐♦♥
✭✺✮✳
▲❡t ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥ ❛s ❛♥ ❛❝❛❞❡♠✐❝ ❡①❛♠♣❧❡

H(θ) = θ
2 + a sin(b θ) , ✭✻✮

❢♦r s♦♠❡ ❝♦♥st❛♥ts a > 0 ❛♥❞ b > 0✳ ■t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t

Hσ(θ) = θ
2 + a sin(b θ) e−(b σ)2/2 + σ2 . ✭✼✮

❘❡♠❛r❦ ✷✳✶✳ ◆♦t✐❝❡ t❤❛t ✇❡ ❤❛✈❡ Hσ(θ) −→
σ→0

H(θ) ❜✉t ♥♦t Hσ(θ) −→
σ→+∞

0 ✭H /∈ L1(λΘ)✮✳

❍♦✇❡✈❡r✱ ❢♦r ❧❛r❣❡ σ > 0✱ H(θ) ≈ θ
2 + σ2 t❤❛t ✐s ✈❡r② s♠♦♦t❤✳

❚❤❡ ✜❣✉r❡ ✭✷✮ s❤♦✇s t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❢✉♥❝t✐♦♥ Hσ ✭✇✐t❤ a = 1 ❛♥❞ b = 6✮ ✇✐t❤ t❤❡
♣❛r❛♠❡t❡r σ .
◆♦✇ t❤❡ ❝❤❛❧❧❡♥❣❡ ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ♠✐♥✐♠✐③❡r ♦❢ Hσ ✇❤✐❝❤ ✇♦✉❧❞ ❜❡✱ ❛ ♣r✐♦r✐✱ ♠♦r❡
tr❛❝t❛❜❧❡ t❤❛♥ t❤♦s❡ ♦❢ H✳ ❍♦✇❡✈❡r✱ t♦ ❝♦♠♣✉t❡ Hσ(θ) r❡q✉✐r❡s t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ H t❤❛t
✐s s✉♣♣♦s❡ ♥♦t ❦♥♦✇♥ ❛♥❛❧②t✐❝❛❧❧②✳ ❆❧s♦✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ Hσ(θ) ♥❡❡❞s t♦ ✐♥t❡❣r❛t✐♥❣ ♦♥
Θ ∈ R

k t❤❛t ❝❛♥ ❜❡ ❞✐✣❝✉❧t ✐♥ ❣❡♥❡r❛❧✱ ❡s♣❡❝✐❛❧❧② ✐❢ k ✐s ❧❛r❣❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡♠❛r❦ ✐s t❤❡
♠♦t✐✈❛t✐♦♥ ♦❢ t❤✐s ✇♦r❦✳
◆♦t✐❝❡ t❤❛t

Hσ(θ) =

∫

Θ

H(θ − w) gσ2(w)dw = EW σ∼g
σ2

(H(θ − W σ)) , ✭✽✮

✇❤❡r❡ W σ ∼ gσ2 ♠❡❛♥s t❤❛t W σ ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❞✐str✐❜✉t❡❞ ❢r♦♠ t❤❡ ❞❡♥s✐t② gσ2 ✳ ❋♦r
♥♦t❛t✐♦♥❛❧ s✐♠♣❧✐❝✐t②✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❛❜✉s✐✈❡❧②

H(θ − w) = H(θ, w) .

✹



❋✐❣✉r❡ ✷✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✭✼✮ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ σ✱ ✇✐t❤ a = 1 ❛♥❞
b = 6✳

❇② t❤❡ ❞✐s♣❧❛② ✭✽✮✱ ✐✳❡ Hσ(θ) = EW σ∼g
σ2

(H(θ, W σ))✱ ✇❡ ♣r♦♣♦s❡ t♦ ✉s❡ st♦❝❤❛st✐❝ ❛❧✲
❣♦r✐t❤♠s t♦ ❝♦♠♣✉t❡ ✭❛♣♣r♦①✐♠❛t❡✮ t❤❡ ♠✐♥✐♠✐③❡r ♦❢ Hσ✳ ●✐✈❡♥ ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠
✈❛r✐❛❜❧❡s (W σ

t )t≥1 ✐✳✐✳❞ ❢r♦♠ t❤❡ ❞✐str✐❜✉t✐♦♥ gσ2 ✱ ❛♥❞ s❡q✉❡♥❝❡s ♦❢ r❡❛❧ ♥✉♠❜❡rs (γt)t≥0✱
(δt)t≥0 ❞❡❝r❡❛s✐♥❣ t♦ ③❡r♦ ✭❜♦t❤ ♠❛② ❞❡♣❡♥❞ ♦♥ σ✮✱ ✇❡ ❢♦r♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❑✐❡❢❡r✲❲♦❧❢♦✇✐t③
❛❧❣♦r✐t❤♠s ✭ ❬✶❪ ♣✳ ✺✸ ✮ ❢♦r ❡❛❝❤ σ > 0✿

(KW )





θ
σ
0 ∈ Θ
(
∇̂tH(θσ

t )
)

l
=

H(θσ
t + δte

l, W σ
t ) − H(θσ

t − δte
l, W σ

t )

2 δt

θ
σ
t+1 = θ

σ
t − γt+1 ∇̂tH(θσ

t )

✭✾✮

✇❤❡r❡ (el)l=1,...,k ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ R
k✳

❚❤❡♦r❡♠ ✷✳✶✳ ❑✐❡❢❡r✲❲♦❧❢♦✇✐t③ ❆❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡♥❝❡

▲❡t ❝♦♥s✐❞❡r t❤❡ ✭❑❲✮ ❛❧❣♦r✐t❤♠ ✐♥ ✭✾✮✳ ❙✉♣♣♦s❡ t❤❛t Hσ ∈ C2(Θ) ❛♥❞ ∇2Hσ ✐s ▲✐♣s❝❤✐t③
❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ ❛♥❞ t❤❛t t❤❡ s❡q✉❡♥❝❡s γ = (γt)t≥0✱ δ = (δt)t≥0 ❞❡❝r❡❛s✐♥❣ t♦ ③❡r♦
s❛t✐s❢②

•
∑

t≥0

γt = +∞

✺



•
∑

t≥0

(
γt

δt

)2

< +∞ .

❚❤❡♥✱ ❢♦r ❛❧❧ σ > 0

θ
σ
t −→

t→+∞
θ̂

σ := Argmin
θ∈Θ

Hσ(θ) ❛❧♠♦st s✉r❡❧② ✳

✸ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ S2Dyn ❛❧❣♦r✐t❤♠

✸✳✶ ❙❡q✉❡♥t✐❛❧ ❛♣♣r♦❛❝❤

❚❤❡ ♠❡t❤♦❞ ❝♦♥s✐sts ♦♥ ✉s✐♥❣ s❡q✉❡♥t✐❛❧❧② t❤❡ ❛❧❣♦r✐t❤♠ ✭❑❲✮ ✐♥ ✭✾✮✳

❆❧❣♦r✐t❤♠ ✶ ❙❡q✉❡♥t✐❛❧ ♠❡t❤♦❞

❘❡q✉✐r❡✿ {σ0 > σ1 > ... > σq−1 > σq = 0}, γ, δ, θ
σ0

0 , Tseq

❈♦♥str✉❝t t❤❡ s❡q✉❡♥❝❡ Tl+1 = Tl + Tseq, l ∈ {0, ..., q − 1}, T0 = 0
❢♦r i ❢r♦♠ 0 t♦ q ❞♦

❣❡♥❡r❛t❡ ✐♥❞❡♣❡♥❞❡♥t W σi

1 , ...,W σi

Tseq
✇✐t❤ W σi

t ∼ gσi

❢♦r t ❢r♦♠ 0 t♦ Tseq − 1 ❞♦

(
∇̂tH(θσi

t )
)

l
=

H(θσi

t + δte
l, W σi

t+1) − H(θσi

t − δte
l, W σi

t+1)

2 δt

θ
σi

t+1 = θ
σi

t − γt+Ti+1 ∇̂t+Ti
H(θσi

t )

❡♥❞ ❢♦r

θ
σi+1

0 = θ
σi

Tseq

❡♥❞ ❢♦r

r❡t✉r♥ θ
σq

Tseq

❘❡♠❛r❦ ✸✳✶✳ ◆♦t✐❝❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s Tseq ❝♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥
t❤❡ s♠♦♦t❤✐♥❣ ♣❛r❛♠❡t❡r σ✱ ❢♦r ✐♥st❛♥❝❡ T σ

seq ❞❡❝r❡❛s❡s ✇✐t❤ σ ✇♦✉❧❞ ♠❡❛♥ t❤❛t ✇❡ ❛❧❧♦✇
♠♦r❡ ✐t❡r❛t✐♦♥s ❢♦r ♥♦♥ s♠♦♦t❤ ❢✉♥❝t✐♦♥s✳

❚❤✐s s❡q✉❡♥t✐❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ ❞②♥❛♠✐❝ ♦♥❡ ✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡r σ
❞❡♣❡♥❞s ♦♥ t❤❡ t✐♠❡ t✱ s❛t✐s❢②✐♥❣ σt −→

t→+∞
0 .

✸✳✷ ❙t♦❝❤❛st✐❝ ✫ ❙♠♦♦t❤ ❉②♥❛♠✐❝ ❛❧❣♦r✐t❤♠

◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✭❑❲✮ ❛❧❣♦r✐t❤♠ ✭✾✮ ✇✐t❤ ♣❛r❛♠❡t❡r σ ❞❡♣❡♥❞✐♥❣ ♦♥ t✳ ▲❡t ❞❡♥♦t❡ ❜②
σ := (σt)t≥0✱ γ := (γt)t≥0✱ ❛♥❞ δ := (δt)t≥0 s❡q✉❡♥❝❡s ♦❢ r❡❛❧ ♥✉♠❜❡rs ❞❡❝r❡❛s✐♥❣ t♦ ③❡r♦✳ ❲❡
♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ S2Dyn ❛❧❣♦r✐t❤♠✳

✻



❆❧❣♦r✐t❤♠ ✷ S2Dyn ❛❧❣♦r✐t❤♠

❘❡q✉✐r❡✿ σ : t 7→ σt, γ, δ, θ0, Tdyn

❣❡♥❡r❛t❡ ✐♥❞❡♣❡♥❞❡♥t W1, ...,WTdyn
✇✐t❤ Wt ∼ gσt

❢♦r t ❢r♦♠ 0 t♦ Tdyn − 1 ❞♦

(
∇̂tH(θt)

)
l
=

H(θt + δte
l, Wt+1) − H(θt − δte

l, Wt+1)

2 δt

θt+1 = θt − γt+1 ∇̂tH(θt)

❡♥❞ ❢♦r

r❡t✉r♥ θTdyn

❘❡♠❛r❦ ✸✳✷✳ ❚❤❡ t❡r♠ ♦❢ ❉②♥❛♠✐❝ ✇♦✉❧❞ ♠❡❛♥ t❤❛t ❛❧♦♥❣ t❤❡ t✐♠❡ t❤❡ ❢✉♥❝t✐♦♥ Hσt

❝❤❛♥❣❡s✱ ❝♦♥✈❡r❣✐♥❣ t♦✇❛r❞ t❤❡ ✧tr✉❡✧ ❢✉♥❝t✐♦♥ H✳

◆♦t✐❝❡ t❤❛t t❤❡ ❙❡q✉❡♥t✐❛❧ ♠❡t❤♦❞ ✭❆❧❣♦r✐t❤♠ ✶✮ ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❡ ❉②♥❛♠✐❝ ♦♥❡
✭❆❧❣♦r✐t❤♠ ✷✮✳ ■♥❞❡❡❞✱ ❧❡t ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡s {σ0 > σ1 > ... > σq−1 > σq = 0} ❛♥❞
(Tl)0≤l≤q−1 s✉❝❤ t❤❛t T0 = 0 ❛♥❞ Tl+1 = Tl + Tseq✳ ❍❡♥❝❡✱ t❤❡ s❡q✉❡♥t✐❛❧ ❛❧❣♦r✐t❤♠ ✐s
❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❞②♥❛♠✐❝ ❛❧❣♦r✐t❤♠ ❜② t❛❦✐♥❣

σt =

q−1∑

l=0

1 [Tl,Tl+1[(t) σl .

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❛t Tdyn = q Tseq .
❚❤❡ ❢✉♥❝t✐♦♥ σ : t 7→ σt ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ s♠♦♦t❤✐♥❣ ❢✉♥❝t✐♦♥ ❛♥❞ ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥
t❤❛t ✐ts ❜❡❤❛✈✐♦✉r ✐s ❝r✉❝✐❛❧ ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦✉r ❛❧❣♦r✐t❤♠✳

❘❡♠❛r❦ ✸✳✸✳ ❚❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss {θt, t ≥ 0} ♣r♦✈✐❞❡❞ ❜② t❤❡ ❆❧❣♦r✐t❤♠ ✷ ✐s ❛ ▼❛r❦♦✈
❈❤❛✐♥✳

✹ ❙✐♠✉❧❛t✐♦♥ st✉❞②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ t❡st ♦✉r ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ✶❉ ❢✉♥❝t✐♦♥ ✭✻✮ ✭✇✐t❤ a = 1 ❛♥❞ b = 6✮✱ ❛♥❞
♦♥ t❤❡ ✷❉ ❘♦s❡♥❜r♦❝❦ ❢✉♥❝t✐♦♥✳

✹✳✶ ✶❉ ❡①❛♠♣❧❡

H(θ) = θ2 + sin(6 θ) .

H ❤❛s ❛ ✉♥✐q✉❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ❛t θ = −0.2424938 .
■♥ ♦r❞❡r t♦ ❜❡ ✐♥ t❤❡ ♣r❛❝t✐❝❛❧ ❝♦♥❞✐t✐♦♥s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ s❡❡ ✭✷✮ ❛♥❞ ✭✹✮✱
✇❡ s✉♣♣♦s❡ t❤❛t ✇❡ ❞♦ ♥♦t ❞✐s♣♦s❡ ♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ H ❛♥❞ t❤❛t ✇❡ ❝❛♥ ♥♦t ❝♦♠♣✉t❡ Hσ

✼



❋✐❣✉r❡ ✸✿ t❡st ❢✉♥❝t✐♦♥ H(θ) = θ2 + sin(6 θ)✳

✭✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② ✭✼✮✮✳
◆♦✇ ❧❡t ❝♦♥s✐❞❡r t❤❡ S2Dyn ❛❧❣♦r✐t❤♠ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥s✳
▲❡t t❤❡ ✧t✐♠❡✧ ❜❡ Tdyn = 1500 ✇✐t❤ t✐♠❡ st❡♣ ∆t = 5.10−2✳ ❚❤❡♥✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣

s❡q✉❡♥❝❡s ✭♦r ❢✉♥❝t✐♦♥s✮✿ γt =
10−1

t
❛♥❞ δt =

10−1

t0.4
✭♥♦t✐❝❡ t❤❛t t❤❡s❡ s❡q✉❡♥❝❡s s❛t✐s❢②

❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✭✷✳✶✮✮✳

❚❤❡ ✜❣✉r❡ ✭✹✮ ♣r❡s❡♥ts t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ θt ✐♥ t ❛t ❞✐✛❡r❡♥t st❛rt✐♥❣ ♣♦✐♥ts✱ ❢♦r t❤r❡❡ s♠♦♦t❤✐♥❣
❢✉♥❝t✐♦♥s✳ ■♥ t❤❡ ✜❣✉r❡ ✭✹❛✮✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ tr✐✈✐❛❧ s♠♦♦t❤✐♥❣ ❢✉♥❝t✐♦♥ σt = 0 ❢♦r ❛❧❧
t ∈ [0, Tdyn]✱ ❡✳❣ t❤❡r❡ ✐s ♥♦ ❞②♥❛♠✐❝ ❞✉r✐♥❣ t❤❡ t✐♠❡✱ Hσ=0 = H ❛♥❞ ✐t ❛♠♦✉♥ts t♦ ❧♦❝❛❧
♠❡t❤♦❞s ✭✇❡ s❡❡ t❤❛t θt ❝♦♥✈❡r❣❡s t♦ t❤❡ ♥❡❛r❡st ♠✐♥✐♠✉♠✮✳
■♥ t❤❡ ✜❣✉r❡s ✭✹❜✮ ❛♥❞ ✭✹❝✮ ✇❡ ❝♦♥s✐❞❡r t✇♦ ♦t❤❡rs s♠♦♦t❤✐♥❣ ❢✉♥❝t✐♦♥s✱ t❤❡ ✜rst ❞❡❝r❡❛s❡s
r❛♣✐❞❧② ✭❜✮✱ ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ❞❡❝r❡❛s❡s s❧♦✇❧② ✭❝✮✳ ■t ❛♣♣❡❛rs t❤❛t ❢♦r ❛ s✉✐t❛❜❧❡ ❢✉♥❝t✐♦♥
σ ✭t❤❛t ♥♦t ❞❡❝r❡❛s❡s t♦♦ ❢❛st✮✱ t❤❡ ♣r♦❝❡ss {θt, t ∈ [0, Tdyn]} ❝♦♥✈❡r❣❡s ✭✐♥ s♦♠❡ s❡♥s❡✮ t♦
t❤❡ ♠✐♥✐♠✉♠ ❢♦r ❛♥② st❛rt✐♥❣ ♣♦✐♥ts ✭✜❣✉r❡ ✭✹❝✮ r✐❣❤t✮✳

✽



✭❛✮

✭❜✮

✭❝✮

❋✐❣✉r❡ ✹✿ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ S2Dyn ❛❧❣♦r✐t❤♠ ✈s✳ ❜❡❤❛✈✐♦✉r ♦❢ ✭❞❡❝r❡❛s✐♥❣ r❛t❡ ♦❢✮ t❤❡
s♠♦♦t❤♥❡ss ❢✉♥❝t✐♦♥ σ✳

✾



✹✳✷ ✷❉ ❡①❛♠♣❧❡

◆♦✇✱ ❧❡t ❝♦♥s✐❞❡r t❤❡ ❘♦s❡♥❜r♦❝❦ ❢✉♥❝t✐♦♥

H(θ1, θ2) = (θ1 − 1)2 + 100 (θ2 − θ2
1) .

H ❤❛s ❛ ✉♥✐q✉❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ❛t (θ1, θ2) = (1, 1) .

❋✐❣✉r❡ ✺✿ ❘♦s❡♥❜r♦❝❦ ❢✉♥❝t✐♦♥

❲❡ ✉s❡ t❤❡ S2Dyn ❛❧❣♦r✐t❤♠ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡s✿ γt =
1

103 + t0.6
❛♥❞ δt =

10−2

t0.4
✳ ❋♦r Tdyn = 3300 ❛♥❞ ❛ t✐♠❡ st❡♣ ∆t = 5.10−2✱ t❤❡ ♦❜t❛✐♥❡❞ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ✐s

(θ1, θ2)min = (0.9856077, 0.9713646) ❛♥❞ t❤❡ ❘♦s❡♥❜r♦❝❦ ❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t❡❞ ❛t t❤✐s ♣♦✐♥t ✐s
Hmin = 2.07 × 10−4 .
❚❤❡ ✜❣✉r❡ ✭✻✮ s❤♦✇s t❤❡ s♠♦♦t❤✐♥❣ ❢✉♥❝t✐♦♥ ✉s❡❞ ✐♥ t❤❡ ❛❧❣♦r✐t❤♠ ✭✻❛✮ ❛♥❞ t❤❡ ❣r❛♣❤ ♦❢
❝♦♥✈❡r❣❡♥❝❡ ✭✻❜✮✳

✶✵



✭❛✮
✭❜✮

❋✐❣✉r❡ ✻✿ ✭❛✮ ❙♠♦♦t❤✐♥❣ ❢✉♥❝t✐♦♥✳ ✭❜✮ S2Dyn ❛❧❣♦r✐t❤♠ ❛♣♣❧✐❡❞ t♦ ❘♦s❡♥❜r♦❝❦ ❢✉♥❝t✐♦♥✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ▼✳ ❉✉✢♦✳ ❆❧❣♦r✐t❤♠❡s st♦❝❤❛st✐q✉❡s✳ ❙♣r✐♥❣❡r✱ ✶✾✾✻✳

❬✷❪ P✳❏✳ ❍✉❜❡r✳ ❘♦❜✉st ❡st✐♠❛t✐♦♥ ♦❢ ❛ ❧♦❝❛t✐♦♥ ♣❛r❛♠❡t❡r✳ ❚❤❡ ❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝❛❧
❙t❛t✐st✐❝s✱ ♣❛❣❡s ✼✸✕✶✵✶✱ ✶✾✻✹✳

❬✸❪ ❏♦r❣❡ ❏✳ ▼♦ré ❛♥❞ ❩❤✐❥✉♥ ❲✉✳ ●❧♦❜❛❧ ❝♦♥t✐♥✉❛t✐♦♥ ❢♦r ❞✐st❛♥❝❡ ❣❡♦♠❡tr② ♣r♦❜❧❡♠s✳
Pr❡♣r✐♥t ▼❝s✲♣✱ ❙■❆▼ ❏✳ ❖♣t✐♠✐③❛t✐♦♥✱ ✼✭✼✮✿✽✶✹✕✽✸✻✱ ✶✾✾✺✳

❬✹❪ ◆✳ ❘❛❝❤❞✐✱ ❏❡❛♥✲❈❧❛✉❞❡ ❋♦rt✱ ❛♥❞ ❚❤✐❡rr② ❑❧❡✐♥✳ ❖r❛❝❧❡ ✐♥❡q✉❛❧✐t✐❡s ❢♦r ♥❡✇ ▼✲
❡st✐♠❛t✐♦♥ ❛♥❞ ♠♦❞❡❧ s❡❧❡❝t✐♦♥ ♣r♦❜❧❡♠s ✳ ✷✵✶✵✳

✶✶


