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Introduction

The last few years have seen spectacular advances in the field of atomic quantum gases. More recently, it has become a central goal to achieve similar control over each quantum degree of freedom for molecular species This would allow a series of novel fundamental studies in physics and chemistry [1,2]. In particular, for the proposed molecular quantum gas experiments, the molecular ensembles must be prepared at high particle densities combined with ultralow temperatures and the internal degrees of freedom must be controlled at the level of single quantum states.

An optical lattice affords exquisite control over the motional wave function of the molecules and lattice-based molecular systems are an ideal starting point for quantum gas studies [3,4,5] or quantum computation and simulation schemes [6,7,8] based on ultracold molecules. With each molecule trapped at an individual lattice site, the molecules are shielded from collisional loss during state preparation and manipulation.

The work we report on here is motivated by experiments of the Innsbruck group, which are aimed at controlling molecules in all their degrees of freedom to obtain Bose-Einstein condensates (BEC) of ground-state Cs 2 [9,10] and ground-state RbCs molecules [11]. A major step towards this objective has recently been taken when it became possible to produce high-density samples of rovibronic ground-state Cs 2 molecules [10]. A crucial ingredient for these experiments is the presence of an optical lattice. A 3D optical lattice, in its simplest form, is a set of three mutually orthogonal standing wave laser fields.

The electric field of these lasers interacts with the atoms or the molecules congregating in the potential minima, which for red-detuned light correspond to the maxima of the standing wave. In order to prepare near quantum degenerate molecular ensembles and in particular highdensity ultracold samples of molecules in optical lattices, atoms are first cooled to quantum degeneracy. The BEC of Cs atoms is adiabatically loaded into the optical lattice and the superfluid-to-Mott-insulator (SF-MI) transition is driven under conditions that maximize the number of doubly occupied lattice sites. Thus, a state is created in the central region of the optical lattice, with each lattice site filled with precisely two atoms [3]. The atom pair can be converted into a molecule in a well-defined rovibrational quantum state by magnetoassociation across a Feshbach resonance to create a Feshbach molecule [12,13]. The coherent conversion of atom pairs into molecules can be con-sidered as the ultimate control of a chemical reaction. Subsequently, the molecules are transferred to the desired internal state, most notably the lowest vibrational and rotational level of the electronic ground state, by coherent optical two-photon transitions. Two STIRAP (STImulated Raman Adiabatic Passage) steps [14] involving four laser transitions are used to efficiently transfer the molecules into the lowest rovibrational level of the ground state.

We theoretically investigate the interaction of cesium dimers with an external laser field with the aim to conveniently choose the wavelength of the optical lattice so that the initial and final molecular levels involved in the STIRAP sequence above are equally well trapped. At a "magic" wavelength [15], the light shift for the two states of interest caused by the trapping light is equal, an important concept in precision metrology [16]. This enables the control over the motional wave function of the rovibrational ground state which is matched to the one of the initial state near threshold, thus avoiding a projection of the initial wave function onto higher motional states of the lattice during coherent manipulation of the internal state. A similar strategy has recently be proposed with the addition of an external electric field, revealing "magic angles" between this field and the lattice field [17]. Using accurate potential energy curves and transition dipole moments from accurate quantum chemistry computations [18], we calculate the dynamic dipole polarizability of cesium dimers via a summation over a large number of excited electronic states. We identified ranges of magic wavelengths where the ac Stark shift for the dimer in its fi-nal state, i.e the lowest rovibrational level of the ground state, is the same as for its initial state, i.e. a pair of noninteracting atoms. This article is organized as follows: Section 2 recalls the basic definitions of the dynamic polarizability of a diatomic molecule. In Section 2 the relevant electronic properties of the Cs 2 molecule and the calculation of its dynamical polarizability is presented. Our results are presented in Section 3 for the lowest rovibrational level of the X 1 Σ + g electronic ground state of Cs 2 and magic wavelengths conditions are investigated (Section 4). We generalize these calculations to the the lowest rovibrational level of the a 3 Σ + u lowest triplet state of Cs 2 (5), before providing concluding remarks in Section 6. Atomic units (a.u.) will be used for distances (1 a.u.=0.0529177 nm) throughout the paper.

2 Trapping with light and dynamic dipole polarizability Following for instance Ref. [19], when an isolated atom or molecule is subject to an oscillating electric field E = êE 0 exp(-iωt) + c.c. with unit polarization vector ê, frequency ω, and intensity I = 2ǫ 0 c|E 0 | 2 (c.c. holds for the complex conjugate), a dipole moment p = êp 0 exp(-iωt)+ c.c. is induced oscillating at the same frequency. The response of the system to the field is characterized by the complex dipole polarizability α(ω) according to p 0 = α(ω)E 0 .

The related interaction potential is fixed by the real part of the polarizability ℜ(α(ω))

U dip = - 1 2 p • E = - 1 2ǫ 0 c ℜ(α(ω))I (1) 
where the angled brackets express the time average of the fast oscillating terms of E and p. The imaginary part of the polarizability ℑ(α(ω)) describes the absorption of the system through the power P abs absorbed by the oscillator

P abs = ṗ • E = 2ωℑ(p 0 E 0 ) = ω ǫ 0 c ℑ(α(ω))I (2) 
These two quantities characterize the main properties of a dipole trap. The generic expression of the polarizability for a diatomic molecule in a state |i > is

α i (ω) = 2 f ω if -i γ f 2 (ω if -i γ f 2 ) 2 -ω 2 f | d(R) R.ǫ |i 2 . (3) 
where the summation is covering all the accessible states |f > with natural width γ f of the molecule through dipolar transitions with frequency ω if characterized by the transition dipole moment d(R) R, where R is the internuclear distance and R the corresponding unit vector. This somewhat symbolic notation will be explained below, but we mention that the angled brackets refer to the spatial integration over all internal coordinates of the system. As is well known, an important feature of the optical dipole trap is the sign of the real part of the dynamic polarizability. In the case of a two-level system the situation is simple:

when the laser frequency of the dipole trap is red detuned compared to the transition between the two states, the dynamic polarizability is positive and the dipole potential is attractive; in contrast, when the detuning ∆ is to the blue, the dipole potential is repulsive. In the case of a multilevel system the situation is more complicated as resonances can compensate each other in the sum of Eq.( 3), so that it is not obvious to predict when ℜ(α) will be appropriate for trapping. We will see an illustration of this issue in the next sections.

The squared matrix element of Eq.( 3) can be expressed in a more explicit way for a diatomic molecule relevant for the present study. Assuming that the |i > (|f >) states are labeled with the symbols Ξ i (Ξ f ) for the electronic molecular state, J i (J f ), M i (M f ), and Λ i (Λ f ) for the total angular momentum and its projection on the Z axis of the laboratory frame and on the molecular axis z, and

v i (v f
) for the vibrational level, one finds for a linearly polarized field (along Z)

f | d(R) R.ǫ |i 2 = v i p=0,±1 d if p (R)    J f 1 J i -M f 0 M i       J f 1 J i -Λ f p Λ i    v f 2 (4) 
where

d if p (R) = Ξ i , Λ i |µ p | Ξ f , Λ f is the matrix element of the component µ p in the molecular frame (xyz) of the electronic transition dipole moment at R, with µ 0 = µ z and µ ±1 = 1 √ 2 (µ x ± iµ y ).
The angled brackets in Eq.( 4)

refer to the integration on R, assuming that the vibrational wave functions are independent of the rotational level of the molecule, which is relevant for the low J values investigated here. The non-vanishing matrix elements should fulfill the usual selection rules ∆Λ = 0, ±1 and ∆J = 0, ±1.

For the X 1 Σ + g ground state of an alkali-metal dimer (Λ i = 0) in a rovibrational level J, M , Eq.( 4) reduces to

f | d(R) R.ǫ |i 2 = (5) 2J 2 + 2J -1 -2M 2 (2J + 3)(2J -1) v i d if z (R) v f 2
for Σ -Σ transitions, and

f | d(R) R.ǫ |i 2 = (6) 2J 2 + 2J -2 + 2M 2 (2J + 3)(2J -1) v i d if x (R) v f 2 .
for for Σ -Π transitions. Therefore, the dynamic polarizability α i (ω) can be rewritten in the compact form

α i (ω) = 2J 2 + 2J -1 -2M 2 (2J + 3)(2J -1) α i (ω) + (7) 2J 2 + 2J -2 + 2M 2 (2J + 3)(2J -1) α i⊥ (ω)
where α i (ω) and α i⊥ (ω) are the polarizabilities along the molecular axis (related to Σ -Σ transitions) and perpendicular to the molecular axis (related to Σ -Π transitions), respectively. If J = 0 one finds the isotropic situation α i = (α i (ω)+ 2α i⊥ (ω))/3, which is also valid for any value of J if the M substates are statistically populated.

3 Dynamic polarizabilities of ground state Cs 2 molecules

As already stated, the calculation of α(ω) following Eq.( 3)

requires the inclusion of all the molecular states |f accessible via dipolar transitions from the initial state |i . For a Cs 2 molecule in a level (v, J) of its electronic ground state X 1 Σ + g (hereafter referred to as the X state), all the rovibrational levels (including the continuum) of all electronic states of 1 Σ + u and 1 Π u symmetries are needed, as well as the related transition dipole moments. An overview of the relevant molecular data is provided in Fig. 1, together with the levels involved in the four-step STIRAP process used to transfer the initial Feshbach molecules down to the (v = 0, J = 0) ground state level. The optimal efficiency of the motional control is achieved when both the Feshbach molecules and the ground state molecules are trapped in the 3D optical lattice, i.e. their dynamic polarizability should be identical at the lattice wavelength.

Most of the potential energy curves (PEC) and all transition dipole moment (TDM) functions used here have been obtained in our group following the quantum chemistry (QC) approach described in Ref. [20] and will be the subject of a separate publication. After convergence tests, the sum in Eq.( 3) has been truncated to the three lowest 1 Σ + u states (correlated to the 6s + 6p, 6s + 5d, 6s + 7s

Cs 2 dissociation limits) and to the three lowest 1 Π u states (correlated to the 6s + 6p, 6s + 5d, 6s + 7p Cs 2 dissociation limits). We have also taken in account the available experimental information, for the X, A 1 Σ + u (6s + 6p), and B 1 Π u (6s + 6p) states (hereafter referred to as the A and B state, respectively). We have used the Rydberg-Klein-Rees (RKR) PEC of Ref. [21] for the ground state, and the RKR-PEC of Ref. [22] between R = 4 a. ) of Cs2 as functions of the interatomic distance that are used for our calculations (see text). X -A and X -B refer to the 

6s+6s 6s+6p 6s+5d 6s+7s X 1 Σ g + b 3 Π u A 1 Σ u + B 1 Π u D 1 Π u (3) 1 Π u C 1 Σ u + (3) 1 Σ u + (4) 
X 1 Σ + g -A 1 Σ + u and X 1 Σ + g -B 1 Πu
; v = 4 A 1 Σ u + ; v = 18 Fig. 2. Transition dipole moment from the v = 0, X 1 Σ + g level
to the levels of the first excited states A1 Σ + u and B 1 Πu. The energy origin is taken at the (6s + 6p) dissociation limit.

PECs as determined in Ref. [23] (for A) and in Ref. [24] (for b), (ii) the energy of the highly-perturbed levels observed in the Innsbruck experiments [9,25,26]. The molecular (R-dependent) SO coupling function is taken from the ab initio determination of Ref. [27]. Note that a detailed spectroscopic analysis of the coupled A and b states has very recently become available [28]. All PEC have been smoothly matched to the long-range curves of Ref. [29] for completeness, but this had no influence on the final results. Finally, the vibrational energies and wave functions are computed with Mapped Fourier Grid Representation (MFGR) method [30]. In Fig. 2, the actual TDMs obtained after integration on R for the X → A and X → B vanish for high-lying vibrational levels, suggesting that the dissociation continua can be omitted in the sum of Eq.(3).

Moreover, the TDMs towards levels of the other excited states are several orders of magnitude smaller than these ones. The real part and imaginary part of the dynamic polarizability of a Cs 2 molecule in the v = 0 level of its ground state 1 are displayed in Fig. 3 for a range of laser energies E = ω between 0 and 20000 cm -1 . They are evaluated with an energy step of 0.0125 cm -1 (or 375 MHz), and assuming for simplicity a typical lifetime of 10 ns for all the excited states i.e γ f = 15 MHz. This assumption only influences the intensities of the resonance peaks visible in the polarizability, but not the magnitude of α(ω)

outside the resonant regions. The imaginary part is proportional to the line width of the excited states and thus to the absorption efficiency, which is found negligible outside the resonant regions, as expected. We see that the spinorbit mixing of the A and b states induces resonances for excitation energies as low as 8000 cm -1 , i.e. at the bottom of the lower 0 + u state, so that light with photon energy smaller than this will safely lead to trapping. However, the Innsbruck experiment is performed with a 1064.5 nm laser (or 9394 cm -1 ), which is to the blue of the transitions towards the levels of the lower 0 + u state, and to the red of the levels of the upper 0 + u state. Nevertheless, the calculation shows that there is indeed an optical window where the contributions of individual resonances all cancel out, so that the trapping of the molecules can be successful, in agreement with the observations. It is striking that other favorable windows (with ℜ(α) > 0) exist at larger energies between resonant zones mainly occurring at the bottom of the wells. The region between 11200 cm -1

and 12800 cm -1 shows an abrupt change of sign of ℜ(α) Trap Laser (1064.5 nm) around 11200 cm -1 , which could be checked experimentally.

X 1 Σ g + C 1 Σ u + 0 u + B 1 Π u D 1 Π u

Magic wavelength for optical trapping of ground state Cs 2 molecules

The dynamic polarizability of a cesium atom can be written as [31] α

Cs (ω) = α v (ω) + α c (ω) + α cv (ω). ( 8 
)
The dominant contribution α v comes from the valence electron and is calculated with Eq.3, where the energy of the atomic transitions and the transition dipole mo-ments are taken from Ref. [32]. The small contribution α c involving core-excited state is chosen somewhat empirically as the difference at ω = 0 between our value for α v , and the one of Ref. [31] which indeed contains α c , yielding to the one of an atom pair.

α c =
In the static case (ω = 0), the polarizability of the Cs 2 molecule in the (v = 0, J = 0) ground state level including the contribution of two Cs + cores (2α c = 30.8 a.u.) equals to 705 a.u., in good agreement with the one of Ref. [33] obtained by another approach 2 . This value could be expressed in units of Hz/[W/cm 2 ] which are more convenient for experimentalists since they allow to easily deduce the depth of the optical lattice for a given laser intensity: ) at 8655 cm -1 , which is hence the socalled "magic" frequency for simultaneous optical trapping of both species. Note that there is another energy where both quantities are equal (around 7800 cm -1 ) which is too close to the resonant region to be favorable.

We now compare the calculated and measured polarizabilities for molecules in (v = 0, J = 0) at a trapping wavelength of 1064.5 nm. Our calculated value is found at 2.48 α Cs while the measured one is found equal to 2.1 α Cs [10]. While in reasonable agreement, several features could explain this discrepancy. The calculated value relies on the precision of the PEC included in the sum of Eq.3, mainly of the states which have the predominant contribution, namely the A/b coupled states and the B states.

The potential of the B state is experimentally known over 2 The value of Ref. [33] is given at 676.7 a.u., and has to be augmented with twice the core polarizability, yielding 707.5 a.u. v = 0 level (several seconds). This is consistent with our calculations which suggest that even if the laser hits the resonant region, there are sufficient places in between the resonances to allow for a reasonable lifetime. Therefore it is clear that the magnitude of this polarizability is not important, as long as the trapping laser wavelength is not resonant with a level of the A -b system.

Dynamic polarizabilities of metastable triplet Cs 2 molecules

We have also performed the calculation of the dynamic polarizability for Cs 2 molecules in the (v = 0, J = 0) level of the lowest triplet state a 3 Σ + u , which have been The polarizability is given on a logarithmic axis for both the positive and the negative part.

obtained for instance by photoassociation in the Orsay group [35,36]. It is worthwhile to mention that such a population transfer applied to triplet Rb 2 trapped in an lattice has been already demonstrated [37]. The a 3 Σ + u state potential curve is taken from the recent analysis of Ref. [38], while the potential curves of the triplet excited states and the R-dependent transition dipole moments are calculated in our group [18]. After convergence checks, the calculation of the dynamic polarizability in the lowest triplet state involved six excited gerade triplet states allowed by the selection rules, the three lowest 3 Σ + g and the three lowest 3 Π g states.

We see in Fig. 6 that the real part of the polarizability is smoothly varying over a broad range of frequencies red detuned to the first excited state ensuring attractive lattice potentials. In this frequency region, it is interest- whatever their internal state is. We predict that there exists a magic wavelength for which the polarizabilities of both initial and final state of the transfer are equal. We also demonstrated that Cs 2 molecules created in a Feshbach level can be trapped simultaneously with molecules in the v = 0 level of their lowest triplet state, yielding a good prospect for a STIRAP transfer in this case, just like it has been achieved with Rb 2 molecules [37]. The generalization to the modeling of the trapping of RbCs molecules in order to design a similar transfer scheme down their lowest ground state level is under progress.

  u. and R = 6 a.u. matched to our QC calculations for the B state. The A state is coupled through spin-orbit (SO) interaction with the b 3 Π u (6s + 6p) (hereafter referred to as the b state, see Fig.1), giving rise to a pair of states of socalled 0 + u symmetry correlated to the (6s 1/2 + 6p 1/2 ) and
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 1 Fig. 1. Ground and excited state potential energy curves (upper panel) and main transition dipole moments (lower panel)

  transitions, respectively. The four-step STIRAP sequence used in the Innsbruck experiment is recalled for clarity.(6s 1/2 + 6p 3/2 ) limits, and exhibiting an avoided crossing in place of the crossing between A and b. We have used the corresponding QC-PEC which we adjusted to reproduce (i) the energy position of the bottom of the experimental

Fig. 3 .

 3 Fig. 3. The ground and lowest excited potentials of Cs2 (left panel), the real part (middle panel) and the imaginary part (right panel) of the dynamic polarizability of the v = 0, X 1 Σ + g level as a function of laser energy. The polarizability is given on a logarithmic axis for both the positive and the negative part. The zero energy of the left panel is the energy of the v = 0, X 1 Σ + g level. The horizontal dashed lines show the bottom position of each excited state to put into evidence the correlation between the resonances in the polarizability and the excited states.

1

  a.u. = 4.6883572 × 10 -2 Hz/[W/cm 2 ].

Figure 4

 4 Figure 4 presents a zoom of ℜ(α) around the region of interest for the Innsbruck experiment, plotted together with the real part of the dynamic polarizability of a Cs atom pair simulating a Feshbach molecule. The figure reveals that both quantities are positive and have the same order of magnitude over a large energy range outside the resonant regions. They are found equal to 1787 a.u. (or 84 Hz/[W/cm 2 ]) at 8655 cm -1 , which is hence the so-
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 145 Fig. 4. Real part of the dynamic polarizability of the v = 0, J = 0, X 1 Σ + g level (black line) and twice the atomic polarizability (red dashed line) as a function of laser frequency. The vertical dashed line indicates the frequency of the optical lattice used in the experiments in Innsbruck (9394.08 cm -1 )corresponding to a wavelength of 1064.5 nm.

Fig. 6 .

 6 Fig. 6. The potentials of the triplet states of Cs2 involved in our calculations (left panel), the real part (middle panel) and the imaginary part (right panel) of the dynamic polarizability of the v = 0, a 3 Σ + u level as a function of laser frequency.

Fig. 7 .

 7 Fig. 7. Real part of the dynamic polarizability of the v = 0, a 3 Σ + u level (black line) and twice the atomic polarizability (red dashed line) as a function of laser frequency. Far infrared laser should be adequate for trapping but there is no wavelength that exactly fulfills the magic wavelength condition outside the resonance zone.

Note that ℜ(α) includes the atomic core contribution as described in Section 4
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