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Abstract

We register a Markov process. At two random moments 01, 03, where 61 < 0o,
the distribution of observed sequence changes. It is known before 6; and after 6,.
Between these instants is unknown, chosen randomly from a set of distributions. The
optimal stopping rule which stops observation of the sequence between disorders 6
and 65 is identified.

Key words: Disorder problem, sequential detection, optimal stopping, Markov
process, change point.
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1 Introduction

In this paper we present a generalization of the double disorder problem
considered by Yoshida [10] and Szajowski [7]. The considerations are inspired
by the problem regarding how can we protect ourselves against a second fault
in a technological system after the occurrence of an initial fault. The proposed
procedure assumes that the distribution of observations between disorders is
unknown in advance and it is chosen randomly by "nature” (see Bojdecki &
Hosza [2]). In order to find the optimal stopping rule we use the approach of
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maximizing the probability of stopping between these two faults. The formu-
lation of the problem can be found in section 2. The main result is presented

in section 3.

2 Formulation of the problem

Let (X,,n € N) be an observable sequence of random variables defined on
the space (2, F, P) with values in (E, B), where E is a subset of R. On (E, B)
there are o-additive measures {u;}.cg. Space (2, F, P) supports variables
01, 65. They are F-measurable variables with values in N. We assume the
following distributions:

POr=3j)=p ‘a1, PlOr=k |01 =5)=p5 7 '@ k>j, j=12,..(1)

Moreover we introduce e, which is F-measurable, independent of 6, #5. € has
distribution: P(e =4) = ¢;; i = 1,2,....d; d < 0o; L, e; = 1. Additionally
we consider d+ 2 Markov processes on (Q, F, P): (X}, G} ul), (X240 G2 u2t),
i=1,..,d, (X3 G2 u2) defined in the following way:

Xo =X, - Tioyomy + X2 - Lo <ncty, c=iy + X, - Lipy<ny- (2)

o-fields G}, G2, G2 are the smallest o-fields for which (X1), (X%%), (X3) are
adapted (respectively).

We make inference only based on observable sequence (X,,,n € N)!. Thus for
further consideration we define filtration {F, },en where F,, = o(Xo, X1, ..., X,,).
Variables 61, 6, and ¢ are not stopping time with respect to F,, and o-fields
G.,. Moreover we assume that 6y, 05 are independent of (X!, n € N), (X' n €
N),i = 1,...,d and (X3, n € N). Measures u satisfy the relations: pl(dy) =
L pa(dy), 12 (dy) = fo(@)pe(dy), @ =1,....d, p3(dy) = gu(y)pe(dy). Where
fi() # 1, go(.) # 1. Furthermore the functions f1(.), ..., f4(.),g.(.) are differ-
ent and ¢,(y)/fi(y) < oo for all i = 1,...,d and all x,y € E. We assume that
the measures pl, p2t, ..., u2% u2,x € E are known in advance and we have
that P(X] € A | Xo = z) = pl(A) for every A € B.

The model presented has the following heuristic justification: two disorders
take place in the observed sequence (X,,). They affect distributions by chang-

ing their parameters. Disorders occur at two random moments of time 6; and

L' Tt should be emphasized that the sequence (X,,n € N) is not markovian one
under admitted assumption as it has been written in [7], [9] and [4]. However the

sequence has Markov property given ¢, and 6y (see [8] and [5]).



05. They split the sequence of observations into three segments. The first seg-
ment is described by (X}), the second one - for §; < n < 6, - by (X?2). The
third is given by (X?) and is observed when n > 6. The second epoch of
observation is the important one. We do not know the distribution of obser-
vations in advance. After the first disorder takes the place there is a ”switch”
from the initial distribution to one of d possible distributions (given by den-
sities f*). The choice of this distribution is random. We model this using an
unobservable variable e that indicates which of them is drawn (if e = j, then
the p? distribution is chosen with density fJ with respect to measure ).
Next, at the random time 6 the distribution of observations becomes p2. We

assume that the variables ¢, 81, 6, are unobservable.

Our aim is to stop the observed sequence between the two disorders.This can
be interpreted as a strategy for protecting against a second failure when the
first has already happened. In the mathematical approach - putting 7 as the
set of all stopping times with respect to the filtration {F,},en - we want
to control the probability V(1) = P(7 < 00,6y < 7 < 63) by choosing the
stopping time 7* € 7 for which

V(r") =sup V(1) (3)

Te€T

3 Solution of the problem

For Xy = z let us define: Z,, = P,(6h < n < 0y | F,) forn = 0,1,2,...,
Y, = esssupirer, ron}Px(0h <7 <0y | Fy) forn =10,1,2,... and
o=inf{n: Z, =Y,} (4)

Notice that, if Z,, = 0, then Z, = P,(0; < 7 < 6 | F,) for 7 € T. Since
Fn € F, (when n < 1) we have
Y, =esssup Py (01 <7 <0y | Fy) = esssup Ex(Igg, <r<0) | Fn)
T>n T>n
=esssup Ey(Z, | Fu)

T>n

Lemma 1 The stopping time 1y defined by formula (4) is the solution of
problem (3).

Proof. From the theorems presented in [1] it is enough to show that lim Z, = 0.
For all natural numbers n, k, where n > k for each x € E we have:

Zn :E1‘<H{91Sn<92} ‘ fn) S Ex(sgllg ]I{01§j<92} ’ -,/tn)
J1Z



From Levy’s theorem limsup, .., Z, < E.(sup;s;lis,<jco,) | Foo) Where
Foo = 0 (UpZy Fn). It is true that: imsup;sy 5o Lio,<j<t,y = 0 a.s. and

by the dominated convergence theorem we get

lim E,(suplg,<jcp,} | Foo) =0 a.s.
what ends the proof of the Lemma.

For further considerations let us introduce the following notation: let { u ,v) =
¢ w;v;. Thus (. ,.) stands for inner product. Let us now define some nec-
essary processes and functions: IIL = P, (6; < n | F,), 12 = P, (6, < n | F,),

forn=0,1,2,...,
H(y, z,0,0)= (1= a)pi + [(1 = a)g1 + (a = B)pa] (e, f(2)

+[(a = B)ge + B gy(2) (5)
I (y,z.0,8) =1 = (1= a)p H ' (y, 2,0, ) (6)
H2(y7 z, Q, 5) = [(CY - ﬁ)QQ + ﬁ]gy(Z)H_l(y, z, Q, ﬁ) (7)

Using these definitions we formulate and prove a technical Lemma which will

be useful when proving the main theorem.

Lemma 2 For each x € E and each Borel function u : R — R the equations
given below are true

H711+1 :Hl(Xann-i-lvHrlei) (8)
H721+1 = HQ(Xna XnJrla H%w Hi)? (9)

with boundary condition: T} = 113 = 0

Eo (u(Xo) (1 = T} | Fa) = (L= T [ u(w)i, (dy), (10)
B, (u(Xoin) (Mg =T ) | F)
= [0 =g+ 0T = 1)pe] [ u() (e, fy ) i (dy). (A1)

By (u(Xs ) ) |1 52) = a2 = 1) + 122 [ u(@)gx, (v)iax., (dy) (12)

Proof. It is obvious that TI} = IT3 = 0. Notice that since #; < 6, we obtain
the inclusion {w : 0; < n} D {w: 60, <n} and:

Zp=Py(0h <n<by|F,)=1 —1I2 (13)
Next suppose that A; € F;, i < n+ 1 and let us consider the probability

P, (6, > 1, Xp1 € Apq | X € 4,0 <
Po0y>n+1|X;€Ai<n+1)= (0> 7+ +1 1] i <n)

Px (Xn+1 € An+1 ‘Xl € AZ,Z S n)



This follows from Bayes’ formula. Let us transform the probability appearing
in the numerator:
P.(bh>n+1,X,1 €A1 | X, €A,i<n)
=P, (0 >n|X;€A,i<n) p -,uﬁfn(AnH)

Now we split the probability in the denominator into three parts
P, (Xn+1 S An+1 |Xz € A;i < TL) =P, (91 >n, Xn41 € An+1|Xi € A; i < n)
+ P, (01 <1 <0y, Xpq1 € Apa | Xi € Aji <)
+ P, (92 < n,XnH S An+1 ‘ X, € AI,Z < n)

The first part is:

P, (91 > n,XnH S An+1 | X; € Al,Z < n)
=P (0h>n b =n+1,X,11 € Anp1 | Xi € 43,1 < n)
+P, (6 >n,00 #n+1, X1 € Appr | X; € A0 <n)
d
=P, (6, >n | Xi € Ai <n) |0 D p¥ (Anpr)ei + pik (Ans)m
i—1

The second one:

P,(0h <n <0y, X1 € Apir | Xi € A0 <n)
=P, (01 <n<by,00=n+1,X,11 €A1 | X;€Ai<n)
+P, (01 <n<0y,0,#n+1, X1 € Api1 | Xi € Ajyi < n)
=P, (h<n|X;€A,i<n)—P, (0 <n| X, €A;,i<n))

d
X l%ﬂ%{n (Apt1) + p2 Z /L‘2x; (An+1)€i]
i=1

And the third:
Py(bs <n,Xpp1 € A1 | X; € Ajyi <n) = Py (6, <n|X; € Ayyi <n) i, (Angr)

Thus, taking into account (5) we obtain for IT} ,, =1— P, (01 > n+1| Fi1)

H}H—l =1- {(1 - Hi)pl} H_I(Xan-i-l’ H}m Hi)
Using (6), it can be seen that (8) is satisfied. Applying similar reasoning and

transformations to the process I12_; we get:

P.(0<n+1,X,.1€A|F,)
Pac (Xn-i-l cA | Fn)

- {(H}@ - H?L)QQ + Hi} 9x, (Xn+1>H_1<X7Z7 Xn+17 Him Hi)

=P (o <n+1]Fup)=

which leads to formula (9). In the case of the conditional expectations we
show that equation (12) holds. To do this we need to first define o-field F, =
o(e, 01,02, Xo, ..., X;,). Notice that F,, C fn. We have:



E, <U(Xn+1)H721+1 ’ Fn) = Ex(Ex(u(XnJrl)l{GzSnH} ‘ ﬁn) ’ }-n)
— B, (/E W) Po(dy | oy <+ 1)Py(by <n+1|F) | ]—“n)

- u)gx, (W) px, (dy)Pp(0s <n+ 1| F,)

= Eu(y)gxn(y)uxn(dy)(fjm(gz =n+1,00 <n<by|F)+ P <n|F,))

= (0~ 2)qz + 12) [ u(w)gx, (w)ix, (dy)

We used the properties of conditional expectation here. Similar transforma-
tions give us equations (10) and (11). This proves Lemma 2.

Notice that Lemma 2 enables us to calculate E,(u(X,11) | Fn) in easy way.
Combining (10)-(12) we have

Eu(u(Xoi) | Fa) = [ uly) H(X,,y. T8, T2, (dy) (14)

Lemma 3 System X* = {X?*}, where X* = (X,,_1, Xy, 1}, T123) forms a fam-
ily of random Markov functions.

Proof. Define a function:
(21, To, 1, g 5 2) = (19, 2, TN (20, 2, 01, ag), ITH (9, 2, @1, 13)) (15)
Observe that
X = (X2, Xoo, I T35 X)) = (X5 p5 Xn)

Hence X7 can be interpreted as function of previous state X' ; and random
variable X,,. Moreover, applying (14), we get that conditional distribution of
X,, given o-field F,,_; depends only on X? ;. According to [6] (pp. 102-103)
system X7 is a family of random Markov functions. This fact implies that
we can reduce initial problem (3) to the problem of optimal stopping four-

dimensional process (X,_1, X, IT,, I12) with reward
h(z1, 02, 01, 00) = 1 — 2 (16)

The reward function results from equation (13). Thanks to Lemma 3 we con-
struct the solution using standard tools of optimal stopping theory (c.f [6] ).

For any Borel function v : E2 x [0, 1]4*! — [0, 1] let us define two operators:
Too(y, z,a, 8) = B, (0( Xy, Xng1, U, 12,0 | Xon = 9, Xy = 2,11 = o, 112 =
va(y7 zZ, O, ﬁ) = max{v(y, Z, 0, ﬁ)a Txv(ya z,Q, ﬁ)}



From well known theorems of optimal stopping theory ([6]), we infer that the

solution of the problem posed is the Markov time 7y:

70 = inf{h(Xm Xn-i-l’ H:H—l’ H?L-{-l) Z h* (Xn’ Xn-i-l’ H:L+1H721+1>}

where:
h*<y7 Z? a? /8) = ]{}im Qih(y7 Z? a? 6)
Of course

To obtain a clearer formula for 7y, we formulate the basic result of this paper:
Theorem 1 (a) The solution of problem (3) is given by:
™ =inf{n: (X,, Xpp1, 0L, 112, ) € B} (17)

Set B* is of the form:
B*:{(y,Z,Oé,ﬁ) : (Oé_ﬁ) > (1 —CY)
< |1 [ Ry T (g, 0,8), Ty, 0,0, )y ()

a8 (w0 (g0, 8). TPy w0, 9){ e, (1) )|
+ (= B)p [ 8" (T (w0, 6) TR (w0, B)) €, (1) ()
Where:

R(y,z,0,0) = lim R*(y,2,0.0) , S*(y.2.0,5) = lim S$*(y, 2,0, )

Functions R* and S* are defined recursively:

R'(y,z,0,8) =0, S'y,za,0)=1
Ry, z,0,0) = (1 —Ig,(y, 2,0, 0)) (18)
< (o1 L R 1 0,0, ), TP, 0, )y ()
+Q1/E Sk(%“? Hl(y,u,oz,ﬁ),H2(y,u,a,ﬁ))< €7fy(u)>uy(du)> )
SH&Z/, Z, Oz,ﬁ) = HRk(y7 Z, O%ﬁ) + (1 - ]IRk<y7 Z, &, ﬁ)) (19>
xpa [ Sy w10 (g 0,00 8). I (w0 ) (e, £, () )

Where the set Ry, is:



Rie={(y.%,0,0) - h(y, 2,0, 8) > T.Q " h(y, 2,0, 8)}
~{(y,z,0.8): (a=p) = (1-a)

< | [ R I (00,0, 8), Ty, 8))y )
b S50 10 g w00 B), 1B (w0, B) e f () iy ()
+ o= B)p [ 5T (g, w00 5), TR (w0, B €, () ()
(b) The value problem. The optimal value for (3) is given by the formula
V) =pi [ R0, 0 (du)

a1 [ 8@ pa(w),0) (e £, (W) pra(du)

. Y
where: @x(u) =1 p1+l11< Q?Iz(u»

Proof. Part (a). Part (a) results from Lemma 2 - the problem reduces to the
problem of optimal stopping of the Markov process (X,,_1, X,,, [T} TI2) with
payoff function A(y, z, o, ) = a — §. Given (11) with the function u equal to
unity we get:

Ty, z, o, B) = (H}H—l Hi-s—l | Fn) | X1 =y X =21 =0, 112 =5
= (I, = 12)ps [ (e, () px, (du) + (1= )1 [, = mmais
=1 —a)q + (a—B)p:
From the definition of R! and S! it is clear that

h(y,Z,@,ﬂ) = o= ﬂ =3 (1 . Oé)Rl(y,Z,Oé,6> + (Oé - ﬁ)Sl(y,z,oc,ﬁ)

Also Ry ={(y,z,a,B) : h(y, z,a, B) > Th(y, z,«r, 3) }. From the definition of
(), and the facts above we obtain:

Quh(y, z,a,8) = (1 — a)R*(y, 2,0, B) + (o — B)S*(y, 2, @, B)

where: R*(y,z,a,8) = ai(1 = Ig,(y, 2,2, 3)) and S*(y,2,0,8) = p2 + (1 —
p2)Ir, (y, 2, c, 3)). Suppose the following induction hypothesis holds:

QF h(y, z,a,8) = (1 —a)R*(y, 2, o, B) + (e — B)S*(y, 2, , B)

where R¥ and S* are given by equations (18), (19) respectively. We will show
that:

Qih(y, Za&aﬁ) = (1 - a)RkJrl(yaZ?a?ﬁ) + (CK - ﬂ)sk+1<y7 Zaaaﬂ)

From the induction assumption and equations (10), (11) we obtain:



T,Q" 'h(y, z,, B) = To(1 — a)R*(y, 2, a0, ) (20)
(o= B)SH(y. 2,0.8) = (1= a)py [ R (v w0 Dy (d)

1= a)q+ (@ =Bpel [ S 8) (e f, () yldu)
:(1 _a) {pleRk(y,u,a,ﬂ)uy(du)+q1/ESk(y,u,a,ﬁ)
< (e, () uy(dw)] +(a =B [ $u0.8) (e, f, () pyldu)

Notice that
(1— )Ry, 2,0, 8) + (@ — B)S*(y, 2,a, B)

18 equal a — ﬁ = h(y,z,oz,ﬁ) = Qih(y,Z,a,ﬁ) for (ywzaaaﬁ) € Ry anda
taking into account (20), it is equal T,Q* *h(y, z,a, 3) = Q*h(y, z, a, B) for
(y, 2z, a0, B) ¢ Ry, where Ry, is given by (20). Finally we get:

This proves (18) and (19). Using the monotone convergence theorem and the-
orems of optimal stopping theory ([6]) we conclude that the optimal stopping
time 7* is given by (17).

. : 1 _ -1 p
Proof. Part (b). First, notice that II; = ¢, (u) =1 pta(e.f (W)

Under the assumption 7% < oo a.s. we get:
P, (1" < 00,60 <7< 0y) =sup EZ,

= Emax{h(z, X;, 11}, 113), T,h* (x, X, 11} T13)} = E lim QFh(z, X1, 111, 113)

=p1 [ R @, (), 0)pn(du) + a1 [5G, 00(u),0)( €., () o)

We used Lemma 2 here and simple calculations for I3, IT3. This ends the
proof.

4 Remarks

It is notable that the solution of formulated problem depends only on two-
dimensional vector of posterior processes. None additional process containing
knowledge about ¢ is necessary. This is a consequence of considered payoff
function (3). The presence of variable ¢ and random choice of the distribu-
tion on the second epoch are reflected in weighted average < e, iy(u)> What
implies that the problem can be reduced to the case when we just fix the

distribution on the middle segment of observations.



The formulas obtained are very general and for this reason - quite complicated.
We simplify the model by assuming that P(¢; > 0) = 1 and P(f; > 0;) = 1.
However, it seems that some further simplifications can be made in special

cases. Further research should be carried out in this direction. From a practical

point of view, computer algorithms are necessary to construct B* — the set

in which we stop our observable sequence. In the paper an extension of the

sequential approach proposed by [6] is applied. There variety of models related

to disorder in random sequences are presented in the monography by [3].
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