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Abstract. In this paper, crack analysis in two-dimensional (2-D), continuously 

nonhomogeneous, isotropic and linear elastic functionally graded materials (FGMs) is 

presented. For this purpose, a boundary element method (BEM) based on a boundary-

domain integral equation formulation is developed. An exponential variation with 

spatial variables is assumed for Young’s modulus of the FGMs, while a constant 

Poisson’s ratio is considered. Fundamental solutions for homogeneous, isotropic and 

linear elastic solids are applied in the formulation. To avoid displacement gradients in 

the domain-integral, normalized displacements are introduced. By using the radial 

integration method, the domain-integral is transformed into boundary integrals over the 

global boundary. The normalized displacements in the domain-integral are 

approximated by a combination of radial basis functions and polynomials in terms of 

global coordinates, which leads to a meshless scheme. Special attention of the analysis 

is devoted to the computation of the most important crack-tip characterizing parameters 

of cracked FGMs, namely the stress intensity factors. To show the effects of the material 



 

 

 

ACCEPTED MANUSCRIPT 

 

 

 2 

gradation on the stress intensity factors, numerical examples are presented and 

discussed. 

1. Introduction 

In recent years, a new class of composite materials, the so-called functionally graded 

materials (FGMs), attracted many research interests in materials and engineering 

sciences [1,2]. FGMs are advantageous over classical homogeneous materials with only 

one material constituent, because FGMs consist of more material constituents and they 

combine the desirable properties of each constituent. As a representative example for 

FGMs, we just mention the metal/ceramic FGMs, which are compositionally graded 

from a ceramic phase to a metal phase. Metal/ceramic FGMs can incorporate 

advantageous properties of both ceramics and metals such as the excellent heat, wear, 

and corrosion resistances of ceramics and the high strength, high toughness, good 

machinability and bonding capability of metals without severe internal thermal stresses. 

However, ceramics have a brittle nature, and microcracks or crack-like defects are often 

induced in the fabrication process or under the in-service loading conditions. Thus, 

fracture and fatigue analysis of FGMs is an important research issue to the design, 

optimization, and novel engineering applications of FGMs. For cracked FGMs with 

general geometry and loading conditions, advanced numerical methods have to be 

applied, because of the high mathematical complexity of the corresponding governing 

partial differential equations with variable coefficients, and because the most available 

analytical methods can be successfully applied to cracked FGMs only with very simple 

geometry and loading conditions. In this context, we just mention the singular integral 

equation method [3-7], the classical finite element method (FEM) [8-15], the graded 
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finite element method [16-19], the extended finite element method (XFEM) [20], the 

element-free Galerkin method (EFG) [21,22], the boundary integral equation method 

(BIEM) or boundary element method (BEM) [23-27], and  the meshless Petrov-Galerkin 

method (MLPG) [28-31]. 

Although the BEM has been successfully applied to homogeneous, isotropic and 

linear elastic solids for many years, its application to FGMs is yet very limited due the 

fact that the corresponding fundamental solutions or Green's functions for general FGMs 

are either not available or mathematically too complex [32,33]. The nonhomogeneous 

nature of FGMs prohibits an easy construction and implementation of fundamental 

solutions for general FGMs. 

In this paper, crack analysis in 2-D, continuously nonhomogeneous, isotropic and 

linear elastic FGMs is presented. For this purpose, a boundary-domain integral equation 

formulation is applied. For simplicity, an exponential variation of Young’s modulus and 

constant Poisson’s ratio are assumed. Fundamental solutions for homogeneous, isotropic 

and linear elastic solids are applied in the present formulation, which results in a 

boundary-domain integral equation formulation due to the materials nonhomogeneity. 

To avoid displacement gradients in the domain integral, normalized displacements are 

introduced. The radial integration method of Gao [34,35] is applied to convert the 

arising domain-integral into boundary-integrals over the global boundary of the cracked 

solids. Basis functions consisting of a combination of radial basis functions and 

polynomials in terms of global coordinates are used to approximate the normalized 

displacements in the domain-integral. In this manner, a meshless scheme is obtained, 

which requires only conventional boundary discretization and additional interior nodes 

instead of cells or meshes. An advantage of the present BEM is that it is easy to 
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implement and can be easily incorporated into an existing BEM code for homogeneous, 

isotropic and linear elastic solids. Special attention of the analysis is devoted to the 

investigation of the material gradation on the stress intensity factors. Numerical 

examples for cracks parallel and perpendicular to the material gradation are presented 

and discussed. 

2. Boundary-Domain Integral Equations 

We consider 2-D, continuously nonhomogeneous, isotropic and linear elastic FGMs. In 

the absence of body forces, the equilibrium equations are given by 

, 0ij jσ = , (1) 

where ijσ  represents the stress tensor, a comma after a quantity represents spatial 

derivatives and repeated indexes denote summation. It is assumed that the Young’s 

modulus ( )E x  of the FGMs depends on Cartesian coordinates while Poisson’s ratio ν  

is constant. In this case, the elasticity tensor ( )ijklC x  can be written as 

0( ) ( )ijkl ijklC Cµ=x x , (2) 

where 

( )
( )

2(1 )
Eµ

ν
=

+
xx ,  0 2

1 2ijkl ij kl ik jl il jkC
ν δ δ δ δ δ δ

ν
= + +

−
. (3) 

In Eqs. (2) and (3), ( )µ x  denotes the shear modulus and ijδ  represents the Kronecker 

delta. 

The stress tensor ijσ  and the displacement gradients , /k l k lu u x= ∂ ∂  are related by the 

generalized Hooke’s law 

0
, ,( )ij ijkl k l ijkl k lC u C uσ µ= = x . (4) 
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The traction vector it  on the boundary of the considered domain is related to the stress 

components by 

i ij jt nσ= , (5) 

where jn  is the outward unit normal vector to the boundary Γ  of the domain Ω . 

The weak-form of the equilibrium equations (1) can be written as 

, 0jk k ijU dσ
Ω

⋅ Ω =� , (6) 

where ( , )ijU x y  is the weight or test function. Substitution of Eq. (4) into Eq. (6) and 

application of Gauss’s divergence theorem yield 

0 0
, , , 0ij j ij j rsjl ir sl j rsjl ir s l jU t d T u d C U u d C U u dµ µ µ

Γ Γ Ω Ω

Γ − Γ + Ω + Ω =� � � � , (7) 

where 

ij ijl lT n= Σ , (8) 

 
0

, , , ,

2
1 2ijl rsjl ir s ik k jl ij l il jC U U U U

ν δ
ν

Σ = = + +
−

. (9) 

For the weight function ( , )ijU x y , we choose the displacement fundamental solutions 

for homogeneous, isotropic and linear elastic solids, which satisfy the following partial 

differential equations

0
, ( )rsjl ir sl ijC U δ δ= − −x y , (10) 

where ( )δ −x y  is the Dirac delta function. The solution ( , )ijU x y  of Eq. (10) is given 

by the Kelvin’s displacement fundamental solutions for homogeneous, isotropic and 

linear elastic solids with µ =1, which can be written as [36] 
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, ,

1
(3 4 ) ln( )

8 (1 )ij ij i jU r r rν δ
π ν

� �= − − −� �−
, (11) 

where -r = x y . Substitution of Eq. (10) into Eq. (7) and application of the sifting 

property of the Dirac delta function lead to 

( ) ( , ) ( ) ( , ) ( ) ( , ) ( )i ij j ij j ij ju U t d T u d V u d
Γ Γ Ω

= Γ − Γ + Ω� � � x� � �y x y x x y x x y , (12) 

where the normalized displacements ( )iu� x  and the normalized shear modulus ( )µ� x  are 

defined by 

( ) ( ) ( )i iu uµ=� x x x , (13) 

 
( ) log ( )µ µ=� x x . (14) 

The fundamental solutions ( , )ijT x y  and ( , )ijV x y  arising in Eq. (12) can be expressed 

as [36] 

( )( ), , , , , ,

1
1 2 2

4 (1 )ijl il j ij l jl i i j lr r r r r r
r

ν δ δ δ
π ν

� �Σ = − − + − +� �−
, (15) 

 

( )( ) ( ), , , , ,

1
1 2 (1 2 ) 2

4 (1 )ij ijl l i j j i ij i j l lT n n r n r r r r n
r

ν ν δ
π ν

� �= Σ = − − − + − +� �−
, (16) 

 

( )( ) ( ), , , , , , , , ,

1
1 2 (1 2 ) 2

4 (1 )ij ijl l i j j i ij i j l lV r r r r r
r

µ ν µ µ ν δ µ
π ν

� �= Σ = − − − + − +� �−
� � � � . (17) 

Boundary-domain integral equations for boundary points can be obtained by letting 

→ Γy in Eq. (12). It should be remarked here that the boundary-domain integral 

equations (12) are formulated in terms of the boundary tractions jt  and the normalized 

displacements ju�  in contrast to most previous boundary-domain integral equation 

formulations for nonhomogeoneous, isotropic and linear elastic solids, where 
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displacement gradients arise in the domain-integral. This feature not only facilitates the 

numerical implementation, but also leads to a high accuracy of the computational 

method. In the case of an exponential law for Young’s modulus or shear modulus such 

as that used in this analysis, it can be seen from Eq. (14) that ,iµ�  is constant and 

( , )ijV x y  thus becomes very simple for integration. 

3. Numerical Solution Procedure 

The boundary discretization of the boundary-domain integral equations (12) can be done 

by following the usual procedure applied in the conventional BEM. A key issue to the 

numerical solution procedure is how to compute the domain integral in (12). Compared 

to the classical mesh- or cell-integration method, a transform of the domain-integral in 

(12) into boundary integrals over the global boundary is advantageous. In this paper, the 

radial integration method (RIM) of Gao [34,35] is used for this purpose. In the RIM, the 

normalized displacements in the domain-integral of Eq. (12) are approximated by a 

series of prescribed basis functions as used in the dual reciprocity method [37]. Previous 

including our own investigations have demonstrated that a combination of the radial 

basis functions and the polynomials in terms of global coordinates is very promising 

(see e.g. [38] for more details). For this reason, the normalized displacements ( )iu� x  are 

approximated by 

0( ) ( )A A k
i i i k i

A

u R a x aα φ= + +�� x , (18) 

 
0A

i
A

α =� ,            0A A
i j

A

a x =� , (19) 
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where ( )A Rφ  is he radial basis function, AR = −x x  is the distance from the 

application point A to the filed point x, A
iα  and k

ia  are unknown coefficients to be 

determined, and A
jx  denotes the coordinates at the application point A which consists of 

all boundary nodes and some internal points. In this analysis, the following 4-th order 

spline-type radial basis function is applied 

2 3 4

1 6 8 3 , 0 ,
( )

0, ,

A A
A A A

A

R R R
R d

R d d d

R d

φ
� � 	 � 	 � 	

 − + − ≤ ≤� � � � � �= 
 � � � � � �

 ≥�

, (20) 

where Ad  is the support size for the application point A. 

The unknown coefficients A
iα  and k

ia  in Eq. (18) can be determined by applying the 

application point A in Eqs. (18) and (19) to every node. Then, a set of linear algebraic 

equations can be obtained as 

= ⋅�u φ αφ αφ αφ α , (21) 

where αααα  is a vector containing the coefficients A
iα  for all application points and k

ia . If 

two nodes do not coincide, the matrix φφφφ  is invertible and therefore 

1−= ⋅ �uα φα φα φα φ . (22) 

Substitution of Eq. (18) into the domain-integral of Eq. (12) results in 

0A A k
ij j j ij j ij k j ijV u d V d a V x d a V dα φ

Ω Ω Ω Ω

Ω = Ω + Ω + Ω� � � �� . (23) 

The domain-integrals in Eq. (23) can be transformed into boundary integrals by using 

RIM [34,35] as 

( )1 0 01 1,kA A k k
ij j j ij j ij j k j ij

rr r r
V u d F d a F d a y a F d ,

r n r n r nΓ

α
Ω Γ Γ

∂ ∂ ∂Ω = Γ + Γ + + Γ
∂ ∂ ∂� � � ��  (24) 
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where 

0

rA A
ij ijF rV drφ= � ,        1 2

0

r

ij ijF r V dr= � ,        0

0

r

ij ijF rV dr= � . (25) 

It should be noted here that in the radial integrals of Eq. (24), the term ,ir  is constant and 

the relation 

i i ,ix y r r= +  (26) 

is used for the transformation from x to r. The last two radial integrals in Eq. (25) can be 

evaluated analytically. The first radial integral in Eq. (25) is regular and can be 

computed numerically by using standard Gaussian quadrature formula. To this end, the 

function ( )A Rφ  should be expressed as a function of r , which can be done by using the 

following relation (see Fig. 1) 

2 2R r sr R ,= + +  (27) 

where 

2 ,i is r R= , (28) 

 
A

i iR R R= − = ⋅y x , (29) 

 
A

i i iR y x= − . (30) 

After numerical integrations and substitution of Eq. (22) into Eq. (24), an expression 

for the domain-integral in terms of the normalized displacement vector �u  at all nodes 

can be obtained. If the BEM model consists of Nb boundary nodes and Ni internal nodes 

and after invoking the boundary conditions, the boundary-domain integral equations 

(12) lead to the following system of linear algebraic equations 
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b b b b⋅ = + ⋅ �A x y V u ,                 for boundary nodes, (31) 

 
i i b i i= ⋅ + + ⋅� �u A x y V u ,            for internal nodes. (32) 

In Eqs. (31) and (32), the sizes of the matrices bA  and iA  are 2Nb×2Nb and 2Ni×2Nb, 

while bV  and iV  are 2Nb×2Nt and 2Ni×2Nt with Nt= Nb+Ni, respectively. The vector bx  

with a size of 2Nb×1 contains the unknown normalized boundary displacements or the 

unknown boundary tractions, while the vector u~  with a size of 2Nt×1 consists of the 

unknown normalized boundary displacements and all normalized internal 

displacements. It should be noted here that after invoking the boundary conditions, the 

columns of the matrices bV  and iV  corresponding to the known boundary displacement 

nodes should be taken as zero. 

Equations (31) and (32) can be written in a more compact form as 

b b b b

i i i i

� 	� � � � � � � �
− =� �
 � 
 �� � � �� �−� � � � � � � �� �

0
�

A V x y
A I V u y

, (33) 

where I  is the identity matrix. From Eq. (33), both the boundary unknowns bx  and the 

normalized internal displacements i�u  can be obtained numerically. Then, the true 

displacements can be obtained by using Eq. (13). Subsequently, the stresses at internal 

points can be computed by a usual data post-processing. 

4. Computation of Stress Intensity Factors 

Since the asymptotic crack-tip field for continuously nonhomogenous, isotropic and 

linear elastic solids has the same structure as that for homogeneous, isotropic and linear 

elastic solids [8], the stress intensity factors can be computed by using the following 

relations 
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2

1

( , )2 2
( , )1

tip
I

II

K u r

K u rr

πµ π
πκ

� � � �
=
 � 
 �+� � � �

, (34) 

 
3 4 ,               plane strain,
(3 ) /(1 ),   plane stress, 

ν
κ

ν ν
−�

= 
 − +�
 (35) 

where r  is the radial coordinate with the origin at the crack-tip, 1( , )u r π  and 2 ( , )u r π  

are the crack-face displacements, tipµ  is the shear modulus at the crack-tip, and IK  and 

IIK  are the mode-I and mode-II stress intensity factors. In this analysis, a least-squares 

technique based on the minimization of the quadratic deviations of the displacements on 

the crack-faces is used for computing the stress intensity factors. This technique leads to 

the following simple formula [39] 

2

1

ˆ ( )
1

ˆ ( )

I

II

r u r
K

K r r u r

α α
α

α α α
α α

� �� �⋅� �
 
� �
=
 � 
 �

� �� � ⋅
 
� �� �

�

� �
, (36) 

where  

1 1

2 2

ˆ ( ) ( , )2
2

ˆ ( ) ( , )1

tipu r u r

u r u r
α α

α α

πµ π
πκ

� � � �
=
 � 
 �+� � � �

, (37) 

in which the displacements at the discrete nodes rα  from the crack-tip are used. 

5. Numerical Results 

In the first numerical example, we consider an edge crack parallel to the material 

gradation in a rectangular FGM plate, which is subjected to a uniform tensile loading as 

depicted in Fig. 2. The geometry of the cracked plate is described by: plate width 

10b = , plate length 2 30h =  and crack-length 0.4a b= . The material gradation in the 

1x -direction parallel to the crack is described by the an exponential law 
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1
1 0( ) xE x E eα= ,          

0

1
ln wE

b E
α

� 	
= � �

� �
, (38) 

with 0E  and wE  being the Young’s modulus at the left and the right side of the plate. 

Poisson’s ratio is taken as ν =0.25 and plane strain condition is assumed in the 

numerical calculations. Due to symmetry of the problem, only one half of the plate is 

considered. 180 boundary nodes and 251 internal nodes are used in the discretization. 

On the global boundary of the plate, 3-noded quadratic boundary elements are applied. 

To consider the stress concentration near the crack-tip, dense boundary and internal 

nodes are used as shown in Fig. 3. 

To test the accuracy of the implemented BEM, the computed displacement 

component 2u  on the crack-face is compared with the FEM result in Fig. 4, which 

shows an excellent agreement between both results. Here, the Young’s moduli are taken 

as 0 10000E =  and 50000wE = . In the FEM calculation, 900 cubic four-noded graded 

elements are applied, where a linear variation of Young’s modulus within each element 

is assumed. 

To investigate the sensitivity of the implemented BEM to the used number and 

distribution of internal nodes, numerical calculations with different node numbers and 

distributions have been also carried out. The number of boundary nodes (i.e., 180) has 

been taken as constant, while the number and the distribution of internal nodes have 

been varied. In particular, non-uniform node distribution with 112, 57, 17 and 0 internal 

nodes, and uniform node distribution with 112 and 55 internal nodes have been applied. 

Our numerical results have shown that some internal nodes are required to achieve a 

sufficient accuracy of the numerical results [40]. Otherwise the implemented BEM is 
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quite robust and insensitive with respect to the used number and distribution of internal 

nodes. Generally speaking, an increase in the number of internal nodes improves the 

accuracy of the present numerical method, but it may increase the required computing 

time drastically. 

The normalized mode-I stress intensity factor 22/IK aσ π  versus the dimensionless 

gradient parameter bα  is presented in Fig. 5. The normalized mode-I stress intensity 

factor decreases with increasing dimensionless gradient parameter bα . Here, the mode-

II stress intensity factor is identically zero due to the symmetry of the problem with 

respect to the crack-line. 

In the second numerical example, we consider an edge crack perpendicular to the 

material gradation in a rectangular functionally graded plate as depicted in Fig. 6. The 

cracked plate has the same geometry and loading condition as in the first numerical 

example. The material gradation in the 2x -direction perpendicular to the crack is 

described by an exponential law as 

2
2 0( ) xE x E eβ= ,          

0

1
ln

2
HE

h E
β

� 	
= � �

� �
, (39) 

with 0E  and HE  being the Young’s modulus at the bottom and the top side of the 

cracked plate. Also here, Poisson’s ratio is taken as ν =0.25 and plane strain condition is 

assumed in the numerical calculations. Young’s modulus at the bottom side of the plate 

is fixed as 0 10000E = , while Young’s modulus at the bottom side of the plate is varied. 

For the discretization of the cracked plate, 139 boundary elements with 254 boundary 

nodes and 502 internal nodes are used. The node distribution is shown in Fig. 7. 
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Figures 8 and 9 show the influences of the dimensionless gradient parameter hβ  on 

the normalized mode-I and mode-II stress intensity factors 22/IK aσ π  and 

22/IIK aσ π . The normalized mode-I stress intensity factor has a minimum at 0hβ = , 

which corresponds to a homogeneous plate, and it increases with increasing amplitude 

of the gradient parameter hβ . The normalized mode-II stress intensity factor is zero in 

the case of a homogeneous plate (i.e., 0hβ = ), and its amplitude increases with 

increasing amplitude of the gradient parameter hβ . This implies that the material 

gradation may affect the crack propagation direction, since the mode-II stress intensity 

factor has direct relevance to the direction of the crack propagation. 

6. Conclusions 

In this paper, fracture analysis of cracked FGMs by a BEM is presented. By using 

fundamental solutions for homogeneous, isotropic and linear elastic solids, a boundary-

domain integral equation formulation is obtained. Normalized displacements are 

introduced to avoid displacement gradients in the domain-integral. A numerical solution 

procedure is developed to solve the boundary-domain integral equations. The domain-

integral is transformed into boundary integrals over the global boundary of the 

considered domain by using the radial integration method of Gao [34,35]. The present 

method is a meshless method, which is suitable for crack analysis of 2-D continuously 

nonhomogeneous, isotropic and linear elastic FGMs. Numerical results show that the 

materials gradient may have significant influences on the stress intensity factors. 
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Fig. 1: Relationship between distances 
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Fig. 2: An edge crack parallel to the material gradation in a rectangular functionally 

graded plate subjected to a tensile loading 
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Fig. 3: Boundary and internal nodes (180 boundary nodes and 251 internal nodes) 
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Fig. 4: Displacement component 2u  on the crack-face 

crack-tip 
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Fig. 5: Normalized mode-I stress intensity factor versus the dimensionless gradient 

parameter bα  
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Fig. 6: An edge crack perpendicular to the material gradation in a rectangular 

functionally graded plate subjected to a tensile loading 
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Fig. 7: Boundary and internal nodes (254 boundary nodes and 502 internal nodes) 
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Fig. 8: Normalized mode-I stress intensity factor versus the dimensionless gradient 

parameter hβ  
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Fig. 9: Normalized mode-II stress intensity factor versus the dimensionless gradient 

parameter hβ  


