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On the functional limits for partial sums under stable law

Khurelbaatar Gonchigdanzan?, Kamil M. Kosiriski®*!

“Department of Mathematical Sciences, University of Wisconsin, Stevens Point, Wisconsin 54481, USA
bKorteweg-de Vries Institute for Mathematics, Universiteit van Amsterdam, Plantage Muidergracht 24, 1018 TV Amsterdam, The Netherlands

Abstract

For the partial sums (S ,,) of independent random variables we define a stochastic process s,,(?) := (1/dy) Yk<nn (S x/k—
1) and prove that (1/log N) Y, n(1/mI{s,(t) < x} - G,(x) a.s. if and only if (1/log N) >, y(1/n)P(s,(t) < x) —
G(x), for some sequence (d,) and distribution G;. We also prove an almost sure functional limit theorem for the
product of partial sums of i.i.d. positive random variables attracted to an a-stable law with a € (1, 2].

Key words: Almost sure limit theorem, logarithmic average, stable law, product of partial sums

1. Introduction and main result

In the past two decades many interesting extensions of the classical central limit theorem (CLT) have been ob-
tained. One of the extensions is known as almost sure central limit theorem (ASCLT) which is discovered by Brosam-
ler (1988) and Schatte (1988) and has been extensively studied for independent random variables as well as dependent
variables. Motivated by ASCLT, almost sure versions of many limit theorems in probability and statistics have been
obtained in the past. It is known that for i.i.d. r.v.’s ASCLT holds under the same assumptions as CLT but in general,
the existence of the weak limit does not always imply the almost sure limiting result. For more discussions about the
early results on ASCLT we refer to Berkes (1998).

In this note we consider the product of partial sums, denoted by S ,,, of a sequence of random variables attracted to
a stable distribution and its limit distributions. Rempata and Wesotowski (2002) established the limit distribution of
the product of partial sums of a sequence of i.i.d. positive r.v.’s with mean y and variance o>

M, Sk u/(o ) 4
(M) S o, M

Zhang and Huang (2007) proves a weak invariance principle of (1) for i.i.d. r.v.’s. Recently, Kosifiski (2009)
has shown that the weak invariance principle still holds when the partial sums are attracted to an a@-stable law with
a € (1,2] which also generalizes the earlier result by Qi (2003).

Throughout this paper, loglog x and log x stand for In In(max{x, e°}) and In(max{x, e}) respectively. We also use
the notations a,, < b, for a, = O(b,) and I(A) for the indicator function on a set A.

Our main result in this note is to establish an almost sure version of the result by Kosifiski (2009) that can gener-
alize the early results by Gonchigdanzan and Rempata (2006) and Gonchigdanzan (2008, 2009).

Recall that a sequence of and i.i.d. r.v.’s {X), : n > 1} is said to be in the domain of attraction of a stable law L if

there exist sequences (a,) and (b,) such that
Sp—b, d
H ~£7

an
where L is one of the stable distributions with index « € (0, 2].
The following theorem is well known (see e.g. Hall, 1981).
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Theorem 1.1 (Stability Theorem). The general stable law is given, to within type, by a characteristic function of one
of the following forms:
1. ¢(t) = exp(—t2/2) (normal case, @ = 2);
2. ¢(t) = exp(—|t|*(1 — iB sgn(t) tan(%ﬂa))) O<a<lorl<a<?2 -1<B<1);
3. ¢(2) = exp(—|t|(1 + iBsgn()2/mloglt) (@ =1, -1<B<1).
It is worth mentioning that in Theorem 1.1, 8 is the skewness parameter. In our paper, 8 = 1 since X is a positive

random variable.
The first result of this note is the following almost sure functional limit theorem:

Theorem 1.2. Let {X,, : n > 1} be a sequence of i.i.d. positive random variables with EX| = u in the domain of
attraction of an a-stable law L, with a € (1,2] and characteristic function as in Theorem 1.1. Define a process

{my(t) : 0<t < 1) by
[nf] S 1/ ay
= 2k
(1) = []—[ #k] :

k=1

. .. . d
where (a,) is a sequence of positive numbers that satisfies (S, — un)/a, — L, as n — co. Then for any real x

51
Z ;I (m, (1) < x) o Fi(x) as N — oo

n=1

1
log N

where F, is the distribution function of the random variable exp ( fol %ds).

Remark 1.3. If X has finite variance equal to olthena =2, L, 4 N(0,1) and a, ~ o +/n, thus Theorem 1.2 implies
the main result of Gonchigdanzan (2009) which in particular yields the result of Gonchigdanzan and Rempata (2006)
Theorem 2 since it is easy to verify that

1
f —L(’S(S)ds £ V2N, 1).
0

Moreover, Kosiriski (2009) showed that for any a € (1, 2]

1
[ =2t a@r L,
0

N

hence Theorem 1.2 also yields the result of Gonchigdanzan (2008) Theorem 1.1.
Our next result is the following Berkes-Dehling type of theorem (Theorem 2 Berkes and Dehling, 1993).

Theorem 1.4. Let {Y, : n > 1} be a sequence of independent random variables and S, = Y, + --- + Y,. Let (d,) be a
sequence of positive numbers such that

d AV

d_k>> Z (= k=np) @
for somey > 0andny > 1 and

E[2 K] o pogn' 3)

for some constant y and y' € (0,y). Then for any distribution G;,

Lo L1 KA (8% as.
logN;ZI(Z;(T_“)SX)—)Gt(X) as N — o @
if and only if
151 1 &s,
logN;ZP(d_n;(f_ﬂ)ﬁx)—’Gr(x) as N — oco. )
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2. Auxiliary results
The following three lemmas are needed for the proof of our main result.

Lemma 2.1 (Lemma 2.3, Gonchigdanzan (2008)). Under the assumption of Theorem 1.2 we have

[n1]

[nt]
M Sk 1 (Sk )
2 Noe 2K = 2k _
day Z ©8 (,le) ay ; k H

Lemma 2.2. Under the assumptions of Theorem 1.2 we have

a.s.
-0 as n—o co.

[nt] ¢

1 S o .
_Z(_k_#)if LS ys in Dl0.1L
ay k 0o S

Proof This is a particular case of Theorem 2 in Kosiniski (2009) when f(x) = x. O

Lemma 2.3. Under the assumptions of Theorem 1.4 we have

Zlog( )(Y )

Proof The first part is Lemma 1 in Gonchigdanzan (2009) valid for any sequence of random variables. The second
part is Lemma 1 in Berkes and Dehling (1993) combined with the assumption (3). Il

( max ) < lognE(d max IS, — kul) < logn e” (ogn'™

d, I<ksn

3. Proofs of the main results

To prove Theorem 1.2 we need the result in Theorem 1.4. Let us prove Theorem 1.4 first, then Theorem 1.2 for
convenience.

Proof of Theorem 1.4 According to Berkes and Dehling (1993) (p.1647) it suffices to prove that for any bounded
Lipschitz function g on D[0, 1] we have

1 < 1 Sk Sk
E
lognkzk( (d) g(dk))qo as o o, ©

where s, 1= $,(1) = Yi<pnny (Sk/k = ).
It turns out that the following estimate is indeed sufficient for (6) (see p.1648 Berkes and Dehling, 1993, for the

proof):

n

(Z §k) < log2 n(loglogn)™'~¢ for some & > 0, @)
k=1

where & = g(si/di) — Eg(si/d).
Observe that Y3}, (Sk/k — ) = Yo, bia(Yi — p) where by, = ;Lk 1/j. It can be easily seen that

1= Sk = b, (S ey — (kA1) + Ot Vg1 — 1) + < -+ + bg,un(Yug — 1))

for [ > k.
Obviously s; — sk = brie+1,11(S (k) — plkt]) is independent of s;, so we get

Cov( ( Sk ) g( 81— Sk = breas1,un (S ke — plkt])

=0 for I > k.
o y )) 0 for [ >k
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Since g is a bounded Lipschitz it follows that

S, S, s;—Sp—b ‘ (S — ulkt])
|E(§k§l>| = COV(g(d_I;),g(d—i)—g( I~ ok [kt]+1d[jz] [ke] — M )'
< E(m X sk + b[kt]+1,[[[J(S[ktJ —#[kt])|)
0<t<1 dl
b — ulkt
< E(max M) + E(max [Drrey+1,1n (S ke — wl ])|)
0<t<1 dj 0<i<l 4
% e IS sy — Lkt
= E (E (0<ta<)§ d_k) +E ((I)nax b[ki]+l [Zt][d—k .

Moreover, noticing maxo<<1 bix+1,11 = log(l/k) and applying Lemma 2.3 we get

[kt]
wa(Y ml +log(l/k)IE( 'S[kld—kﬂ[’“]')]

bl - m| +log<l/k>E( k' "d_k“ "))

dr IS ; — ujl kY Joghy~* _.
< logl 7 E(E% a < logl 7 log ke =: Cky.

d 1
[E@én| < EI;[ (max -

<r<1

dy
- %ol 15

On the other hand we also have [E(£.£)) < 1 because & is bounded. Hence we estimate E(&:£;) as follows:

—

, ifI/k < exp((logn)' =)
Bitn) < { cess i 1k > exp((log n)!)

where € is any positive number.

Thus we get
E@&é) 1 LIS o SOOI e
] Xl < Zz Z 7‘7<< Elog n<log”“n ®)
<k<i<n 1<ksn  p<j<jelogm!=2 k=1
1/k<exp ((log n)'~¢) an
and
Y
BEED _ g2 per toem' 3 1 (’_‘) < log? nel¥ ~1loen 1
I<ksl<n kl I<ks<i<n LAY I<ks<l<n ki
1/kzexp ((logn)'~¢) 1/k=exp ((log n)!~¢)
< log* ne? NWem'’™ « 1og2e ©9)
where the last estimation follows because y’ € (0, ).
Since
51
5() 1a) < Z SIE@EE)
k=1 <k<l
by (8) and (9) it follows (7). O

Before proving Theorem 1.2, recall that it is well known that the sequence (a,) in Theorem 1.2 can be written as
a, = n"/?L(n) where L is a slowly varying function.

Proof of Theorem 1.2 We first show the equivalence of (4) and (5) under the conditions of Theorem 1.2 setting d,, :=
a,. In fact (3) is a direct consequence of Theorem 6.2 in DeAcosta and Giné (1979). (2) can be easily verified using
the facts that a, = n'/*L(n) and L(k)/L(n) < (k/n)° for any & > 0 where L is a slowly varying function. Thus by

4
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Theorem 1.4 (4) is equivalent to (5) with Y, 4 X, satisfying the conditions of Theorem 1.2. Now applying Lemma
2.1 and Lemma 2.2 we get

N [nr] t
1 1 a.s. «
Z —I(ﬂ Z]og _Sk < x) S P f —L (S)ds <x| as N — oo,
log N “in \ay uk o S

k=1
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