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Multifractal Analysis of inhomogeneous Bernoulli
products

Athanasios BATAKIS and Benoit TESTUD

Abstract We are interested to the multifractal analysis of inhomogeneous Bernoulli
products which are also known as coin tossing measures. We give conditions ensuring
the validity of the multifractal formalism for such measures. On another hand, we show
that these measures can have a dense set of phase transitions.

Keywords : Hausdorff dimension, multifractal analysis, Gibbs measure, phase tran-
sition.

1 Introduction

Let us consider the dyadic tree T (even though all the results in this paper can be

easily generalised to any (-adic structure, £ € N), let ¥ = {0, 1}" be its limit (Cantor)
set and denote by (F,)nen the associated filtration with the usual 0 — 1 encoding.

For €y, ...,e, € {0,1} we denote by [, . n the cylinder of the nth generation defined
by Ie,.e., = {x = (i1, ryin, iny1,...) € X5 43 = €1, ...,y = €,}. For every x € X, I,,(x)
stands for the cylinder of F,, containing .

If (pn)n is a sequence of weights, p, € (0,1), we are interested in Borel measures
on Y defined in the following way

1—e¢;
61 En Hp ! ]-_ j . (1)

A measure of this form will be referred to as an inhomogeneous Bernoulli product.
The aim of this paper is to study multifractal properties of such measures.

The particular case where the sequence (p,) is constant is well-known and provides
an example of measure satisfying the multifractal formalism (see e.g [Fal97]). In the
general case, Bisbas [Bis99] gave a sufficient condition on the sequence (p,) ensuring



that p is a multifractal measure (i.e. the level sets are not empty). However, the work of
Bisbas does not provide the dimension of the level sets E, associated to the measure pu.

Let us give a brief description of multifractal formalism. For a probability measure m
on X, we define the local dimension (also called Holder exponent) of m at = € 3 by

1 I
a(z) = liminf a,,(z) = lim inf —M.
n—r+00 n—+00 n log 2

The aim of multifractal analysis is to find the Hausdorff dimension, dim(FE,), of the
level set £, = {z: a(x) = a} for « > 0. The function f(a) = dim(FE,) is called the
singularity spectrum (or multifractal spectrum) of m and we say that m is a multifractal
measure when f(a) > 0 for several os.

The concepts underlying the multifractal decomposition of a measure go back to
an early paper of Mandelbrot [Man77]. In the 80’s multifractal measures were used by
physicists to study various models arising from natural phenomena. In fully developped
turbulence they were used by Frisch and Parisi [FP8F] to investigate the intermittent
behaviour in the regions of high vorticity. In dynamical system theory they were used
by Benzi et al. [BPPV84] to measure how often a given region of the attractor is visited.
In diffusion-limited aggregation (DLA) they were used by Meakin et al. to
describe the probability of a random walk landing to the neighborhood of a given site
on the aggregate.

LT D QA

In order to determine the function f(«), Hentschel and Procaccia [HP83] used ideas

Rén7(] to introduce the generalized dimensions D, defined

based on Renyi entropies ||
by
1 lo m(I)?
Dq — lim g (Zle}‘n ( ) )
n—+oo q — 1 nlog 2

(see also [[GP83, [Gra8]]). From a physical and heuristical point of view, Halsey et al.
[HJK780] showed that the singularity spectrum f(«) and the generalized dimensions

D, can be derived from each other. The Legendre transform turned out to be a useful
tool linking f(«) and D,. More precisely, it was suggested that

I

f(a) =dim(E,) = 7*(a) = inf(ag + 7(q), ¢ € R), (2)

where

7(q) = limsup 7,(¢) with  7,(q) ! log (Z m([)q> .

"~ nlog?2
n—+0o & IEFn

(The sum runs over the cylinders I such that m(/) # 0.) The function 7(g) is called the
Li-spectrum of m and if the limit exists 7(q) = (¢ — 1)D,.



Relation (B) is called the multifractal formalism and in many aspects it is analogous

to the well-known thermodynamic formalism developed by Bowen [B | and Ruelle
[Rue7q]. In general, the main problem is to obtain the minoration dim(E,) > 7*(«).

For number of measures, this formalism can be verified rigorously. In particular,
if the sequence (p,) is constant or periodic, the measure p given by ([]) satisfies the
multifractal formalism (e.g. [Fal97]). It is also the case for invariant measures in some
dynamical systems (e.g [Col8y, [Fan94), Ran8]), for self-similars measures under separa-
tion conditions (e.g [CM93, [Fen03, LN99, DIs95, Rie9T, [Ye0H]) and for quasiindependent
measures(e.g [BMP99, Heu9q, [Tes064] ).

Despite all these investigations mentioned, the exact range of the validity of the
multifractal formalism is still not known. Olsen [OIs9]] give a rigorous approach of

multifractal formalism in a general context. This work and the paper of Brown, Michon
and Peyriere [BMP92] enlighten the link between the minoration dim(£,) > 7*(«) and
the existence of auxiliary measures m, (the so-called Gibbs measure [Mic83]) satisfying

1
vn, VI € F,, Em(f)qz—m(‘ﬂ < my(I) < Cm(I)127"7@),

where the constant C' > 0 is independent of n and I. In fact, it is shown in [Ben94,
BBHO0Z that the existence of a measure m, satisfying

my(I) < Cm(1)72779),

is sufficient to obtain the minoration dim(F,) > 7"(«) for @« = —7'(¢). In this si-
tuation, the values of a for which the multifractal formalism may fail lie in intervals
(—=7'(¢"), —=7'(q7)) where ¢ is a point of non differentiability of 7 (7/(¢*) and 7/(¢7)
stands for the right and the left derivatives respectively). Such a point ¢ will be called
a phase transition.

If the weights p,, are not all the same, the measure p defined by (fl) is in general
no shift-invariant and we cannot apply classical tools of ergodic theory, as Shannon-
MecMillan theorem (e.g [Bil6H]), to get a lower bound of dim(E, ) and the differentiability
of the function 7.

Let us introduce the other following level sets defined by

E,={r; ax)<a}, F,= {:c ; limsup o, (1) > a} ,

n— o0

and

F, = {;1: ; limsup a, () = Oz} :

n—oo

We can now state our main results. In section 2, we prove the following.
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Theorem 1.1 Let p be an inhomogeneous Bernoulli product on 3 and ¢ € R. We have

lim inf —q7),(q) + 7(q) < dim (E_ () N F_rigry) < sup {7°(=7"(¢")), 7" (=7"(¢7)) } -

n—oo

The proof of the lower bound relies on the construction of a special inhomogeneous
Bernoulli product which has the dimension of the studied level set.

In section 3 we study the case @« = —7'(q). The existence of 7/(¢) is not sufficient to
ensure the validity of multifractal formalism for such values of o’s. However, we prove
that the multifractal formalism holds if the sequence (7,(q)) converges. More precisely,
we have

Theorem 1.2 Suppose that the sequence (1,(q)) converges at a point ¢ € R. If 7/(q)
exists and if o = —7'(q), we have

dim (E, N F,) = 7" () = aqg + 7(q). (3)
We easily deduce the following

Corollary 1.3 If p, tend to p, as n — oo, then 7, = 7(p,.) and the mesure p satisfies
the multifractal formalism. Nevertheless, the measure p can be singular with respect to
the (homogeneous) Bernoulli measure associated to p.

Theorem [[.9 leads us to study the differentiability of the L?-spectrum 7(¢). In section
4, we will see that the Li-spectrum of an inhomogeneous Bernoulli product may be a
very irregular function. In particular,

Theorem 1.4 There exist inhomogeneous Bernoulli products presenting a dense set of
phase transitions on (1, +00).

The are several examples of measures presenting phase transitions (see for instance
[Tes06H] and the references therein). The example we propose in this work differs from
previous ones at three points : first the phase transitions are situated at points ¢ > 1
and not at negative ones, where constructions are easier to carry out. Secondly, the
set of transitions is dense in [1,00), that means as < bad > as can be. And finally, the
measure presenting this pathologie is just a Bernoulli product! Let us also point out
that with some minor modifications our method can also apply to create a dense set of
phase transitions within (0, 1).



2 Proof of Theorem 1

We begin by a preliminary result.

Lemma 2.1 If pu is an inhomogeneous Bernoulli product, then the functions (7,/,,) are

locally uniformly bounded on (0, +00).

Proof We denote by £(p;) the homogeneous Bernoulli measure of parameter p; and
by 7(pi,q) it’s 7 function, 7(p;, q) = logy(p! + (1 — p;)9). Using the fact that p is the
product of B(p;) we easily obtain

n

@) = = 3" 7(pira).

i=1

It is therefore sufficient to show that, for any ¢y > 0, there exists a constant C' =

2
C(qo) such that for all p € (0,1) and all ¢ > qq, W < C. We have
q
0*1(p,q) _ p*(logyp)” + (1 —p)*(logy(1 —p))*  (p"logyp + (1 —p)?logy(1 —p))”
0q® pt+ (1 =p) (p? + (1 =p)?)?

(1 —p)? ((logy p)* + (log,y(1 — p))* — 2log, plog,(1 — p))
(p?+ (1 —p)7)?
p(1 ) (logy 12) I
= Tt A= < [4p(1 — p)]*(log, ﬂ)

< [p(1 = )" (logy T,

which is uniformly bounded on p € (0, 1) and the proof is complete. °

Lemma P.]] allows us to give estimates for the lower and the upper Hausdorff dimen-
sion of the measure p. They are respectively defined by

dim, (p) = inf{dim(F), wu(E)>0}; dim"(p) = inf{dim(£), pu(E)=1}.

We say that p is exact if dim,(p) = dim™(p) and we note dim(u) the common value.
In the same way, we can define the lower and the upper Packing dimension Dim of the
measure p. [t is well known that there exist some relations between these quantities and
the derivatives of the function 7,(¢q) at ¢ = 1. More precisely, it is proved in [Fan94,

that
—7,(14) < dim. () < hu(p) < h*(p) < Dim*(p) < =7 (1-),

bt



where h,(p) and h*(p) stand for the lower and the upper entropy of the measure pu,
defined as

hy(p) = liminf — Z p(I)log pu(I) = liminf —7, (1)

nlog2 =

and

Z u(I)log u(I) = limsup —7;, (1).
IeF,

h* () = li —
(1) = limsup nlog 2

By Lemma R.T], we deduce (see [BH0Z, [Heu9q]) the following remark.

Remark 2.2 If 4 is an inhomogeneous Bernoulli product then

dim 1 = —7/(1%) = hy (1) = lim inf —7, (1)
and
: _ / —\ __ L* . 1: /
Dimpy = —7,(17) = h*(n) = llir;s;}p —7,.(1).
Fix ¢ € R. To prove Theorem [[.1], we construct an auxiliary measure v supported
by the set E__/ -y N 7,T/(q+). More precisely, we consider a sequence of measures v,
satisfying

VIie F,, wva(l)= % = (1) 1|7, (4)

(|| = 2™ stands for the diameter of 7). The following lemma implies that the sequence
(v,,) converges in the weak® sense to a probability measure v which is by construction
an inhomogeneous Bernoulli product.

Lemma 2.3 Letn € N and I € F,,. If i is an inhomogeneous Bernoulli product, we
have v, (1) = vp1(1).

Proof Take n > 0 and I € F,,. We can compute

v +1(I) _ EJE]‘H 'u<[‘]>q _ M(I)q(pZJrl + (1 B pn-l—l)q)
! dorer, 2oger ML Y ez (Ppyr + (1= pas1)) ()
and therefore v, 1(I) = v,(I) for all I € F,. o



By remark P.3, we then deduce that the Hausdorff and the Packing dimension of v are
given by an entropy formula. In other terms, we have

dim v = liminf —7), (1) = h.(v)

n—oo

and
Dim v = limsup —7,,,(1) = 2" (v).

n—o0

Now we can prove Theorem [L[]].

Proof of Theorem [L.1 The upper bound is a well known fact of multifractal formalism

(see for instance [B A)). In fact we have

1. If « < —7(0") then dim £, < dim £, < 7*(a).

2. If a > —7'(07) then dim F,, < dim F,, < 7*(«).

3. —=7(0%) < a < —7/(07) then 7*(a) = 7(0) = 1 and the upper bound follows.
Relation ([]) easily gives 7,,(s) = 7,.(¢s) — s74,(¢). From remark P.9, using the

inhomogeneous Bernoulli property of p and v, we deduce that

—7/(1%) = lim inf —Tl’m(l) = liminf ( 7' W(q) + Tﬂ,n(q)) )
The following lemma then implies the lower bound.

Lemma 2.4 We have v (Efw(q—) N F_T,(qﬂ) =1.

Remark 2.5 Contrary to more regular situations (e.g [BBHO0Z, Heu9§, OIs97]), we can-

not obtain the more precise result v (E_T/(qf) NnF ,T,(qﬂ) = 1 where

Ey={z;ax)>a}, F, = {SL’ ; limsup a, (1) < a} .

n— o0

Proof of Lemma .4 For n > 0 we put 3 = —7,(¢”) + n and we prove that (X \

Eg) = 0. In a similar way, it can be shown that v(3\ F,) = 0 for v < —7/(q"). The
lemma then easily follows.

It suffices to show that X \Eﬁ = {x € X ; liminf a,, (x 6} is of 0 v-measure.
n—oo
. : lo gu(f ) .
Consider the collection R, (3) of cylinders I € F, satisfying os 1] > . It is clear
that ©\ E; C liminf R,,(8) with R,(8) = {z € £ ; I,(z) € Rn(ﬁ)}.
n—o0



Let (7jn,)ken be the subsequence of (7,,)nen such that limy_e 7pn, () = 7u(q).
Using the convergence of 7,,,(¢) we can choose (and fix) ¢ < 0 such that for & big
enough

T+ 1) = Tun(a) < = (8= 1) t = (a7 — )

Since (1)~ I|P* < 1if I € R,(B), we have

V(R (B) = D w) = Y p)Ie D =y () O (1) 1)

I€RA, (B) TeR, (B) IT€RR, (B)
= S0 A e e ST A
I€RA, (B) I€Fn,
< IS e < i
I€Fn,

For the last inequality, we used the fact that 7,(¢ +t) = limsup 7,,(¢ + t). We deduce
that
liminf v(R,(5)) =0

n—o0

and the lemma easily follows.

The proof of Theorem [[.1] is now completed. °

3 Proof of Theorem

We will use the following result.

Proposition 3.1 For g € R, let (1,,,) be the subsequence of (7,,) such that

khm Tung (Q) = lim sup Tu,n(Q) = TM(Q).
— 00 n—o00

Then, we have

- . . / : / !+
7.(¢7) <liminf 7, (¢) <limsup7,, (¢) <7,(¢")

k—o0 ' k—00
where 7.,(q~) and 7,,(q") stand for the left and the right hand dérivative of 7, at q.

Hence, if 7(q) exists, we have

k‘h_{]é.lo T;,L,nk = T;,L(q)'



Proof We only prove the inequality lim sup Tl:
k—00

(q) < Tl:(q+). The proof of TL(q_) <

Tk

liminf 7, , (¢) is similar.
k—o00 ’

Take € > 0 and ¢ > ¢ such that

Tu(é) - TM(Q) s

———= —71.(q")| < €/3.
- W(a7)| <€/

We can chose k big enough to have

T (@) — 74(q)]
|7 — 4

< €/3

and

Tum (@) < 7u(@) + (4 — q)e/3.

We then obtain

/ (@) — 7u(q) c
e = LD g
_ Tu(@) = T (@) + T (@) — Tuiny (@) + T () — 7(q) —¢/3

q—q
> —¢/3+7,,(q) —€¢/3—¢/3=1,, (q) —¢

and the proof easily follows. °

We can now prove Theorem [7.

Proof of Theorem [[.2. Let v be the Gibbs-measure defined in Lemma P.3. Since

Tun(8) = Tu,n<q5> - 57—#,?@(‘1)

we get
/

Tu,n(l) - qT;/L,n(q) - Tu,n(q)'
Using the convergence of 7,,,(¢) we deduce from Proposition B.]] that

lim 7/, (1) = lim (q7),,,(q) — Tun(q)) = q7i(q) — 7u(q).

n—oo n— 00

Since v is also an inhomogeneous Bernoulli product, we deduce from remark .9 that
7/(1) exists and

dimy = Dimv = —TL(l) = —QTL((]) + T;L(‘J)-

9



On the other hand, for I € F,,, we have

logv(I) _ logu(1)

log|I| q log || * Tunl4)
Since
1 I,
lim M =dimv = Dimv ;v-a.s.
n—oo log |1 ()|
1 I,
we obtain that lim log 1lIn(z)) = —71/(q), v-a.s. We conclude that
oo log |1,(x) !
dim (E, N F,) > dimv = 7, ().
The opposite inequality being always valid, the proof is done. °

We end this section with a few comments about Theorem [.2.

As mentionned in the introduction of the paper, the validity of the multifractal for-
malism is often easier to obtain for the values of « that can be written a« = —7'(q).
However, the following example shows that there exist inhomogeneous Bernoulli pro-
ducts that do not satisfy the multifractal formalism even at their differentiability points
a = —7'(q). Thus, the convergence of the sequence (7,(q)) is really necessary for the
validity of the multifractal formalism in our context.

To see that, let (ng)r>1 be a sequence of integers such that

. Nk+1
lim

ny =1, nE <ngy; and
k—+oo My

= +OO’

and consider the inhomogeneous Bernoulli product p given by the sequence (p,) such
that
pi=p if nogy 1 <i<ng, and p,=p if ng, <i < nopiq,

with 0 < p<p<1/2.
The calculation of the function 7 is classical. By observing that

M(Iq...enO)q + M(Iq...enl)q = [(pZJrl + (1 - anrl)q]/i([q...en)qa

we easily deduce that

> u) =]+ 1w,

1€Fn

Then, if N,, is the number of integer k£ < n such that pp = p, we have

) = 2 loma(p+ (1= )%) + (1= ) logy (57 + (1)),

10



No _

Since that liminf, % =0 and limsup,, = =1, we get

7(q) = sup(log, (p? + (1 — p)?),logy (p* + (1 — p)).
So, except for ¢ = 0 and g = 1, 7/(q) exists. Moreover,
VI € F,, ,u(]) > ,u(joo...o) = pN”ﬁn_N".

Thus,

_logy(u(1))

< N
n

N, 5
vI G-Fna (_long)+(1_ 7)(_10g2p)7

and we have

logy(p(1))

VI € F,,, liminf —
n n

< inf(—log, p, —log, p) = — log, p.

Finally, if —log,p < a = —7'(q) < —log,p, we have E_, 4 = 0 and the multifractal
formalism is not satisfied for a such a.

Moreover, this example shows that the function 7 may be not differentiable at the
positive values of ¢q. Therefore, the situation differs from this one obtained by Heurteaux
[Heudq] for quasi-Bernoulli measure for which 7 is differentiable on R. It also differs from
this one obtained by Testud in for weak quasi-Bernoulli measure for which the

phase transitions only appears for ¢ < 0.

In fact, the function 7 of an inhomogeneous Bernoulli product may be very irregular.
This is the object following section.

4 Proof of Theorem {4

From now, we denote par 7(p, .) the 7 function of the homogeneous Bernoulli product
of parameter p. Moreover, whenever we use the notation p; for a weight in (0, 1) we will
also note 7, = 7(p;, .).

Before the proof of Theorem [[.4, we present a few lemmas.

Lemma 4.1 For any p; < py < p3 in (0,1/2) consider the functions 7 = 7(py,.), 7o =

T(pa,.) and 73 = 7(ps3,.). We have that (S decreasing on (1, +00).
Tg — T3

Although the proof only uses elementary calculus, it is a litte bit “tricky” and cannot
be omitted.

11



Proof of Lemma Taking into account the trivial equality

/
P or

—(p,q)dp
p! ap

(' q) — (0", q) =

5 5
we only need to show that if p’ < p” then 8—T(p’,q) : 8—T(p”,q) is decreasing on
P P

q € (1,00). We get

@(p’ q) : @(p" g = 11 (“t+1/p)rt 11— (1+ 1)
op= T opt Pl (=14+1/p)7 " p" 1+ (=14+1/p")
,,1 — 81q71 ) ,1 — quil

]_+81q P 1+$2q

where s; = =1+ 1/p' >1and so = —-1+1/p" > 1.

1— 5971 0
If we set f(s,q) =In 1T with s,¢ > 1, it is sufficient to prove that 8—ff(s, q)
s s
is decreasing in q. We calculate
of (5.0) (¢ —1)s72  gs"!
—f(s,q) = - .
s’ V1 g1 — 1 5141

L (g —1)si71 qs? . L
By multiplying by s, we need to show that — is decreasing which is
si=t —1 si+1
1

equivalent to ¢ — 1 + 55— — ¢ + %5 being decreasing.

s1+1
N . q—1 q Q Q
Put Q = ¢ — 1; it remains to show that 11 + ) =01 + S 11 +
1
proTs ) decreases in () > 0. The last term being decreasing it suffices to show that
s
Q Q

+ is doing the same. By taking derivatives we need to show that
s@—1  s@tl41 & Y &

s (59 —1 - 5%Ins9) + 59 -1 —1Ins? <0.
Since, (s — 1 —s%Ins?) < 0, it suffices to show that
s9s9 =1 —59Ins?) +59 -1 -1Ins? =52 — s Ins? —Ins? — 1 =g(s¥) <0

where g(r) = 22 — 22 Inx —Inz — 1. Moreover, the sign of ¢’(z) = z—xInz? —1/x is the
same of the sign of 22 — 2?In2? — 1 if # > 1. Since, y — 1 < ylny for y > 1, we deduce

d
that ¢ is decreasing on (1,400). By observing than g(1) = 0, we obtain that 8—ff(s, q)
s

is decreasing on (1, +00) and the Lemma [L]] is proved. 3

12



Lemma 4.2 Take 7 = A7(p1,.) + (1 = A\)7(p2,.) with 0 < p; <ps <1/2 and X € (0,1).
For py € (0,1/2) one of the following occurs :
1. either 7(q) # T(po, q), for all ¢ > 1,

2. either there exists qo > 1 such that 7(q) > T(po,q) for 1 < q < qo and 7(q) <
T(p.q) for ¢ > qo. In this case qo is then the unique point of (1,+00) for which

7(q) = 7(po, q)-

Proof of Lemma [.9. Let us first remark that 7 and 7(py, .) can coincide at one point
only if pg € (p1,p2). Moreover, 7(q) = 7(po, q) implies

7(p1,q) — 7(po,q) 11—\

7(po, q) — 7(p2,9) A

By Lemma [L.]] this can only occur once and Lemma .9 easily follows on the decreasing
property of the ratio. °

Lemma 4.3 Take A\, Ay € (0,1) such that \y + Xy =1, 1 < p; < py < 1/2 and set
T=MT1+ X7 Fizl < q < g < +oo and consider p1 < py < ps < ps < 1/2 such that
T(ps, q1) = 7(q1). Then there is a unique convex combination T of 71,74 and 75 such that

T(q1) = 7(q1) and 7(q2) = 7(qa).

Furthermore, fori = 1,2, we have 7'(¢;) # 7'(q;) and 7(q) # 7(q) if 1 < q¢ # q;.

Proof of Lemma [.3|.

First note that it is easy to see that there exists py € (p1,p2) such that 7(py, q1) =
T(q).

It then suffices to show that the linear system

As7i(q) AMma(q) +XAs75(q) = 7(q1)
As71(q2)  +Mamal(q2) +As75(qe) = T(q2) (S)
A3 +A\4 +s =1

has a unique positive solution (A3, A4, A5). The existence of a unique solution is easy to
verify. Let us show that this solution is positive.

First note that Ay # 1. Indeed, if \y = 1, since 7(q1) = 74(q1), we have A3(11(q1) —
75(q1)) = 0. Thus, A3 = A5 = 0 and 7(¢g2) = 74(g2) which is not possible by Lemma [L.2.

Therefore, since 7(q1) = 74(q1), the first equation of the system gives that

13



)\3 )\5
— A A c .
N+ )\571((11) + ot )\57'5((]1) 171(q1) + Xema(q1) € (15(q1), 71 (q1)) (5)
This implies that ,\B)f)\5 € (0,1). We deduce that A\3\5 > 0. Moreover, since 75 < 79, we
also have >\3)J\r3>\5 >\l

Let us show that A3 and A5 are positive. Otherwise, by the above remark, we have
A3 <0, A5 < 0 and Ay > 0. By the system (S) we have

MmN A As

" m1(q) + )\—47'2(61) N

74(q) 75(q)

at the points ¢ = ¢; and ¢ = ¢o. We then obtain that

M—An1—7 _>\2 A5 T4 — Ts

Al Ty T _)\4 ATy — T2
for ¢ = ¢, and ¢ = ¢. Since p; < ps < p2, by Lemma [L.1] the function 2::‘2‘ is decreasing.
On the other hand, since py < ps < ps, Lemma [[.1] implies that the function =

1+2=" is increasing. Thus, these functions cannot coincide at two points so we conclude
that A3 and A5 are positive.

Let us now prove that Ay > 0. By (f]) we have

)‘3 )\5
"8 . \
o )\571<Q1) + N+ )\57'5((]1) 171(q1) + Xea(qr)
which gives that
A A
Aoma(a1) = ()\3 Jr3>\5 - >\1) m1(q1) + " J:)>\57'5(ql)

Using Lemma [, for ¢ > ¢; we get

A3 A5
A — A
i) > (2 -0 ) )+ 52l
and
A (@) + dama(@) > 3 7i(g) + ~Fri(q)
17T1\q 2T2(q )\3+)\51q )\3+)\55C]-

In particular, for ¢ = ¢o we find that
A3T1(q2) + AsT5(q2) + Aa7(q2) < 7(q2) = AsTi(q2) + Aa7a(q2) + As75(q2)
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and we deduce that
MT(q2) < AaTa(q2).

Since 7(q1) = 14(q1), it follows from Lemma [L. that Ay, > 0.

The last assertion follows directly from the independancy of the vector families

T1(q1) 71(q2) 71(q:)
(@) || male) || mala)
75(q1) 75(q2) 75(q:)
and
m1(q1) 71(q2) 71(q)
(@) |5 | 7ale) || 7a(9) ,
75(q1) 75(q2) 75(q)
which can be easily established. °

Remark 4.4 In the proof of Lemma it is clear that when ps5 is close to ps, the
solution of the system (S) converges to (A1,0, Ay) and 7 converges to 7.

The following result generalizes Lemma .3 for any convex combination of functions

7(ps, -)-

Lemma 4.5 Let 7 be a conver combination of functions 7(p;,.) where 0 < p; < 1/2,
1=1,...n>2. Forany 1 < q; < qs < oo there exists another convexr combination T of

functions 7(p},.) such that
- 7(ai) = 7(q:) and 7'(q;) # 7 (q:), i = 1,2,
-~ forq & {a, @2}, 7(q) # 7(q)-

Proof of Lemma [.5.

The case n = 2 is given by Lemma [£.3. The case n > 2 is easy to derive. Suppose
T =Y 4y MT(pk,.) and let 7 = 7(py,.) and 72 = 7(pa,.) be the first two functions of
the convex combination. By Lemma [£.J there exists a convex combination 7 of three
7(p, .) functions such that

L. MTI,\Q (M7i(qi) + Aoma(qi) = 7(q) , for i = 1,2

The function 7 = (A1+X2) 7+ ,_3 AT (D, ) satisfies then the conclusion of Lemma [I5. @
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The following lemma is easy and the proof is left to the reader.

Lemma 4.6 For any ps, ..., p, and any convex combination T of T(p1,.), ..., T(Pn, .) there
exists an inhomogeneous Bernoulli measure p whose multifractal spectrum equals 7.

We can now prove Theorem [[.4.

Proof of Theorem [[.4

In fact, and in order to avoid technicalities, we only prove the following easier version
of Theorem [[.4 and then indicate the changes needed to extend the proof in the general
case.

Theorem 4.7 There exists an inhomogeneous Bernoulli product p such that the spec-
trum 7 of p has an infinite set of the phase transitions on (1,+00). Moreover, this set
has a finite point of accumulation.

Proof The strategy of the demonstration is the following : we first find inhomogeneous
Bernoulli products that are not derivable at a finite number of predefined points and we
construct the measure p using Cantor’s diagonal argument.

Fix (gn)n>1 & sequence of real numbers nested in the sense that 1 < ¢; < ... <
Gon-1 < Qont1 < Qonso < Qon < ... < @2 for all n > 1 and N, (qoni1, @2ns2) = {q} In
particular, lim g, = go. Let p1,p> € (0,1/2) and consider 7 = 7(p1,.) + 57(ps,.). By
Lemma [.§ we can construct a Bernoulli product p; of spectrum 71. Then, Lemma .5
implies the existence of a convex combination 75 of 7(p;,.)’s functions, such that

71(q;) = 72(q;) , for i = 1,2 and 7{(q;) # 75(q;)-

We can define a measure o of spectrum 7,. Using p; and ps, we can construct a
measure v of spectrum ps = max{7,7»}. To do that, we take a sequence of integers

Ui
k
1%

we apply the weight distribution of p; and on dyadique intervals of length between

270k+1 and 27%2k+2 we apply the weight distribution of ps, where k& € N. It is easy to

verify that the resulting inhomogeneous measure v, has spectrum p, = max{m, 7o }. The

(¢1)r such that — 00. On dyadique intervals of length between 27 and 22+

spectrum of 15 is not differentiable at ¢; and ¢s.

We proceed by induction to construct a measure v, which has a non differentiable
spectrum for points qp,--- ,q2,_2. Suppose the measures vy = 1, fo, Vo,..., fin, Vn
constructed and denote by p, = max{m,...7,} where 7; is the spectrum of the measure
i, 1 € {1...,n}. Let us construct pi,+1 and vj,41.

One of the following two cases hold :

16



Case 1 Lemma [L.] provides a function 7, satisfying :

L. Tot1(@2n—i) = pnlGan—s) for i = 0,1 and 7,41(q) # pn(q) if ¢ & {@on—1, 2},
2. 7, 4 (qen—1) > Ph(Gen—1) 5 Thii(Gen) < P (q2n)

Therefore we have 7,11 > p, on (¢on_1,¢on) and 7,11 < p, on (1,00) \ [gon_1, Gon)-
Let p,11 be the inhomogeneous Bernoulli measure of spectrum 7,,.1. To define
the measure v, 1 we use the previous procedure convenably adapted : Take (¢y)g

Crgr
%
1%

between 2 fe+vrti and 27 f+ortitt apply the weight distribution of j;, where

a sequence of integers such that — 00. On dyadique intervals of length

t=1,...n+1and k € N. It is easy to verify that the resulting inhomogeneous
measure v, has spectrum p,; = max{7,...7,11} on (1,00). Remark that this
spectrum equals 7,41 on [ga,—1, Gon] and p, = max{m,...7,} elsewhere on [1, 00).
Clearly, in this case, the function p,.; = max(7,7,41) is not differentiable at

q1, s q2n-

Case 2 Lemma [L.F provides for all choices of ps > py a function 7, satisfying :

L. Tot1(@2n—i) = pnl@an—i) , for i = 0,1 and 7,41(q) # pn(q) if ¢ & {gon—1, @20},

2. Tpi1(@en—1) < pplen—1) » Tpya(gen) > Pn(g2n)
In this case,

Tot1 < Pn ON (Gon—1, @2n) and Tyi1 > pp 0N (G2n—3, @2n—1) U (¢2n, G2n—2)-

The function p,.1; = max(pn, T,+1) is not differentiable at go, 1 and g, but we
lose the phase transitions ¢o,_3, ¢2,—2 and we don’t know what happens for the
other phase transitions ¢, -+, ¢on_4.

To avoid this problem we use remark [[.4. From this, when ps converges to ps, 7,41
converges to the convex combination T" of 7(p;, .) functions which is equal to p, on
(Gon—3, Gon—2)- Since T differs from p,, on (gon_s, Gon—3) and (gon—2, g2n_4), We can
choose ps sufficiently close to p, such that

Q2n-3 + Gon—s G2n-3 + Gon—s
T+l — 5 < Pn B

Qon—2 + G2n—4 Q2n—2 + Qon—4
i\ T ) s\ )

We deduce that there exist ¢a,—5 < ¢ < ¢2,—3 and ¢a,—o < ¢ < @on_4 such that
Toni1 = pn at ¢ and ¢” and 7,11 < p, on (q1,¢’) and (¢”, q2).

and
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The modified family of ¢;’s defined by

¢ if 1 {2n—3,2n—2}
G=<4q¢ ifi=2n-3

q" if i=2n—-2
have the same properties as the initial ¢;’s. Moreover, p,, 11 = max(py, T,+1) is not
differentiable at points ¢q,-- -, ga,. We proceed as above for the construction of
the measures p,, 1 and v, which have spectra 7,,,1 and p,1 respectively.

To end the proof we use Cantor’s diagonal argument : take (¢;); as before and define
the measure v by applying the weight distribution of v, on dyadique intervals of length
between 2% and 27%+1. The spectrum of the measure v equals then 7 = sup,,cy pn =
SUP,cn Tn- BY construction, the set of non-derivability points of the function 7 is infinite
and has ¢y as accumulation point. °

Remark 4.8 The second case of the proof of Theorem [L.7 seems to be inexistent (in
our numerical simulations) but we have not been able to prove that only the first case
arises.

Let us now give some hints concerning the proof of Theorem [.4.

Fix (¢,)n a sequence of real numbers, dense in [1,00) and nested in the sense that

Gont1 < @anto and {q1, ..., @20} N [@2n+1 — 57, Gont2 + 5] = 0 for all n > 0. We can then
follow the proof of Theorem [L.7] until case 2, the first case being carried out exactly in
the same way.

The second case has to be slightly modified. The technical, but not difficult, part is to
ensure that the modified ¢;’s still form a dense subset of [1, 00) and that the difference of
the left and right derivative at the ¢;’s does not go to 0. To do that we take p5 sufficiently
close to py (in the construction of 7,,41) to have :

~ g — G| < 5w inficjcjcontalg; — gyl

= 6n(q:) = Ony1(@)| < 2%5n<qi)7
where 6,,(¢;) stands for the difference between the right and left derivative at ¢; of
SUP;<p<pn Tk- The proof of Theorem [[4 is then completed in the same way as above. o
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