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THE CHARACTERISTIC POLYNOMIALS OF ABELIAN
VARIETIES OF DIMENSIONS 4 OVER FINITE FIELDS

SAFIA HALOUI, VIJAYKUMAR SINGH

ABSTRACT. We describe the set of characteristic polynomials of abelian vari-
eties of dimension 4 over finite fields.

1. INTRODUCTION AND RESULTS

The aim of this paper is to give a description of the set of characteristic polyno-
mials of abelian varieties of dimension 4 as it was done in [[i] for dimension 3.

It is well known that the characteristic polynomial of an abelian variety of di-
mension g over Fy (with ¢ = p™) is monic, with integer coeflicients, of degree 2g
and that the sets of its roots consist of couples of complex conjugated numbers of
modulus ,/q. Any polynomial having those properties is called a Weil polynomial.
Obviously, every Weil polynomial of degree 8 has the form

p(t) =18 + art” + aot® 4 ast® + ast* + qast® + ¢?ast® + Part + ¢*

for certain integers a1, as, az and a4. In Section 2 we prove the following proposition
which gives a characterization of the quadruples (a1, az,as,as) corresponding to
Weil polynomials of degree 8 (see [E, E, ] for a characterization of Weil polynomials
of lower degrees):

Theorem 1.1. Let p(t) = %+ a1t” +aot® + azt® + ast* + qast® + ¢*ast? + Part +¢*
be a polynomial with integer coefficients. Then p(t) is a Weil polynomial if and only
if either

p(t) = (£ £/a)*h(t)
where h(t) is a Weil polynomial, or the following conditions hold:

(1 |a1| < 8\/6,

)
(2) 6,/gla1| —20g < az < 22 + 4q,
(3) —9qa1 — 4,/qaz — 16q./q < az < —9qa; + 4/qaz + 16q,/q,
3 2 3 2
(4) — %+ +ga1 — (3(% —a2+49))%? < a3 < — B+ 92 4 qa + (3 (5 -

a2+4Q))3/2;
(5) 2y/qlqar + a3| — 2qas — 2¢* < as,
4 2 2 2 4 2
(O L T R R B I S LT I

5 , = 256 16
a3 | 2 2 . 9
B2+ 4w+ W

where ) ) s
w= o (8(7% +ag —4q)° + 540(7331 + ay — 4q)* (¢ — qa1 — B2 + a3)?

—729(% — gay — D82 4 gq)4
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1
+i9]9 — gay — B2 4 4] (—(L — gay — B8 4 a3)? — (-2 4y - 4q)3)3/2) "
wl/3 = |w|1/3’emg§wl and j = 5.

Now it remains to give criterions to determine when a Weil polynomial is the
characteristic polynomial of an abelian variety of dimension 4. Since the charac-
teristic polynomial of a non-simple abelian variety is a product of characteristic
polynomials of abelian varieties of smaller dimensions and our problem is already
solved for smaller dimensions [E, E, m], it is sufficient to consider the simple case.

By results of Honda and Tate, the characteristic polynomial of a simple abelian
variety of dimension 4 over I, has the form p(t) = h(t)® where h(t) is an irreducible
Weil polynomial and e is an integer. Xing [[L(] and Maisner and Nart [f] gave
independently a description of characteristic polynomials of abelian varieties of
dimension 4 with e > 1. Therefore, we can restrict our attention to the case e = 1,
that is, p(t) is irreducible.

If p(t) is irreducible, the determination of the possible Newton polygons for p(t)
(Section 3) gives us the following proposition:

Theorem 1.2. Let p(t) = %+ a1t” +aot® + azt® + ast* + qast® + ¢*ast® + Part +¢*
be an irreducible Weil polynomial. Then p(t) is the characteristic polynomial of an
abelian variety of dimension 4 if and only if one of the following conditions holds:
(1) wplar) =0,
(2) vp(as) =0, vy(as) > n/2 and p(t) has no root of valuation n/2 in Qp,
(3) vp(az) =0, vy(as) > n/2, vy(as) > n and p(t) has no root of valuation n/2
in Qp,
(4) vp(a1) =0, vplaz) > n/2, vp(az) > n, vy(as) > 2n and p(t) has no root of
valuation n/2 nor factor of degree 3 in Qp,
(5) vp(a1) =0, vy(az) > n/3, vy(as) > 2n/3, vy(as) = n and p(t) has no root
of valuation n/3 and 2n/3 in Q,,
(6) vp(a1) > n/3, vp(az) > 2n/3, vy(az) = n, vp(as) > 3n/2 and p(t) has no
root in Qp,
(7) vp(a1) > n/4, vp(az) > n/2, vy(az) = 3n/4, vp(as) = n and p(t) has no
root nor factor of degree 2 and 3 in Qp,
(8) vp(a1) >n/2, vy(az) > n, vp(as) = 3n/2, vy(as) > 2n and p(t) has no root
nor factor of degree 3 in Q.
The p-ranks of abelian varieties in cases (1), (2), (3), (4), (5), (6), (7) and (8)
are respectively 4, 3, 2, 1, 1, 0, 0 and 0. The abelian varieties in case (8) are
supersingular.

It is possible to make condition (8) of Theorem @ more explicit. Indeed, in [E],
Singh, McGuire and Zaytsev gave the list of irreducible characteristic polynomials
of supersingular abelian varieties of dimension 4 , where ¢ is not a square. We
complete the classification by finding the list in the case ¢ is a square in the following
proposition (see Section 4).

Theorem 1.3. The polynomial p(t) is the irreducible characteristic polynomial of
a supersingular abelian variety of dimension 4 if and only if one of the following
conditions holds

e ¢ is a square and (a1,as,as,aq) belongs to the following list:
(1) (=¢"/%,0,¢°/*,~¢%), p#1 mod 15,
(2) (q g 0,—¢*? —¢*), p#1 mod 30,
(3) (0,0, 0 0) #1 mod 16,
(4) (0,—q,0,q ) p# 1 mod 20,
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(5) (0,0,0,—¢%), p#£ 1 mod 24,
® g isnota square cmd (a1, a2, as, a4) belongs to the following list:
(1) (+v/P4, 4,0, p—2
(2) (/P 2q,iq\/_ 0,4%), p
(3) (0,0,0,0),
(4) (0, q,O 4 %),
(5) (0,4,0,4%), p#5,
(6) (0’ ? ’ ) p # 2
(7) (

=P ,2q,iq\/ .3¢%), p=5.

2. THE COEFFICIENTS OF WEIL POLYNOMIALS OF DEGREE 8

In this section, we prove Theorem . It is clear that a Weil polynomial with a
real root must have the form

p(t) = (t* £ /a)*h(t)
where h(t) is a Weil polynomial. Conversely, these polynomials are Weil polynomi-
als.

Let p(t) = t® 4+ art” + ast® + ast® + ast* + qast® + ¢?ast? + ¢dart + ¢* € Z[t] be
a polynomial with no real root. Then the set of the roots of p(t) consists of pairs
of complex conjugated numbers, say wi,wr, .. .,ws, . Letting z; = —(w; + ;) we
have p(t) = H?Zl (> 4zt +q). Arguing as in [[[}, p(t) is a Weil polynomial if and only
if the polynomials f*(t) = [Ti_,(t — (2/@+ ;) and f~(t) = [[1_,(t — (2/G— =)

have only real and positive roots.

First, we determine a necessary and sufficient condition of some polynomial of
degree 4 having all real roots.

Let f(t) = t* + r1t3 + rot? + 73t + r4 be a monic polynomial of degree 4 with
real coefficients. Looking at the table of variation of f(t), we see that there exists
some 1y for which f(¢) has all real roots if and only if f’(¢) has all real roots. This
condition is equivalent to

(1) Ap >0

where Ay is the discriminant of f/(¢).

The discriminant of f(t) is a polynomial of degree 3 in r4 which we will denote
Ay (t) (that is, Af(ry) is the discriminant of f(¢)). It is well known that if f(¢) has
all real roots then Ay(rq) > 0. Moreover, the function which associate to r4 the
number of roots of f(¢) is constant on the intervals delimited by the roots of Af(t)
(because Af(rs) =0 when f(¢) has a multiple root).

When r4 is very big, the graph of f(¢) doesn’t touch the z-axis and therefore
f(t) has no real roots. Thus if v is the biggest root of Ay(t), by the previous
discussion, f(t) has no real root for r4 €]7y3; +00[.

We deduce that if (El) is satisfied then A¢(t) must have 3 real roots v1 < 2 < 3
and f(t) has all real roots if and only if

(2) 71 < 1rg < o.

The roots of Ay(t) can be found using Cardan’s method. Let us recall quickly
what it is.

Given a polynomial h(t) = 3 4 ust 4 uz, we set § = —u3 — stu3. Then h(t) has
all real roots if and only if 6 > 0. If this is the case, the roots of h(t ) are y; = w+w,
Yo = jw+ j%w and 75 = j2w + j© where j = 5" and w = (M)l/g. Moreover,

with the convention w!/3 = |w|'/3e™% ", we have 41 < 72 < 7s.



4 SAFIA HALOUI, VIJAYKUMAR SINGH

In the general case, we have h(t) = vot3+v1t2+vot+v3 and we conclude using the

2 3
1 V1) _ 43 : _ vl V2 _ 2vy V12 v3
fact that o h(t— _3v0) =t +ust+usg with ug = 302 —l——vo and uz = 370l T 303 + -

For i = 1,2,3,4, let s; denote the ith symmetric function of the z;’s (that is,
[T, (t+a;) = t*+37 | sit*~%). Expanding the expression p(t) = [[r_, (2 +zit+q),
we find:

$1 = a1
S0 = ag—4q

s3 = a3z — 3qa;

S4 = a4 —2qas+ 2q2.

Now, in order to simplify the calculation, we remark that f(¢) and f~(¢) have
all real roots if and only if the polynomial f(t) = H?Zl (t+x; — %) has. Therefore,
it is equivalent to apply our results to f(t).

Expanding the expression of f(t), we find that f(t) = t* +rat? 4+ r3t + 74, where

—38%4—
ro = - 52
8
3
s $18
1 122
r3g = o = + 83
8 2
35t s2s S18
1 1°2 193
Ty = ——=+ = — + 84.

256 16 4

Substituting s1, s2, s3 and s4 with their expressions in ai, a2, az and a4 we
obtain

a
ro = —?1 +a2—4q
ry = a—%f ar — 22 4
3 = g Tdm 5 3
3ai  qa? ad’ay  ajas 9
= L1, 21, 1= -2 2 :
" 25 2 16 4 dmTAr e

We have
A (t) = 256t° — 12875t + 1672(rs + 9r3)t — r3 (475 + 2773).

Now, we use Cardan’s method. Set

r% 9r2r§
us = —_—
48 16
. r_g 5r§’r§_27r§
5 7 864 ' 64 256
s _ 2 Aoa_ r3(-8rd—amd)
- 3 9772 1769472

Suppose that (fl]) is satisfied. Then § > 0 and the roots of A(t) are

2

_ 5

"Moo= w+w+g
7,2
Y o= jwtiEt g
o _ 3
Y3 = JwHJw+ —.

6
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where

27
Substituting 79, r3 and 4, with their expressions in a1, ag, az and a4 we obtain
condition (6) of Theorem [L1.
Next we have to determine when ([]) is satisfied. We have:
Ap = —16(8r5 +27r3).

Therefore, ([ll) is equivalent to

1/3
1 8
W= (87‘3 + 5407373 — 72975 + i9|r3|(—r3 — r§)3/2) .

727"2 3/2 727"2 3/2
< < .
) <n < (50

This gives us the second inequality of condition (2) and condition (4) of Theorem

il

Finally, we determine when the polynomials f*(¢) and f~(t) have only positive
roots.
For i = 1,2,3, let 7;” and 7, denote the respective ith coefficients of f*(¢) and

f~(t). Expending the expressions fT(t) = H?:l(t — (2/q + z;)) and f~(t) =
H?:l(t — (2y/q — z;)), we find:

ro <0 and —(

rf' = -8/¢g—s1

ry = 24q+ 6+/qs1 + s2

7’; = —32¢\/q—12gs1 — 4\/qs2 — s3

i = 16¢* + 8q+/qs1 + 4qs2 + 2/qs3 + 54
and

ry = —8J/q+s1

ry = 24q—6./g51 + 52

ry = —32g\/q+ 12gs1 —4./qs2 + s3

Ty, = 164% — 8qv/qs1 + 4gs2 — 24/qs3 + sa.
Substituting s1, a2, s3 and s4 with their expressions in a1, a2, az and a4 we obtain

T = -8/g—a

r; = 20q+ 6y/qa1 + a2

ry = —16¢\/q — 9qa1 — 4\/qaz — a3

re o= 2¢°+ 2q\/qa1 + 2qaz + 2\/qa3 + a4
and

ry = —8J/g+a

ry = 20g—6+/qa1 + a2

ry = —16g¢\/q+ 9qa1 —4\/qaz + a3

r, = 2¢° — 2g+/qa1 + 2qas — 24/qas + ay.

Suppose that f+(t) and f~(t) have all real roots. Then by [f], §2, Lemma], f*(t)
and f~(t) have only positive roots if and only if (—1)ir;" > 0 and (—1)%r; > 0 for
1 =1,2,3,4. This gives us the remaining conditions of Theorem E and concludes
the proof.

Remark. We could have used [ﬁ, 82, Lemma)] to determine when a polynomial of
degree 4 has only real roots but the computation and the results would have been
longer.
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3. NEWTON POLYGONS

Let p(t) be an irreducible Weil polynomial. By [{], p(t)¢ is the characteristic
polynomial of a simple abelian variety, where e the least common denominator of
vp(f(0))/n where f(t) runs through the irreducible factors of p(t) over Qp,. Thus
p(t) is the characteristic polynomial of an abelian variety of dimension 4 if and only
if e is equal to 1 that is, v,(f(0))/n are integers.

In order to determine when this condition is satisfied, we consider the Newton
polygon of p(t) (see [[]). Each of its edges define a factor of p(t) over Q,. The
degree of this factor is the length of the projection onto the z-axis of the edge and
all the roots of this factor have a valuation equal to the slope of the edge. Therefore
e = 1 implies that the length of the projection onto the x-axis of any edge times its
slope is a multiple of n.

We graph the Newton polygons satisfying this condition and in each case, we
give a necessary and sufficient condition to have e = 1. The obtained results are
summarized in Theorem .

Ordinary case: vp(aq) =0
The Newton polygon of p(t) is represented in Figure [I| and we always have e = 1.

FIGURE 1. Ordinary case

p-rank 3 case: vp(a4) >0 and vp(ag) =0
The only Newton polygon for which e = 1 is represented in Figure E

| | |
1 I 1

6 7 8
FIGURE 2. p-rank 3 case

This is the Newton polygon of p(t) if and only if v,(as) > n/2. If this condition
holds, p(t) has a factor in Q, of degree 2 with roots of valuation n/2 and e = 1
if and only if this factor is irreducible, that is, if and only if p(¢) has no root of
valuation n/2 in Q.
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p-rank 2 case: vp(a4) >0, vp(ag) > 0 and vp(az) =0
The only Newton polygon for which e = 1 is represented in Figure E

FIGURE 3. p-rank 2 case

This is the Newton polygon of p(¢) if and only if v,(as) > n/2 and v,(as) > n.
If these conditions hold, p(t) has a factor in Q, of degree 4 with roots of valuation
n/2 and e = 1 if and only if this factor has no root in Qy, that is, if and only if p(t)
has no root of valuation n/2 in Q,.

p-rank 1 case: vp(aq) >0, vp(ag) > 0, vp(az) >0 and vp(a;) =0
There are two Newton polygons for which e = 1. One is represented in Figure

I I I I I I I

FIGURE 4. p-rank 1 first case

This is the Newton polygon of p(t) if and only if v,(az2) > n/2, vy(as) > n and
vp(as) > 2n. If these conditions hold, e = 1 if and only if p(¢) has no root of
valuation n/2 nor factor of degree 3 in Q,,.

The other Newton polygon is represented in Figure E

This is the Newton polygon of p(t) if and only if v,(az) > n/3, vy(as) > 2n/3
and vp(as) = n. If these conditions hold e = 1 if and only if p(¢) has no root of
valuation n/3 and 2n/3 in Q,.

p-rank 0 case: vp(aq) >0, vp(ag) > 0, vp(az) > 0 and vp(a;) >0
There are three Newton polygons for which e = 1. One is represented in Figure

This is the Newton polygon of p(t) if and only if v,(a1) > n/3, vy(a2) > 2n/3,
vp(as) = n and vy(as) > 3n/2. If these conditions hold, e = 1 if and only if p(t)
has no root in Q.

The second Newton polygon is represented in Figure E
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FIGURE 7. p-rank 0 second case

This is the Newton polygon of p(t) if and only if vy(a1) > n/4, vy(a2) > n/2,
vp(as) > 3n/4 and vp(as) = n. If these conditions hold, e = 1 if and only if p(t)
has no factor of degrees 1, 2 and 3 in Q.

The last Newton polygon is represented in Figure ; the corresponding abelian
varieties are supersingular.

This is the Newton polygon of p(¢) if and only if v,(a1) > n/2, vp(az) > n,
vp(as) > 3n/2 and vp(as) > 2n. If these conditions hold, e = 1 if and only if p(t)
has no root nor factor of degree 3 in Q.

4. SUPERSINGULAR CASE

In [E], Singh, McGuire and Zaytsev gave the list of irreducible characteristic
polynomials of supersingular abelian varieties of dimension 4 , where ¢ is not a
square. Here we derive the list when ¢ is a square.
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FIGURE 8. Supersingular case

Let p(t) be an irreducible supersingular Weil polynomial of degree 8, where ¢
is a square. By Honda-Tate Theorem, q%p(\/@t) is a cyclotomic polynomial of

degree 8 i.e; q%p(t\/@) = ®,,(t) such that ¢(m) = 8 or m € {15, 16,20, 24, 30}.
Therefore for each m above, p(t) = ¢9 @m(ﬁ) gives a supersingular Weil polynomial

of degree 8. Let p(t) = Hpi(t) be the decomposition in irreducible factors of p(¢)

i
over Q, with m = ,/q¢, as a root, where (, is primitive nth root of unity. To
determine the dimension of the corresponding abelian variety, recall from [, p(t)e
is a characteristic polynomial of an abelian variety of dimension 4e, where e is the

vp(T) degpi . ‘
222/ deg pi(t) = : t) = P (L),
o(g) 987 (t) 5+ Since p(t) = ¢?@m(7)

degp; = degr; where ®,,(t) = Hﬁ'(t)- But from chapter IV.4 in [, we have

%

least common denominator of

deg r; = r where r is the multiplicative order of p in (%)*.

Hence, e = 1 if r is even. In each case of m above, since ¢(m) = 23, r is either even or
r = 1. The later case only happens when p =1 mod m. Hence, p(t) = q9¢m(ﬁ),

where p # 1 mod m is an irreducible characteristic polynomial of a supersingular
abelian variety of dimension 4, for each m € {15, 16,20, 24, 30}.
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