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Analysis of the upwind finite volume method for general initial and
boundary value transport problems

FRANCK BOYER

Aix-Marseille Université, Laboratoire d’Analyse, Topologie et Probabilités,
FST Saint-Jérome, Av. Escadrille Normandie-Niemen, 13397 Marseille Cedex 20, France.

This paper is devoted to the convergence analysis of the upwind finite volume scheme for the initial
and boundary value problem associated with the linear transport equation in any dimension, on general
unstructured meshes. We are particularly interested in the case where the initial and boundary data are
in L and the advection vector field v has low regularity properties, namely v € L' (]0,T[,(W'1(Q))?),
with suitable assumptions on its divergence.

In this general framework, we prove uniform in time strong convergence in L” () with p < +oo, of the
approximate solution towards the unique weak solution of the problem as well as the strong convergence
of its trace. The proof relies, in particular, on the Friedrichs’ commutator argument, which is classical in
the renormalized solutions theory. Note that this result remains valid if the data are suitably approximated
in L!. This is nothing but the discrete counterpart of the nice compactness properties deduced from the
renormalized solution theory.

We conclude by some numerical experiments showing that the convergence rate seems to be %, like in
the case of smoother advection fields, but this is still an open question up to now.

Keywords: Finite volume methods - Transport equation - Renormalized solutions.

1. Introduction

This paper is devoted to the analysis of the upwind finite volume scheme for solving a general linear
transport-reaction problem in any dimension. We are interested here in a low regularity framework for
the data, still leading to existence and uniqueness of weak solutions, namely the one of renormalized
solutions first introduced and studied in DiPerna & Lions (1989). More precisely, we consider here the
case where the transport vector-field may not be characteristic at the boundary of the domain. It is thus
needed to use the trace theorems and the well-posedness results for the associated initial and boundary
value problems given in Boyer (2005).

Our main result in the present paper is the proof of the uniform in time strong convergence in
LP(Q),p < oo, of the approximate solution given by the finite volume scheme towards the unique
weak solution of the continuous problem with minimal assumptions on the data, and the meshes.

This work is a first step in the analysis of finite volume methods for coupled systems in which
transport-like equations play a key role. We can think for instance of transport in porous medium
models (in which the advection field is coupled with transport equation through some Darcy equation),
non-homogeneous incompressible Navier-Stokes problems, Vlasov-like systems, ... In each of these
situations, it can appear that the advection field is not smooth (for instance, we can only expect that v €
L2(]0,T[,(H'(£))4) for the Navier-Stokes problem). This is one of the main motivation of the present
study, to prove that upwind finite volume discretisation is robust enough to handle such situations, at
least from a given advection field.

TEmail: fboyer@latp.univ-mrs.fr
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GENERAL NOTATION. We shall adopt the following notation.
e Z(f) will denote the Lipschitz constant of any Lipschitz continuous function f.

e For any real number x we define its positive and negative parts by x* = (x+[x|)/2, x~ = (|x| -
x)/2, and we will often use that x =x" —x~ and |x| = x" +x".

e For any a,b € R, we define [a,b] = [a,b] NN.

e The characteristic function of a set A will be denoted by 14.

THE CONTINUOUS PROBLEM. Letd > 1, 2 C R? a bounded polygonal (or polyhedral) domain, and
T > 0 given. We are interested here in the following initial and boundary value problem
o;p+div(pv)+cp =0, in]0,T[x€Q,
p(0,-) =po, inL, (1.1
p=p™ onl0,T[xI", where (v-v) <O0.

The general existence and uniqueness theory given in Boyer (2005); Boyer & Fabrie (2011) relies on
the following assumptions

ceL'(]0,T[xQ), (1.2)
ve L'(jo, [, wht@)?), (1.3a)
(v-v) € L*(]0,T[xI"), for some & > 1, (1.3b)

(c+divv)™ € L'(]0,T[,L>(R)), (1.42)
(divv)* € LY(]0,T[,L(R)). (1.4b)

The case where ¢ = divv = 0 and where £ is a smooth domain is treated in Boyer (2005) and the exten-
sion to general data ¢, v and piecewise smooth domains is given in Boyer & Fabrie (2011). Associated
to the vector field v, we introduce the measure dyt, = (v-v)dxdt on ]0,T[xI" and we denote by du,
(resp. du,) its positive (resp. negative) part in such a way that |du,| = d,” +dy, . The support of d,
(resp. du,") is the outflow (resp. inflow) part of the boundary.

This problem is the conservative form of the linear transport-reaction equation. As an example, for
¢ = —divv, we recover the usual non-conservative transport equation d;p +v-Vp = 0.

THEOREM 1.1 (Existence and uniqueness, Boyer (2005); Boyer & Fabrie (2011)) We assume that
assumptions (1.2), (1.3), (1.4) hold.

For any p° € L*(Q) and p™ € L*(]0, T[xI",du,"), there exists a unique weak solution (p,¥(p)) €
L=(]0,T[x Q) x L=(]0,T[xI",|duy,|) of (1.1) in the sense that

T T p
[ | plawosv-vo-coaar— [ [ vpyo(v-vidsdi+ | p°9(0..)dx=0. 6 € %! (0.7(x2),
Jo Ja Jo Jr Q

(1.5)
the boundary condition being satisfied in the following sense

y(p) = p™, du, -almost everywhere.
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Moreover, the following properties are also proven in the same references:

e L” bound: ‘ . o
1Pl 2=(0.7xq) < max([|pollz=, [|p™ |=)elo eyl dr, (1.6)

e Time regularity: p lies in €°([0,7],L”(Q)) for any p < +oo and p(0) = po.

e Renormalization property: For any smooth function f : R — R, the function (p) satisfies in
the weak sense the problem

2B (p)+div(B(p)v) +cB'(p)p + (divv) (B'(p)p — B(p)) =0, n0.T[xQ,  (1.72)
B(p)(0,.) =B (p"). (1.7b)
Y(B(p)) =B(¥(p)), on]O,T[xI". (1.7¢)

Note that this property still holds for any continuous piecewise smooth function f3.

Assumption (1.4a) clearly plays a fundamental role to obtain the L™ bound above. However, as-
sumption (1.4b) is only useful in order to deduce the uniqueness property from the renormalization
property through a Gronwall-like argument. Note that this last assumption can be slightly relaxed (see
Desjardins (1996)) allowing to use Osgood’s Lemma instead of Gronwall’s Lemma. For instance, all
the above results still hold if we assume the weaker condition that ¢€(@")" e L1(]0, T[x ), for some
C>0.

PREVIOUSLY KNOWN RESULTS. The upwind finite volume method is the most classical linear, stable
and monotone method for the numerical approximation of linear transport problems (see for instance
Eymard et al. (2000); LeVeque (2002)). The method is formally first order but it is well-known that,
for non smooth initial data (say in BV(L) or in some Sobolev space), the optimal convergence rate
falls down to 1/2, see for instance Kuznecov (1976); Peterson (1991); Vila & Villedieu (2003); De-
spres (2004a,b); Merlet & Vovelle (2007); Merlet (0708); Cockburn et al. (2010); Delarue & Lagoutiere
(2011). As shown in Bouche et al. (2005) for instance, contrary to what can be thought at first sight, the
irregularity of the mesh is not the main reason for this behavior. In fact, this loss of convergence rate is
mainly due to the numerical dissipation of the scheme which implies that discontinuities in the solution
are smoothed along time even on regular grids thus leading to suboptimal convergence rate.

In all the results quoted above, the transport vector field v is assumed to be at least Lipschitz-
continuous (in some of them, v is even supposed to be constant) in order for the associated characteristic
flow to be well defined and smooth enough, which is often one of the main tools in these analysis.
Moreover, to our knowledge, the analysis of finite volume schemes for boundary value problems for
linear hyperbolic equations is only addressed in Coudiere et al. (2000); Bouche et al. (2005) in the
case of a constant vector field v (see for instance Ohlberger & Vovelle (2006) for the case of nonlinear
conservation laws).

The present study extends those results by accounting for less regular general vector fields and for
L* initial/boundary data. This framework was already considered in Walkington (2005) (see also Fettah
(2011)) where convergence of the Pk Discontinuous Galerkin method was analyzed. In the case k =0,
the scheme which is considered in this reference reduces to the one we study in the present work, with
the addition of a stabilisation term that we do not need here. The results we present in this paper extend
Walkington’s ones in different directions: we take into account boundary data, the meshes we consider
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are more general than simplicial meshes and, more importantly, the convergence we prove here is much
stronger since it is uniform in time.

Note that, to the best of our knowledge, no convergence rate is known in this general framework.
Since the renormalized solution theory allows to define a suitable weak notion of characteristic flows for
vector fields satisfying (1.3) (the so-called regular Lagrangian flow, see De Lellis (2007)), it should be
possible to extend some of the results mentioned above concerning the convergence rate of the scheme
to the current framework. We give in Section 7 some numerical results which seem to show that the
convergence rate in the L! norm seems to be the same as for smooth advection fields, that is %

2. The implicit upwind finite volume scheme
2.1 Notation

We introduce here the main notation we need in order to define and analyse the finite volume method.
A finite volume mesh (see Fig. 1) of the domain Q is aset .7 = (K)ke of closed connected polygonal
subsets of R, with disjoint interiors and such that Q = {J,. K.

FIG. 1. A finite volume mesh

The boundary of each control volume K € .7 can be written as the union of a finite number of
edges/faces (we will often use the word “edge” even if d > 2) which are closed connected sets of
dimension d — 1 contained into hyperplanes. We denote by &% the set of the faces/edges of K. We
assume that for any K, L such that K # L and K N L is of co-dimension 1, then KNL € & N &}, in that
case the corresponding face is denoted by K|L.

The set of all the faces in the mesh is denoted by & and &g denote the subset of the faces which are
included in the boundary dQ, & = & \ &g the set of the interior faces.

e For each K € 7, and o € &%, we denote by v the unit outward normal vector to K on c. If
0 = K|L € &, we shall sometimes use the notation vg;, = vk = —v;5. If 0 € &pq, there is a
unique K € .7 such that ¢ € & and then v is nothing but the unit outward normal to d£2 and
we may also write v or v if no confusion is possible.

e We will denote by |K| (resp. |o]) the d-dimensional Lebesgue measure of the control volume K
(resp. the d — 1 dimensional measure of the face o).



UPWING FV SCHEME FOR TRANSPORT PROBLEMS 5 of 34

e The diameter of a control volume K (resp. of an edge &) shall be denoted by dx (resp. ds) and
the size of the mesh is defined by 77 = maxgc 7 dx.

We need to measure the regularity of the mesh. To this end, we denote by reg(.7), the smallest
positive number such that

reg( )

£l ax) < I Fllwia), VK € 7,¥f e WH(K). 2.1

In the convergence results given below we shall assume that reg(.7") remains bounded as & — 0, which
amounts to assume that the control volumes are not allowed to degenerate. In the case of simplexes,
then the above assumption is nothing but the usual regularity assumption used in the finite element
framework. The assumption is also satisfied for convex control volumes such that the ratio d¢/|o] is
uniformly bounded for any edge of K and which are non flat in the sense that they contain a ball of
radius rg with dy /rg uniformly bounded. Note finally, that (2.1) implies in particular (take f = 1) that

Z dilo| <reg(T)|K|, VK€ J.

GE(@K

It will be useful to associate a point xx € K to each control volume K € .. We may for instance
choose xx to be the mass center of K, if K is convex. These points actually do not enter the definition of
the scheme, they are only used as a tool in the analysis.

2.2 Definition of the scheme

Let us first define the discretisation of the data needed to define our finite volume method (see Section
6.1 for further comments on this point).

e Forany K € .7, n € [0,N — 1], we define

In+ tn+
n
c cdxdt, and v, / V- vge)dxdt, Yo € &
K 5z|1<| i / 8t\0'\ m o) K
Furthermore, if ¢ € &, with 0 = K|L we shall use the notation v§, = vi; = —v],, and if 6 €

&x N épa we will note v = vi ;. We will often use the fact that, by Stokes’ formula, we have

s+l

Y lolvie = IK|(divv)g = / (divv)dxdt. (2.2)

oceby
e For any boundary edge ¢ € &pq and any n € [0,N — 1], we define

. | 1 M+l
in,n+ in
T = — dxdt. 2.3
pO' 6t|0-| i O_p ( )

Notice that p™ is a priori only given du, -almost everywhere so that in this formula we need, in
fact, to consider an extension of p™ in L*(]0,T[xI").
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To simplify a little the notation, let us introduce v”+ = (2 )" and v, = (v2.)". The implicit finite
plity Ko Ko Ko p

volume scheme we consider is the following: Find (pK),,e[[O, N7 such that
KeT

n+1
—Px 1 1 1
KIZE Py Y ol (et viapt) ¢ X lohiaplt
0EEKNEin CEEKNENg

+ |K|chprtt =0, Vne [0,N—1],VK € 7,

24
Odx, VK € 7,
ngrl _ pgszrl Vn € [0,N —1],Y0 € &g, s.t. Vi <0,
pitl = ptt Wn € [0,N — 1],Y0 € &, st Vi > 0.
REMARK 2.1 e For the pure advection equation, that is when ¢ = —divv, with (2.2), the scheme

reads

n+1 n
_p _
K="+ Y lolie(edt —prt)+ Y lols(ort —ps ) =0,

4 GCbrnEin cebrnbog
which is a more usual formulation of the scheme for the pure advection equation.

e We only consider here the implicit version of the scheme in order to avoid the introduction of a
stability CFL condition but all the results given below are valid for the explicit scheme. Note that
the CFL condition for the explicit upwind scheme reads

1
ot <C2+|K| Y Gv%) <1, VKe J.

oSk

In general, this condition should be difficult to fulfill since v and ¢ can be unbounded.

2.3 Outline of the paper

In Section 3, we prove existence and uniqueness of the approximate solution, for small enough time steps
(this condition on 8¢ being independent of the mesh .77), then we establish a priori estimates on those
solutions and their traces: a uniform L-bound and a weak L?(H') estimate which will be useful in the
convergence analysis. In Section 4, we prove the weak-x convergence in L™ of the approximate solution
towards the unique weak solution of the problem, as well as for the traces. In Section 5, we prove
the main result of this paper, which says that this convergence is in fact strong in L=(]0,T[,LP (L)),
for any p < 4o, together with a suitable strong convergence result for the traces. The proof of this
result is based on the same tools than those used to prove existence and uniqueness of weak solutions
for the problem in the framework of renormalized solutions, namely the Friedrichs commutator lemma.
Note that the strong convergence of the approximate solutions in L?(]0,T[x Q) is easier to obtain (see
Walkington (2005) for instance); the difficult point here is to prove a convergence which is uniform in
time. We conclude the paper by some extensions and remarks concerning the scheme under study and
by numerical illustrations of the actual accuracy of the method.
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2.4 A technical result

Notice that we do not assume that the boundary edges of the mesh are completely included in the inflow
or outflow part of the boundary, in particular because these sets can be very complicated objects due to
the low regularity of the advection field. As a consequence, we shall need the following technical result
to deal with these particular edges. The proof can be done by usual density arguments and is left to the
reader.

LEMMA 2.1 1. Forany 1 < p < +eo, f € LP(]0,T[xI") we have

L J.

where f%*! is the mean-value of f on J¢","*![x 0.

n+l1
t /}ftx "H’ dxdt ——— 0,

P Ocreﬁbd (8t,h7)—0

2. Foranyv € L! (]O,T[,(W'='(Q))d), we have

t'l'+ [n+
vevg) T dxdr + / / V-vg) dxdt —— 0.
n= O 0E& ‘[ / 6 nz‘?) o0&y " 6( G) (6t,h7)—0

‘Kcrgo Vr]l(o-ZO

3. Existence and uniqueness. A priori estimates
3.1 Existence and uniqueness. First properties

Since the scheme we are studying is implicit in time, it is needed to prove that the approximate solution
actually exists and is unique. This is the goal of the first result of this paper.

THEOREM 3.1 Assume that (1.2),(1.3a) and (1.4a) hold. There exists 8tynax > 0 (depending only on
(c+divv) ™) such that for any initial and boundary data p° € L=(Q), p™ € L*(]0, T[xI"), any mesh 7
and any time step such that

Ot < Otmax,

there exists an unique solution of the scheme (2.4).
Moreover in that case, the scheme is monotone, that is

(p° >0and p™ >0) = (pf > 0,YK € 7,Yn € [0,N]).
Finally, the following L™ bound holds:

[n
Ip2) < max(||p°|z=, | p™||z=) exp (2/0 |(c+divv)|Lwdt> , VK € 7,¥n € [0,N].

It will be clear in the proof that, in the case where ¢ +divv > 0 (in particular for the pure advection
equation where ¢ = —divv), we have fpax = oo.

Proof. The initial data (pQ)xc 7 is directly defined from p°. Assume now that (p}!)xc.7 is known at
time ", n < N — 1 and let us show that (p/'*!)4c 7 is uniquely defined.

The set of equations being linear with the same number of unknowns as that of equations, it is
enough to show that, if p™ = 0, and p* = 0 for any K € .7, then any solution of the system satisfies
pi*! =0 for any K € .7. To this end, we will in fact prove the monotony of the scheme which will
imply its well-posedness.
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By assumption z — ||(c+divv)~ (¢)||r~ is integrable on |0, T'[, hence there exists 6fmax > 0 such that
1
ﬂw+®mxwmm<5 VI )0, T, s.t. 1] < Stma. 3.1)
1

e Step 1. Change of variables. For any n € [0,N — 1], let us define

sl

1
w:—/ (e +divy) |- dr, (32)
ot m
and (a"), by
a® =1, o' =(1-8ty")a", Vne[o,N—1]. (3.3)
Using the following basic inequality
1

0 <1420 <™, Ve (0,1/2],
—Xx

and the property (3.1) defining 8zmax, it is easily seen that we have
tll
Vn e [0O,N—1], 0<exp (—2/ [[(c+divv)™ ||~ dt) <o'< 1. 3.4
0

We can now perform the following change of variables

Py =a"pg, VK € .7, Vne[0,N],

~in,n

Pl =a’pl, and pI" = o' " Vo € &, Vn € [0,N].

and we get

anrl _p‘n am _ .
K|~ =+ Y lol(vikep —viehi ™) +

n o =n+l1
1 Z |G|VK6p6
o1 art CESKNE iy

n+1
« 0EEKNEL

an
+ K| (ck+ 7P =0, Vne [ON-1].VK € 7,

3.5
pl=pl, VK€ T
pK - pKv € 9
Pt = gt € [0,N —1],Y0 € &, st Vs <0,
prtl = prtl Wn e [0,N —1],Y0 € &, st Vg > 0.
By using the formula vi{§ = vi; + Vi, and the boundary conditions we consider in the scheme,
we write
n+ =n+1 n =n+l
Z loViePr ™ + Z |0[VkePo
OEEKNEin CESKNEL
_ n =n+l n— =xn+1 n o =n+l
= Z lo|VikePx + Z loViahPs ™ + Z |0VksPo
0EEKNE CESKNEint O0EEK NS
_ n =n+l n— =n+1 no =n+l n =nt1
- Z |G|VKUPK + Z |G|VKO'pK + Z |G| (vKO'pO' — Vko Pk )
cEbk CEEKNEiy CEEKNEL " -
—_— = ko (PG —pg™)

=K (divv)pp!
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Hence we may write the first equation in (3.5) in the following equivalent form

pn+1 ﬁn a | | am | 41
K K ~mn
KPP X Y ol pp —p e Y ol (p - p )
CEEKNEy CESKNEL

FIK-Z (e (dive) - y)EE T =0, (3.6)

n+1 (
Step 2. Monotonicity. Existence and uniqueness. We assume that p® > 0 and p™ > 0. We are
going to show that any super-solution to (3.5) (that is to say by replacing the = symbol in the first
three equation in (3.5) by the symbol >, the fourth equation being unchanged) is non-negative.

By induction we assume that 7 is such that p? > 0,VK € .7 and we want to show that p/'*! >
0,VK € 7. Let us assume, by contradiction, that there is a K € .7 such that

il = minp*! < 0.
LeT

In formula (3.6) (with a > sign instead of =) for this particular control volume K, we see that the
two sums over edges are non-positive since pit! < pr*! for any L € .7, and since ﬁéf >
and p!'*! < 0. Furthermore, by the definition of " in formula (3.2), we see that

"4 (divy)t+ 7" > 0. (3.7)

Since we assumed that p*! < 0, it finally remains the inequality p#*! > p2. This implies p? < 0,
which is impossible since we assumed that the approximate solution is non-negative at time #".

Thus, any super-solution (and consequently any solution) associated with non-negative data is
non-negative. The scheme (3.5) being a linear set of equations with the same number of equa-
tions as that of unknowns, it is well known that the monotonicity property implies existence and
uniqueness of the approximate solution for any data.

Step 3. L™-bound. We define M = max(||p°||z=, ||p™||z=) and we observe, thanks to (3.7), that
the set of constant values pg = M,VK € .7 ,Vn € [0,N] is a super-solution to (3.5).

As a consequence, the difference M — p = PR — P is a super-solution to (2.4) associated with
the data M — p® and M — pin. By the choice of M, these data are non-negative and then we can
apply the monotonicity result above to deduce that py < M for any K € .7 and any n € [0,N].
The claim finally follows from (3.4).

O

REMARK 3.1 In the particular case of the so-called mass conservation equation, that is for ¢ = 0,
we can prove (by a duality argument) existence, uniqueness and monotonicity without any additional
assumption on (¢ +divv)~ = (divv)~ and without any condition on the time-step. These conditions are
however mandatory, even in that case, to obtain the L™ bound on the approximate solution.

REMARK 3.2 We can also prove a bound from below for the solutions of our finite volume scheme
associated with non-negative data p® and p™. Indeed, under assumptions (1.2), (1.3a) and (c 4 divv) €
L'(]0,T[,L*(£)), then for any mesh .7 and any time step 8¢ < 8fmax, the unique solution to the finite
volume scheme (2.4) satisfies

1" .
Px = exp (—/ | (c+divv) ™| 1 dt) min (infpo7 inf p”’) , VK € 7 ,Vn € [0,N].
0 Q 10,7[xI"
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This kind of result is important in the applications, for instance in fluid mechanics, where the fact that
the fluid density remains far from zero uniformly in the discretisation parameters may be crucial. Note
that the assumption on ¢ 4 divv we need is stronger than (1.4a).

We shall now define the approximate solution to be the piecewise constant function p 7 5, € L*(]0, T[x )
defined as follows

N—1
P76t = Z Z PEH]l]wa[xK-
n=0keT
We define the trace yp 7 5, € L*(]0, T[xI") of this approximate solution as follows

N—1
,yp761‘ = Z Z p;;vl+1]1]tn,tn+l[><o-,

n=0 6E€&4q

where in this sum K is the unique control volume such that ¢ € &. Note that this definition is nothing
but the trace, in the BV sense, of the function p 7 5,. We also need to introduce the discretisation of the
initial data

P% = Z PI?HK-
KeT

REMARK 3.3 By standard approximation arguments, we know that p% converges towards p° in L= ()
weak-x and in LP(Q)-strong for any p < +oo.

With these notations, the L™ bound given in Theorem 3.1 leads to the inequalities
1p7 6tllz=(0.71xQ) < Pmax, 197 5t ll=0.71xr) < Pmax; (3.8)
where pmax does not depend on 8¢ and .7 and is defined by

. T A
Prmax = max (|| p° || =y, [1p™ || =07 Je 0 1Tl .

Notice that, by (1.6), we know that the exact solution p satisfies similar estimates

[Pllz=qo,r1x2) < Pmaxs 1Y lz=(0.7(xI Jd,)) < Pmax-

3.2 Weak L*>(H") estimate

In the following proposition, we derive a kind of energy estimate for the solution of the finite volume
scheme.

PROPOSITION 3.2 Assume that (1.2), (1.3a) and (1.4a) hold. There exists M > 0 depending only on c,
v, p? and p™, such that for any 8¢ < Stmax and any mesh .7 we have the following bound

N—1 N—1
Y 6t X lolbiel (o —pu P4 X 8t X oo —pt P em. 39)
n=0 0€&pq n=0 €8y

o=K|L

This estimate can be understood as a weak L*(]0,T[,H'(£2)) estimate since, if the mesh is quasi-
uniform, we can write (for the interior edges for instance)

N-1
251 Z |OldiL| Vi, |
n=0

OE&in
o=K|L

2

n+1 _ 4n+1 M
P —Px < —, (3.10)
ha

dK L
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where dy; is the distance between xx and x;. Hence, for a smooth exact solution p, if we think p,?“
as an approximation of p(#"*! xx) (which it is not !), then the left-hand side of this inequality looks
like the square of a weighted discrete L?(H') norm, the weight being proportional to the mean-value of
the flow across each edge. In particular, this estimate provide useful information only on the parts of
10, T[x Q where the vector-field v does not vanish. Such kind of property is also known as a weak BV
estimate, in the framework of nonlinear scalar conservation laws, see Champier ez al. (1993); Eymard
et al. (2000).

As shown in Boyer (2005); Boyer & Fabrie (2011), if one consider the following parabolic approxi-
mation of the original problem

01pe +div (pev) +cpe —€ApPe =0, (3.11)

with the initial data pe(0) = p° and the Fourier boundary condition & ZP¢ ap e+ (pe—p™)(v-v)” =0, the
corresponding estimate reads
< C
1Pell2qo,rpa (2)) < 7
Here, (3.10), the size of mesh i plays the role of the approximation parameter € and, moreover, the
numerical diffusion tensor is isotropic, heterogeneous and depends on v.

It was shown in Boyer (2005); Boyer & Fabrie (2011) that the solution to (3.11) strongly converges
towards the solution p of the transport equation in €°([0,T],LP()) for any p < +oo. We will use the
same kind of idea in the present paper in order to show the uniform in time strong convergence of our
finite volume approximate solution in Section 5.

Proof. First of all, for any interior edge 6 = K|L € &y we define pi™! = (pr+! + pp+1) /2. Recall that
for boundary edges the value of p*! is already given in the definition of the scheme.

By simple algebraic manipulations, for any K € .7 and n € [0, N — 1] the finite volume scheme (2.4)
gives

pi —pp 1 1 prt —pit!
K==+ ¥ lohkops™ +IKlckpi™ = Y [oliel™—5~—=0.  (.12)
ceby 0CEK NSy

We multlply (3.12) by 8tp*!, we sum over n and K and we finally use the algebraic identity ab =
3@+ 3b* — 3(a—b)?, to obtain

n+1 n+1
Y X KIGE —plot + X 81 X KIek oyt - zarz Y lolol PP ppt!

n=0keT n=0 ke n=0 Ke€7 0c€ékNéin

KY oy ¥ lolvto (P52 + (P12 - 365 —pE 1) =0,

n=0 Ke€7 océk
Note that we have

n+1

VZO' = _VZG = VZU and (pG pl?-H) (p?_l an+l) , Vo= K|L € Eints

so that, reorganizing the sums on the edges and using (2.2) and the values of p"! prescribed on the



12 of 34 F. BOYER

boundary of the domain, we get

1 1 N-1 N-1 1 .
SIS+ 5 X arley ! —pl+ X or XK1 (ch+ S @ivolt ) ot
n=0

n=0 Ke€TI
=T
1N716 n in,n+1 n+1\2 1N716 n n+1 n+142
+§Z ! Z |G|‘Vc|(p6 — Px ) +§Z t Z |6||VKL‘(pL — Pk )
n=0  0E€bhy n=0  o=kK|LE&y
Vg <0

=T
1 Lo I in.n+1\2
in,n
T N M AT SO PN Y DA AR RERE)
n

=0 Gegbd n=0 GE(gabd
VA >0 V<0

All the terms in this identity are non-negative, except possibly the term 77. Nevertheless, using the L™
bound on p 7 5,, we can bound this term as follows

1 _
<c + Ediv v)

and we finally obtain a bound on the term 7>, which is the expected result. O

b

|T1| < (pmax)2 ‘
L1(]0,T[xQ)

4. Weak convergence result

In this section, we are going to prove the weak convergence of the solution of the finite volume scheme
towards the unique weak solution of the initial and boundary value problem (1.1). This is the first step
towards the strong convergence result that we shall prove in the next section.

THEOREM 4.1 Assume that (1.2), (1.3) and (1.4) hold. Let reg,,,, > 0 be given and consider a family
of meshes and time steps, such that (67,2 ) — 0 and satisfying the bound

ot
max (reg(ﬂ),max) < 1880y - 4.1)
KET d](
Then, we have
———p, inL7(]0,T[xQ K-%,
P78 5y P L7107 [x2) weakex

vp, in L”(]0,T[xI,|dw,|) weak-x,

YP.7 5t (Giy) 0

where p and yp solves (1.5).

Note that a proof of a similar result is given in Walkington (2005); Fettah (2011) in the case when
the vector field v is tangent to the boundary of dQ and for meshes made of simplexes.
Proof. Notice first that assumption (1.4b) is only used to ensure uniqueness of the weak solution and
of its trace (see Theorem 1.1) and is not directly used in the following computations.

Thanks to the L bounds (3.8), we can find subsequences of (p s;) and (ypz 5;) which weak-x
converge in the spaces given above. In fact, up to another extraction of a subsequence, we may also
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assume that yp z 5, weak-x converges in L*(]0,T[xI"). We denote by p and g the respective limits of
these two subsequences. We will show that p and g satisfy the weak formulation of the problem. Since
this weak solution is unique, we will then deduce the claim.

TRACE IDENTIFICATION. Let us first show that g = p™, du, -almost everywhere by writing

T A
/ / |YP9,5z —p"|(v-v) drdx
JO JIT

innt+1

<2pmax / / v-vg) dxdr+ Z / / (v~vg)7dxdt,
n=0 c€&yq n=0 c€&yq "
Vg >0 Vi <0
1 N—1 el " i #
<pr ¥ / | Gve)adrslvviegornry | £ X [, [ |per—pn | dxar)
n=| 0666) " o n=0 o€y "

The two terms in the right-hand side tend to zero when 6¢ and & » tend to zero by Lemma 2.1, so that we
proved that Yp 7 5, strongly converges towards p™ in L'(]J0,T[xI",dw,”) which implies, in particular,
that the weak-* limit g of yp 7 5, coincides with p™ du,"-almost everywhere.

WEAK FORMULATION. Let ¢ € 4°([0,T[x£) be a smooth test function. We want to show that the
weak limits p and g obtained above solve the weak formulation of the problem.

We define ¢f = ¢(¢",x), where we recall that xx € K is a point arbitrarily chosen in each control
volume. We multiply the first equation of (2.4) by dt¢? and we sum overn € [O,N—1]and K € 7. It
follows

N—1
Y Y Kl —ppeit Y 60 Y IKIchph o

n=0kKkeT n=0 KkeT
=T1 =T
N—1
+ Z St Y, Y lolibert —viepl e+ Y. 8t Y |ohviepst o =0. (4.2)
n=0 K€ 0€ékNéin n=0  O0€dy

=T

Since ¢ has a compact support in time in [0, T'[, we have ¢} = 0 for any K € .7, for n = N. Thus, the
term 7} can be expressed as follows

ZZIK\p”“ Y |K|p29L

n=0KkeT KeET
rH»l
== Z Y P"“/ K199 (1,x¢) di — ¥ |K|pQ@?.
n=0ke.7 " KET
Since ¢ is smooth, and [|[p 7 5|1 < Pmax, We get that
T
T1+/O /QPy75,8t¢dxdt+/Qp%(x)(b(o,x)dx <C¢7Pmax(6t+h9)~
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By weak convergence of p 7 5, and p97, we deduce that

T / /p8,¢dxdt /p $(0 4.3)

For the term 7>, we easily see that

T
- [ [ pracods
0 JQ

s HO/ /pc¢dxdt 4.4)

Let us now concentrate on the term 73 in (4.2). We first write Vit = Vi +vio so that we get

< C¢~,pmax ||C||L1 (6t+h7)7

so that

Z 61 Z IKI( leV)Kngrl‘Pk

n=0 KeT
=13
N—1
+Y o), Y lohie(eit —plther + Z 8t Y |olvis(pgt —pi ok
n=0 KE€T 0c€EkNEin n=0  0€dy

=Tx

The term 73; can be treated in the very same way as the term 75, let us concentrate on the term 73;.
Reordering the summation on the interior edges by using the conservativity property vi, = vis = =V},
we get

N—-1
Tp=Y 8 ), o (v (ox™ —pr" D)o +viel (o™ —pi o7

=0 o=K[LEbn

N—-1
+) 8t ), lolks(ps™ —pt)ex.

n=0  o€diy

We will now stress on the fact that, the test function ¢ and the solution p & s, of the finite volume scheme
being fixed, the term T3, actually depends on the velocity field v, so that we shall in fact denote this term
by T32(v).

The behavior of T3;(v) when 8t and hs go to O is then given by the following lemma and its
corollary. The main difficulty comes from the fact that the sign of the normal part of the advection field
may change along some edges leading to difficulties to justify that one can take the limit in those terms.
If the advection field is smooth, this difficulty is handled by using the fact that, on such edges, v- v is
necessarily small. As a consequence, we prove the general result by approximating v by a smooth field
in a way which is uniform with respect to the approximation parameters.

LEMMA 4.1 Letv e L1(J0,T[, (W1 (2))%).
1. Forany w € L'(]0,T[, (W (2))?) we have

|T32(v) = T2(W)| < Co e [V = Wl 1 w11y
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2. Forany w € (€~([0,T] x Q))¢, there exists R3»(v,w) (depending on v,w, .7, 8t,p7 , ¢) such that
we have

T52(w) + R3p (v, w) —> / /pdlv ow) dxdt+/ /gtp w-v)dxdt, 4.5)

th7

and
[R32(v; )| < Cp,prua,regman 1V = Wl 1 w11 (4.6)

By density of (>([0,T] x Q))% in L'(]0, T[,(W!1(£2))?), the convergence result for the term T3,
that we need follows.

COROLLARY 4.1 Assuming only that v € L'(]0, T[,(W!!(2))?), we have the following convergence

T (v) / /pdlv o) dxdt+/ /g¢ v.v)dxd.
5th7

The proof of the corollary is left to the reader. Let us now prove the lemma.
Proof of Lemma 4.1.

1. Forany o € & and any n € [0, N — 1] we define an interface value ¢2 for ¢, as follows

¢ = 9 (1" x5),

where x4 is an arbitrary point in 0. We can then get

Tio(w Zér Y It (ot = oot + X 81 X [ohvlo(plt — pt*)o;

n=0 o€y n=0 [JSLEW
O=K|L
=T, (w)

s 1 1 1 1
+), 80 Y [0l (wiz (P =) (98 — 95) +wit (P =P (9] — 95)) -

n=0 OE&y

O=K|L
=R (w)

The term 73, (w) can be written as follows (paying attention to the fact that only interior edges are
taken into account in the first sum)

T —— Y 8 T pt! ( y |o|wza¢:;)

n=0 KeT o€bk
=T31 (W)
N—-1 N—-1
+Y 8t Y lowiopi o5+ ) 8t Y olwis(pst —pith) ek
n=0 o€bpq n=0 o€bpq

=T5; (W)
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For the boundary terms T3’21 (w), we see that we can write

N—-1 N—-1
Tii(w) =Y 61 ), |olwkeps™ o5+ ) 61 Y lolwis(ps™ —pi™) (95 —95).
n=0 O'ngd n=0 O'E(/S»bd

=T (w) =Ry(w)
Finally the term 73, (w) we are studying is written
T (w) = Ts21(W) + T3o2(w) + Ri (W) + Ra(w),

and we shall analyse each term separately as follows. Notice that each term is linear with respect
to the vector field w except Ry (w).

e For each n and K, by definition of ¢ and ¢}, and using (2.1) and (2.2), we have

), [olwiedk

GE(S"K

Y, [olwie9s

o€ék

<| ¥ lolwio (05— o)) +
oebk —
[.|<Cpdk
1 i+l
<Codig [ [ Iweveldvar + 1671 Kl (divw)
ot Jm Jok

Ml

l tn+ll 1 ‘
Conerrdigy [, WOl di+Coge [ vl
so that, multiplying by ¢ and summing over n and K lead to the estimate
T21(W)| < Co pruas re W 21 w11

e We easily find that

T
T2 (0)| < prs 0= | [ vt < Cy e[l

e Since |¢f — ¢5| < Cypdy and thanks to the L bound (3.8) on the approximate solution p 7 5,
we have (by using the fact that the maps s € R — s* are Lipschitz-continuous),

N—-1
[Ri(w) =Ri()| < llp7silli=Co Y} 81 ), oIV, —wi,|(dk +d0)
n=0  o=K|LE&y

N-1
<C“Pvl’max Z 6t Z ( Z |0-|dK|VZG—WZG>

n=0 Ke€J \OoE€dk
] tn+]

N—-1
<Copu X, 01 ¥ 5 [ 100 =00l oy s

n=0 k€T

< C¢7PmaXaregmax ||V - M}”L1 (W”)'

e The bound on R;(w) is obtained in a similar way as the one for T3 (w).
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Collecting all the above estimates, and using the linearity of 7331, 7320 and R;, the first claim of
the lemma is proven.

. In the second part of this lemma, we consider a smooth vector field w and, as we did before, we
split the term T3 (w) into the same formal four parts 7321 (w) + T322(w) + R1 (w) + Ra(w), except
that we change the definition of the interface values ¢2 of ¢. Fora givenn € [O,N—1] and o € &,
two cases have to be considered:

e If (w- vk, ) has a constant sign on [t","*!] x o then, by the mean-value theorem (recall that
¢ and w are smooth) we find that there exists some point (£2,x%) € [t",t""!] x & such that

/t O(w-vi)dxdt = ¢(EL, X} </ttn+/c(w-vﬁ)dxdt>, 4.7)

and we then define
=0(85.%5)-

e If (w-vs) has not a constant sign on [¢",#"*!] x &, then we choose

¢ = 9(t",x5),

for some arbitrary point x5 € 6. Notice, in that case, that (w - vk, ) necessarily vanishes at
some point in [t",#"*!] x ¢ and then we have

lw(t,x) - vir| < L(w) (8t +ds), Y(t,x) € [f",r" ] x 0.
It follows that

/t O(w-vg)dxdt — ¢f </z /G(w~vKL)dxdt>

With this particular choice of the interface values for ¢ we can now study all the terms 731, 7322, Ry
and R, as follows.

i+l

tn+l Naas

<Gy 0t|0|(8% +d2).  (4.8)

e By (4.7) and (4.3), for any 0 € &,n € [0,N — 1], we have

gt

Wie o = &‘G‘/ o(w- v,(o)dxdt+0¢w(6t _|_d2)

the last term being exactly O if the sign of w - vk is constant. It follows, by (4.1), that

T521(w Z Z p"“/ ( . /¢ W vke) dx) dt

n=0 ke
=[x div(pw)dx

+ (14 1egpa) Zér Y ot Y loldk | O(81+hz)

n=0 KeJ océy

<reg(7)|K|

T
N /0 /Q P 5:iv (W) dxdt + Oreg o (8t +h7).
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Since w and ¢ are fixed, we finally deduce, using the weak-x convergence of p 5 s, that

Tio1 (w) / /pdlv ow)dxd.

th7

e The term T3p,(w) can be treated in the very same way (in fact this term is even easier) since
we can write

Tin(w / / (Y760 (w-v) dxdi + O(h 7 (8t +h7)),

and then by weak-x convergence of the trace yp 7 5, we get

T Ydxdt.

e The term R (w): Let us write
R (W) = Rl(v) + (Rl(w) — R (v))

— We use the weak L?(H!) estimate (3.9) and the regularity assumption (4.1) in order to
bound R (v)

N-1
Ri)[ =Y 8 Y lolvilled™ —pi (198 — 951+ 197 — ¢51)
n=0

€S
o=K|L
1
2
g 1 12 g 2
Cppa | X 61 Y ollvicllpd™ —pp" Y ot Y [ollVisl |98 — 5]
- =0 o€éiy n=0 KkeT —
G=K‘L cESK <C¢(5[+d1()2
<C by (3.9)
!
2
g C¢apmax»regmax (Z 6t Z 7||v||W11 )(6t+dK) >
n=0 Ke€T dg

< C¢7Pmax-,regmax”VHZl(WLI) V hy

Hence, this term tends to zero when (8t,h5) — 0.
— The term R;(w) — R;(v) is bounded as in the first part of the Lemma (even though the
choice of ¢; is different here), by using the L™ bound on p 7 5

N—1
[Ri(w) = Ri(v)] < 2Pmax ) 67 Y, Y [0llWke —viol |0 — 95]

=0 7 o€&;
n KET 0E8 <Co(3r+d)

tn+l

C¢Pm\x;regmax Z Z/ ”Wll )dt

n=0kKkeT

This term is uniformly controlled by C|[v —w| 11 y1.1).

Nl
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e The term R, (w): We easily find that
IRo(W)| < 2[p7 ¢ ll=Co Wl 11 0,751y (87 + 7).
As a consequence of the previous estimates, we see that properties (4.5) and (4.6) hold with
R32(v,w) = R1 (V) —R1 (W)
d

CONCLUSION. We may now conclude the proof of Theorem 4.1. Indeed, gathering (4.3), (4.4) and
the result of Corollary 4.1 we see that the weak limits (p,g) solve the weak formulation of the prob-
lem and satisfy g = p™, du, -almost everywhere. According to the uniqueness of such a couple in
L>(]0,T[x Q) x L]0, T[xI",|du|), the proof is complete. O

5. Strong convergence result

We want now to show that the approximate solution actually strongly converges towards the weak solu-
tion of the problem. We emphasize the fact that the convergence we obtain in Theorem 5.1 is uniform
with respect to time.

5.1 Animproved Friedrichs-type result

We first need to adapt a little the classical convolution argument (Friedrichs’ lemma) used in the renor-
malized solution theory DiPerna & Lions (1989); Blouza & Le Dret (2001); Boyer (2005), then we will
state and prove our main result.

LEMMA 5.1 Assume that (1.2), (1.3) and (1.4a) hold.
For any & > 0, there exists a function p& € W1>(]0, T[x Q) satisfying the following properties:

e We have [|p¢||1=(0,7(x2) < P llz=(0,7x0)-

e For any p < 4o, (p€), converges towards p in €°([0,T],L” (L)) and there exists C > 0, which
does not depend on & such that

1% lgo(0.7.L0(@)) < ClIPIL=(0.7(x2)-

e For any p < +oo, the traces (Yp%)e (in the usual sense since p? is continuous up to the boundary)
converge towards yp in L”(]0, T[xI",|duy|).

e The following equation is satisfied in the distribution sense
o,p% +div (pv) +cp® =R?, in]0,T[xQ, (5.1
for some R€ € L'(]0, T[x Q) satisfying

IR 122 go.71x0) =5 O-

Notice that ||p?||1 blows up when € — 0.
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The complete proof is proposed in Boyer & Fabrie (2011) so that we only give here a brief sketch.
The usual Friedrichs commutator Lemma, adapted to the case of a non tangential vector field on the
boundary in Blouza & Le Dret (2001); Boyer (2005) leads to a family of functions, say p¢, satisfying:

e Forany € >0, p¢ € L=(]0, T[xW'=(Q)).
e (p®)e converges to p in €°([0,T],LP (L)) for any p < oo,
e The traces yp¢ converges to yp in LP(]0, T[T, |dw,|) for any p < +-co.

e There exists RE € L'(]0, T[x ), such that p¢ solves
9,p% +div (pv) +cp® = R?,

with [|R[|11 g0 r(0) —— 0.

This family of approximations suffers from a weak regularity in time. The result of the Lemma will
thus follows by considering a suitable mollifying procedure in the time variable, in the very spirit of the
original Friedrichs lemma.

5.2 The uniform in time convergence result
Our main result of this section is the following uniform in time strong convergence result.

THEOREM 5.1 Assume that (1.2), (1.3) and (1.4) hold.

Let reg,,,, > 0 be given, and consider a family of meshes and time steps, such that (6¢,h7) — 0
and satisfying (4.1).

We have the following convergences

— o D —)O, v < o0,
07,5t = Pllr=qor20(0)) o0 Pt

Vo760 — yp”U’(]O,T[xF,\d/.LvD W 0, Vp < oo

REMARK 5.1 e The previous theorem implies, in particular, that

pY% ————p(T), inLP(Q), ¥p < +oo. (5.2)
(St,h'q)ﬂo

e In fact, we can construct an approximate solution which is continuous in time by the formula

~ N—1 tn+l_t pn_|_ t—" pn+l
p,y,ﬁt(t7x): Z Z ( ) K(S[( ) = IL]I",I'HI[XK'

n=0kKkeT

Since p € €°([0,T],LP(R2)) for any p < oo, the previous theorem implies that

1p7 50— Pllgoqor)iri@) =0, Vp < oo,

(6t,h7)—0
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In order to simplify the presentation, we will assume in the following proof that

c+- dlvv 0, almost everywhere in ]0,7[x Q. (5.3)

The general case can be proved by a change of variables similar to the one we used in section 3.1 by
using both assumptions (1.4).
Proof. Notice first that, thanks to the L” bounds (1.6) and (3.8), it is enough to prove the result for
p=2.

We now consider the discretisation of the family of approximations given by Lemma 5.1 and defined
by

pc" = pE(i",xk),YK € 7 ,¥n € [0,N], and p& 5 = Z Y " ‘1],,11,%1[“( cL(]0,T[xQ).
n=0ke7

By the triangle inequality, we get

10750 = Pll=qori2@) < P78 = PF silli=o.r1.02(0))
+11PZ 5 — P l=o.ri2 (@) TI1P° = Plli=(o 112 ))- 54

By Lemma 5.1, the third term is known to converge to 0 when € — 0 and, since p¢ is smooth, the second
term can be bounded as follows: for every t €]0,T'[, such that ¢ €]¢",#"*![ for some n,

it

105500 =P W2y <5 L [0 [10°6 v —p (0P dr < C32 + 1) 2 (0. (59

KeET

Most of the sequel of the proof will consist in estimating the first term in (5.4). To this end, we
define approximate edge values of p* by

(Pi"+p")/2, Yo =KILE i,

€, .

ps" =< pa, Vo € Epg,sit. Vg <0,
87

e, Vo € &b, s.t. Vg > 0.

For any o € &, let us choose an arbitrary point x; € . By integrating (5.1) over [¢","*!] x K and
putting the result under same form as in (3.12), we obtain

psn—H P£7n | L p£n+1 psn+1
K — Pk &,n+ en+ L — Pk
KIPE P N Joiops™ Kl = L ol P
cESK CEEKNEint
= K8 =5+ KIRS"+ Y. [o18i5 + Y. |olrks, VK € T, ¥ne [O,N—1], (5.6)
océk océy

where the remainder terms are defined by
1

& = [ (p*(t",xk) — p¥ (1", %)) dx,
K| Jx

60 = 5o [, [0 k) (P77 o) —p7(e.x)) v,
(e}
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g,n+1 g,n+1

o ,|v20|%+ m(pf,’”rl ps(t’“rl,x(,))7 for 0 = K|L € &y
Ko —
VZo(pé"“ Pe(tn+17xc)>7 for o € &b
ptl il
R = i [ [ FE s g [ ew0tet ) —p ) e

Note that for any interior edge 6 = K|L we have the local conservativity properties YEr 4 yfd =0 and
8eal + 84" = 0, which are useful to perform the computations which follow. For any n € [0,N], we
introduce now the error term

E"=p"—pi, VK€ .7, and ES" = Y E¢"1y,
keT
so that the quantity we want to bound reads

”pf‘?ﬁ;_pf,étHL"“(]O,T[,LZ(Q))_Osup 1ES 12(0) = |EF HL2 (5.7

n

for some N € [0,N]. Note that, we have the following elementary bounds

sup [[ES[l1=(@) < 2Pmax, (5.8)
o<n<N
IES |2 () < Cha Z(p%) +Cl1p%(0,.) = p°ll 2(q)- (5.9)

We subtract (5.6) and (3.12) then we multiply the result by E5’ M1 and we sum over n = 0,..N—1

and K € 7. Then we do exactly the same computations than the ones we used to obtain (3.13) and we
get

1N1

HE ||L2+ Z St|EF T —ES |7 + Z 6t ) IK| (c,( —(divv); ) |ES"T|2

n=0 KeT

1N 1N=
+§Z5f )3 IGIIv'éI(E,f"”“)%EZ& Y (oW (B — g2

n=0 o8 n=0 GE(O@I‘m
O=K|L

= *HE °I7.+ Z IK|gE N ESN + Z 8t Y KIS (" —Eg"™) = Y IKI6E”

n=0 k€I KeT
N-1 — N-1
+25t Z |K|R?nE1f7n+]+25t Z ‘G‘YEG 8n+1 £n+1)+26t Z ‘O_‘ys sn+l
n=0 k€7 n=0 ceé”,lm n=0  o€bpq
O=K|L

N-1 N-1
+Y 8t Y lolss BT —EFTY+ Y 8t Y JolSSSES". (5.10)
n=0  oEdiy n=0 o€y
O=K|L
We denote by 18 7 5t the left-hand side of this inequality (whose all terms are non-negative thanks to
assumption (5.3)) and we have to estimate all the terms T;,i=1,...,9 in the right-hand side. We want
to point out the fact that numerical diffusion terms (fourth and ﬁfth) in the definition of I‘}, s Will be of
major importance in the following estimates.
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Term T7: By (5.8) and (5.9) we get
ITi] < Coma ES 12(@2) < o (L0517 +110°(0,.) = POl 2(c2))

< Cpna (.,ff(pf)hy +10° = plli- oz )

Term T>: We use the Cauchy-Schwarz inequality and the definition of 85"

o\ 2
| < |[E% ||L2<Z|Kl5§’NI2> < Z(p)h7|QIIES 12 <CZL(p%)hs 15 5

KeET

Term T3: By using similar arguments as for 7, we get

1
2 /N-1
St |K||58’”|2> <CL(p*hg 5, . .

Term T4: By (5.8) and the definition of 5,‘?’0 we get

=

g.n 2

‘T3| < (Z 5t||E8n+l

T2l < Z(p*)h7 |ES |12 < 2PmanZ (P

Term 7s: By definition of RY" and (5.8) we have

|T5| 2pmdx Z ot Z |K||R1in < CpmaxHRsHLl(]O,T[X.Q) +Cpmax||c||L1$(p£)(6t+h=?>‘
n=0 k€7

Term Ts: Observing that |vse | < (di +d;)ZL(p€) |V
edges, we first evaluate this term as follows

N-—1
Ts| < Z(p) Y. 8t Y. |olIViol(dy+du) | Eg" T =",
n=0  o&&iy
We then use the Cauchy-Schwarz inequality, (2.1) and the bound (5.8), to obtain
1

N-1 1
|T6| Cpmax (P8)<Z ot Z |G||ng||E£n+1 Ee,n+1|2>

n=0 OE&y
1

N-1 2

x (Z 5 Y. |c||vzg<dk+dL>2>
n=0  OE&y

1

3
di|Ivllrax) dxdt>

s+l

<CpuuVh7Z(p m( LA
n=0KeT

< Cpmax’regmax \ hgf(pg) 9 5t||v||L1 10,T[,WL1(Q))"
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e Term T;: For the boundary edges such that v, > 0, we have p5" = pg” = p&(#"™!,x¢) so that
the contribution of this term can be treated in the same way as for the term 7.

For the boundary edges such that v, < 0, the value of p5” is given by the boundary data and
thus we have to adapt the argument. To this end, we write

thr

5 = Vi (p™(t, t,x))dxdt /
o =iogig . [0 e0-pt ) axdrriogs |

M+l

/ E(" xg))dxdt.

The contribution of the second part of this term can be treated just like in the term 7, using the
fact that p® is Lipschitz continuous. It remains to evaluate the following contribution

ln+

N—1 |
/ 8n+ n
= Z Ex VKG/
n=0 0'€(Obd
Ve <0

/ in(t,x) — p%(t,x)) dxdt.

Let us introduce, for any v,w € L' (]0,T[, (W"!(£))?) the notation

N—1 1 )
B ==Y ¥ wio [, [ 1p"(.2)=pf(e.0)|dxar

n=0 c€&y
Vs <0

so that, by (5.8), the term |7;] is bounded by 2pmaxT5'(v,v), which is non-negative. Note that
T} (v,w) is linear with respect to w but nonlinear with respect to v.

We consider a smooth vector field w, to be determined later, and we write 77 (v,v) = Ty (v,w) +
T/ (vyy—w).

— Since w is smooth, for any f € L'(J0, T[xI") we have

tn+ IN .
wio [, [ raxdi— [ [ ov-visavar] < 2w+ lgorier:
n= Ocefbd ° 0 r
N—1 ‘
Applying this resultto f= | ) ) Lyn n+1( | [P™ — p?| and using the L~ bounds on
n=0 c€&pq

J
V<0
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p™ and p€, we then have

N-1 1

1) < 2@ +h) ¥ X [ [ " 0x) = pee0) dvar
n=0 oc&y /1" /O
Van<O <2Pmax

i+l

*Z Z/ /G|W'Vc|\Pi"(t,x)—pg(t,x)|dxdt

n=0 o€&pq
V<O

< 2Pmax T |T|L (W) (81 +hg) + 2Pmax || (v —w) - VHLl(]OA,T[xF)

Cl=wllp1 gy,
i+l )
ST [0 [ evellon e -t 0lasar
n=0 cEdpq o
Vko<0

—_—Tin
7']"7

By writing [v-vs| = (v-vs)T + (v vs)~, we finally bound the last term as follows

/(v~v6)+dxdt.
(e}

1

T .
< [ [l e —PE ()| dxdi + 2P ¥ r/
0 r "

n=| 0 o Eéabd
Vo

— The second part of 7' (v,v) is classically bounded as follows
|77 (v, = W) < Cppe [V =Wl 1y

e Term 7g: this term also needs a particular care. We will also denote it by T3(v), in order to point
out the linear dependence of this term with respect to v. We first estimate 5, as follows

] tn+

1582| < (8t +dg).L(pF) =— / V- vio|dxdi.

510 Jun

As we have already seen, the difficulty comes from the fact that the sign of v- vixs may change
inside [",#"*!] x o and then we can not estimate 35y by using |V |.

Consider a smooth vector field w € €1 ([0,T] x )¢, and let us write Tg(v) = Ty(w) + Tz (v —w).
In the above estimate of 85, (with w in place of v), since w is smooth we can write

155 (W) < (81 +do).L(p) (|wzc,| +.$(w)(6t+d0)).

We recall that ds < di for any o € & and that, by (4.1), we have ¢ < reg,, dx forany K € 7.
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Therefore, using that [wi;| < [Vig| + [Whe — Vi |, we can then write

N-1
|T8(W)| < Cregmaxg(pg) [ (Z at Z |G||V;6‘(dK+dL)‘EI?n+1 _E‘LEJLJrl |>

n=0  OE&iy

N—1
* (Z 51 Y [0]1Vig — who!(di +dy) | EE"! —Eﬁ"*")

n=0 €&y

+. 2L (W) (8t +hz) <Z 5t Y |o|(dy+dy)Eg" — Ef’”“l)]'

OE&in

We use the Cauchy-Schwarz inequality for the first term above and we simply use the bound (5.8)
in the other terms. It follows

1
et 2
|T8( | regmax [ v h7 \/ 187 St <Z / Z dK” ||L1 dK) )

KeT
tn+l

(ZO [ X ddv) =m0l ony d >+z<w><6r+hy>m|,

KET

and thus
IT5(0)] < g pon 2 (P°) (m- 1% sl gy, + v = wll +f<w>hg) .
Finally, the term 7g(v — w) can be estimated just like above by writing

IT5(v = )| < Creg 2P v =Wl 1y,

e Term 7y: This boundary term does not present any new difficulty since, by using (5.8), we can
write
| To| < Cregyyy (0 +h7) L (PE) V-l 11 0,715

Collecting all the above estimates in the inequality (5.10) and using Young’s inequality, we get

15 51 < Cregye P ((f(PS) +ZW) (1+Z () hg +(1+Z(p)llv = wllr wa)

/G(v.vc)wxdt).

(.11

tn+
10" pllimqoriazian I+ [ [ o) It ptlavars ¥ Y[
nOGEé’ "

‘Ko‘

By definition of £ & i We have ||E || 21“} s;» and then, by the choice (5.7) of N, we see that (5.11)
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gives an estimate on (|07 5, — P5 g, 1= (0, 7,12(2))- Finally, with (5.5) and (5.4), we obtain

prét _pHiw(]OT[,LZ(.Q)) < Cregmaxspmax ((g(pg) +g(w)) (1 +g(p8))h7

+ @+ 2PNV =wllpwrny +1P° = Pll=gori2@) + IR

T ) N—1 1
+/0 /F(V'V)‘\P‘"—P’"\a’xdhL Y ¥ /G(v~vg)+dxdt). (5.12)

n=0 c€&pq
Vi <0

st

m

Let now A > 0 be any small positive number. By Lemma 5.1, we first choose € > 0 small enough so
that

||p8 *PHim(]O,T[,Lzm)) <A, HRSHIJ <4, and ||}’P£ 7pinHL1(]07T[><F,du‘7) <A

Then, € > 0 being fixed, we can find a smooth vector field w such that (1+.2(p%))[[v—w|l 1 7.w11(0))
is less than A. This vector field w being now fixed, all the other terms in (5.12) can be made smaller
than A for h» and Ot small enough satisfying (4.1) (we use Lemma 2.1 for the last term). This proves
the first strong convergence property.

It remains to prove the strong convergence of the traces, for p = 2 for instance. Using the triangle
inequality, we first write

1Yp.7.50 = ¥Pl20.71xr jaw)) S NP7 .80 = YPF selli20.71x I jam))
+11P5 5 — vPE Nl 2o, rixr Jaw ) + 170° = Pl 20,7 1x 1 ap ) -

The third term goes to zero when € — 0 by 5.1 and the second term is bounded by C,.Z (p¢) (6t +h 7).
It thus remain to study the first term. To this end, we write

T N—1 ln-H
n+1
| [iers =155 Pvviasa =Y ¥ [ [ pvllE Paxas
0 r HZOGE(g»bd " c

N—1 i+l

<l X ¥ [,

n=0 6E€& r

N-1
lv-v—vgldxdi+ ) 8t ) o ||y |EE" 2
(o)

n=0  o0&&pq

The first term in the right-hand side tends to 0 when ¢ and /5 tend to O by Lemma 2.1. The second
term in the right-hand side is one of the terms in I} s (the left-hand side of (5.10)) when N is replaced
by N. The above proof shows that this term can be bounded like in (5.11).

Therefore, we can conclude by the same argument as above: choosing first € > 0 small enough, then
choosing a smooth w close enough to v and finally 6 and & 7 small enough. (]

6. Additional properties of the scheme
6.1 The case of approximate data

We deal here with the case where the data ¢ and v are not exactly known. This situation occurs, for
instance, if the transport equation is coupled with other equations involving ¢ and v like the one listed in
the introduction.



28 of 34 F. BOYER

We assume that, for each mesh .7 and each time step ¢, we are given approximate values
{ck, Ke T, ne[0,N-1]}, and {v}s, K€ T ,0€ &, nec[0,N-1]}.

We define the discrete divergence to be

1
(divv)',;:m Y |0V VK€ T, Vne[0,N—1].
ocEby

By adapting the proofs given above, we can show that all the results in this paper remain valid provided
that we have the following properties:

e [ocal conservativity :

Vio=—V', VYo=K|LE &y, Vnel[0,N]. (6.1)

e Bounds on (¢ +divv)~: We assume that there exists 8fmax > 0, 0 < ¥ < 1 and M > 0 such that
for any mesh and any ¢ < 8tyax, we have

ot (sup (ch+ (divv);’()_) <7, Vne[0,N—1],
KeT

N-1
Z ot (sup (c2+(divv)}’{)> <M.
n=0 KeET

The L~ bound we shall obtain will then depend on y and M.
e L' convergence of the reaction coefficient:
N

Ay ot o inL! 0,T[xQ).
ng(’)thﬁ Kl (8t,h7)—0 ( [ )

e L' convergence of the divergence:

N
Y Y (vl i ————divy, inL'(J0,T[xQ). (6.2)
n=0kcJ ’ (6t.hg)—0

e L' convergence of the advection field:

YY Y

n=0kc.7 ceék

Vian

0. (6.3)
(81,h7)—0

1
/ (V . VKG) d.xdt
o

61[0|vis

tn

e L' convergence of the normal trace of the advection field on the boundary:

N
Z Z Volyn g ————— (v+v), in L'(]0, T[xI").
n=00¢E&p (61,h7)—0
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Assumption (6.3) is not so straightforward to interpret. It really has to be understood as a kind of
convergence in (L'(]0,T[x£))¢ and not in L'(]0,T[,(W"!(£2))?), even though it is needed for v to
belong to this last space in order for the traces of v on edges to be well defined. We will give an
alternative formulation of this assumption in a particular case (yet not too far from generality).

Let us assume that each control volume K is convex and that we can choose a point xx € K such that
rg = sup{r > 0,B(xg,r) C K} satisfies

dx
sup — < € max-
ke Tk

This assumption is a usual regularity assumption on the meshes we consider. We then define the so-
called half-diamond cell Dy, to be the pyramid (triangle if d = 2) based on ¢ and with x as a principal
vertex. The above assumptions lead to the following properties for any K € .7

K= |J Dko, and [0|dy < Creg,,,, |Dxol, VO € .
ces

We also introduce the diamond cells Dg = Dxg, for 0 € &g N &y and Dg = Dge UD;q, for 6 = K|L €
St

With these additional notation and assumption on the meshes, we can treat the following two exam-
ples

e First of all, by using for instance Lemma 6.2 in Droniou & Eymard (2006), we get

N
Z Y Y dilo] D I/ /D V- vgg)dxdt — |G|

0keT cebk

\G\d
<Ch92 Yy Y ‘Dcf/ﬂ /DG|Vv|dxdt regmaxhy/ /\Vv|dxdt (6.4)

n=0keJ o€k

s+l s+l

/ V- vie)dxdt

1 'l”+1 .

. . _ 1 - sati 3). Fur-
This proves that the choice Vi 51Do] / (v-vko)dxdt, satisfies the property (6.3). Fur
o| Jt" Ds

1 ln+l

thermore, we also have
1
/ V-vge)dxdt — /(v-vm)dxdt
Do lo| Jun .

LE Ll )

n= 01(670'66’1(
Z Z Z lo|dxk T
s Cha |D0| m /DG |VV‘ dudt Cregmax/o /.Q |VV‘ dxdt,

n=0KeT c€b

and thus, by a density argument, we see that (6.2) also holds in that case.

e Suppose now that v has the following form vy = V! - v, for some vector V2 € R (notice
that (6.1) is then satisfied). Then, (6.4) shows that (6.3) is satisfied as soon as the following
convergence holds

N

VI 0 st — v, in (L'(]0,T[xQ))“.
y;)g;g” oLt xDg (8)15)—0 ( (] [ ))

The fact that (6.2) is satisfied is an additional condition which depend on the particular choice of
V.
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The two examples above, show that for a given v € L'(]0, T[,(W!!(2))?), the property (6.3) can be
interpreted as a strong L' convergence property towards v for some sequence of piecewise constant
functions.

REMARK 6.1 The fact that we only need L! convergence of the vector field and of its normal trace
to obtain strong convergence of the associated weak solution of the transport problem is a well-known
feature in the study of the stability of such solutions with respect to variations of the data (see for
instance DiPerna & Lions (1989); De Lellis (2007); Boyer & Fabrie (2011)).

6.2 Remark on the discrete renormalization property
By using the above results, it is possible to prove that a suitable discrete renormalisation property holds.

THEOREM 6.1 For any f8 : R — R which is continuous and piecewise ¢!, the approximate solution

(P& )nefo,ny satisfy the following set of equations
KET

n+1y _ n
K POELPPD 5 ioi(ap o) —viaB i)+ X loliaBlos™)

CEEKNEiy cEEKNEL

+ KB (P o+ K| (divv) (B (o Tprt =B ™)) = IKIRY, Wne[O,N—1],VKe 7,
(6.5)

where the remainder term R 5 5, = (Ri+1) nefo,N—1] satisfy
KeT

1R sl gorixa) 5 O

Furthermore, when f is convex we have

R <0, VK € 7,Yn € [0,N —1].
REMARK 6.2 Since 8 is only assumed to be piecewise €', it is worth to say that this result holds for
any value that we choose to assign to 8’ at the singular points of §3.

REMARK 6.3 Applying the previous result with 3(s) = s?> shows, in particular, that the numerical dif-
fusion terms in the estimate (3.13) which leads to the weak LZ(H l) estimate (3.9) are not only bounded
but in fact tend to zero when i 4 and 8¢ tend to 0.

7. Numerical experiments

Let us present in this section some numerical experiments that illustrate the actual behavior of the
scheme. In order to be able to compute the exact solution and thus to estimate the accuracy of the
scheme, we consider here the case ¢ = divv = 0, that is the pure divergence-free advection case.

We consider the domain 2 =)0, 1[> and we choose a time-independent advection field belonging to

(WP (Q))? for any p < 4/3 given by v(x,y) = (})(j)) with

) = lx—0.5]'/2, forx<0.5
lx—0.5|'/4, forx>0.5.
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oo
08:
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os]
o]
03:
02

01

F1G. 2. The exact solution at final time 7T = 1

We consider the initial data p(0,x) = 0, the time-independent boundary data p™ is defined by p™ (x,y) =
1 on {x =0} and p"(x,y) =2 on {y =0}.
One can easily see that the exact solution at time 7" > 0 is given by
1, forx<03T andy > 55 (F(x)—F(0)),
2, forx<0.3T andy < g5(F(x) — F(0)),
2, forx>03T andy < g5(F(x) — F(x—0.3T)),
0, elsewhere,

p(t,x,y) =

where F is a primitive of f. We show the shape of this solution at time 7" = 1 in Figure 2.

We show in Figure 3 some results for three families of meshes: uniform rectangular meshes, un-
structured triangular mesh, and locally refined non conformal rectangular meshes. Each plot in this
figure shows the behavior of the error at time 7" in the L' norm, as a function of the mesh size &5 (in
logarithmic scale) for various values of the time step 0z.

We observe in each case the convergence of the method and that the convergence rate seems to be %
as in the case of smooth advection fields.

8. Conclusion

In this paper, we proposed an analysis of the (implicit) upwind finite volume scheme on general unstruc-
tured grids in any dimension for initial and boundary value problems of transport type. The framework
considered is one of the weaker possible since in particular the regularity of the velocity field is only
assumed to be L'(]0,T[,(W"!(2))9). In that case, Cauchy-Lipschitz theory does not apply and our
analysis is then directly based on the renormalized solutions theory for the partial differential equation
under study. The main result is the strong convergence in L=(]0,T[,L?(Q)), Vp < +oo of the approxi-
mate solutions towards the unique weak solution of the problem.
We conclude by raising two open questions of interest related to this problem:

e [s it possible to prove an error estimate for the upwind finite volume method for such regularities
of the data? Introducing regular Lagrangian flows (see De Lellis (2007)) instead of usual char-
acteristic flows of the Cauchy-Lipschitz theory should be of some help. Numerical simulations
suggest that the rate % is still valid in this framework.
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(a) Uniform rectangle mesh (b) Unstructured triangular mesh
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10 w0 1

(c) Locally refined rectangular mesh

FIG. 3. L! error at final time vs. & for various time steps
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e Itis known (since Ambrosio (2004)), that most of the theoretical results on renormalized solutions
of the transport equation remain valid in the case where the vector field lies in L' (]0, [, (BV(£))4)
(and usual additional boundedness assumptions on its divergence). Does the present analysis, in-
cluding boundary conditions, remains valid in this more general framework ?
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