N
N

N

HAL

open science

Three-dimensional General Solutions for Thermoporoelastic
Media and Its Application
Xiang-Yu Li, W.Q. Chen, Hui-Ying Wang

» To cite this version:

Xiang-Yu Li, W.Q. Chen, Hui-Ying Wang. Three-dimensional General Solutions for Thermoporoelas-
tic Media and Its Application. European Journal of Mechanics - A/Solids, 2010, 29 (3), pp.317-326.

{10.1016/j.euromechsol.2009.11.007). <hal-00559138)

HAL Id: hal-00559138
https://hal.science/hal-00559138v1

Submitted on 25 Jan 2011

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Au‘to':'lizition
HAL Authorization


https://hal.science/hal-00559138v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

Accepted Manuscript =

Title: Three-dimensional General Solutions for Thermoporoelastic Media and Its
Application

Authors: Xiang-Yu Li, W.Q. Chen, Hui-Ying Wang

PII: S0997-7538(09)00137-5
DOI: 10.1016/j.euromechsol.2009.11.007
Reference: EJMSOL 2572

To appearin:  European Journal of Mechanics / A Solids

Received Date: 19 June 2009
Revised Date: 20November2009
Accepted Date: 23 November 2009

Please cite this article as: Li, X.-Y., Chen, W.Q., Wang, H.-Y. Three-dimensional General Solutions for
Thermoporoelastic Media and Its Application, European Journal of Mechanics / A Solids (2009), doi:
10.1016/j.euromechsol.2009.11.007

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service to

our customers we are providing this early version of the manuscript. The manuscript will undergo
copyediting, typesetting, and review of the resulting proof before it is published in its final form. Please
note that during the production process errors may be discovered which could affect the content, and all
legal disclaimers that apply to the journal pertain.


http://dx.doi.org/10.1016/j.euromechsol.2009.11.007

X.-Y. LI, et al / European Journal of Mechanics A/Solids

Three-dimensional ~ General  Solutions  for
Thermoporoelastic Media and Its Application
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2Department of Engineering Mechanics, Zhejiang University, Yuguan Campus, Hangzhou 310027, P. R. China
3E.N.S.M.A., University of Poitiers, B.P., B.P. 109-Chasseneuil du Poitou 86960 Futuroscope Cedex, France

Abstract

This paper presents a set of 3D general solutions for thermoporoelastic media for the
steady-state problem. By introducing two displacement functions, the equations governing the
elastic, pressure and temperature fields are simplified. The operator theory and superposition
principle are then employed to express all the physical quantities in terms of two functions, one of
which satisfies a quasi-Laplace equation and the other satisfies a differential equation of the eighth
order. The generalized Almansi’s theorem is used to derive the displacements, pressure and
temperature in terms of five quasi-harmonic functions for various cases of material characteristic
roots. To show its practical significance, an infinite medium containing a penny-shaped crack
subjected to mechanical, pressure and temperature loads on the crack surface is given as an
example. A potential theory method is employed to solve the problem. One integro-differential
equation and two integral equations are derived, which bear the same structures to those reported
in literature. For a penny shaped crack subjected to uniformly distributed loads, exact and
complete solutions in terms of elementary functions are obtained, which can serve as a benchmark
for various kinds of numerical codes and approximate solutions.

Keywords: Thermoporoelasticity, Transversely isotropic, General solutions, Potential theory method,
Penny-shaped crack.

1. Introduction

The theory of poroelasticity was originally developed by Biot (1941) to consider
the interaction between two phases composing a continuum. Now poroelasticity has
many applications in various fields in science and engineering such as soil

consolidation (Yue and Selvadurai, 1996), filtration (Barry et al., 1997) and
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bio-science (Oomens et al., 1987; Cowin, 1999).

It is well known that geomaterials are typically anisotropic (Cheng, 1997). In fact,
the simple natural deposition of sedimentary rocks exhibit transverse isotropy and
modeling anisotropic materials as an equivalent isotropic one can yield unexpected
and erroneous results which has been demonstrated by analytical and numerical
solutions (Abousleiman et al., 1996; Cui et al., 1996). Hence, it is natural to extend
the isotropic theory to an anisotropic one, which was initially achieved by Biot (1955),
based on the formality of the generalized Hooke’s law. To consider the effect of
temperature, which arises in deep drilling and nuclear storage facilities,
thermoporoelasticity model was founded (Coussy, 1995; Abousleiman and Ekbote,
2000). Accordingly, analytical solutions of fundamental problems for
thermoporoelastic media with material anisotropy play an import role in obtaining a
deep insight in the interaction between the phases involved.

Potential theory is the tool for studying problems governed by Laplace equations s
in several areas of physics (Kellogg, 1929). Fabrikant (1989, 1991) developed a so
called potential theory method by creatively representing the inverse of the distance of
two points in Euclidean space in term of an integral (Chen and Ding, 2004a). Based
on the general solutions proposed by Elliott (1948) for pure elasticity, Fabrikant (1989,
1991) then performed 3D exact analyses of punch and crack problems by employing
the method. Chen and his co-authors extended Fabrikant’s potential theory method to
solve mixed boundary value problems mainly stemming from three-dimensional crack
or contact problems of multi-field coupled media, for example, piezoelasticity (Chen
and Shioya, 2000; Chen, 2000), thermoelasticity (Chen et al., 2004b),
magneto-electro-thermo-elasticity (Chen, 2004c). It is noted that all the works by
Chen and his coauthors were also based on the corresponding general solutions (Chen
and Ding, 2004a). To the authors’ best knowledge, no parallel work in the domain of
thermoporoelasticity has been reported yet in literature, mainly due to the lack of the
general solution which should be expressed in terms of quasi-harmonic functions as
that for purely elastic materials.

The purpose of the present paper is to construct a 3D thermoporoelastic general

2
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solution expressed by quasi-harmonic functions only. Two displacement functions are
introduced in order for simplifying the basic 3D equations for transversely isotropic
thermoporoelastic media in a steady-state. Then, a general solution expressed by two
functions is derived by employing the operator theory and the superposition principle.
One function involved in the solution satisfies a quasi-Laplace equation and the other
satisfies an eight-order partial differential equation. The general solution is further
expressed in terms of five quasi-harmonic functions by virtue of the generalized
Almansi’s theorem. Four possible cases of material characteristic roots are considered.
To show its practical significance, an infinite medium containing a plane crack
subjected to symmetric mechanical, pore pressure and temperature loads is considered
for instance. The problem can be transformed to the corresponding mixed
boundary-value problem of a half space and thus the potential theory method
developed by Fabrikant can be utilized. One integro-differential equation and two
integral equations are derived, which bear the same structures as those reported in the
literature. For a penny shaped crack subjected to uniformly distributed loads, exact
and complete solutions in terms of elementary functions are obtained. The present
solution is compared with the results from the literature and good agreement is
achieved. The solution presented in this paper can serve as a benchmark for various

kinds of numerical codes and approximate analyses.

2. Governing Equations
In Cartesian coordinates (X,y,z), the constitutive equations for transversely
isotropic thermoporoelastic media with the z-axis coincident with the axis of

rotational material symmetry are listed as follows (Coussy, 1995; Abousleiman and

Ekbote, 2000)
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in which u(v,w) and o are components of displacement and stress, respectively;

P and T are changes in the pore pressure and temperature, respectively; P =0

and T =0 correspond to the stress-free state; & is variation of fluid content; c;,
a,(a;,M) and (B, B,) are elastic moduli, Biot’s effective stress coefficients and

thermal constants, respectively. It is noted that c., ¢, and g can be expressed in

ij 1
terms of engineering constants such as Young’s moduli, Poisson’s ratio, etc., which
are shown in Appendix A (Kanj and Abousleiman, 2005).

In the following analysis, uncoupled thermoporoelastic theory is adopted by
assuming that the thermoporoelastic loading varies slowly in time and the rate of both
fluid mass content and entropy vanishes. Consequently, if the medium is in a

steady-state, the pressure and temperature fields are constant in time and governed

respectively by the following two quasi-Laplace equations

62

(K'MA + K3 ?]P = 0, 3)
82

(ﬂnA + A ?JT =0, (4)

where A =0%/ox*+0°/oy® is the planar Laplacian; (k) and A,(1,) are

coefficients of permeability and thermal conductivity.
The equations governing the displacement field can be easily derived by inserting

Eqgn. (1) into the equilibrium equations in terms of stress components and are shown

to be
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where ¢, =C;; —2C.

In the steady-state, Eqgns. (1-4) indicate that the fluid content & is not an

independent field variable and can be determined once the pressure, temperature and
elastic fields have been obtained.

3. Static thermoporoelastic general solution

Introducing the following two displacement functions ¥, and H as

oY, oH oY, oH

Us—F-—, V=——Tt-— (6)
oy oX ox oy

Egns. (3)-(5) can be transformed into
62

(CGGA +Cy yjlyo = O, Q)
H 0

m{ =)0 8
P( o[’ ®)
T 0

where M s the following operator matrix:

0° 0
C,A+Cy E - (C13 +Cyy )E a, o
0 o? 0 0
- (C13 +Cy ) A E CuA+Cyy ? —03 E -5 E
M = . . (9)
0 0 KllA + K33 E O
82

0 0 0 A A+ Ay ?

The “determinant” of M reads
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a4 az ) 82 62
IM|= [ao e b ?A +CA J(KHA + Ky EJ(%A + g ?] (10)

where

8y = CyyCyyy by =CpyCyy +Coy —(Cpg + 044)2 , Cy=CyCys- (11)
The above derivation procedure is similar to that given by Chen et al. (2004b), where
the equation of heat conduction and the other two equations governing the
displacement functions are combined, instead of solving the temperature field
independently and a prior as shown in the traditional general solutions with a
particular part (Ashida et al., 1993; Ding et al., 1997). Here, the idea is employed to
seek the 3D general solutions for thermoporoelastic media, although the pressure and
temperature field can be solved independently.

According to the operator theory, the following general solutions can be obtained

H=C,F, w=C,F, P=C,F, T=C,F, (i=1, 2, 3, 4), (12)

where C; are the algebraic cofactors of M, and F satisfies

2 2 2 2
A+a—2 A+a—2 A+a—2 A+a—2 F =0, (13)
0z, 0z, 0z, 0z,

where z, =8z, S;=.ky /Ky, S =+/Ay/As, and s;(j=12) is the characteristic
root with positive real part of the following algebraic equation (Ding et al., 1997)
a,s* —bys® +¢, =0. (14)
It is seen that if i was set to 1 or 2 in Egn. (12), one can get two sets of general
solutions with P=0 and T =0, which are actually the same to those for pure
elasticity (Elliott, 1948; Ding et al., 1997); i =3 corresponds to the general solution
X, (say) with T =0, which is identical to that for poroelasticity; Taking i=4
corresponds to the general solution X, (say) with P =0, which is equivalent to the

one given by Chen et al. (2004b) for thermoelasticity.
Due to the linear nature of the thermoporoelastic theory adopted in this paper,

superposing X, and X, leads to
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4 2
_ 9%, a—+b1 A+CA? |— oF
62 o

oy
4 2
v 6—4+bla—2A+clA2 &,
OX 0z /4 oy
0! 0? oF
W=|a,—+h,——A+C,A* |—,
2ot o7t 2 Jaz
0° o 0?
PZ aaﬁ'f‘bsyA'f'Cs?Azﬁ‘d:sAs)F
o° o 0?
T= a4$+b4yA+C4§A2+d4A3)F, (15)
where

a = (013 +Cy ) (K33ﬂ3 + Ayt ) = Cog (KB, + %3“1)
b = (C13 +Cu )(’(11/83 + /1110‘3) Cag (K33ﬁ1 + ﬂesai) Cas (Kllﬁl + /1110{1)’
G =—Cu (Kllﬂl + A’llal)’ a, =Cy (K33ﬂ3 + At )’
b,=c, (K33ﬂ3 + A0, ) +Cyy (K11ﬂ3 + 4,0, ) - (C + 044)(K33ﬂ1 + ﬂaaal), (16)
Cy (’(11,83 + j'110‘3) (Cis +Cu) (K B+ A1),
& =aydy, by =ad; +bydy, €3 =bydy +Co s, dy = Codyy,
a, =k, b, =a k, +byky,, €, =Dbyk, +Coky,, d, =Coxyy.
Taking advantage of the generalized Almansi’s theorem (Ding et al., 1996), F

can be expressed by four quasi-harmonic functions

F+F+F+F, for distinct s;, (Case 1)
F+F+F+zF, s #s,#5=5,#5, (Case2)

k= F,+F, +2F, +2°F,, s #5,=5,=5,, (Case 3) a0
F +2F,+2°F, +2°F,, s, =S, =5, =5,, (Case 4)

where F, respectively satisfy

0° .

A+—|F=0, (i=1 2, 3 4). 18
R o
For Case 1, the general solution in Egn. (15) takes on the simplest form as

Y, & ©O°F 4
u= : _Znil—u = Z
oy ‘o oxoz = 8yaz
oF 6 (19)
o°F, o°F,

4
WZZU.zS. pe = _7733?, T =T 5
3 4

with
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= ajs:t _bjs.2 +¢,(1=1,2), 7755 = (a5 —byS; +Co)(%33§ _/111)’

(20)
w = (885 —bys; +Co)(’(335§ _Kll)'
Letting
o'F .
¥, =n,—5, (i=12,34) (21)
0z,
Eqgn. (19) can be rewritten as
oV, oY, oV, <& oY, oA 4
= 0 — _I! V=- O_Z_ll zzﬂil ’
oy o ox ox ‘3 oy i
. JeNS (22)
P:Z/“nz o7’ *T Z/‘B az ’
where g4, = 4,8, [ Ay sty = A0y (05 +035) (05 +63,) [ 4, (J=2,3, i=1-4) and g,
is the Kronecker delta, and
82
(A+a—) =0, (i=0,1, 2, 3 4), (23)
Zi

with z, =5,z and s, =./Cq/Cyy-
In cylindrical coordinates system(p,¢,2), the expressions of w, P and T

keep unchanged as given in Eqgn. (22), while the expressions of the radial and

circumferential displacements turn out to be

u,= vy :
pop = Op op i pOg

The general solutions for the other three cases are given in Appendix B for the

oY 4 0¥, oY L OV,
_ 0 _ Z"iyu 0 _Z i (24)

theoretical completeness.

Once the general solutions are available, it is very convenient to conduct three-
dimensional analyses of the mixed boundary-value problems associated with cracks
and punches by virtue of the potential theory method proposed by Fabrikant (1989,
1991) as shown in the parallel works by Chen and his coauthors (2000, 2004b, 2004c).
In the following section, a flat crack problem is considered as an illustrative example

to show the practical significance of the general solution for Case 1.

4. Generalized potential theory method for thermoporoelastic crack problem
To generalize the potential theory method suggested by Fabrikant (1989) to the
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case of thermoporoelasticity, the following complex quantities are introduced

U=u+iv, oy=0,+0,, 0,=0,—-0,+2i0,, 7,=0, +io,, (25)

where i=+/-1. Then from Egns (1) and (22), the expressions of the

thermoporoelastic field take on a more compact form

u =—A[i‘1’i +iY,

=1

R 4 R 4
J' Gzzz711?_zol 0-122712?_201

=1 =1

(26)
4 4 N Wy
0-2__2C66A2(Z‘PJ+ILPOJ’ z-zzA 27/13 J_|C44 oa 0]'
j=1 j=1 ZJ' 0
where A =0/0x+i0/dy, and
Vit =Cis+ColtyS; — Balljzs Vi = 2[011_(:16 +CsjSj —aytey, _ﬁlﬂj3:|' @

Vis :C44(/111_5j), j=1-4.
It is note that the identity y,, =y,s;,(j=1-4) holds true, which can be verified by

direct substitution.

Now consider an infinite transversely isotropic thermoporoelastic body weakened

by a flat crack whose surface is parallel to the plane of isotropy. It is further assumed

that the radius of the borehole r, is much smaller than the crack length L,, so that

the borehole effect can be ignored. The coordinates are chosen such that the x-y
plane coincides with the crack surface and the origin is located on the surface of the
crack. Two symbols S and S are introduced to denote the regions on the plane
z =0, occupied respectively by the crack and its exterior. It may be noted that
SuS =1, where | istheentire plane z=0 and SS =, implying there is no
separation. It is assumed that arbitrarily distributed normal mechanical force
270,(X,y), pressure O,(x,y) and temperature ®,(X,y) are symmetrically applied

over the upper and lower crack faces. Due to the symmetric condition occupied by the
problem, the problem can be transformed to a mixed boundary-value problem of a
half space z>0 subjected to the following boundary conditions on the plane z=0

(Chen, 2004b; Wang, 2000):
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(X,¥)eS: o0,=220,(x,y), P=0,(X,y), T =0,(x,Y),
(x,y)eS:w=0 —=0, —=0, (28)
x,y)el: 7,=0,

where the factor 27 is introduced for the algebraic convenience. In order to extend

the potential theory method (Fabrikant, 1989) to thermoporoelasticity, assume that

3
Yo=0, ¥, =Y eQ,(xyz) (i=1-4), (29)

i1

where e; are constants to be determined, and

N
Q. (x,y,2)= ” R(l\j N)o)

(30)
Q,(x, y,z)=”a)j(N) zIn[R(M,Ny)+2]-R(M,Ny)}dS, (j=2,3),

where the kernels of the potentials @, , ®, and @, are the crack surface
displacement w(x,y,0) , pressure gradient 8P(x,y,z)/az|Z=0 and temperature
gradient T (X, y,z)/az|zzo, respectively; R(M,N,) denotes the distance between
the points M(x,y,z) and N,(X,,Y,,0),and N €S.

The zero-shear stress conditionat z=0 in Eqgn. (28) can be meted by taking

4
Z?’iaeij =0, (j=12,3). (31)
i1

Using the well known property of a simple layer potential, one can arrive at

— 0 0°Q .
. S: —/— =0, —2*|,_. =0, =2,3
(X y)E az |z=0 azg |z_0 (J )
(x,y)eS: 6;)1 o = 27w, = —27W(X, Y,0),
Z
(32)

o°Q, oP(X,Y,2)
(xy)es: — T2, =27, :_2”T|

0°Q, oT(x,Y,2)
(x,y)eS: e | =-27nw, =—2ﬁT|Z=

Eqns. (22), (32) and the second condition in Eqgn. (28) then lead to

10
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4 S
Z/ulle =-— Z/ulkeljsl :__Jk! (k=2!3! J :1!213)' (33)
i-1 2

Thus combining Egns. (31) and (33) yields

-1

elj 713 V23 Va3 Va3 0

€, _ 1 Hap H Ha %, (i=12,3) (34)

€3 27 | M1,S1 HppS, M3y HiSy §2j | -

€4j i3Sy HpsS;  HaaSs o HysS, §3j

To satisfy the first condition in Eqn. (28), we have
) (N ) ( o)
mA A =-270,(N),

m, ” R(N,, N) ; 11” R(N,, N) 1(N) (35)
[[-2M) 45 - pz5 0,0, (1=23) L2
JR(N,,N) e

4
where m,, =Zyi1eij, (j=12,3), and R(N,,N) is the distance between the two
i=1

points N,(X,,Y,,0) and N(x,y,0), both of which lie on S. It is noted that m,
depends on the elastic constants c; only; m,, is independent of the coefficients
( B, 4;) associated with the temperature fields and my, is independent of the
coefficients («;,x;) pertinent to the pressure field. This property can be verified by

any standard symbol computation software. Substituting Egn. (36) into Eqn. (35)
gives arise to

o (N,) =
H R(N,. N dS =-270,(N), 37)
where
@1(N) = [®1(N)+ m1253®2(N)+ m1354®3(N)]/m11 , (38)

which can be viewed as the generalized mechanical load. Once «,(X,y) is available,
the thermoporoelastic field can be obtained by differentiating the potential function

It is seen that the pressure and thermal loadings can effect the elastic field (see
Egns. 37 and 38), while the mechanical loadings can change neither the thermal nor
pressure field (see Eqn. 36); furthermore, no mutual influences exist between the

thermal and pressure fields. This is due to the uncoupled theory employed herein.

11
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Consequently, the solutions thus obtained degenerate to those of the crack problems in

thermoelasticity (poroelasticity) by setting ®, =0 (®,=0), which provides a way

to verify the solutions in this paper by comparing with those in literature.
It is interesting to note that the structure of integral equations in Egn. (36) is the

same as the one for punch problems in elasticity while the structure of the
integro-differential equation in Eqn. (37) is identical to that for crack problems in
elasticity (Fabrikant, 1989; Chen, 2004b). Due to this similarity, the splendid results
given by Fabrikant (1989, 1991) can be directly employed to seek the solutions to the
governing equations in some particular cases. This will be shown in the next section,

where the cylindrical coordinate system (p,¢,z) with the origin coincident to the

center of the crack is alternatively used for simplicity.

5. Apenny-shaped crack subjected to uniformly distributed loads
Consider a penny-shaped crack subjected to uniformly distributed mechanical,

pressure and temperature loads

0,(x,y)=0?, ®,(x,y)=0), 0,(x,y) =03, 0,(x,y)= 0, (39)
where the quantities with the superscript 0 are prescribed constants. Under this

condition, the exact solutions to Eqgns. (36) and (37) can be obtained by using the
results of Fabrikant (1989) as

20 2s., ©°
o (p.¢)=—La’-p*, w(p.¢)=———= (40)

1-:2131
_ o (] )

where a is the radius of the crack. Inserting Eqn. (39) into Eqgn. (30) leads to

2 o2
Q,(p,¢,2)=0° {(2&2 +22° - p*)sin™ [IEJ—M\/IZZ —a’ }

2 a

2

0 2,52 P |an-1| @
Qj(p,¢,z)=—25j+l®j{[a +2 —7jsm (I—j

2

i3l \/Ij—_az+2azln(|2 +l; —a’ )} (=23

a

(41)
where

12
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L=L(p.a.2) = (o ray +2 —(p-ay +77),

(42)

L=k, =2(Vior a7+ 2 +(p-a7 2.
If there are no mechanical and pressure loads, @, and Q, vanish identically, and

expressions for o; and Q;(j=1,2) are exactly the same as these given by Chen

(2004b). From Eqgns. (41)-(42), the thermoporoelastic field is independent of the

angular coordinate ¢ because of the axisymmetry pertinent to the problem.

At this stage, one can derive the whole thermoporoelastic field through
differentiation

4 a,I? —a’
U=20pe"> e, sin‘l[li]—z’—

j=1 2j

12 2
—4—23k+1®02e1k [,/ -a (a—i —azj+%sin1(liﬂ,
2j

4
_ . 4[ a
w=400> pye,| z;sin| — |- ja> -1}
j=1 I2j
: S I oo @ 2|2 2 2
—4%" 5,00 D" ue; | Z;sin O -a —Ilj+aln(lzj+ 17, —p ) ,
k=2 j=1 2j

5w

ali;, —a’ 3 4 a
] 0 -1
T2 2 _42 :Sk+1®k§ Vi€ SN T — |,
|2j _Ilj k=2 =1 |2j

—oe .| a a |22j—8.2 0 a
0, =40]) 7,8, | sin el T —4Zsk+1® 2712e1k5m T
2j 1j 2j

j=1 2j k=2 j=1
2 2 2
e oL —
=~ 171
o, =—8c,,0.ae’" ”—
12 —12)
j=1 '( 2j Tl

2!¢ 3

+4c66 ZSk+1 kZejk(a\/l a2+zj\/a2—lfj - 2az)),

— 7€ \/ /7
z-z :4®Ea2pel¢z 13 £ 4?Zsk+l® 27/13 jk( |12]

j=1 (IZJ_Il])

p=2e%sint| 2| T-2elsin 2|, (43)
T | 7z |,

where I, =1;(a,p,2;), (i=12,j=1-4) defined in Eqgn. (42). As expected, the
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temperature field is identical to that shown in Chen (2004b).

On account of the following property

I1|z=0 = I1(:01 a, 0) = min(a,p), IZ |z=0 = |2 (,0: a, 0) = maX(a, ,0), (44)

one can derive from Eqgn.(43) that

. a am @oa B
407 sin™ | — |- ===, 4 es.
o,(p.$.0)= sin (pj e (p.4)
o, (p.d)es,
2 0 ain—1 a _
P(p,9,0) = ;®25'” {;j, (p.9) €S,
2, (0.4 €S,
2 a = (45)
T(p,$,0)= ;®3S'” [;} (p.9) €S,
©s, (p,9) €S.

It is evident that the boundary conditions have been satisfied. It is also noted that the
normal stress o, on S is the sum of two terms which are singular and non-singular
parts on the crack tip, respectively. This is similar to the crack problem in elasticity
(Fabrikant, 1989).

If the stress intensity factor is defined as

K, =Li_r;r;,/27r(p—a)0'2|2=0, (46)

then from Eqn. (45), one can obtain

K, =-4m,0}\za = —4/za (0] +s,m,0) +s,m,07). (47)
It is interesting to note that if the pressure and temperature loads are absent, the stress
intensity factor is independent of the material property and is consistent with the
result given by Fabrikant (1989).

If the mechanical and pressure loads are missing and the temperature is solely
presented, the forms of the displacements and stresses shown in Eqn (43) are the same
as that in Chen (2004b) with an exception of the coefficients. However, numerical
calculation reveals that the results presented in this section agrees well with those
shown in the previous work. Furthermore, the pressure field in Eqn. (43) can be
verified by solving the mixed boundary-value problems of a half space. These two

aspects will be presented in the next section.

14
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6. Verification of the solution
As mentioned before, the pressure and temperature fields can be solved

independently. Here, the potential theory method was presented to solve the pressure
field governed by Eqn. (3) of a half-space subjected to an arbitrarily distributed

pressure  ®,(p,¢) on a circular domain S=(p<a, 0<¢<27) and with

oP/oz=0 on S.
Eqn. (3) is satisfied by assuming
@,( Py,
P(p.¢,2) = _[ _[ 2(,00 ¢0)p0dp0d¢0, (48)
where
1 aP ,
S ,R'=/p? + pZ —2pp, cOS(¢— ¢,) + 22. (49)
It is noted that the boundary condition wz 0, (p,#) €S is automatically
z

meted. The boundary condition on S is also satisfied by letting

_[2”_[ ©,(Py ) Pl pdé, =0,(p, ). (50)
° 0 o+ ot —2pp, cos(p )

By virtue of the results given by Fabrikant (1989), the solution to Eqgn. (49) can

be written out as

d d
o3(p.9) = j ”pz [ jdxj —=L_L(y)e,(y.9),
(51)
where L(e) is an operator defined as:
LT = [ X i@, 0k <) )
27 %0 1+k2 2kcos(p—g) 0T
Substituting Eqn. (52) into Eqn. (48) yields
1 27 pa h
P(p.¢,2) Z?J.O jo { +tan” (R j} (R )3 2(00: ) pod P Ay, (53)

where h= \/a —1; \/a - P /a and 1, =1,(z,) isdefined in Eqgn. (42).

Letting ©,(p,¢) = ©®) = constant, from Eqgn. (51) one can obtain that

15
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, __ 6]
o, (p.P) = mv (p<a). (54)
This immediately gives
p-202sin" (ij (55)
s I,

which is identical to the expression in Eqn. (43). The temperature field can be verified
in a similar manner.

To validate the solutions presented in the last section, numerical calculation is

performed for a penny-shaped crack subjected to a constant thermal load ®3 =100°C

only. The material constants are listed in Table 1 for a deep-water Gulf shale of
Mexico (Kanj and Abousleiman, 2005), where the physical meanings are given in
Appendix A. Under this situation, the solution in the preceding section should be
identical to those given by Chen et al. (2004b). Comparison is made in Table 2 and
good agreement is achieved. This further validates the thermoporoelastic fields in Eqn.
(43).

Tables 1-2

7. Concluding remarks
The basic equations in static thermoporoelasticity are simplified by introducing

two displacement functions. Then, a set of general solutions in terms of five
quasi-harmonic functions are derived by using the operator theory and the
superposition principle along with the generalized Almansi’s theorem. Four possible
cases of material characteristic roots are considered for the theoretical completeness.
No particular solutions associated with the pressure and temperature fields appear in
the general solutions, making it possible to extend the potential theory method to
thermoporoelasticity.

Based on the general solution, the potential theory method developed by Fabrikant
(1989) for the mixed boundary-value problems was extended to the transversely
isotropic thermoporoelastic plane crack problems. Two potentials with the same
mathematical structure are introduced to account for the thermal and pressure effects.

The governing equations have the same structures as these reported in literatures. For

16
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the problem of a penny-shaped crack under the actions of uniformly distributed
mechanical, pressure and temperature loadings, exact and complete thermoporoelastic
fields are expressed explicitly in terms of elementary functions. The present solution
is verified by comparing to those given by Chen et al. (2004b). Furthermore, the
solutions pertinent to the pore pressure are completely new to literature.

It should be emphasized that the thermoporoelastic field is only valid for the
materials with distinct characteristic roots. In the case of multiple roots, the general
solutions will takes on different forms as shown in Appendix B. The potential theory
method can also be employed if appropriate potentials are chosen. However, as
pointed out by Fabrikant (1989), the corresponding solutions in the case of multiple
roots can be derived directly from the solutions, as presented in this paper, with the
aid of L’Hostpital rule.

Although the loadings on the penny-shaped crack in this paper are independent of
the angular coordinate, it is not the limitation inherent to the potential theory method.
In fact, the problems of a penny-shaped crack subjected to the point loading can be
successfully solved and the Green’s functions which are significant to the boundary

element method can be derived. This will be reported in another paper.
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Appendix A
The material coefficients in Eqns. (1) can be denoted by the engineering constants as follows
. L E(E'-Ev"?) o - E(E'v+Ev?)
Y @+v)(E'-EVv-2Ev?)" T (1+Vv)(E'-E'v-2Ev"?)’ A1)
EEWV' _ E"(1-v) E' '

ST BBy _2Ev? BT E_Ev_2807 % 20v)

where E is the drained Young’s modulus in the plane of isotropy (X—Y plane), E’ the drained
Young’s modulus perpendicular to that plane (z-— direction), respectively. If the assumption of
micro-homogeneity and micro-isotropy of the solid skeleton is adopted, ¢« and «, can be

formulated in terms of C; and the bulk modulus of the solid grain K according to
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1- 011+C12+C13' a, =1- 2C13+C33_
3K, 3K,

Furthermore g, f, and g, are related to the linear expansion coefficients in the isotropic and

a, = (A.2)
transverse planes of the material (¢ and «; ) and the volumetric expansion coefficient «, of the

pore fluid as
B =(Cy+C,)ey +Cua5, By = 20505 +Cya5, B, = 20,05 + a0 +(ay =205 — ;)¢ (A3)

where ¢’ is the porosity.

Appendix B
The general solutions for the cases of multiple roots of S, (i =1—4) are presented in the

following without a detailed derivation for sake of simplicity.

Case 2 (S, #S, #S; =S, # ;). After the same manipulation as Case 1 and by introducing

o'F o'F o°F n, 0°F
¢ o=p S5 (1212), W.o=p Ty O gy ThsOFs B 1
i =i o7’ ( ) 3= 7Ths o Th3Ss oz 4 s, o' (B.1)

where 77; = 4as’ —2b,,(i, j =1-4) , the general solutions are

oY, 0
u :a—y"—&(‘l’ﬁ‘l‘z +¥,+2,¥,), v=—

o,  ow o, ov, o, ov,

W:ﬂ1187+,“12672+ﬂ13 o + 32, oz + sy, P:ﬂzsaTr T = g P
1 2 3 3 3 3

oY 0
8x0 —a—y(‘{‘l+‘}’2 +¥,+2,%,),

(B.2)

where

His = Hig (l_niscfj"'ﬁsjl
Ths Ths

(6ays5 —4ays; +2¢,s7 ) (63,55 —4a,s; +2¢,5; )

Hoys = v Mgs = :
Ths Ths

(B.3)

Itis noted that W, (i=0-4) satisfies Eqn. (23) as well as that in Case 1.
Case 3 (S, # S, = S; = S,): Introducing the following functions satisfying

a4|:i 64F2 ’ a3F3 " azFA
Er 2 =T 62; + 17155, 5223 + 7 5222 )
p, e OFs o OF g e O

s, oz ot s ol

Vo =m,
(8.4)

where 7 = 12aisf —2b,, (i, j =1-4), then one can obtain the general solutions as
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u=ai—i \PlJr‘I’2+zz\P3+z§a\{j‘1 ,
oy 0ox oz,

b
4 B ¥, +W, +2,¥, + 127 or, ,
ox oy 0z, (5)
B.5
oY oY oY o*Y o
W= 1, 87114_#12 @Tj+ M2, aT:+ﬂ12222 GTZZA"':UH [\113 +2z, 82: ]"‘ ey,
oY Y oY oY o'y oY
P=ily| —2+22,—=% [+t —2, T = 24212 £+ L,
/125( oz, 2 6222 j Has oz, ;uss( az, 2 8222 J Hag oz,
where
L, = [(772”2 + 2772'2)52 _/112771”255 _2/115771'2522}
16 [l
’ ’712 ” r ’ n r (B.G)
" =y25(1—z”£s5]+”ﬁs;+3@ss, o :,,35(1_2@s;]+@s;+3@s;.
Tha Thy Tha 12 v Thy
In view of Eqgns. (B.4) and (18), it is also seen that ¥, (i=0-4) satisfies Eqn. (23)
Case 4 (S, =S, =S; =S,): Introducing
o*F,  , 0°F, , O°F , OF
¥, = 7711?1414'771151 ?132"'7711 62123 +24a,n;, 6_2:’ &)
'R, OF S O°F o _maO°Fy S, O°F, , _m O '
2T ot My T e T o s S o
1 1 1 1 1 1 1 1 1 1 2
into Eqn. (15) leads to
2
u-to 0 Y, +2,¥,+2 o, 2136 \}2’4 ,
oy ox 0z, 0z,
L4 L4 2y
v 0 ‘P1+21‘P2+zf6 4+2136 2,
ox oy 0z, 0z,
2 3
W= 1, aqll""zla‘{lz lea \{;4 + 136 \}3’4
0z, 0z, 0z, 0z;
ov o2V B.8)
i (‘I’z +27, 6213 +32] azf4 j+y16 [‘I’3 +3z, 214 J+y17‘l’4,
o oY Foak 4 o o*Y
P= —242z 2437 —2 |+ —2 43z, —*4 |+ w, ¥,
ﬂzs{ o, 1 8222 1 6213 J /Jze[ o, 1 8212 Hyr Ty
oY oY >*v oY d°
:/135( 6212 +217, 82223 3z 62133j+:u36( 2 ++3z 62124 + 'y,
where
= 3[(2772"1 _772'2)513 ~8a,44,8] — pug11;S! _2/115771'1512]
Y Thy ,
sy = 3[(’7921 *':3773’,’1)514 _7/;125’71"1512 _,U26771’1312]’ (B.9)
11
Ly = 3[(771;1 +377!1)514 _,1125771”1'512 _,uze771'1512]
I Ty
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In view of Eqgns. (B1.7) and (18), it is again seen that ¥, (i=0-4) satisfies Eqn. (23).
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Table 1: Material parameters for thermoporoelastic analysis

Parameter Value Unit
E (E) 1854 (927) [MPa]
K, 12180 [MPa]
v(v') 0.22 (0.44) £
D
Kll(K33) 01 (02) %
W
Ay (As) 2.65 (4.00) o
S S 6 _5 i
o (a3) 6X10° (1.2X10%) 7c
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Table 2: The dimensionless stress o, /E

and displacement w/a on |

Yo, o,/E D w/a

a Present Chen et al. a Present Chen et al.
1.001 -0.025909095 -0.025909123  0.000 -0.012331027786 -0.012331041131
1.010 -0.008174811 -0.008174820 0.100 -0.012269217734 -0.012269231012
1.020 -0.005766139  -0.005766145 0.200 -0.012081890432 -0.012081903508
1.030 -0.004696422  -0.004696427 0.300 -0.011763050799 -0.011763063529
1.050 -0.003620044 -0.003620048 0.400 -0.011301573645 -0.011301585876
1.100 -0.002529100 -0.002529103 0.500 -0.010678983317 -0.010678994875
1.500 -0.001036622 -0.001036623 0.600 -0.009864822229 -0.009864832905
2.000 -0.000669137  -0.000669138 0.700 -0.008806115238 -0.008806124769
5.000 -0.000236576  -0.000236576  0.800 -0.007398616672 -0.007398624679
10.00 -0.000116482  -0.000116482 0.900 -0.005374970399 -0.005374976216
20.00 -0.000058022 -0.000058022  1.000 0 0
50.00 -0.000023184 -0.000023184 10.00 0 0
100.0 -0.000011590 -0.000011590 100.0 0 0
1000 -0.000001159  -0.000001159 1000 0 0
10* -0.000000116  -0.000000116  10* 0 0




Captions of figures

Fig. 1 Vertical (a) and horizontal (b) cross sections of a flat crack embedded in an
infinite medium.

Fig. 2 A penny-shaped crack and the coordinate systems.

Fig. 3 The dimensionless temperature T (p,4,0)/®) as a function of p/a.

Fig. 4 The dimensionless temperature T(p,¢,2)/©> as a function of z/a on the

z-axis (p = a) and various cylindrical surfaces p =a, 2a and 10a.
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Fig. 4 The dimensionless temperature T(p,4,z)/®) as a function of z/a on

the z-axis (o = 0) and various cylindrical surfaces p=a, 2aand 10a.



