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ABSTRACT. This paper is devoted the the study of the mean-field limit for many-
particle systems undergoing jump, drift or diffusion processes, as well as com-
binations of them. The main results are quantitative estimates on the decay of
fluctuations around the deterministic limit and of correlations between particles,
as the number of particles goes to infinity. To this end we introduce a general
functional framework which reduces this question to the one of proving a purely
functional estimate on some abstract generator operators (consistency estimate)
together with fine stability estimates on the flow of the limiting non-linear equa-
tion (stability estimates). Then we apply this method to a Boltzmann collision
jump process (for Maxwell molecules), to a McKean-Vlasov drift-diffusion process
and to an inelastic Boltzmann collision jump process with (stochastic) thermal
bath. To our knowledge, our approach yields the first such quantitative results for
a combination of jump and diffusion processes.
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1. INTRODUCTION AND MAIN RESULTS

1.1. Mean-field limit for particles systems and main result. The aim of
this paper is to investigate the propagation of chaos for various particle systems
undergoing jump, drift and diffusion processes. Here and below, E denotes the
states space of one particle, assumed to be a separable and locally compact metric
space (however in the applications we always take E = R%, d > 1). Moreover given
any metric space Z, we define C,(Z) the space of continuous and bounded functions
on Z and P(Z) the space of Borel probabilities on Z.

The notion of chaoticity, as introduced by Kac in [15] is our starting point in
this paper. A sequence (f¥)ns1, [V € Pym(E"Y) (the set of symmetric probability
measures on EV | see later for a precise definiition) is said to be f-chaotic for some
given one-particle probability f € P(E), if for any £ € N* and any ¢ € C,(E)®*
there holds

lim (Y1) = (790 g).

Here, the brackets (-,-) stand for the duality bracket associated to P(E") and
Cy(EYN) and to P(E*) and Cy(E*) respectively. In other words, and more precisely,
the above convergence means

| oY =) =

where V = (vy,...,vy) € EN, fON(dV) = f(dvy) -+ f(dvy) and for any (V) =
©1(v1) - pe(ve), p; € Cp(E). Roughly speaking it means that f& ~ f®N when
N — o0, or in other (probabilistic) words f% is the law of a sequence of stochastic
variables which are asymptotically independents. However note that the sense of
this convergence is to be understood in terms of the weak topology for any projection
over a finite number of marginals.

In the present paper, we will deal with quantified chaoticity, in the sense that we
prove the above limit but also measure precisely its rate of convergence. Namely,
we say that (fY)ys is f-chaotic with rate e(N), where e(N) — 0 when N — oo
(typically e(N) = N~", r > 0), in the duality sense associated to some normed space
of smooth functions F C Cy(E), if for any ¢ € N* there exists K, € (0,00) such that
for any p € F®, |¢|l7 < 1, there holds

(1.1) YN >0 [(fN = N o @1V h| < Koe(N).

Roughly speaking, our main results read as follows. We consider
e an initial distribution of one (typical) particle f;, € P(FE) (with possibly
additional moments bounded condition),
e an N-particle system evolution f} € Py, (EY) associated to the factorized
(and then f;,-chaotic) initial data fY = f2V,
e a one particle evolution f; € P(F) associated to the initial datum f;,.
We prove the following quantified chaoticity estimate of the N-particle system
towards its mean-field limit:

(1.2) sup |(fY — [V, @ 1V7)| < e(N)
te[0,7
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where

o T € (0,+00),

®p=p1® B p; €F CC(E), |gill7 <1,

o N >2/,

e :(N)=Ki&(N) — 0 when N — oc.
Estimate (1.2) is thus a quantitative estimate on the amplitude of the fluctuations
around the deterministic limit as time evolves, in the many-particle asymptotic. In
probabilistic words, it is a quantitive version of the weak law of large numbers for an
underlying stochastic process associated to the N-particle dynamic. This estimate
implies the propagation of chaos as stated above, provided that F is dense in Cy(F)
with respect to the topology of uniform convergence on compact sets.

We first establish that quantitative estimate in a simple abstract framework by
making general assumptions on both the N-particle dynamic and the (nonlinear)
mean-field limit dynamic of one typical particle. In this way, the problem is then
reduced to proving

(A) a purely functional estimate on the dual generator GV of the N-particle
dynamics which establishes that at a first order G¥ is linked to the (possibly
nonlinear) mean-field limit generator @) (consistency estimate);

(B) together with some fine stability estimates on the flow of the mean field limit
equation (stability estimates).

Point (A) of our method is largely inspired and generalized from the “duality
viewpoint of Griinbaum’s paper [14]. Point (B) and the combination of points (A)
and (B) is completely new to our knowledge, and motivates the development of new
(again, to our knowledge) stability estimates for the limiting nonlinear equations.
Note also that on the contrary to many (probabilistic) approaches we make minimal
assumptions on the N-particle dynamics, at the price of stronger (but realistic in
many situations!) assumptions on the nonlinear dynamics of one particle in the
mean-field limit.

1.2. Short review of results of propagation of chaos and novelty of this
paper. We first illustrate our propagation of chaos approach on the Boltzmann
model for maxwellian molecules and Grad’s angular cut-off. For such a bounded
kernel case the result is well-known since the pioneering works of Kac [15, 16] and
McKean [18] (who prove the propagation of chaos without any rate) and from the
works by Graham and Méléard [11, 12, 13, 19] (who establish the propagation of
chaos with rate O(1/v/N)). In these papers, the cornerstone of the proof is a
combinatorial argument applied to the equation on the law (Wild sum expansion)
or to the stochastic flow (stochastic tree). These approaches are restricted to a
constant (or at least bounded) collision rate.

We next illustrate our method on the McKean-Vlasov model. For such a model
again, propagation of chaos is well-known and has been extensively studied. One
of the most popular and efficient approach to deal with this model is the so-called
“coupling method” introduced in the 1970’s, which yields the optimal convergence
rate O(1/v/N). We refer to the lecture notes [24, 19] as well as to the references
therein for a detailed discussion of that method.
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FIGURE 1. Duality diagram

observables
Liouville / Kolmogorov dualit
EN /&N / & Poym(EN) ! Cy(EN)
aN=p N T RN
Liouville / Kolmogorov duality
Py(E) C P(E) P(P(E)) Cy (P(E))

As a third example, we illustrate our method on a mixed jump-diffusive equation
which arises from granular gas modeling. For such a model, it seems that both the
“combinatory method” and the “coupling method” fail while our present method is
robust enough to apply and yield quantitative chaos estimates. Let us also emphasize
that the BBGKY method and the nonlinear martingale method (see again [24, 19
or [20]) would probably apply but would give a propagation of chaos without any
rate since they are based on compactness arguments. In a companion paper [21],
we develop our the abstract method in a more general framework in order to (1)
apply it to Boltzmann collision models associated to unbounded collisions rates, (2)
develop a theory of uniform in time propagation of chaos estimates.

1.3. Plan of the paper. In Section 2, we present the method in an abstract frame-
work and we establish the abstract quantitative propagation of chaos Theorem 2.13.
In Section 3, we apply the method to the Boltzmann equation associated to the
Maxwell molecules collision kernel with Grad’s cut-off. In Section 4, we apply the
method to the McKean-Vlasov equation, and finally, in Section 5, it is applied to
some mixed jump and diffusion equations which come from the modeling of granular
gases.

2. THE ABSTRACT METHOD

In this section we introduce the abstract framework and then state and prove the
key abstract result. The assumptions are stated in each subsections where the new
notions are introduced.

2.1. The general functional framework of the duality approach. The fig-
ure 1 sums up the duality viewpoint (norms and duality brackets are defined in
Subsections 2.3.

In this diagram:

e G denotes the N-permutation group.

o Pyu(EYN) denotes the set of symmetric probabilities on EV: For a given
permutation o € &V, a vector V = (vy,...,vx) € EV, a function ¢ € Cy(EN)
and a probability measure f¥ € P(EY) we define V, = (Vy1), .., Vo(n)) € BV
and ¢, € Cy(EN) by setting ¢,(V) = ¢(V,) and finally f¥ € P(EY) by
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setting (fN,¢) = (fV,¢,); we say that fV is symmetric if it is invariant
under permutations, i.e. f¥ = f¥ for any permutation o € G,

e For any V € EY the probability measure ui denotes the associated empirical
measure:

N
1
(2.1) JVV:NZ vy V=(v1,...,0n)

where 0,, € P(FE) denotes the Dirac mass on E at point v;.

e Py(F) denotes the subset {uly, V € EV} of P(E).

e P(P(FE)) denotes the set of probabilities P(E) (which is well-defined since
P(E) is a Polish space, i.e. a separable completely metrizable topological
space, see [2, Theorem 6.8] for instance).

e (, (P(F)) denotes the space of continuous and bounded functions on P(E),
this latter being endowed with the weak or strong topologies (see Subsec-
tion 2.3).

e The arrow pointing from EV /&Y to Py(F) denotes the map 7% defined by

vV e EN/GN, an(V) = ul.
e The arrow pointing from Cy(P(E)) to Cy( EY) denotes the following map 7
VO e C,(P(E)), YV € EN, (nf@) (V)= (uy).

e The opposite arrow, pointing from Cy(E™) to Cy(P(E)) denotes the trans-
formation RY defined by:

Vo € Cy(EY), Yp€ P(E), R[)(p) = Ry(p) = (p"",0).

e The arrow pointing from Py, (EY) to P(P(E)) denotes the following trans-
formation: consider f € Py, (E") and define 7§ f¥ € P(P(E)) by setting

Ve d e GP(E), (n}fY. @)= (s x)%),

where the first bracket means corresponds to the duality (P(P(E)), Co(P(E)))
and the second bracket corresponds to the duality (P(EY), Cy(E™)).

e The arrows pointing from the first column to the second one denote the
procedure of either writing the Liouwille transport equation associated with
the set of ODEs of a particle system, or writing the Kolmogorov equation for
the evolution of the law of a stochastic Markov process of a particles system.

e Finally the dual spaces of the spaces of probabilities on the phase space can
be interpreted as the spaces of observables on the original systems. We shall
discuss this point later.

Remark 2.1. In statistics, the simplest notion of empirical measure corresponds to
a random measure of the form (2.1) where the v; are i.i.d. random variables with
a distribution m € P(FE); in this sense, an empirical measure is a random map
from P(E) to Py(E). More generally, if V is a random variable V € EV with law
N € P(EN), then Y € P(E) is a random measure with law 7% fN € P(P(E)).
Specialising to fN = foN, a tensor product, we recover the first notion. In this
paper V' is time dependent, describing the dynamics of the N -particle system, and
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although it may be natural to assume that its components v; are independent initially
this is certainly not true for positive times. Indeed, the main purpose of the paper
1s to investigate how independence of a finite number of components is recovered as
N — oo.

2.2. The evolution semigroups. The evolution of the N-particle systems as well
as the mean-field dynamics are described in terms of semigroups, which are defined
here. Let N > 1.

Step 1. Consider a process (V) on EV which describes the trajectories of the
particles (Lagrangian viewpoint). The evolution can correspond to stochastic ODEs
(Markov process), or deterministic ODEs (deterministic Hamiltonian flow). We
make the fundamental assumption that this low commutes with permutations: for
any o € YV, the solution at time ¢ starting from (Vév)o_ is (VtN)O_. This reflects
mathematically the fact that particles are indistinguishable.

Step 2. From this flow on EV we derive a linear semigroup S;¥ acting on Py, (EV)
for the distribution of particles in the phase space EV. This corresponds to a linear
evolution equation

(2.2) o fN = AN N, N € Pym(E™N),

which can be interpreted as the forward Kolmogorov equation on the law in case
where (V}) is a Markov process, or the Liouville equation on the probability density
in case of a Hamiltonian process. As a consequence of the assumption that the flow
(VYY) commutes with permutation, S} acts on Psym(EY). In other words, if the law
f& of V¥ belongs to Peym(EY), then for any times the law f of VY belongs to
Poym(EY).

Step 3. The dual semigroup T/ of SV which acts on functions ¢ € Cy(EY) is defined
by

VY e P(EY), ¢ € Cy(EY), (fY, T (9)) == (S{(fY). 0) -

It corresponds to the following linear evolution equation (with generator denoted by

GM):
(2.3) 0o =GY(p),  deC(EM).

This is the semigroup of the observables on the evolution system (V¥) on EV.

(A1) Assumption on the N-particle system. We assume that T}¥
and its generator GV are well defined in P(EY) and satisfy the
symmetry condition introduced in Step 2 above.

Step 4. We consider a semigroup f; = SNP(f) (in general nonlinear) for the 1-
particle distribution, corresponding to an evolution equation (in general nonlinear)

(2.4) Ahfe = Qf)

which is referred to as the limiting equation (in our case a kinetic equation). The
assumptions ensuring that this is indeed the limiting equation in the mean-field
limit shall be stated later on, since more abstract objects are needed. Note that
this limit can be framed either as f}¥ is f;-chaotique on some time interval, or
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(since the N-particle dynamics is in one-to-one correspondence with the dynamics
of the corresponding empirical measures ,ﬂvi (1)) as u% converges to f; on some time
interval.

Step 5. From this nonlinear semigroup we derive the pushforward semigroup T
acting on Cy(P(F)) which is defined by:

V[ EP(E), ®€Cy(P(E)), TF[@Uf) =2 (S"(f).

Note that T is always linear as a function of ® (although of course T°[®](f) is
not linear as a function of f). We denote its generator by G*°, which corresponds
to the following linear evolution equation on Cy(P(FE)):

(2.5) ® = G(D).

Remark 2.2. The “Liouville” (resp. “Kolomogorov”) label on the arrows in Fig-
ure 1 refers to the relation between a deterministic dynamical system and the Liou-
ville equation (resp. a Markov process and the Kolmogorov equation). Let us explain
now the name “observable” and the interpretation of the pushforward semigroup.

Given a dynamical system defined by an autonomous system of ordinary differen-
tial equations,

av;
(2.6) — = F(), Vo =Vin,
we may write the Liouville transport equation:
(2.7) o+ V- (Fp) = 0,

which is equivalent to (2.6) under suitable assumptions on F. We denote the
(unique) solution to the system (2.6) as Vi = Vi(vy). Then, if the initial data V;, are
distributed according to a probability density po(V')dV, the solution V; at time t is
distributed according to a density p,(V)dV = po(V_(v)) dV'; this assumes of course
that V_y is well defined. As long as Vi(v) is continouous in v, one can solve the dual
equation

(28) @gf)t - F : Vv¢t — O

and we call it the equation of observables. The solution is given ¢i(v) = ¢o(Vi(v))
and satisfies

(01, p0) = (V" ¢, po) = (Do, VZip0) = (@0, pr)-

Suppose now that instead of starting with an finite dimensional dynamical system
we start with an equation on P(FE):
af
(29) = Q) o=t
t
What now plays the role of the application V; is the semigroup SNT. Then formally
if fin is distributed according to pe in P(P(E)), the solution f, at time t will be
distributed according to p; = pin(SNE(Y)), as long as this is well defined, i.e.
satisfies an infinite dimensional Liouville equation

Op+ Vi (QUf ) ) =0, 1o = flin
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F1GURE 2. Connexion between the two dynamics

PN on BN /&N observables TN on Cy(EV)

N N
My, Tc RN

Py(E) C P(E) observables T on C (P(E))

observables

SN on P(E)

(everything is formal at the level). And by formal analogy with the finite dimensional
case, one may always write the dual equation on Cy(P(FE)):

(everything is formal again). This is the semigroup of observables of equation (2.9),
with ®;(f) = @i (SNE fin) which is nothing but the pushforward semigroup T de-
fined in Step 5 above. This dual formulation is convenient since for equations like
Boltzmann equation, SN may not be defined due to the irreversibility of the equa-
tion.

Solutions to this infinite dimensional Liouville equations are known as statistical
solutions to (2.9), and have been studied in e.g. [1, 9] for the Boltzmann equation.

Summing up we obtain the diagram in Figure 2 for the semigroups. Hence a
key point of our construction is that, through the evolution of observables over the
nonlinear limit equation and the N-particle system, one can “interface” the two

evolution systems via the maps 75 and RY. From now we shall denote 7" = 7J.

2.3. The metric issue. P(F) is our fundamental “state space”, where we shall
compare the marginals of the N-particle density f/ and the the chaotic infinite
particle dynamics f& through their observables.

Since we shall work with continuous functions on P(E), the choice of topol-
ogy is important. There are canonical choices (which determine two different sets
C(P(E))): (1) the strong topology (associated to the total variation norm) and (2)
the weak topology (that is the trace on P(E) of the weak topology o(M'(E), Cy(E))
where M denotes the space of Radon measures on E with finite mass).

On the one hand, for a given locally compact and separable metric space Z, the
space M'(Z) of finite Borel measures on Z is a Banach space when it is endowed
with the total variation norm:

vfeM(Z), |flrv = fH(2)+f(2)
= sup  (f,¢) = sup — (f,9),

P€Ch(2), Hlloo<1 #€Co(2), |14llo<1
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where f = f* — f~ stands for the Hahn decomposition and the equality between
the two last terms comes from the fact that Z is locally compact and separable.

We recall that f v, [ (strong topology) when (f;) and f belongs to M*(Z) and
I fr — fllrv — 0 when k& — oco. We also recall (f;) in M1(Z) converges weakly to
f e MY(Z), written f, — f,if

Ve Cy2) (fio) = ]}i_{fc}oﬁk, ©),

and we denote by o(M'(Z),Cy(Z)) the associated topology. The key observation
for the sequel is that this notion of convergence is metrizable with different, non-
equivalent metrics, and which such metric we choose plays an important role as soon
as one wants to perform differential calculus on P(Z).

The set C,(P(E)) depends on the choice of topology on P(E). In the sequel, we
will denote C,(P(E),w) the space of continuous and bounded functions on P(FE)
endowed with the weak topology, and Cy(P(FE),TV') the similar space on P(E) en-
dowed with the total variation norm. It is clear that C,(P(E),w) C C,(P(E),TV)

: TV ..
since fr — f implies fr — f.

However, the supremum norm ||®|| - (p(g)) does not depend on the choice of topol-
ogy on P(F), and endows C,(P(FE)) with a Banach space topology. The transfor-
mations 7 and R satisfy:

(2.10) HWN(I)HLOO(EN) < [|®||pee(p(ry and ||RN[¢]||Loo(P(E)) < @] oo (Y-

The transformation 7 is well defined from Cy(P(E),w) to Cy(EY), but it does
not map Cy(P(E), TV) into Cy(EN).

In the other way round, the transformation RY is well defined from Cy(EY)
to Cy(P(E),w), and therefore also from Cy(EY) to Cy(P(E),TV): for any ¢ €
Cy(EN) and for any sequence f;, — f weakly, we have fE’N — 9N weakly, and then

RY[@)(fr) = RY[](f).

The different metric structures associated with the weak topology are not seen at
the level of C,(P(E), w). However any norm (or semi-norm) “more regular” than the
uniform norm on Cy(P(E)) (in the sense of controlling some modulus of continuity
or some differential) strongly depends on this choice, as the abstract Lipschitz spaces
defined below illustrate.

Definition 2.3. For given functions mg : E — R, we define the following weighted
subspaces of probabilities

Pg = {f € P(E)7 <f7mg> < 00}7
and the corresponding vectorial spaces of “increments” are defined as
IPg:={fi—f2; f1, f2€ Pg}.

Then the distance distg we consider can be either be directly defined on Pg(E),
or (as in many situations we shall consider) it can be moreover inherited from a
larger normed vector space structure in the following sense: there is a vector space
G D IP; endowed with a norm || - ||g such that distg is defined on Pg by

V fi, f2 € P, distg(f1, f2) = || f1 — fallg-
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We say that Pg has a bounded diameter if there exits Kg > 0 such that
VfePFg disig(f g)<Kg

for some given fized g € Pg.

Finally, we say that two metrics dy and dy on Pg are topologically uniformly
equivalent on bounded sets if there exists k € (0,00) and for any a € (0,00)
there exists C, € (0,00) such that

Vi=0,1 Vfi, fo € BPgo di(f1, f2) < Coldisi(f1, f2)]"
where
BPg.:={f € Fg; (f,mg) <a}.

If such that dy and dy are resulting from some normed spaces Gy and Gy, we
(slightly abusively) say that Gy and G; are topologically uniformly equivalent
(on bounded sets).

We also define the vector space UC(Pg(E);R) of uniformly continuous and bounded
function U : Pg, — R, where the continuity is related the metric topology on Py de-
fined by distg above. Observe that this is a Banach space when endowed with the
supremum norm.

Example 2.4. With the choice mg :=1, || - ||g := || - [[7v and Pg(E) = P(E).

Example 2.5. There exist many ways to define distances on P(E) which are topo-
logically equivalent to the weak topology of measures, see for instance [23, 7]. In
subsection 2.12 below, a selection of such distances of particular interest are pre-
sented. They are all topologically uniformly equivalent (at least on bounded sets of
P(E), when the bounded sets are defined as above thanks to a suitable weight function
TRg).

2.4. Differential calculus for functions of probability measures. We start
with a definition of Lipschitz regularity, for which a mere metric structure is suffi-
cient.

Definition 2.6. For metric spaces Q1 and Qg we denote by C% 1(91, Qg) the space of
Junctions from G1 to Gy with Lipschitz reqularity, i.e. the set of functions ¥ : G; —
Go such that there exists a constant C > 0 so that

(2.11) VigeG  distg,(¥(g),T(f)) < Cdistg, (g, f)-

We then define the semi-norm [Jcoa (g, g,) on C%Y(Gy,Gy) as the infimum of the
constants C' > 0 such that (2.11) holds.

Let us now define a higher order differential calculus; this is where our assumption
that our distances are inherited from a normed vector space structure shall play a
role.

I)eﬁnitign 2.7. Congider some normed spaces Gy and Gy, and some melric sets
Gi and Gy such that G; — G; C G;, and some k € N. We define pkvl(gl;gz), the
space of functions k-times continuously differentiable from Gy to Go, with bounded

deriwatives, and such that the k-th derivative is Lipschitz continuous in the sense of
Definition 2.6.
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More explicitely, this is the set of functions W : G — G» continuous such that
there exists D’V : G — B(Gy1,Gs) continuous and bounded, where B/ (G, G,) is the
space of bounded j-multilinear applications from Gy to Gy (endowed with its canonical

norm) for j = 1,...,k, and some constants C; > 0, j = 1,....k, so that for any
j=1,..k
(212)  V/fg€G Z (DW(f), (9= N[ <Cjllg— Flig
Go
(with the convention DU = U ). o
We define the following seminorms on C*(Gy,G,)
[\I,]j,o = Sup HD]‘\I,(f)HBj(glg2)7 .7 = 17"'7k7
feq

with

1Ll i g1,0,) = sup 1L (hase e hy)llg, -

hi7||hi||gl SLISZS]

and

2

|w(9) = LoD (s, (g - )7
(]2 == sup == g
f9e1 lg = fllg,

Finally we combine these semi-norms into the norm

Ed

19l gy gy = D W0+ ¥

J=1

The following lemma confirms that this differential calculus is well-behaved for
composition, which seems a minimal requirement for further applications.

Lemma 2.8. Consider U € C*'(Gy,G,) and V € C’@j(g}, Gs).
Then the composition W :=V olU belongs to C*1(G1,G3).
Moreover the following chain rule holds at first order k =1

(2.13) vfeG, DU[f]=DVU(f)oDUlf],

with the estimates

Woa < Voa Uoas [Wlio < Who Ulo,  [Wia < Vo U]ia + Vi U5,

At second order k = 2 one also has the chain rule
(2.14) Vf € G, D*V[f] = D*VU(f)] o (DU[f] ® DU[[]) + DVIU(f)] o D°U]f].

Proof of Lemma 2.8. 1t is straightforward by writing and compounding the expan-
sions of U and V provided by Definition 2.7. U
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2.5. Identification of the generator of the pushforward semigroup. As a
first example of application of this differential calculus, we compute the generator
of the pushforward limiting semigroup, under the following assumptions:

(A2) Nonlinear semigroup. Consider a probability space Pg, (E) (de-
fined in Definition 2.3) associated to a weight function mg, , endowed
with the metric induced from a normed space G;, and with bounded
diameter. Assume that for any 7 > 0 we have:

(i) The equation (2.4) generates a continuous semigroup SN on
Pg, which is furthermore uniformly Lipschitz continuous: there
exists C; such that

Vf,g€ P sup distg, (S,fVLf, StNLg) < C,distg, (f, 9)-
t€[0,7]

(ii) There exists § € (0,1] such that the (possibly nonlinear) gen-
erator () (introduced in equation (2.4)) is 6-Holder continuous
from Pg, into Gy:

L€ (0,400)st. Vf, g€ Py, Q)= Qg <LIf—gll3,-

Then we have the following lemma.

Lemma 2.9. Under assumption (A2) the pushforward semigroup T7° is a con-
traction semigroup on the Banach space UC(Pg,(E);R) and its generator G is
an unbounded linear operator on UC(Pg, (E);R) with domain Dom(G*) containing
CHY(Pg, (E);R). It is defined by

(215) V@ e CY(Po(E):R), Vp € Py(E), (G*)(p) = (Do), Q(p)).

Proof of Lemma 2.9. The proof is split into several steps.
Step 1. We claim that for any f;, € Pg, and 7 > 0 the map

S(fm) : [077) _>P917 t’_)StNL(fm)

is right-differentiable at ¢ = 07 with S(fi,)'(0) = Q(fin). Denote f; := SNLf,,.
First, Q(f;) is bounded in G; uniformly on ¢ € [0, 7] and f;, € Pg, since

?OHI?HQ(ft)Hgl < ?31? 1Q(f:) — Q(fin)ll, + 1Q(fin)llgy

< sup L[ fy = finllg, + 1Q(fin)llg, = K,

[0,7]
and the first term is bounded because t +— f; is bounded thanks to (A2i). We
deduce that uniformly on f;, € FPg,

< Kt
g1

)

(2.16) 1 = Fonllos = H [ s
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and then using (A2ii) and that inequality (2.16)

1= fon =t QU ler = \ /Ot(Q(fs)—Q(fm)) ds

Gi
t
- L/ Vo — full® ds
0
t t1+5
< L/(Ks) ds =L K°
0 146’

which clearly implies the claim.

Step 2. We claim that (77°) is a Cy-semigroup of linear and bounded operators on
UC(Pg,(E);R). Indeed, first for any ® € UC(Pg, (E);R) and denoting by we the
modulus of continuity of ®, we have

(T2@)(g) — (T72@)(N)] = [@(S(9)) — (57" (9))]
we (distg, (5, (9), S (f)))
Wo (C distg, (f g))
so that T°® € UC(Pg,(F); R) for any t > 0. Next, we have
171 = sup [[T@]| = sup Sup @SN <1, |19l = sup [B(R)].

@< |@]I<1 fePg, hePg,
Finally, from (2.16), for any ® € UC(FPg, (E);R), we have
|T°P — @ = sup RSN (f) = @(f)| Sws(Kt) =0 ast— 0.
JeP

<
<

As a consequence, Hille—Y081da Theorem (see for instance [22, Theorem 3.1]) implies
that (7)°) is associated to a closed generator G with dense domain dom(G>) C
UC(Fg,(E);R).

Step 3. Let us propose a candidate for this generator (at least defined on a subset
of its domain). Let G* be defined by

Vo e 0171<P91;R)7 vf € PQN (éooq))<f> = <D(I)[f]7Q<f>> :

The RHS is well defined since D®(f) € B(G1,R) = G| and Q(f) € G; by assumption.
Moreover, since both f — D®[f] and f — Q(f) are uniformly continuous, so is the

map f — (G2®)(f). It yields G*® € UC(Py,(E);R).
Step 4. Finally, by composition,
V[ € Po(E), tm T0(f) =08 (f)
is right-differentiable at t = 0% and
d d

LT s = @S
= (DRS()(0). S8(n)(0)

= (DOl Q) = (G=) (p).
which implies ® € Dom(G*) and (2.15). O
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2.6. Polynomial functions in C,(FE). There is a natural notion of polynomial
functions in the space Cy(E).

Definition 2.10. We call polynomial over probabilities a function R*[p] with
© =1 X g, p; € Cy(E) and £ € N, and where R’ is the transformation already
defined:

ViePE), (R f) rZ/sOf-

Observe that the set of polynomial defines an algebra (as expected from such a
notion).

Let us now study the smoothness of such particular elements of Cy(P(E)) in the
sense of the preceding differential calculus (depending on the smoothness of ¢ used
to construct the polynomial). We need first some preliminary definitions.

Definition 2.11. (i) We say that a pair (F,G) of normed vector spaces such
that F C Cy(E) and P(E) — P(E) C G is “in duality” if

(2.17) VigeP(E),VYoeF  [((f=9),0) <Clf —gllglolr.

(ii) More generally we say that a pair (F, Pg) of a normed vector space F C
Cy(E) endowed with the norm || - || and a probability space P C P(F)
endowed with a metric dg are in duality if

(2.18) VigeFg VoeF  [(g—f o) <Cdg(f g)lolr

Lemma 2.12. If the situation (i) above holds the polynomial function R[] is of
class C*Y(Pg,R) for any k > 0.

In the more general situation (ii) above the polynomial function R[] is at least
of class C%'(Pg, R).

Proof. The proof mainly follows from the multilinearity of R. Indeed, defining

J4
G =R, he DR[f](h) =) (H(% f>> (i, h),
i=1 \j#i

we may write

Ri,(fz) Re (f1) Z < H (@, f2) ) (@i, [2— [1) ( H (<me1>> )

i=1 \1<k<i i<k<t

and

sz(f2) - Rf;(fl) - DRi[f1]<f2 - fl) =

= Z ( H <80k,f2>> (@), fo=1f1) ( H (<me1>> (@i, f2—f1) ( H <s0k,f1>> .

1<j<i<t \1<k<j j<k<i i<k<t

We deduce then
|RU(f2) — RL(f1)| < el ro@eye L2 — fillg,
|DRS[f1](h)| < ellizewey— Al
|RU(f2) — RL(f1) = DR, fi(f2 — f1)| < llell a2 |1 f2 = fillé,
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where
[l Fra@e)—r = Z o ll7 ==« i [l 7 H [0l Lo ()
i1,...,0k distinct in [|1,4]] JF (i1, 0k)
E ||90||oo,]:®(L°°)e_1 fOI' k’ = ]_,
< (e —1)
5 ||<p||oo7fz®(Loo)zfz for k=2,
and we have defined
6l Fro@oye-—x == max ol - llealls T lesllee
1,...,0k distinct in [|1,€]] o )
GF#(1,0k)
< lellFer,
since || - llzee < 1| 17 =

2.7. Assumptions. We now state the remaining assumptions of the main abstract

theorem.

First we assume that (A1) and (A2) hold. Hence the semigroups S~, TN, SNt
and T7° are well defined as well as the generators GV and G*.

(A3)

(2.19)

Convergence of the generators. Let Fg be the probability space
endowed with a metric considered in (A2). We assume that there is k >
0, and a function (V) with limy_,. €(N) = 0 such that the generators
GV satisfy for any N € N:

Vo€ CP (Po;R), [|GY (my @) = 7 (Q, D[ oy < €N (1Dl -

(A4)

(2.20)

Differential stability of the limiting semigroup. We assume that
the flow SN is C*1(Pg,, Pg,) in the sense that there exists Cy 7 > 0 such
that

T
1S ons gy 1 < Cin

where Pg, is the same subset of probabilities as Fg,, endowed with the
norm associated to a normed space G, D G; possibly larger than G;.

(A35)

(2.21)

Weak stability of the limiting semigroup. We assume that, for
some probability space Pg,(F) (associated to a weight function mg, and
some metric distg, ) and every 7' > 0 there exists a constant Cs 1 € (0, 00)
such that

vfla f2 € PQS(E)7 sup diSth (StNL(fl)a Sz{VL(f2)) < C5,T diSt%(fla f2)

[0,7)
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2.8. Statement of the result.

Theorem 2.13 (Fluctuation estimate). Consider a process VY in EV /Gy, and
the related semigroups S and T as defined above. Assume that there are normed
spaces F; C Cy(E) and some metric spaces Pg, C P(FE) as defined above, i =
1,2,3, in duality, and such that the assumptions (A1)-(A2)-(A3)-(A4)-(A5) are
satisfied. Let f;,, € P(E), and consider a hierarchy of N-particle solutions fN =
SN(fENY and a solution f, = SN*(fi) to the limiting equation.

Then there is some absolute constant C € (0,00) and, for any ¢ € N, there is
a constant Cyy € (0,00) (depending on £ and k in (A3)-(A4)) such that for any
N, ¢ e N*, with N > 2(, and for any

p=p1R Q@ eF” F=FnFnF elr<l,

we have
N(r®NY __ (aNL/p \\®N N—¢
(2:22) sup [((SNUEY) = (57 () ™) o 17
€2

<C N + CreCyre(N) + Cs,Tngg\ﬂfin)
with
(2.23) O () i= [ disto,(ul s fun) 15 (aV).

EN

2.9. Remarks.

(1) This theorem immediately implies the propagation of chaos as soon as F
is dense in Cy(FE) in the topology of uniform convergence on compact sets.
This condition is satisfied in all examples given below.

(2) The key idea of our method is to treat the N-particle system as a perturba-
tion (in a very degenerated sense) of the limiting problem, and thus to lower
as much as possible assumptions on the particle system in order to avoid the
complications of dynamics in high dimensions.

(3) It is worth emphasizing that in the applications the last term in the RHS of
(2.22) always has the worst rate of decay. This is the term which measures
the chaoticity of the initial data. So typically our theorem does not “worsen”
the fluctuation estimate around chaos along time.

(4) With this abstract result at hands, the difficulty in proving the propagation
of chaos is reduced to (a) the “consistency” estimate (2.19) (which is natural
whenever the construction is done properly!) and (2) the two “stability” es-
timates (2.20) and (2.21) on the limit problem. The second estimate (2.21)
turns out to be a natural requirement in order to be able to handle empirical
measures for the limiting semigroup S{¥%. The first estimate (2.20) is at the
core of the proof: the fact that the limiting semigroup correctly propagates
the norm C*1(Pg,) intuitively means that it propagates a bound on the fluc-
tuations around the tensorial case, robust enough so that one can apply the
consistency estimate. Its identification as well as its proof in some physical
cases are the second main novelty of the method in this paper and in [21].
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(5) For fi, € Pyy5(R?) the space of probability measures with moment of order
d + 5 bounded, the quantity Q?\?(fzn) goes to zero thanks to quantitative
functional law of large numbers due to Rachev and Riischendorf [23]. For
more general initial data f;, € P(E) the quantity Q% (fi,) also goes to zero
as a consequence of Hewitt and Savage theorem, see [21].

2.10. Proof of Theorems 2.13. For a given function ¢ € (F; N Fy N F3)®, we
break up the term to be estimated into four parts:

‘<SN< @N) _ (SNL(fm)) o ® 18N~ z>‘ <

<’<SN ), 0 ® 19N~ e> <SN M Rz‘P]ONvH

+ ’<fm>TN RZ[ ONV > - <fm> TtOORZ[SO]) OMV >}

+ [N (TR 0 i) = ((SMH(fa)) 0| = T+ T+ T
We deal separately with each term in this expression:

e 7, is estimated by purely combinatorial arguments;

e 75 is estimated thanks to the consistency estimate (A3) on the generators
plus the fine stability assumption (A4) on the limit semigroup;

e 73 is estimated in terms of the function Q]g\}*' (fin) (measuring how good fi,
can be approximated in weak G3 distance by empirical measures) and thanks
to the weak measure stability assumption (A5).

Step 1: Estimate of the first term 7;. We prove that for any ¢ > 0 and any
N > 2¢ there holds

(2.24) = [(SY(fI), 0 @ 19N — (SN (f o )| < M

Since SP¥(f) is a symmetric probability measure, estimate (2.24) is a direct conse-
quence of the following lemma.

Lemma 2.14. For any ¢ € Cy(E") we have

20 ||S0||LOO(EZ)
N

where for a function ¢ € Cy(EY), we deﬁne its symmetrized version Gy, as:

(2.26) Doym = Z o

UGGN

(2.25) YN > 2, ‘(gp @19V ryRt <

sym

As a consequence for any symmetric measure f~¥ € P(EYN) we have

207 ||| poo e
(2.27) B — (7 ) < 2P,

The lemma is a simple and well known combinatorial computation. We briefly
sketch the proof for the sake of completeness.
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Proof of Lemma 2.14. For a given ¢ < N/2 we introduce
ANJ = {(’il, ...,’ig) € Hl, NHZ : Vk 7é k?l, Zk 7& ’ik/ } and BN,E = A?V,f'

Since there are N(N —1)...(N — ¢+ 1) ways of choosing ¢ distinct indices among
(|1, N|] we get

IByo 1 (-1 — i
- = | 1N...1N—1exp;ln1N
-1 .
) 2
< 1- 2y )< —
< 1oom (X )<

where we have used

Veel0,1/2], Inl—2z)>-22x and VzeR, e*>1-uz.

Then we compute

(i1,--,50) EAN 0 (i1,-,3)€BN ¢
1 1 02
— Wm (p(va(l),...,vg(g))+0 (N ||g0||Loo>
’ ceGyn
1 202
— 1 X e va) +0 (5 Dol )
’ ceG N

and the proof of (2.25) is complete. Next for any f¥ € P(E"™) we have

(F0) = (P (e @12V ) ).
and (2.27) trivially follows from (2.25). O

Step 2: Estimate of the second term 7.
We prove that for any ¢ > 0 and any N > 2/ there holds

(2.28) T2 = (S TN (R el o uy)) = (fin, ((T7°R[]) o 1)) )|
< G0 Care(V) ¢l ooy

for some explicitly given constant Cy(k, ¢) depending only on k and .
We start from the following identity

t d t
TNy — NI = —/ I (Tgs N T ds = / TN, [GNWN — NG| T ds.
0o @s 0
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From assumption (A3) we have for any ¢ € [0, 7]
(T 7n R[] — mnT° R[]

Dl o o

=| [ g0 () 16 m - ma 6] (R )
< [ N6 mn @) TR,

(2.29) < ¢e(N) | TR | o | ds.
0 (Pg,

Since TP (R [p]) = Rp] o SN with SN € CP(Pg,, Pg,) thanks to assumption
(A4) and R‘[¢] € C*'(Pg,,R) because ¢ € F5* (see subsection 2.6), we obtain
with the help of Lemma 2.8 that T°(R[¢]) € C*1(Pg,) with uniform bound. We
hence conclude that

(2.30) /0 |7 (B (Dl s,y B < OR) Cor [|B A iy -

Going back to the computation (2.29), and plugging (2.30) we deduce (2.28).

Step 3: Estimate of the third term 7s.
We claim that for any ¢ > 0 and any N > 2/,
(2.31)

To = (5 (T Re]) o i) = (Y (i)™ 1 0)| < £C50 0% (fin) Il mpiaoye-rs

with Q% (fin) is defined in (2.23).
To prove this, let us write

Toa = (S (TR e]) o)) = / R'lp] (ST (1)) fin(dVA) .. fin(dViv)

/ (Haz ) fm d‘/l) fm(dVN)a
with
a; = a;(V) = /Ecpi(w) SN (i) (dw), 1=1,...,0

Similarly, we write for the second term

Too = <(SZVL(fm))®5’SO>:/ (Hb) FndV2) .o fin(dV),

with
by / oiw) SN fu)(dw),  i=1,... L
E

Using the identity
¢

Ha, Hb —Z Qi ((li—bi)b“_l...bﬁ,

i=1
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we get

(2.32) <)

=1

4
1=

(H HwHwa)) [ V) = bl V) . fnlaVi).

J#i

Then by using the duality bracket together with assumption (A5) we have

lai(V) = bi| =

/E i) (SVE(fan)(duw) — SVE(dY) (dw))

||90i||]:3 diStg3 (Si\TL(fm)v Si\TL(:u]\y))

<
< Csplleillz distg, (fin 137) -

(2.33)

Therefore combining (2.32) and (2.33) (for any 1 < ¢ < /), we conclude that (2.31)
holds. O

2.11. Remark on assumption (A4). Let us briefly explain how our corner-stone
estimate (A4) can be obtained in the case of a nonlinear generator (), which splits
into a linear part and a bilinear part:

(2.34) Vi e P(E), Q) =Qi(f)+Q(f.f)

with @, linear and ()5 bilinear symmetric. Assume also for simplicity that £ < 2 in
assumptions (A3)-(A4).

For two given initial data f;, and g;, we introduce the following evolution equa-
tions

(019 = Q(g)

Q1(9) +Q2(9,9),  9gjt=0 = Gin,
O0f =Q(f) =i(f)+Qf, f):  fit=0 = fin,
Oh = Q' (f)h=Q1(h) +2Q2(f,h), hj=o = Gin — fin,
( O = Q'(f)r +3Q"(f)(h, h) = Qu(r) +2Qa(f,7) + Q2(h, h), 7)== 0.

It is clear that h; depends linearly on g;, — fi, (but also nonlinearly on f;,) and
r; depends quadratically on h; (and also nonlinearly on f;,), and therefore depends
quadratically on g;, — fin. At least formally, h; is the linear variation of f;,, — SN f;,
and r; is its second variation. Let us define s := f+g¢g,d:=g— f,w:=9— f —h,
Y :=g— f—h—r, for which we get the following evolution equations

Ord = Q1(d) + Q2(s,d),  dj—o = din = gin — fin,
dw = Q1(w) + Qa2(s,w) + Qa(h,d),  wji=0 =0,
oY = Q1(¥) + Qa(s,v) + Q2(h, w) + Qa(r, d), =0 = 0.
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Now we can translate the regularity estimates on SN in terms of estimates on
these solutions

Sl[tp} ||dt||g1 < CTHdegl = StNL € Co’l(PgnPgl)
te|0,t

Sl[tp} |willg, < Crlldnlly, = S* € CY(Pg,, Pg,)
te|0,t

s%p] [ellg, < Crlldinlly, = SN € C*'(Pg,, Pg,).
te|0,t

Such estimates are typically obtained by applying Gronwall lemma to the above
mentioned equations satisfied by d, w and v, for well chosen norms || - ||g,.

Observe that these computations follow naturally from the key idea of looking
for differentiability of the semigroup with respect to the initial data, in some weak
measure sense.

2.12. Examples of distances on measures when E = R Here we list some
well-known distances on P(R%) or on its subsets

Py(R?) == {f € P(R); (f, (v)7) <00}, q=0, (0)*=1+]vf”

These distances are all topologically uniformly equivalent to the weak topology
o(P(E),Cy(E)) on the bounded subsets

BPo(B):={f € P(R), (f, (v)7) <a}
for any a € (0,00) and for ¢ large enough. A good reference on these matters is [8].

Example 2.15 (Dual-Holder (or Zolotarev’s) distances). Denote by distg a distance
on E and fitvg € E (e.g. vy = 0 when E = R? in the sequel). Denote by Lip,(F)
the set of Lipschitz functions on E vanishing at one arbitrary point vy € E endowed
with the norm

lp(y) — (@)
z,yel diStE<x7y) .

We then define the dual norm: take mg := 1 and Pg(E) endowed with

(2.35) vigels  lg=fli= sw ot
peLipo(B) (]

[elLip = [0 =

Example 2.16 (Monge-Kantorovich-Wasserstein distances). For g € [1,00), define
Pg(E) = Fy(E) = {f € P(E); {f,mg) := (f, dist(-,v0)?) < oo}
and the Monge-Kantorovich-Wasserstein (MKW) distance W, by
(2.36) Vf,ge€ P(E), WIfg):= inf / distg(z, y)! 7(dx, dy),
~ell(f.9) JExE

where II(f, g) denote the set of probability measures Il € P(E x E) with marginals
fand g (II(A,E) = f(A), II(E, A) = g(A) for any Borel set A C E). Note that for
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VY € EN and any q € [1,00), one has

1/q
(237) W (lu\/nuY) - dﬁq EN/GN)(V Y = min < ZdlStE 'Uzayaz ) s

JEGN
and that
(2.38) Vi, geh(E), Wilfig)=1f—-gli= sw (f—g.9)
¢€Lipy(F)
as well as
(2.39) Vg€ (L,oo), V[, g€ P(RY) Wilf,g9) <Wy(f.9)

We refer to [28] and the references therein for more details on the Monge-Kantorovich-
Wasserstein distances and for a proof of these claims.

Example 2.17 (Fourier-based “Toscani” norms). For E =R¢, mg, := 1, let

o H(©)
£eRd <§>8 ’
We denote by H™° (which includes TPg, for s large enough) the Banach space as-
sociated to the norm | - |s.

s> 0.

VfGTPgl, ||f||g1 :|f|8 =

Example 2.18 (Negative Sobolev norms). For E = R, mg, := 1, let

f©)
(©):

We denote by H=* (which includes TPg, for s large enough) the Hilbert space asso-
ciated to the norm || - || g-s.

, s>0.
L2

VIieTkl, |fllg = flla-—s@e = H

2.13. Law of large numbers for measures. The quantitative estimates of propa-
gation of chaos depend on the rate at which Q]gvg (fin) converges to zero when N — oo.
Since in our applications we shall use a common argument, we sketch it now.

First we remark that thanks to (2.38) and (2.39), we have for any f,g € P»(RY)
and ¢ € Lipy(R?)

g — f, o) <lg— flileh < Wi(f, 9) el < Wa(f, g) (¢

That precisely means that F3 := Lipg(RY) and Pg, := P», endowed with the qua-
dratic MKW distance W5, are in duality in the sense of Definition 2.11.

Next, we recall the following classical result.
Theorem 2.19 ([23]). For any f € Py.5(R?) and any N > 1 there holds
(2.40) QW2 (f) < Cst(d, Myy5) N~ 7,

for some constant Cst(d, My,5) which only depends on d and

Mays(f) = 0|0 f(dv).

R4
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Combining these two facts, we see that the error term 73 in the proof of theo-
rem 2.13 satisfies
cst(d, Mgy s)
A )

N+

T < CUCsy

so long as assumption (A5) holds with the present choice of dual functional spaces
(.Fg,PgB) and fm S Pd+5(Rd).

3. MAXWELL MOLECULE COLLISIONS WITH CUT-OFF

3.1. The model. In this section we assume that £ = R¢, d > 2, and we consider
an N-particle system undergoing a space homogeneous random Boltzmann collisions
according to a collision kernel b € L'([—1, 1]) only depending on the deviation angle
and locally integrable (Maxwellian molecules with Grad’s angular cut-off). We make
the normalization hypothesis ||bl|1 = [4u1 b(01) do = 1. More precisely, given a
pre-collisional N-system of velocity particles V = (vy,...,oy) € EN = (R, the
stochastic runs as follows:

(i) for any ¢’ # j', we draw randomly for the pair of particles (v;,v;/) a random
time T} ;» of collision according to an exponential law of parameter 1, and
then choose the collision time 77 and the colliding couple (v;,v;) (which is
a.s. well-defined) in such a way that

Ty =1T;; = min Ty ;
1<i'£§/<N

(ii) we then draw o € S?! randomly according to the law b(cos6;;) where we
define the angular deviation 6,; by cos6;; = o - (v; — v;)/|v; — vil;

(iii) the new state after collision at time 77 becomes
Vi=Vi=RijoV = (01,0, s U] o, UN),
where the rotation R;;, on the (¢, j) pair with vector o is defined by
3.1 L i R e
(3.1) ! 2 + 2 J 2 2

with

*
wij = V; +’Uj, uij = ‘UU| a, uij = V; — ’Uj.

The associated Markov process (V;) on (RY)Y is then built repeating the above
construction. After scaling time we denote by f{¥ the law of V;, SV the associated
semigroup, as well as GV and T} respectively the associated dual generator and
dual semigroup, as in the previous abstract construction.

The master equation on the law f is given in dual form by

(32> 8t<ftN7 90> = <ftN7 GN90>
with
N 1 al *
(33) @OV =5 [ Meosty) [ ] do
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where ¢f; = ¢(V;5) and ¢ = (V) € Cy(RV?). Note that the collision process is
invariant under permutation of the velocities, and satisfies the microscopic conser-
vations of momentum and energy at any collision time

N
Va=1,..d Y 0= vk, [V =|V[=)|ul™
k k k=1

When E = R4, we write V = (v;)1<i<y = (v1,...,05) € EY and v = (v4)1<a<a €
R? so that V = (vi) € RV with v, € R.

As a consequence, for any symmetric initial law f2 € Py,,,(RV9) the law density
[ remains a symmetric probability and conserves momentum and energy

Va=1,...4d, /W (ivka> ftN(dV):/RdN <i%> N av),

k=1 k=1

vorR s Re [ (VR @) = [ oV £Yav).

The formal limit of this N-particle system is the nonlinear homogeneous Boltz-
mann equation on P(R?) defined by

(3.4) Oufe = Q(f1, J1)

where the quadratic Boltzmann collision operator @) is defined by

(35) QU e) = / b(0) (6(w5) — B(ws)) dor f(duwy) f (du)

R2d x gd—1
for o € Cy(R?) and f € P(RY), with

R \wQ—w1|g L witwy |wy —wy
! 2 2 ’ 2 2
and cos) = o - (v — w)/|v — w|. This equation generates a nonlinear semigroup

SNL defined by SNLf;, == f; for any f;,, € P(R?), which satisfies conservation of
momentum and energy:

Vit >0, /Rdvft(dv) = /Rdvfm(dv), /Rd [v]? fi(dv) = /Rd 102 fin(dv).

3.2. Statement of the result. On the one hand, it is well known that for the
Boltzmann collision kernel we have chosen (Maxwellian molecules with angular cut-
off, sometimes called pseudo-Maxwell molecules) the N-particle Markov process (V)
is well defined for any given velocity V,, and in particular, for any given initial law
I € Pym((RY)Y) there exists a unique solution [ € Py ((RY)Y) to equations
(3.2)-(3.3) so that the N-particle semigroup S} is well defined, see [16, 17, 25, 19].
On the other hand, it is also well known that for any fi, € P,(R?), m > 0 the
nonlinear Boltzmann equation (3.4)-(3.5) has a unique solution f; € P, (R?) and this
one conserves momentum and energy when m > 2, see for instance [25, 26, 10, 27].

*

Wy

Our mean-field limit result then states as follows.
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Theorem 3.1 (The Boltzmann equation for Maxwell molecules with Grad’s cut-off).
Consider an initial distribution fi, € P,,(R?), m > 2 and the hierarchy of N -particle
distributions fN = SN(fEN) following (3.2) and the solution f; = SN*(fi) following
(3.4).

Then there are constants C, C% € (0,00) only depending on fi, and T € (0, 0)
such that for any

p=p1® ® @ €FY, Fi=CR)NLipRY), [olr <1,

we have for N > 2(:

36)  sup (820N — (SYE)Y) o) < CHE + CReaks)

(0,7]

where QWQ was defined in (2.23) and Wy is the quadratic MKW distance defined in
(2.36).

As a consequence of (3.6) and of the discussion of subsection 2.13, quantitative
propagation of chaos holds with rate e(N) < C'(¢, T, fin) N~ for any initial data
fin € Pays(R?).

3.3. Proof of Theorem 3.1. We have to establish the assumptions (A1)-(A2)-
(A3)-(A4)-(A5) in order to apply Theorem 2.13. We will do it step by step. In this
proof we fix F; = F» = Co(R?) and F3 = Lip(R?Y) and we define Pg, = Py, := P(R?)
endowed with the total variation norm || - ||y, Pg, = P»(RY) endowed with the
quadratic MKW distance W5. Notice that (G;, F;), i = 1,2, and (Fg,, F3) are in
duality (see subsection 2.13).

Proof of (A1l). Taking m; = 1, the assumption is just a consequence of the fact
that (3.2) is well posed for any fY(0,.) € Pym((RY)Y) so that f/ is a probability
measure for any ¢ > 0.

Proof of (A3). We claim that there exists C; € Ry such that for all ¢ €
CLl(PgNR)

S G

(3.7) HGN(‘I) o i) <Q (v s 1), DOy >HLoo EN) ||(I>||01 1(Pg, ,R)

which is nothing but (A3) with k=7 =1and ¢(N) =C; N~".
Take ® € CY(Pg,,R), set ¢ = D®[ud] and compute

GN@out) = 5 3 [ b0 [0 - 2] do
=5 2 [ e - (= 1(V))




26 S. MISCHLER, C. MOUHOT, AND B. WENNBERG

On the one hand, we have

L= o5 Z/Sd 1 0:5) [0(v)) + o(v]) — d(vi) — d(v;)] do

- §/Rd /R /S b(0) [p(v*) + p(w*) — d(v) — d(w)] ¥ (dv) b (dw) do

= Qv 1), 0).
On the other hand, we have

L) = QNZ /. <|<1>||cu (%)) do

N
[Pl 1 ||<1>||c11
< 8 N Z N2 < 8]

1,j=1

Collecting these two terms we have proved that (3.7) holds.
Proof of (A4). Let us prove that for any f, h € P(RY) and for any T > 0

(38)  sup |\SNE() = SYH(H) = £SMHAR = )| < eI B - Fy

t€[0,T]

where ESiV LT#] is the linearization of SNL at f. As a consequence, that implies that
(A4) holds with £ = n =1 and the above definition of Py and Pg,. We denote by
fts gt, hy the solutions to the following equations:

atft = Q(fu ft)7 f|t=0 = f7
Ov g = Q(gtagt)a git=0 = h,
atht = 2@<ft7 ht) = Q(fh h't) + Q<h’t7 ft>7 h’|t=0 =h— f7

where Q denotes the symmetrized version of the bilinear collision operator. From
standard Gronwall argument, there is existence and uniqueness of such solutions,
which moreover satisfy, uniformly on [0, 7]

Ihellzy < T Nh = fllzv,  Nge = fellzv < e |[h = fllzv.

Now let us denote r; := g, — f; — hy, which satisfies the following equation
8trt:Q(ft+gtart)+©<gt_ftaht)a Tin = 0.

Introducing vy, := ||7¢||7v, we have
1, ~ -
v < QU+ g rllev + Qg = fos ha)llzw

< Alle [1fe + gellzv lIrellov + Clige = fillrw Vhellzv
< Cy+Ce||h— fligv,
from which we deduce
vte[0,T], ye < |h— flly
which concludes the proof of (3.8).
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Proof of (A2). Assumption (A2i) is clearly a consequence of (A4). For (AZ2ii)
we write

10U, F) - Qg v = sup /E QU f) - Qlg. 9)) o

ol oo <1

= s [ (fog9) [ b= o) dadude,
ExE Sd—1

llpll oo <1
< 4l [If = gllzv,
so that the function f ~— Q(f, f) is Lipshitz from Pg, to M (R?).

Proof of (A5). It is known since the seminal work of Tanaka [25] that the nonlinear
Boltzmann flow associated to Maxwellian molecules is a contraction for the quadratic
MLW distance Wa: for any fin, gim € P1(R?) the solutions f;, g; to the Boltzmann
equation (3.4) satisfy

sup Wa( fi, f9:) < Wal fin, gin)-

(0,7

That immediately implies (A5) in the space Pg,. O

4. VLASOV AND MCKEAN-VLASOV EQUATIONS

4.1. The model. In this section we assume again that £/ = R? and we consider an
N-particle system which undergoes McKean-Vlasov type stochastic dynamics, i.e. a
drift deterministic force field combined with diffusion. We refer to the lecture notes
[24, 19] and the references therein for more details on the model, and among many
references, we highlight the recent paper [6] for recent results and references (using
the so-called “coupling” method). The method we shall present here does not rely on
any of these references. The results in this section are mostly not new but compare
to the latest results of mean-field limit on this equation as far as we know. Indeed
we shall make strong smoothness assumptions on the coefficients of the evolution
equation in order to avoid technical difficulties and our goal is to advocate for our
new method and show its power and ability to deal with very different models.

We assume that the N particles VYV = (v, ...,vy) satisfies the stochastic differ-
ential equation

(4.1) dviy = 0;dB;; + FNdt  1<i<N,

where the o; = o(v;) € WH*(R?), 1 < i < N, are the diffusion d x d-matrices, the
(Bit)1<i<n are independent standard Wiener processes, and the (F/V),<;<y are the

force field coordinates. Because of indistinguishability we assume
EX (V)= FY (v, 5

with VN := (v1,...,0i_1,Vis1, ..., vn) and FY : R x P(RY) — R?. (Note that here
and below the latin letters “2, j, ...” label the particles, whereas the greek letters
“a, B, ...7 label the coordinates of the force field or of any particle in R<.)

We assume that F'V is uniformly bounded and Lipschitz in both variables (when
endowing P(R?) with a distance inherited from a negative Sobolev norm). More
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precisely, we assume that for any & > d/2 there exists Cp; > 0 such that for any
v; € RY f; € P(RY)

(4-2) VN eN, ‘FN(Uz, f2) - FN(U1, f1)‘ < Crp [|112 - U1| + Hf2 - leH—k]-
The typical example we have in mind is
_ N A . 1
(@3)  EX (Vo) = g P (o) PV (o) = bl -y
J#i
for a smooth vector field b : R — R?, so that

F(x,m) = /Rd b(x —y) m(dy).

It is natural for the limit to exist to assume that there exists a F' : R¢x P(R?) — R?
such that F¥ — F in the sense that there is a constant CFim > 0 such that

(449  YNEN VoeR, viePE), [P f)- Fv.f)] < Cn

This assumption is trivially satisfied for the example (4.3) for instance.

Under the smoothness assumptions (4.2) on the N-particle force fields, for any
N > 1 there exists a Markov process (V})i>o which solves the system of stochastic
differential equations (4.1), see [24, 19].

The time-dependent law f2 of the process V¥ satisfies the following linear master
equation corresponding to (4.1), given in dual form by

(4.5) Vo e DRY, 0, (fN,¢) = (f,GN ).
with

N N
VYV e R, (GNp)(V) = ZA(%) Vip — Z N <vi,,u€/;’1) - Vi,
i=1 i=1
where we have defined the nonnegative diffusion matrix A, the gradient V; and the

Hessian matrix V? associated to the variable v; = (Viny ..., Viq) € R? corresponding
to the i-th particle by

d
A= 2 oot = (Aa,ﬁ)lga,ﬁsd’ Aap = ZUW’ TB.m>
n=1

and
Vip = (avi,a(p)gagd’ V?(p = (83¢,av¢,390

We also introduce the nonlinear mean-field McKean-Vlasov equation on P(R9):

of B .
o Q(f), f(0)=fwm in PR,

>1§a,/3§d '

(4.6)

with
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In the sequel, in order to overcome technical difficulties we make some strong struc-
ture, smoothness and boundedness assumptions on the coefficients. Namely we
assume that

(4.7) (A=0) or (A>rId, k>0, AcWhk>),
as well as
(4.8) Vo eRY Vm e P(RY) F(v,m)=(bxm)(v), bec H*,

for some k € N, k > d/2+ 3.

4.2. Statement of the result. Our main result in the section is a quantitative
propagation of chaos result for McKean-Vlasov equations with smooth coefficients.
It states as follows:

Theorem 4.1 (McKean-Vlasov equation). Consider an initial distribution f;, €
P, (RY), m > 2, and the hierarchy of N-particle distributions fN = SN(f2N) fol-
lowing (4.5) and the nonlinear evolution f; = SN*(fin) following (4.6). Assume that
(4.7) and (4.8) hold.

Then there is some constants Ch C2 € (0,00) only depending on fi, and T €
(0,00) such that for any

p=p1® @ eFY, Fi=H®R)NLpRY), |ollz<1,

we have for N > 2¢0:
2

N l
@9)  sp|((SMUN) = (SN ) ™) )| = b + CHNE )
As a consequence of (4.9) and of the discussion of subsection 2.13, quantitative
propagation of chaos holds with rate e(N) < C({, T, fin) N~ for any initial datum
fin € Pays(RY).

Theorem 4.2 (Vlasov equation). Assuming furthermore that A =0 and b(0) = 0,
we have (see the proof below) that e(N) = 0 in assumption (A3).

Then there is a constant C' € (0,+o0) such that for any ¢ € Lip(R*?) and any
N > ¢:

(4.10)

sup | (S7(£2%) = (S () ™) s 0)| < C IV leie

[0,7]

14
~ Csr Q" (fm)] :
(observe the replacement of Wy by W1 in the last term) which in turn implies

1 N ¢
[Souil“)] Nwl <(Szfv(fi%N)’ (S (fin) ) =N

1+ Csr QN (fzn)] :

Remark 4.3. The mean-field classical Vlasov equation reads as

atf+§v$f+(vxv*p[f])vffzoa f:f(taxag)a {L‘,SGRd,
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with pf)(x) = [ fd€, and it falls into our structural assumptions with v = (x,§) €
R? x R? and with the choice

Fo(x,§) =&, Fe(x,§) = VoV plf]
for the limiting system, and (with X € (RN and E € (RH)N)

FY =2 (FY),=— ZVVX X;), i=1,...,N,
J#l

as soon as V,V is HAT6+0,

4.3. Proof of Theorem 4.1. As before we shall prove that Theorem 4.1 is a conse-
quence of Theorem 2.13, by proving that assumptions (A1)-(A2)-(A3)-(A4)-(A5)
hold. However in the present model we cannot, as in Section 3, use the total vari-
ation norm for the key consistency (A3) and differential stability (A4) estimates,
because the map V + pdf is not differentiable from R to P(RY) when P(R?)
is endowed with the total variation norm. In this case, the expression of GN7V®
naturally yields the requirement of being able to define derivatives of V +— puf). We
make therefore another choice of functional spaces:

d
Ql ZIHisl, 81>§+2, QQIIHisQ, 822281+2, .FZ':HS"L,Z':LQ,
and F3 = Lip(R%), Pg, := P,(E) endowed with the quadratic MKW distance Ws.

Proof of assumption (A1l). Taking m; = 1, the assumption is just a consequence
of the fact that (4.5) is well posed for any fN(0,.) € Py (EY) so that fY is a
probability measure for any ¢ > 0.

Proof of assumption (A3). We claim that for any s; > d/2 + 2 there exists a
constant Cy, such that for all ® € C*!(P;,,R)

Cs,
(4.11) HGN(‘I)OMV <Q Mv>#v D(I)[MgDHLoo(EN < N

which is nothing but (A3) with k=2, p=1and e(N) = C,, N~ ™.

Proof of (4.11). First, the map R¥ — H=1(R%), V s ug is clearly C? with

1 2 N 2

N 80{5”2'7 avi’a,viyﬁlU/V a 65vz

Take ® € C'(Pg,). Then the map RN — R, V <I>(,uv) is C?%. Indeed, denoting
¢ = o¢v(-) = DP[u)] € (H(R)) = H*(R?), we can write:

1 1
avza® (,ug) = <D(I) [:ug] ) N 80!5”i> = N 8a¢V(vi)

N
8Ui,a ILLV =

oL o) = <Dq>w] %a2ﬁa> DR [ ( Doy s — avl.ﬁam)

1

= % 8§7ﬁ¢V(Ui> +

< L D[] (8,60, 00,60,

N2 Vi,8
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As a consequence, we may compute

(G7"0) (V) = G a0y

— ZA ;) VQ ZFN <vl, N 1) Vi (‘I)Wg))

=: Il(V) + I(V)

with
1 N d 1 N d
II(V) = N Z Z Aa,ﬁ(“z’) ai,ﬁ‘bv(vi) + N ZZFa (Uz‘,ﬂg) 8a¢v(vz')
i=1 a,8=1 i=1 a=1
and

1 N d
=13 Z > A () D*@[11y)] (0y,, 00, 0n, 500,

B=
Y [ () = £ ()] DO (0,0

On the one hand, using that

|

as well as (4.2) and (4.4), we deduce

_.

Q
Il

—

Ch
H-G1-0 — N

o —MJVVH

1
L(V) < N [[Alle [1D*®lloc 1010170,

Cra " Cr Cri
N N

On the other hand, we just recognize

d
[1<V> = <M]\>[7 Z Aa,ﬁ 63,6¢V> + </~LV ) ZF a¢V>

C
)—wmmmmﬂn<ﬁ

N
wva &

a,f=1
= (Qw) dv) = (Quy), DP(uy)) = (WNG°°<I>) V),
thanks to the calculation of the limit dual generator made in subsection 2.5. U

Proof of assumption (A4). We need here to perform a second-order expansion
of the limit semigroup.
For any two given initial data f;,, gi, € P (Rd), we denote by

e f; and g; the corresponding solutions to the non-linear McKean-Vlasov equa-
tion (4.6),
e h; the solution of the following linearized equation around f;
(4.12) Oh=V*(Ah)+V[h(bx f)+ f(bxh)], hi—o=hin = gin— fin,
e 1, the solution of the following “second variation” equation around f;

(4.13) Or=V*(Ar)+V[rxf)+ f(b*xr)+VI[h(bxh)], ry—o=rym=0.
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Then we shall prove the following a priori estimates.

Lemma 4.4. For any s; € N, s; > d/2+ 1 and for any T > 0, there exists Cr such
that

(4.14) sup lg = fllg-s1 < Cr || gin — finllg-s1,
[0,T7]
(4'15) [SUIP] ||g - f - hHH_(Sl‘H) S CT Hgm - me?{—Sla
07
(4.16) [Soug lg— f—h =71+ < CT|Gin — finll3-1-

This shows that the nonlinear semigroup SN associated to the nonlinear McKean-
Viasov equation (4.6) is Co"' (Pg,, Pg,).

Proof of Lemma 4.4. We shall divide the proof into several steps.
Step 1. We shall several times consider the equation

(4.17) Oz = V(A z) — V(uy 2z +ug (b 2))

with given initial data z;, and with some functions u; € R%, uy € R to be specified
(chosen in order to “match” equations (4.6), (4.12) and (4.13)). We claim that for
any k € N, k> d/2+ 1, and any T > 0,

(418) Vte [OaT]a ||Zt||H—k < ||Zm||H—k 6C’k(b,m,m)T
with

Cr(b, ur, ug) := C(k) sup [IIU1||Wk,oo+ 161 225 |IUz||Tv]-

te[0,7

We argue by duality and we consider a smooth solution ( to the following linear
equation (which is the dual equation of (4.17))

(4.19) OC=LIC+ L5, LiC:=A-V*, Li:=u-VC{+bx(uyVC(),

with b(z) := b(—z). For a given k¥’ € N, k' < k, we compute

/IV‘“'CI2 /Vk Li¢ )V’f’g+/(v’f’L;g) V¥ = Ly + L.

On the one hand in the case A # 0, we have

> [ ok a0 01 -

n,[n|=k’ k” 0

Z [ @ 205 @ 02,095

where in the last sum the letters 7 and v stand for two multi-indices (in N¢) such
that 0 <n—~, |y| =k, |n—~] =k — k" (so that |n| = k’). Then, performing one
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integration by part on the term corresponding to k" = 0, we have

L= % (_ / Aas (9208 C) (9508 ¢) — / (93 Aap) (3} D) &’;’c)

n,|nl=k

}
DI [CHBITER AL

k=1 0,y
kl
<=k 3 VO + O [ Ausllypre 32 IV 2 [97¢]
|n|=F' 0,0'=0

We deduce that for some numerical constant C, > 0 there holds

k k
> [ (74230 99 < CuAaslhwie 3 IV
k=0 =0

On the other hand, we have

d K d
L= Y Y [ua@aiorcr 3 (5) 05 [ u @.055 05

n,|n|=k" a=1 k=1 a=1 1,y
+(=1)" / / (V’“'b) (y — ) ua(y) VC(y) VFC(z) drdy =: Loy + Los + Los.

Integrating by part the first term £, we have

1 , / : /
[L2al = | =5 > /(dwul)\@’; CP| < lldivunllze [IVF¢]Z.

n,|n|=k’'
For the the second term L, 5 we have

k/

3y (:) / AT VL Wl vl

k=1

5> | e

k=1

|Lop| =

Finally using the Cauchy-Schwartz inequality in the x variable and the Sobolev
embedding W,}*>* C H} (because k > d/2 + 1), the third term is controlled by

aal = [ [ (70) 0= 2)1a(0) V600) Vo) ot

75y =), 199l [ )] 19¢(0)1 dy

< sup
Y L2

< IV¥bll 2 [fuallzw 1<) 95 C 2.
Gathering and summing all theses terms between k' = 0 to k' = k, we conclude that

VEE(0,T],  [IGillge < lGonll g %O,
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Denoting by U; the linear semigroup associated to (4.17), the associated dual semi-
group U/ is nothing but the one generated by (4.19). As a consequence, for any
2in € H*, we have

(he zin) = (hin, Ui Zin) < N hin| =5 1Uf Zinll e < Cr ([ i L5 |zin || 225
and we conclude that (4.18) holds.
Step 2. Proof of (4.14). The equation satisfied by the difference 6, = g; — f; is
(4.20) 0,0 = V*(A0) +V (3(b* f) +g (b)), =0 = din = Gin — fin,
which is nothing but (4.17) with u; := b* f and us = ¢g. Now, since
IV (o F)llze = 1(V50) * fllze < [IVFD| e
we conclude that Ci (b, f*xb, g) < C'||b]| g+ and that (4.14) holds. Proceeding exactly

in the same way for the function A we end up with
(4.21) sup el -1 < Cr | gin = finll 51,
07

for any ky € N, ky > d/2+ 1.

Step 3. Second preliminary. First, for S € H™* b€ H* we have S xb € L™ with
1S * bllso < ||B||zzx ||S]| -+ Indeed, for any ¢ € L', we compute

/(S*b)so = /S(?)w)

1Sz 116 % o]l

y 5 1/2
S|l (16 % @l|Z2 + - + [1(V*D) * 0] 72)
1S = (160l 7z [0l 2

Next, for S € H* b € H?* we deduce, iterating the preceding estimate, that
Sxb € Wh with ||S*b||yece < ||b]l2x ||S]|r—+. Moreover, for S € H=F 1) € Wk,
we have S¢p € H=* with ||S¢|| g+ < Ck IS5+ || |lwr.e. Indeed, for any ¢ € H*,
we compute

INIA A

[(Sv, o)l = [(S;ve)l
< NSNa-x 1w ol e

i 1/2
[ (Z (5) 19" vk-%ué)

k'=0
1Sz o llwrce 1]l s
Step 4. Proof of (4.15). Let w; := g; — fi — hy = 0, — hy, which satisfies the equation
(4.22) Ow=Lw+3, wi=0,
with

IN

IA

1
Lw:= §V2(Aw)+V(w(b*f) +f(bxw)), X =V (&((bx*d)).
Denoting by ©,,w the unique solution of the linear, non-autonomous equation

Oyw; = Ly, Ws = W,
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the Duhamel formula for equation (4.22) yields

t
wt:/ @s,tzst.
0

Therefore we obtain using (4.18) and the estimates established in the Step 3 that
for any ¢ € [0, T

t
lodlns < Cr / IV (8 (b5 6.)) s ds
0
t
< Cpy / (I8 5% B llwie + 18sll s 16 % (V8 e} ds
0

t
< Corp bl / 16ullysy 155l s s,
0

which together with (4.21) for the H~%*~Y norm implies (4.15).
Step 5. Proof of (4.16). For the second variation r which satisfies the equation

or=Lr+ R, ry,=0,

with L as above and
Rt =V (ht (b * ht)) s
we proceed as in Step 4, taking advantage of the bound (4.21), and we obtain

(4.23) [SOHIP} el - < C7 || gin — Finll3r—mn-

Finally we introduce vy := ¢g; — f; — hy — ry, which satisfies the equation

Therefore, we deduce
t
/ @s,t \I’s ds
0

t
< CT/ ”hSHH*(kfl) ”WSHH—(kﬂ) ds,
0

which together with (4.21) and (4.15) implies (4.16). O

vie0.T], |eiluo < ‘

H—k

Proof of (A2). First property (A2-i) is a consequence of (4.14) in lemma 4.4.
Second we claim that for any probabilities f; € P(R?), we have

(4.25) [ Q(fi)llu-—+ < Cpy and  ||Q(f2) — Q(Uf)llu—+ < Copllfo— fill g-c-2 .

We write

QU) = Qu(f) +Q2(f) with Qu(f) =V*AS), Qu(f)=-V((bx*])])

The linear term @) clearly satisfies (4.25) thanks to Step 3 in the proof of (A4) and
because A € W¥#=2_ Concerning the quadratic term s, using estimates proved in
Step 3 of the proof of (A4), we get

1Q2(N -+ < Mo Fllws-roe 1F 1l -0
< Cillbllzzoen 117w < Cellbll 2
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and

1Q2(f2) — Q2(f1)|| -+ <
< Hb * (fZ - fl)”W’“*lvoo ||f2||H—(’€—1) + ||b * f1||Wk71,oo ||f2 — leH—(’C—l)
< Cr |0l g2e-v [ f2 = full g-oe-n -

Then, since k—2 > d/2, thanks to an interpolation argument, there exists § € (0, 1)
such that

1Q(f2) = QU+ < Cozllfo = fill i tscseasmse | f2 = fill 3
(4.26) < Cugllfe = fill s,
which concludes the proof of (A2ii).

Proof of (A5). We use the well known following estimate (see [24]): for any p > 1,
fins Gin € Pp(Rd) and T' > 0 there exists Cp such that

sup Wq(SfVLfm,SiVLgm) < Cr Wy(fin, Gin)s

>0

A

that we use with p = 2. Alternatively, estimate (4.14) precisely says that assumption
(A5) holds in Fg,.

5. INELASTIC COLLISIONS WITH THERMAL BATH

5.1. The model. In this section we consider an N-particle system fully character-
ized by the velocities of each particle in £ = R¢, d > 2, and undergoing random
inelastic Boltzmann collisions together with Brownian motion. The velocities (V)
satisfy a mixed jump and diffusion Markov process that we define through its Kol-
mogorov equation: we assume that the probability law f» of (V;) in R satisfies
the following master equation

(5'1) 8t<ftN>90> = <ftN7GN90>

with generator G = G + GY, where G¥ is associated to an inelastic Boltzmann
collision process with collision kernel b € L'(—1,1) only depending of the deviation
angle as in Section 3, satisfying the normalization assumption

1bll :/ bow) do = 1,
gd—1

and G is the generator associated to the Brownian motion.
Namely, we define

(5.2) (G Z /S b(eos i) [o(V) — o(V)] do,

1,7=1

with cos 0 = o+ (v; —v;) /vy —vil, Vi3 = (V1,0 Vi1, U], Vi1, o0, U1, U5, Vg, -0, UN)
and as in equation (3.1)

5.3 ) ﬂ Y A
( ) UZ + 2 Uj 2 2 )
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but here with
. 11—« 1+«
Wij =V + U5, Uj; = 5 Ujj + BN uij| o, uig = vi — v

for a € (0, 1].
Observe that for o = 1, one recovers the elastic collision process introduced in

Section 3.
We also define

N
(5.4) (GYR(V)=v ) A,

i=1
where v > 0, V; := (v;1,...,v;,4) and A; denotes the Laplacian in R¢ associated to

the i-th particle:
d
Ai = Z 851"@7’0,"@'
a=1

In the mean-field limit of infinite number of particles, we consider the following
Boltzmann equation for diffusively excited granular media on the distribu-
tion f(t,v) > 0, v € R? of particles:

(5.5) VU FO=fn w PR

with
QUf) =Qulf. [) +V AT,

where the quadratic Boltzmann collision kernel @), is defined thanks to the following
dual formulation

5:6)  {Qulfifohi= [ beosd) (o) — o)) do f(dun) f(du)

R2dxS§d—1

for any ¢ € Cy(R?), f € P(R?), and with cos@ = o - (wy — w;)/|wy — w;| and

. W twy Ut . l—« 1+«
wy = ) —i—?, ut = 5 (wy —wy) + 5 |wy — w1 | o.

It is clear from [4, 3, 5], that this equation generates a nonlinear semigroup SNV f;,, :=
f; for any f;, € P,(R%), m > 2. Notice that unlike the classical Boltzmann equa-
tion the kinetic energy is not conserved. We finally emphasize that because of the
normalizations ||b||1ga-1) = 1 and f € P(R?), the bilinear operator @, splits into
a quadratic part and a linear part

Qf) =Qa(f, /) — f+Af,

where QT is defined through the positive part of the expression (5.6) and where for
the sake of simplication of notation we take v = 1 here and below.
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5.2. Statement of the result. The main result in this section is a quantitative es-
timate of propagation of chaos for the mixed collision and diffusion model introduced
above.

Theorem 5.1. Consider an initial distribution fi, € P,(R?), m > 2 and the hi-
erarchy of N-particle distributions fN = SN(fEN) following the evolution (5.1), as
well the nonlinear semigroup f, = SN Ly(fin) following the evolution (5.5).

Then there are constants Cq,C% € (0,00) only depending on fi, and T € (0,00)
such that for any

p=p1® @ p €F¥ F=W"RHNNW"RY, |¢;lr<1,
we have for N > 2¢:
62
67) s [((SYUN) = (M) ) )| < O+ CR AN (fin)
[0,7]
As a consequence of (5.7) and of the discussion of subsection 2.13, quantitative

propagation of chaos holds with rate e(N) < C(¢, T, fin) N~ for any initial datum
fin € Pays(RY).

5.3. Proof of Theorem 5.1. We shall prove that Theorem 5.1 is a consequence of
Theorem 2.13 by proving that the assumptions (A1)-(A2)-(A3)(A4)-(A5) hold
for the following choice of functional spaces

gl = H_Sla S1 = 37 g? = H_827 Sg 1= 381 = 97 E = W8i717 L= 1727
where the Fourier based space H~* is defined in example 2.17 and F3 = Lip(R9),
Py, = P»(F) endowed with the quadratic MKW distance W5.

Proof of (Al). The well-posedness of equation (5.1)-(5.2) does not raise any
difficulty: it is a variation on the well-posedness result for equation (5.5) as obtained
in [3, 5].

Proof of (A2). First we prove (A2i), and more precisely SN is C%Y(Pg,, Pg,),
which a immediate consequence of the following result.

Lemma 5.2. For any fin, gin € P(RY) and any final time T € (0, 00), the associated

solutions f; and g; to the diffusive inelastic Boltzmann equation (5.5) satisfy for
s>0

(58) sup |ft_gt|5 SGQT |fzn_gzn|8
te[0,7

Proof of Lemma 5.2. We recall Bobylev’s identity for Maxwellian inelastic collision
kernel (see for instance [3])

FQUL©O=QEGO = [ b0 PTG+ F G,

S
with F = f, G = g, F* = F(¢%), G* = G(¢%) and
33—« 14+« 1+«
£ = St e & =—— (- lo).
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Denoting by D = g — f, S=g+ f, the following equation holds
N [DTS™  D- St
(5.9) 0D = b(a-f)[ D5
g2 2 2

Using that || S|l < 2 and then |£%] < [€], we deduce in distributional sense

d |D| Dl A{@ﬂs @W?
= L b(o - d
qer = <§5§ <§>s> <g“p/ 79 e e ")
< 2 sup ﬂ,
N £cRe <€>S
from which we conclude that (5.8) holds. O

Next we prove that (A2ii) holds as an immediate consequence of the following
result.

}do—D—MFD

Lemma 5.3. For any f,g € P(R?) and s > 0, we have

(5.10) Qal(f; )l <2

and

(5.11) Qalf +9,f = 9)l, <3[f =gl
Moreover for any s > 2 there exists § € (0,1) such that

(5.12) Af = Agl, <2[f =gl

Proof of Lemma 5.2. We prove the second inequalities (5.11). We write in Fourier:

F(Qulf +9.f — 9)) = Qu(D,5)
1 .
—5 [ Mo &) (€ DE) + 5() DieH) ~ 2 D)
S —1
where Q, is the Fourier form the symmetrization of the collision operator Q,, which
yields

UL P
<§>8 — 1 2 3
with
o 1 o€ + “\do
7= |y [ de-8s@) D)

A SED] |DET)] (€7)8
< [ e BEABENEr
§a-1 2 &) (&
Similar estimates hold for the two other terms 75 and 73. The proof of the first
inequality (5.10) is similar (and simpler): we just use the Fourier representation

of Qu(f, f) and the bound ||f||Loo < 1. We finally prove the last inequality. We
compute

)
af = Agl, = sup (P2 < qup 17— G (—‘F . G')
¢erd (€)* ¢eRd (&)
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with 6 := (s — 2)/s. O

Proof of (A3). We claim that for any s; > 3 there exists C; € R, such that for
all ® € C21(Pg,, R)

C
(5.13) |G (@ 0 py) = (QUuv', 1), DRIV oo vy < Nl||c1>||02,1(Pgl,R),

which is nothing but (A3) with k=2, n=1and ¢(N) =C; N.

We begin with a technical lemma on the norm | - | which shows that it is well-
adapted for obtaining differentiability of the empirical measures. It is worth empha-
sizing that the choice of s; = 3 (in fact we only need s; > 2 by modifying slightly
the arguments) comes from the need that the function V — ®(udY) be C?; see the
following lemma.

Lemma 5.4. The map RN — Py, V — ulf is C*1 and 0,,(4YY) = N7 0,0y, as
well as 95, 5(pyy ) = N 710250y,

Proof of Lemma 5.4. For v, w € R?, we have

|e7ivs — emiwe] Vet ”LOO(Rg)

|0y — Owls = sup < |v — w]| sup
¢eRd (€)* ¢eRd (€)*
€]
lv —w| sup == < |v — w|
£cRe <€>S

which shows that v ~ §, is C%'. For the sake of simplicity we present the proof of

differentiability when d = 1, the case d > 1 being similar. For v € R and h € R*,

we have

}(e*igh— 1+iéh) e*ivg} € h)
< sup

<€>S  ¢eR <§>8

from which we deduce that v + 6, is C'Y!. Similarly we can go to second order:

|5v+h—5v—h5;|s = sup < |h|2,
EER

2
Soin — 0y — W&+ h—é”
- (/" — 1+ ith —€h?) emf| s enf _ <
¢eR (€)s £GR € —

and we easily conclude that v — §, is C*'. When the dimension d is greater than 1,
one can perform exactly the same argument for the partial derivatives of the Dirac
mass. U

We come back to the proof of (5.13). Take ® € C*!(Pg,,R) and compute sep-
arately the contributions of G, i = 1,2. Proceeding as in the proof of (A3) in
Theorem 3.1 we have

Gy (Pouy) = (Qa (uy, 1)) , DR(1y))) + L(V)
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with

N

1
LV < 55 3 [ bleostt)[@lcas
ij=1

8
do < — ||® 2,1
o< < @l

2
N N
My — Ky
iJ $1

since for any i # j

1
N N - s, _
‘“vi; o R U A T
1 4
< N ( Vil + 5113 s + |5Uz s1 + ‘57)1}51) - N
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On the other hand, as in the proof of assumption (A3) in Section 4, the map R4 —
R, V — ®(ud) is C*! thanks to Lemma 5.4 and by denoting ¢y = D@[,u{ﬂ €

(H51(RY))’, we may compute

GY(®(ny)) = Z A ()

N

- b o s k3000 @500

=1
I 02)

~ (auon) +o (121

We conclude the proof by combining the previous estimates.

U

Proof of (A4). For fi,, gin € P(R?), we define the associated solutions f, and g,
to the nonlinear Boltzmann equation; we define h; := L[ f;,](gin — fin) the solution
of the linearized Boltzmann equation around f;; and we define r; the solution to the

“second variation” equation around f;. More precisely, we define

((Ofe = Qfe, fr) + A fi, fit=0 = fin

0rg9: = Q(Gt, 9¢) + A gy, 9jt=0 = Jin

Ohe = 2Q"(fi, he) — hy + A hy, hji=o = hin := Gin — fin
L O =2Q7 (fi,re) — e + Ay + QT (hy, hy), Te=0 = 0.
We then define
di =g — Jr
wy =g — fo — P (gin) = SM(fin) = LY [ fin)(gin — fin)
Yy =g — fr — he — 1.
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Lemma 5.5. Fizs > 0 and T € (0,00). There exists Cp such that for any fin, gin €
P(RY), the following estimates hold

(5.14) Ve 0,T]  |hl, <Cr |fin — ginl,
(5.15) Vie[0,T]  |wily < Cr | fin — ginl”,
(5.16) Vie[0,T]  |rily, < Cr | fin — ginl”,
(5.17) VEE0,T] |y, < Cr |fin — gl

As a consequence, the operator LN defined by LN[ fin](hin) := hy satisfies LNE[fin] €
MY(G1,G), the operator BN defined by BNE[ fin] (hin, hin) := 1¢ satisfies BNE[ fin] €
M2(Gy, H™?), and finally SN € C*1(Pg,, Pg,).

Proof of Lemma 5.5. We skip the proof of (5.14) because it is similar to the proof
of (5.8). We then deal with each term successively. We work in Fourier variable and
we introduce the notations F' = f, S = f+ g, D = ci, H = fL, O=w, R=r and
U =),

Step 1. The evolution equation satisfied by O is

(5.18) 9,0 =2Q7(0,8) — 0 — |£)20 +2Q* (H, D).
We deduce in distributional sense
d [0(§)|
@ e <
where
b(o-€) (1ot sE)| | o) s
T g“p/ GE (‘ 2 H 2 )d“
N\ (1OED)] €N)*  [0E)] )™
= ESR%/Sd-lb("f) (<s+>28 GEIRGE <s>28)d“
|0(8)|
S 23 e
and
1 b(o )
7= g [ St [HE) D)+ HE) DE) do
1 A ([HENDDE)] | IDENP [HE)?
: 5§§£/gd-lb<“'§) ( ey Er e (e )d"

<l 1dil, < Cr | fin = ginls
using the estimates (5.8) and (5.14). We then conclude thanks to a Gronwall lemma.
Step 2. The evolution equation satisfied by R is
(5.19) GR=2Q"(F,R)— R~ |¢PR+2Q"(H,H), Ry =0.

Equation (5.19) being similar to equation (5.18), with the same computations as in
Step 1 we deduce that (5.16) holds.
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Step 3. The equation satisfied by W is
OV =Q7(S,0) — ¥ — [(P U+ QT (H,Q) + QT (R, D), ¥y =0.

Then we perform similar computations as in Step 1, and we deduce in distributional
sense

2 [¢) <Ti+T+Ts,

dt (€)% ~
where
|QF (5, 9)| W (&)
Ty :=sup ——= < 2sup ,
P ers () cers (§)%
|Q*(H, )] _ [HEOI 1)
T :=sup ———= < 2sup sup ,
e (O ere (€) cemo ()
Q" (R, D)| (RO [DE)|
Tz := sup —————= < 2sup sup .
T eers (¥ cers (6)% cerz (§)°
Finally we then conclude using the already established estimates (5.8), (5.14), (5.15),
(5.17), and a Gronwall lemma. O

Proof of (A5). We know from [5] (see also [3] for a similar result) that
sup Wa(SM fin, S gin) < Wa(fins gin)-

t>0
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