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2D Exact Analytical Model for Surface-Mounted Permanat Magnet
Motors with Semi-Closed Slots

Thierry Lubin, Smail Mezani, and Abderrezak Rezzoug

Groupe de Recherche en Electrotechnique et Elegtrerde Nancy,
University Henri Poincaré, Nancy, FRANCE

This paper presents an analytical subdomain modelot compute the magnetic field distribution in surfa@-mounted permanent-
magnet (PM) motors with semi-closed slots. The prased model is sufficiently general to be used witimy pole and slot combinations
including fractional slot machines with distributed or concentrated windings. The model accurately acunts for armature reaction
magnetic field and mutual influence between the ste. The analytical method is based on the resolutioof two-dimensional Laplace’s
and Poisson’s equations in polar coordinates (by éhseparation of variables technique) for each subdwmin, i.e. magnet, airgap, slot-
opening and slots. Magnetic field distributions, bek-EMF and electromagnetic torque (including coggig torque) computed with the
proposed analytical method are compared with thosissued from finite element analyses.

Index Terms— Analytical solution, Permanent Magnet Machine, Smi-Closed Slot, Cogging Torque, Armature Reaction FEld.

|I. INTRODUCTION

THE stator slotting effect should be considered acelyab
predict the magnetic field distribution in the @pgregion
of PM motors. Indeed, the presence of stator $latsa large
influence on the airgap magnetic field and therfon the
motor performances such as radial force and cogtirgue
which cause noise, speed ripple and vibrations. dihgap
magnetic field computation including slotting effecan be
evaluated either by numerical approaches like timitef
element method or by analytical methods. Analytioathods
are, in general, less computational time consumtngn
numerical ones and can provide closed-form solstigining
physical insight for designers. So, they are usfoils for first
evaluation of electrical motors performances anddesign
optimization.

Different analytical approaches have been develdpethe
determination of the airgap magnetic field consitgslotting
effects. Recent comprehensive reviews on this stilogn be
found in the literature [1], [2] and [3] and willoh be
developed in detail here. Two analytical methods raainly
used. The first one is based on conformal mapimigpaavides
a 2-D relative permeance function to account fattisig
effect [4-8]. The second method consists in solwvigctly
the Maxwell’'s equations in all subdomains (airgstptor slots
and magnets) by the separation of variables tealen|d-3]
and [9-20]. The magnetic field distribution is dbtd in each
subdomain by using boundary and interface condition

Analytical solutions based on subdomains methodthwh
can be found in the literature deal only with omtots PM
motors. However, the stator slots are usually sdosed for
low and medium power PM motors. In fact, the mouglof
PM motor with open slots is sufficient and givecwate
results when the objective is to study the inflleen€the slot-
opening on the cogging torque [3], [16] under nado
conditions.

Manuscript received July 2, 2010. Correspondingn@utThierry Lubin.
(e-mail: Thierry.lubin@green.uhp-nancy.fr).
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Fig. 1. Geometry of a 6-slot /4-pole three-phaberRotor with semi-closed
slots and alternate teeth woumpd=2 andQ = 6).

However, for the determination of the motor perfanoes
under both no-load and load conditions, it is nsagsto take
into account the more complicated problem of thaisgosed
slots geometry as shown in Fig. 1.

In this paper, the authors propose an exact analyti
solution of the magnetic field distribution in tlérgap of a
surface-mounted PM machine. The models given in [&]
and [16] have been improved and extended to seyaid|slot
machines. The proposed model can be used for PNhinesc
with any pole and slot number combinations inclgdin
fractional-slot machines with distributed or concated
windings. Only radially magnetized magnets are ered
here. Models with parallel magnetization can bentbin [2]
and [3]. The developed model takes into accountatheature
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reaction magnetic field and the mutual influenceneen the
slots. The Laplace and Poisson’s equations areedalv each
subdomain (airgap, magnets, slot-opening and sgions)
and the solution is obtained using boundary anérfate
conditions.

The problem description and the assumptions ofrbdel
are presented in section Il. Section Il descritesanalytical
method for magnetic field calculation in the airgpprmanent
magnets and in the slot regions. The back-EMF amque
expressions are developed in section IV. The deeelo
analytical model is then used in section V for n&gnfield,
back-EMF and electromagnetic torque calculation loth
fractional and integer numbers of slots per pole per phase
machines. The analytical results are verified tlsattkfinite-
element computations.

The geometric representation of a three-phase offsl
pole) PM motor with concentrated windings and selosed
slots is shown in Fig. 1. The geometrical paransetee the
inner radius of the rotor yokig,, the radius of the PM surface

MOTOR GEOMETRY AND ASSUMPTIONS

2

A=ATOE,
A=A (r,0) &,

for theith slot-opening subdomain
for thejth slot subdomain

I1l. ANALYTICAL SOLUTION OF MAGNETIC FIELD IN THE

DIFFERENT SUBDOMAINS

By using the separation of variables technique, nog
consider the solution of Poisson’s equations in Rivs and
slots subdomains (magnet or current carrying regicand
Laplace’s equation in the slot-opening and airgapdemains
(air regions). For the sake of clarity of the gahaolutions in
the different subdomains, we adopt the followingations
throughout the paper

R,(u,v) = (%)W + [%)W
an=(0) -

A. Solution of Laplace’s Equation in the ith Slot-Open
Subdomain (Region i)

@)

®)

R, the inner and outer radii of the slot-openiRgand R, The ith slot-opening subdomain and the associated
respectively, ands is the radius of the slot bottom. The polePoundary conditions are shown in Fig. 2. We haveotue the
arc to pole-pitch ratio of the PM rotords the number of pole Laplace’s equation in a domain of inner radRgsand outer

pairs isp. The stator presen€ semi-closed slots with current
densityJ; in each slot. The slot-opening anglgsiand the slot-
pitch angle is.

The angular position of thiéh stator slot-opening is defined
as
=-£,2n (@)

2 Q

In order to simplify the problem, the following assptions
are made:

« End effects are neglected.

« Stator and rotor iron cores are infinitely permeab

8 with  1<i<Q

permeability ¢, =1.

» The stator slots have radial sides.

As it can be seen in Fig.1, the whole domain of fibkl
problem is divided into four types of subdomairtse trotor
PM subdomain (regions |), the air-gap subdomaigidre I),
the Q stator slots-opening subdomains (regigrisl,2,....Q)
and theQ stator slots subdomains (regigng=1,2,....Q). The
subdomains | and Il have annular shapes.ifthelot-opening
and thejth slot subdomain shapes are shown respectively
Fig. 2 and Fig. 3.

Due to the presence of electrical current in thatssla
magnetic vector potential formulation is used. Ppheblem is
solved in 2D polar coordinates. According to theoped
assumptions, the magnetic vector potential has g
component along the z-direction and only dependsherr
and @ coordinates. The notations used in the paper are

A =A(r,0) &, for the rotor PM subdomain

A=A (o), for the airgap subdomain

radiusR, delimited by the angle§ andg+ S
0°A 107 1 0°A Re<r<R,

=0 f 4
a2 ror {eiseseiw @

r? 06°

The tangential component of the magnetic fielchatdides
of the slot-opening is null (infinite permeabilityr the stator
iron core). In terms of magnetic vector potentiag boundary
conditions for théth slot domain are

o
064

on
00

and

(®)

6=6,+8

Radialy magnetized magnets with a relative recoill

in

Fig. 2. ith slot-opening subdomain with its boundary condi
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The continuity of the radial component of the fldensity
leads to

A(Rs,0) = A (Rs,0) (6)
A(R4,¢9):A]-(R4,H) (7

whereA,(r,0) andA(r,0) are respectively the magnetic vectol

potentials in the airgap (24) and in tfté slot (17).
Consideringthe boundary conditions (5) and the continuity

conditions (6) and (7), the general solution of ¢&n be

written as

A(r,0)=A, +BlInr

+i(A‘i< Evmip(r.Ry)
k=

i Err p(r,Re) ) o
Eri (R, Ry)

X B 5(Ra.Ry) /3

“(6-8 )j
(8)

wherek is a positive integer£y,s(r,R,) is defined by (3),

A, Bj, A, and B! are arbitrary constants.

Fig. 3.jth slot subdomain with its boundary conditions fwitomogeneous

current density distributiod, in the slot)

The tangential component of the magnetic fieldhatgides

The constantsy, By, A, and By are determined using @ and at the bottom of the slot is null (infinite pezability for
Fourier series expansion of the airgap magnetictovec the stator iron core). The boundary conditionstherjth slot
potential A, (R;,8) and the one of the slot magnetic vectoflomain are then given by

potential A, (R4,6’) over the slot-opening intervafl[ 8+ 3].

6 +p
A +By IR = [ A (R, 6)1d6 ©)
£
19|+ﬁ
Ao+ BInR == [A(R,.0)1do (10)
6
9+/3
j A (R, ) mo{%’(e—a)Jme (11)
9+ﬁ
BK—E j ARy, 9)@:0{—(9 9)}@9 (12)

The coeff|C|entsAo, B), A. and B} are developedh the
appendix.

B. Solution of Poisson’s Equation in the jth Slot Suhdin
(Region j)

in Fig. 3. We have to solve the Poisson’s equatice domain

0:+1/2- (5-0) andor+1/2- (3+0)

A L 10A 1 O°A
2

13
a2 r or 662 (13)

= —HoJ

whereJ; is the current density in the sjot

oA, oA,
— =0 and —- =0 (14)
905 +2(6-0) 6=6+2(5+3)
il

=0 (15)
or r=Rs

As can be seen in Fig. 3, the boundary conditian=aR, is
more complex than the one rat Rs and must be divided in
two parts. A first part corresponds to the statmnicore
surface where the tangential component of the ntagfield
is null. A second part corresponds to the continat the
tangential component of the magnetic field betwésmjth
slot subdomain and thth slot-opening subdomain. Therefore,
the boundary condition at= R, can be written as

oA Al nenlg.g+4]
a—' or | _g, (16)
r
=Re 10 elsewhere

According to the superposition principle,

the geher

solution of (13) is the sum of the general solutiointhe
Thejth slot domain and its boundary conditions are showorresponding Laplace’s equation and a particutdution
[24]. Taking into account the boundary conditiodd)( (15)
of inner radiusR, and outer radiugs delimited by the angles and (16), the solution can be written as

ATO)= A+ o) (Rslnr‘z j

M[g_

o

+ZA“

3 mﬂld(r RS) [¢o
m=1 mir Emﬂ/o'(R4 RS)

{

1
6 _E('B_é))j

(17)
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where m is a positive integer. The constdﬁ; is determined

. . . . o)
using a Fourier series expansion 91A— over the slot

I Ira

interval atr=R,

6+
2" on

i =<
An o or
6

Ed:o{m—; (0 -g —%(ﬁ - J)D We  (18)
R4

The interface condition (16) also provides a dinetation
between the coefficiemB(‘) defined in (8) and the current
densityJ,

=5 Gl (R -RE)  with i (19)

The development of (18) is given in the appendix.
Fig. 4. Airgap subdomain (region Il) with its balary conditions.

C. Solution of Laplace’s Equation in the AirGap Taking into account the boundary conditions (21g &P),

Subdomain (Region I1) the general solution of the magnetic vector pogtriti the
The airgap subdomain and the associated boundaé{ygap can be written as

conditions are shown in Fig. 4. The problem to sads

2 2 R _AMR) g R ALR)
Ao o {2‘;25 o MOT Zf’*‘ VERR T ER R
Z( foll R A, Ra) +D R A(MR) )sm(nH)
The continuity of the tangential component of thegmetic n=1 N En(Re, Re) n £,(Rs,Ry)
field atr = R, leads to: (24)

wheren is a positive integer/,(r,R;) and £,(R,,R;) are

(21) defined by (2) and (3). The coefficied¥ , B! ,C!' and D/
are determined using Fourier series expansion

o
or

_oA
or r=R,

r:Rz

The boundary condition at the radius=R; is more 6A1
_ - Al = j— [tosn6) (e (25)
complex because of the existence of the slots asrsin Fig. 2 d or |
1. Considering the continuity of the tangential metic field 2
at the interface between the slot-opening and ttga@ and W2
considering that the tangential magnetic fielddsia@ to zero B, ‘ETJ. f(6) Leospo) Ldo (26)
elsewhere (infinite permeability of the stator Qgorehe 0
boundary condition at = R; can be written as [20 7
y & 20] =2 [A) sinpe) e (27)
2 5 O g,
[t = f(6) (22) o 2
or | =g, D! == j f (6) Bin(hd) [@a (28)
With 27

The expressions of the coefficied$ , B! ,C!! and D/

0A DQD[& ) +,6’] are given in the appendix
f(@)=10r | v (23)  The radial and tangential flux density distribution the
0 elsewhere airgap can be deduced from the magnetic vectonfiatdy
10 0
whereA (r,8) is the magnetic vector potential in thk slot- Bir :?% Bie = ‘% (29)

opening given by (8).
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D. Solution of Poisson’s Equation in the PMs Subdomain wheren is a positive integem is the number of pole-pairs of

(Region ) the PM rotor andP,(r,R)) is defined by (2). It is worth to
The rotor PMs subdomain and the associated boundafiention here that the magnetic vector potentialitami (33)
conditions are shown in Fig. 5. The problem to saé/ contains some harmonic terms which are not multiléne

pole pairs numbgp. This is due to the presence of the slots.
0% A +10A+i a2A _ Ho OM, for {R1 sr=sRk (30) The coefficientsA, and C, are determined using a Fourier
ao? ror r?o* r 06 Osfs2m series expansion oy, (R,,6) over the interval [0, ]

where 14 is the permeability of the vacuum ah is the 2

radial magnetization of the magnets. A'1 -2 IA“ (R,,8) [tosfg) [Ha (36)
Knowing that the tangential component of the fllensity 2 0

at r =R, is null (rotor core with infinite permeability) én 5 27

considering the continuity of the radial componehthe flux C, = _[A“ (R,,6) [in(nd) L& (37)

density at = R, , we have g

0A _ The expressions of the coefficiens andC, are giverin
or | r 0 GD  ihe appendix.

-N
A (Ry.6) = A, (Ry.6) (32) |

The magnetization distributiaw, is plotted in Fig. 6, where
B, is the remanence of the magnets afhds the position of
the rotor. The radial magnetization can be expresse
Fourier’'s series and replaced in (30).

Taking into account the boundary conditions (31d &R),
the general solution of the magnetic vector potériti the
PMs subdomain can be written as

A(r,0) = i(AL AR X (r) cos(nA)]cos(nH)
n=1

AR, R) (33)
+ ;(C,g % + Xn(r)sin(nA)]sin(nH)
Where
__ArR) "
Xalr)=- A (R, ,Rél) [%(% f(Ry) + f”(RZ)J - Fig. 5. PMs subdomain (region I) with isundary conditions.
no Mr
*(%(% fo(R) + fn<r)J 2 w
<>
And T By | ---- I
_4Bp N o i n=1o with | =
) E:o{ 2p @ a)] if n=Ip with | =13... 'A_”/p g .Aw/p \
fa(r) = ﬁrInr E:o{l—-[(l—a')j if n=p=1 B
T 2
0 otherwise
-By/ 1o
(35)

Fig. 6. Magnetization distribution alorggdirection (PM rotor).
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IV. BACK-EMF AND TORQUE CALCULATION The phase flux vector is given by
A. Electromagnetic torque Calculation w
The electromagnetic torque is obtained using theviéd a
stress tensor. A circle of radius R the airgap subdomain is # | = Num (C] [ﬁ¢1 ¢ . . . Poa ¢Q) (44)
taken as the integration path so the electromagtetjue is v,

expressed as follows

whereny,,, is the number of turns in series per phase &has|

_ LR a connecting matrix (of dimensiorx@®) that represents the
Te= TO IBIIr (Re,0) By p(Re,0) L0 (38)  stator windings distribution in the slots. The ceating matrix
0 (of the slots with respect to the phases) corredipgnto the
three-phase PM motor shown in Fig.1 (with 6 statlmts,

wherelL is the axial length of the motor. Substituting)(#80  concentrated windings and alternate teeth woungiyvin by
the previous equation, the analytical expression tloe

electromagnetic torque becomes [20]

22]T

1 -120 0 0 O
) . [C]=l0 0 0 0 1 -1 (45)
= TERS Z(\A/nxn+YnZn) (39) 0 01 -100
Ho =
H The three-phase back-EMF vector is computed by
Where
W, =-A! R, AR Rs) —g! Ry AR, R) E, W,
R E(RyR) " R En(RyRy) E =00l |y (46)
-l R E(RR) i R En(RoRo) £ a4
X, =-C D/ ¢ e
R ER:R) " RERR) 0
_ct R ARuRs) | pin R AR Ry) whereQ is the rotating speed of the rotor.

""" R E\(RuR) " R, E,(Re,Ry)
z =-A! R En(Re,Rs) _pin Rs En(Re,Ry)
K R En(R,R) " R, £,(Ry,Ry)

V. ANALYTICAL RESULTS AND COMPARISON WITH FINITE
ELEMENT CALCULATION

A. Example 1: Fractional slot/pole machine (q=0.5)

B. Back-EMF Calculation As an example of PM machine, we investigate heee th
_ In order to compute the back-EMF of a 3-phase mat@r o formances of a three-phase fractional-slot PNbmghown
first determine at a given rotor positiah the flux over each ;, Fig.1. This machine presents 4-pole/6-slot cqesiing to
slotj of cross sectioig . We have supposed that the current umber of slot per pole and per phase equakt®.5 and a
density is uniformly distributed over the slot are® the .,centrated stator windings with alternate teetburvd.
vector potential can be averaged over the slot@re@present ractional-siot PM machines with concentrated wigsin
the coil present several advantages such as short endairisence a
, low copper losses, high power density and low cogidgorque
. _ sARE - Ry [21]. Recently, they have found many applicationshsas
ot .[.[ A (r,O)rdrd@ with Sgo =0 2 (41) domestic and automotive appliances. However, tje tof
Sslot machine presents more important eddy-current losseke
rotor magnets due to the presence of high-levelcespa
where L is the machine axial length. The vector potentigharmonics in the armature reaction magnetic fi22j{23].

L

¢j:

A(r, ) is given by (17). The development of (41) gives The geometrical parameters of the studied PM mater a
given in Table |. The analytical solutions in thggap, in the
9 = LD% + slots-opening and in the slot domains have beenpaoted
(42) with a finite number of harmonic termN, K and M as

indicated in Table I. In order to validate the pyepd model,
the analytical results have been compared with Ritef
element simulations obtained using FEMM softward.[Z&e
Under no-load conditionJ( = 0), the flux over each slot finite-element solutions were obtained by imposing natural
becomes Neumann boundary condition at the surface of theostand
8, = LEA% (43) rotor iron cores. The mesh in the different subdosdas

been refined until convergent results are obtained.

ol (L4 _5 202( 1 _ 1.4
Jj—zsslot[%[lnmg) 8]+R5R4[2 '“(R")j*sR‘*J
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1) Results for No-Load Condition (B 1.2T and 4,0

A/mm2)

Figure 7 shows the magnetic flux distribution in the
machine under no-load condition. The slot-openiagslot
pitch ratio is fixed tg8/6=0.4 (0 = 30° andp = 12°).

The radial and tangential component of the flux sitgn
distribution in the middle of the air-gap (at= 275cm) are
shown in Fig. 8. The effect of the slots is vergatl One can
see the distortion of the flux density waveformshat location
of the slot-opening. An excellent agreement wita tBsults
deduced from FEM is obtained. The effect of the-sfzening
on the radial component waveform of the flux dgnitseen
in Fig. 9. Indeed, a high value gf(at constan®) leads to an
important variation of the flux density under thet ©pening.

The back-EMF waveform as a function of the rotoritms
for nym=1 is presented in Fig. 10. The computation is done

a rotating speed? = 1500 rpm. The analytical and numerica'

results are again in close agreement.

Fig. 7. Magnetic flux distribution for no-load adition (5/0 = 0.4).

TABLE |

PARAMETERS OF THEFRACTIONAL SLOT/POLE MACHINE
Symbol Quantity value
Ry Inner radius of the rotor yoke 2cm
R, Radius of the PMs rotor surface 2.7cm
Rs Stator bore radius 2.8cm
Ry Outer radius of the slot-opening 3cm
Rs Outer radius of the slot 4cm
L Axial length 10 cm
J Slot pitch angle 7lQ = 30°
B Slot-opening angle variable
o PMs pole-arc to pole-pitch ratio 0.85
B, Remanence of the permanent magnets 12T
p Pole-pairs number 2
Q Number of stator slots 6
Jrms RMS current density 4.6 A/lmm?
N Number of harmonics used for magnetic field 100

calculation in the airgap and PMs domains
M Number of harmonics used for magnetic field 100
calculation in the slot domain

K Number of harmonics used for magnetic field 100

calculation in the slot-opening domain

7

15

1

0.5

Finite element
— Analytical

Radial flux density (T)

-1.5

1 1 1
120 180 240
Angle (mech. degrees)

(@)

0,5 { {
0,4
0,3
0,2
0,1

-0
-0,1
-0,2
-0,3
-0,4
0.5

T T T

Finite element
— Analytical

Tangential flux density (T)

1 1
180 240

120
Angle (mech. degrees)

(b)

Fig. 8. Radial (a) and tangential (b) componenthefflux density at no load
in the middle of the airgap f@/o = 0.4

Radial flux density (T)

-1.5

1 1 1
120 180 240
Angle (mech. degrees)

Fig. 9. Radial component of the flux density atload in the middle of the
airgap forg/é = 0.2 angb/d = 0.7, analytical results.
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An important characteristic of PM motors is the giog

torque. For a ratigds =0.4, the obtained cogging torque as a L | ‘ ‘ | |
function of the mechanical angle is given in Fid.. The 0.8 - +--| © Finite element - ------ -5 b
angular period of the cogging torque correspondfi¢o_east 0.6 !
Common Multiple of p and Q giving 36C/LCM(4,6)=30°. 04
The influence of the slot-opening on the coggingjue for ~
several values offs is shown in Fig. 12. As expected, the 5 0-2
cogging torque decreases for lower values of thieagening. E/ 0
It can be seen that the proposed analytical moaielpcedict = -0.2
the cogging torque with an excellent precision what the 0.4
slot-opening value.
-0.6

2) Armature Reaction Field (B= OT and J,,=4.6A/mm2) -0.8

Figure 13 shows the flux distribution in the machtaeised 1
by the armature reaction acting alone. The magmrets 0

considered to be unmagnetized and have no effettteofield Angle (mech. degrees)

distribution. The three-phase stator windings aed With g 10 per tumn phase back-EMF waveformyiér= 0.4 § = 12°)
electrical current such dg= | andl, = I, =-1/2 corresponding
to AC operation. The radial and tangential comptsefi the
armature reaction field in the middle of the aipdar plo = 2
0.4 are plotted in Fig. 14. Very good agreement cdug
observed between the analytical and the finite-etgmesults.
Using (8) and (17), the radial and tangential congmts of e e e e
the flux density distribution in the middle of tt-opening
(at r=29cm) and in the middle of the slot domain (at
r =35cm) are calculated and plotted respectively in Fig. 1
and Fig. 16. It is apparent from these results ttatproposed
analytical model can predict with an excellent Bien the
magnetic field distribution in the slot regions arah be used A
to compute the slot leakage inductance of the machi

T I I
! ® Finite element
] it/ N Analytical

0.5 -/~ —4-—— o\

Torque (Nm)

Angle (mech. degrees)

Fig. 11. Cogging torque waveform {&% = 0.4 (8 = 12°)

® Finite element
Analytical

Fig. 13. Armature reaction magnetic flux distribatfor Jme<=4.6A/mm2and
plo=0.4 Angle (mech. degrees)

Fig. 12. Cogging torque waveforms for several sjp¢ning valuesio =1
corresponds to open slot)
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! ! ! +  Finite element of armature reaction in the middle of the slot-adpgrdomain fors/é = 0.4.
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(a) Fig. 16. Flux density distribution for radial (ajchtangential (b) component

of armature reaction in the middle of the slot dionfiar /6 = 0.4.
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3) Results for Load Condition (B1.2T,},=4.6A/mm32)
Figure 17 shows the flux distribution in the ma&himder
load condition. The radial and tangential flux dgns
distribution along a circle in the middle of thegaip under
load condition ;=1 andl,=1=-1/2) is shown in Fig. 18. The
influence of the armature reaction on both thealadnd the
tangential flux densities is noticeable in compamisvith the

no-load results of Fig. 8.

The static torque versus mechanical rotor positisn
presented in Fig. 19 fop/o=0.4. Compared to the FE
simulations, one can see that the analytical caficul well
tracks the electromagnetic torque.

Figure 20 shows the electromagnetic torque waveforn

versus rotor position for different values of tHet-®pening.
At each rotor position, the current values in tiféecent slots
are updated to have a sinusoidal current wavefttrican be
seen that the studied machine produce an averageetmf
about 9 Nm. The average torque decreases slighithy tive
slot-opening. We can also observe the effect of dtu-

opening on the torque ripple. If we compare Fig.ab? Fig.
20, it is evident that the torque ripples are mathlie to the
cogging torque. Once again, it can be seen thaatiaéytical
results closely agree with the FEM results. It isrtiv noting
that the proposed analytical model is able to ptethe
electromagnetic torque whatever the value of thebening.
This result was not possible with the previous il

models proposed in the literature.

Fig. 17. Magnetic flux distribution for load cotidn (/5 = 0.4).
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60 120 180 240 300 360
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Fig. 18. Radial (a) and tangential (b) flux densiistribution in the middle of
the airgap under load condition®4=0.4)

12 T T T T T T T

e Finite element |, ] | | |

Analytical | | | | |
1o AR LS N

| | | | | | | |

| | | | | | | |

| | | | | | | |
I 2 SN (R R S

£ | | | d | | | |

b= I I I I I I I I
I L

o | | | | | | |

S | | | | | | | |

= | | | | | | | |
/i S A e — -+ A\

| | | | | | | |

| | | | | | | |

| | | | | | | |
A S -

| | | | | | |

| | | | | | | |

o R T T T R S
0 10 20 30 40 50 60 70 80 90

Angle (mech. degrees)

Fig. 19. Static torque versus rotor positionfi=0.4 andlms4.6A/mm?
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Torque (Nm)

ol Finite element|_|
S | —— Analytical
oL 11 A
0 10 20 30 40 50 60 70 80 90

Angle (mech. degrees)

Fig. 20. Electromagnetic torque versus rotor pasitior different values of
Bl6 (Ims4.6A/mm3j

B. Example 2: Integer slot/pole machine (g= 2)

Another example is considered in this section foireeger
slot/pole machine. This machine presents 2-polel@2-

Fig. 21. Magnetic flux distribution for no-loadradition (5/6 = 0.6).

corresponding to a number of slot per pole ancbpase equal ( { ! - Finite element
to g = 2 with a single-layer winding. Notice that fdmig l 1 | —— Analytical
machine withp=1, the particular solution in the PMs region _ 05 ; ‘ |
uses line 2 in (35). e =
The connecting matrix in this case is %’
S
© o2 A
110 0 O00-1-1000 O X
[CI=f0 0 O 021 0 0 O0O0-1-1 I
e}
00-1-100 0 O 11 0 O Sosl oo oovron 0
|
47 | ‘
| |
The geometrical parameters of the motor are gimerable II. 1 1 ! ! ! l
0 60 120 180 240 300 360
TABLE Il Angle (mech. degrees)
PARAMETERS OF THEINTEGER SLOTPOLE MACHINE @
Symbol Quantity value 0.4 { { { ; ;
! ! ! » Finite element
R Inner radius of the rotor yoke 10 cm 03F----1- --- - <-- 4-- —— Analytical
Ry Radius of the PMs rotor surface 11.2cm - ‘ ! ! ! ‘ ‘ i
Rs Stator bore radius 11.6 cm "0_2”7777 S U DU S N ﬁfffﬁ
Ry Outer radius of the slot-opening 12 cm ? l ‘ ‘ | ‘ ! |
Rs Outer radius of the slot 145cm P 0 J S | R P S . N S | | 1
L Axial length 40 cm ° ‘ | ‘ ‘
) Slot pitch angle 12° 5 e o N i
B Slot-opening angle variable = ‘
o PMs pole-arc to pole-pitch ratio 0.9 8 o J5 1) M) | /A, 0 A | _]
B Remanence of the permanent magnets 12T s } } ‘ | | |
p Pole-pairs number 1 =3 N . N SN 77;777‘77 ]
Q Number of stator slots 12 S Ty ‘ Co : !
Jrms RMS current density 4.6 Almm? 03l - R Bov g U I A
l l l l l
_04 1 1 1 1 1
" 0 60 120 180 240 300 360
1) Results for no-load condmop S Angle (mech. degrees)
Figure 21 shows the magnetic flux distribution imet (b)

machine under no-load condition. The slot-openingsliot
pitch ratio is fixed tg8/6=0.6 (5 = 12° andp = 7.2°). Fig. 22. Radial (a) and tangential (b) componefth@flux density at no load

in the middle of the airgap f@/o = 0.6
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Figure 22 shows the flux density distribution ire tiniddle Figure 26 shows the electromagnetic torque waveform
of the airgap. Clearly, the presence of the 1xdlesults in a versus rotor position fof/é = 0.6. The machine is supplied
distortion of the flux densities at the vicinity @he slot with a 3-phase sinusoidal current. It can be sden the
opening. studied machine produces an average torque of 865Tie

The cogging torque waveforms for several valuethefslot torque ripples are due to the cogging torque bso &b the
openingg are given in Fig. 23. The cogging torque decreasepace harmonics created by the stator windingibligion as
with the slot opening. Once again, the analyticad ¢he FE well as the magnetization of the PMs. These rippdgsesent

results are in good accordance. almost 30% of the average torque.
In order to have a good precision in the analyticatjue
2) Results for load condition evaluation, the number of harmonic terms used ie th

Figure 24 shows the flux lines in the machine urddad computations is equal tN=25 (airgap and PM subdomains)
conditions. The radial and tangential componenthefairgap andM=K=15 (slots and slot-opening subdomains). For argive
flux density withl,=I andl,=I=-1/2 are shown in Fig. 25. rotor position, the computation time is about 40 with the
Compared to Fig. 22, one can observe that the armatanalytical model whereas the linear FEM takes aBasifor a
reaction have a great influence on the airgap fliexsity mesh of 23500 elements. The analytical computatlmeiag
distribution. much faster, the presented model can advantagebashged

in a preliminary design of PMs motors.

80 : " " " : 15

T T

T
! * Finite element
! — Analytical

Torque (Nm)
Radial flux density (T)

Finite element

|
Analytical |
30 ; | 15 ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 25 30 0 60 120 180 240 300 360
Angle (mech. degrees) Angle (mech. degrees)
Fig. 23. Cogging torque waveforms for several valoks/o. @
0.8 T T T f i
‘ ‘ ‘ * Finite element
| | | .
0641~~~ —— Analytical

Tangential flux density (T)

1 1 1
0 60 120 180 240 300 360
Angle (mech. degrees)

(b)

Fig. 25. Radial (a) and tangential (b) componeffitthe airgap flux density
under load conditiong3(o = 0.6)

Fig. 24. Magnetic flux lines under load conditigt = 0.6)
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a+8
1000 T T P s(n,i) = jsin(ne) (6o (A.4)
| SNV SRV 3
800 : | VA R va
| | | | | 6+p
’5600*""*} 77777 i”””i 77777 i”””i 777777 F(mk)— co{—(@ 8——(,8 5)) co{—(e 9)jd9
] @9
E 400777777\ 77777 I \77.7‘777 777777
! ! ! Finite glemem The development of (A.1) and (A.2) gives the foliow
! ! ' | — Analytical . . h . .
2000 - - - - . L= — | functions that will be used in the expressionshs Fourier
| ! ! ! ! coefficients
% 30 60 90 120 150 180 -for k#nf
Angle (mech. degrees) = n,BZ((—l)ksinn(,B+6?i)—sin(né?i))
f(k,n,i) = > > (A.6)
Fig.26. Electromagnetic torque versus rotor pasitidor f/6=0.6 k n2 -n°p
(Ims=4.6A/mm2) 2 k
d(cniy = B (D cosn(+ ) ~cose))
VI. CONCLUSION Y k?m? —n?? '

In this paper, an exact analytical method for cotimguthe
airgap field distribution in PM motors with sempskd slots - for kz=ng
has been presented. The Laplace’s and Poisson&ieqs! in B 1 _
polar coordinates have been solved by the techniojue f(k,n,i)= (COSOHH—(SIHH(H +2p)- sm(néll))j
krr
separation of variables in the different subdomaimke
proposed model is sufficiently general to be usedahy pole
and _slot comblnathns including fractional slot Wm g(k,n,i) =£(sin(n6’i)— 1 (cosn(é’i +2,5’)—COS(19|))j
machines. The analytical model accounts for arneateaction 2 2k
field and mutual influence between slots. Flux dkgns (A.9)
distribution, back-EMF and electromagnetic torque
computations for no-load and load conditions arecliose The development of (A.3) and (A.4) gives the follogv

(A.8)

agreement with those issued from finite elemendipt®ns. functions
The analytical model developed in this paper candes to 1, )
investigate the influence of the design parametach as slot r(n,i) :E(S'n(”gi +np) -sin(né)) (A.10)
dimensions, magnet dimensions, slot and pole number 1
combinations or winding topologies for the calcidatof PM s(n,i) :H(_ cosig, +np) +coshf])) (A.11)

machines performances. It presents a new tool dsigd and

optimization of surface-mounted PM motors. The development of (A.5) gives the following furmcts

kn
APPENDIX - for mn ., xn
o B
For the determination of the integration coeffitgenwe
have to calculate integrals of the form mr
Fmk)=——9
6+8 mﬂ) _(km
f(k,n,i) = j cosh@)l]:o{—(@ 9)} (A1) > I (A-12)
6
6is {( ) sm( (,B+5] sur(—(ﬁ 5]}
g(k,n,i) = j sm(nH)B:o{—(H 9)] (A.2)
4 mn _ kn
6+8 -for —=—
. o B
r(n,i) = jcos@&)me (A.3)

8 F(m,k) = 'Bco{—(/} 6)J (A.13)
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« Expressions of the coefficien® , B , C! and D, for cl=c' R ARR) iR 2
the airgap subdomain " n E(RR) T n £y (Ry,Ry)
The development of (25) and (27) gives « Expression of the coefficients\, B}, A and B} for the
ith slot-opening subdomain

(A.21)

A|1| AI1 n M X (Rz)cos(nA) (A.14) The treatment of (11) and (12) yields to the foliogvlinear
R, A(RyR) relations
el =c! L ERR) |y (2 ysin(na (A.15) 2R, 2 1 2Ry Ai(Ry,Ry)
R A(RR) siire) Acs Z(A“ ng E(Rz,R3)+B N8 Ey(RyRy) LM
2R 2R, P.(Ry,R,) .
where is the PM rotor position an,(R,) =% +Z_;4(C” nlgz E (RzyRs) +Dy n_ﬁs En(RZ,Rzz)) gk,n.i)
r=R,
Xn(r) is given by (34). (A-22)
The coefficientB)! and C!! defined in (26) and (28) can
be written as Z:(Ai1 2R, m”/'g((ii E’S)) B (m, k) (A.23)
mn/,G
Q &+8
rl]l = 2 oA [Goshd) [dE (A.16) The treatment of (9) and (10) yields to the follogilinear
24 3 or | —g, relations
g+
Drl1l 2 i oA Bin(hg) [Wo (A.17) Atl) +BiIn R, :i(p# R 2 + B" R P(Ra,Rz)) B(n,i)
o g Ol TSN W E(RR) " 1 Ey(ReRy)
_ R R AR, Ry)
where Q is the number of stator slots. The devetopnof Z( n—Z + Dy — ————=") §(n,i)
(A.16) and (A.17) gives ng £, (R2 Re) "B £n(Re,Re)
(A.24)
B, :i B [ (n,i) :
" o T ’ Aé+BéInR4:Ag+%yon[R§InR4—%]+
O i kAo p(ResRy) . (A.25)
DN B e J () (A18) & i 2R( 3V Pums(RuRs) . (mmB)  (mr
e /3:3 St (2R3'R“) mZ:lA“?(m_nj Ennip(ReR) -\ 25 jw{?}
> B ————— (k.n,i) |
Tia AR B p(ReRi) « Expression of the coefficien®y), for thejth slot subdomain
(18)
D! :ZQ:B—(i) 5(n,i)
TogmR Al =B} E-Iisir(mnﬁjco{ m”j
Q o MR, 20 2
. Z&%gmlﬁ((i?ﬂz)) kini) (A.19) i[ g B s (Re Rs)]Dzkn Fmk
e L - , + - m,
I(_; k;l ks K ae = Ekn/ﬁ(R3 R,) Ekn/ﬁ(R31R4)
- ZBL K2 mykoni) (A.26)
i=l k=1 18R3 Ekﬂ/ﬁ(R3’R4)

We have to solve a system of linear equations thighsame
It is worth noting that the mutual interaction beam slots number of unknowns. By rewriting the above equatiam
is related by the sum operation @rin (A.18) and (A.19). matrix and vectors format, a numerical solution banfound

« Expressions of the coefficien#, and C,,, for the PMs by using mathematical software (Matlab).
subdomain (36) and (37)

1l R2 P(RZ’R3) BII RS 2

A.20
A e RR) P ERR) A0
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