N

N

Existence and stability of weak solutions for a
degenerate parabolic system modelling two-phase flows
in porous media
Joachim Escher, Philippe Laurencot, Bogdan-Vasile Matioc

» To cite this version:

Joachim Escher, Philippe Laurencot, Bogdan-Vasile Matioc. Existence and stability of weak solutions
for a degenerate parabolic system modelling two-phase flows in porous media. Annales de I'Institut
Henri Poincaré C, Analyse non linéaire, 2011, 28, pp.583-598. 10.1016/j.anihpc.2011.04.001 . hal-
00557791

HAL Id: hal-00557791
https://hal.science/hal-00557791

Submitted on 20 Jan 2011

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00557791
https://hal.archives-ouvertes.fr

EXISTENCE AND STABILITY OF WEAK SOLUTIONS FOR A
DEGENERATE PARABOLIC SYSTEM MODELLING TWO-PHASE FLOWS IN
POROUS MEDIA

JOACHIM ESCHER, PHILIPPE LAURENCOT, AND BOGDAN-VASILE MATIOC

ABSTRACT. We prove global existence of nonnegative weak solutions to a degenerate parabolic
system which models the interaction of two thin fluid films in a porous medium. Furthermore, we
show that these weak solutions converge at an exponential rate towards flat equilibria.

1. INTRODUCTION

In this paper we consider the following system of degenerate parabolic equations

Of = 0 (fO0uf)+ ROz (fOsh),
ath - 81‘ (faxf) + Ruaﬂc [(h - f)a:ch] + Ral‘ (fa:ch) 5

which models two-phase flows in porous media under the assumption that the thickness of the
two fluid layers is small. Indeed, the system (1.1) has been obtained in [4] by passing to the
limit of small layer thickness in the Muskat problem studied in [3] (with homogeneous Neumann
boundary condition). Similar methods to those presented in [4] have been used in [6] and [8], where
it is rigorously shown that, in the absence of gravity, appropriate scaled classical solutions of the
Stokes’ and one-phase Hele-Shaw problems with surface tension converge to solutions of thin film
equations

(t,x) € (0,00) x (0, L), (1.1)

Oth + 0,(h*02h) = 0,
with a = 3 for Stoke’s problem and a = 1 for the Hele-Shaw problem.

In our setting f is a nonnegative function expressing the height of the interface between the
fluids while h > f is the height of the interface separating the fluid located in the upper part of the
porous medium from air, cf. Figure 1. We assume that the bottom of the porous medium, which
is located at y = 0, is impermeable and that the air is at constant pressure normalised to be zero.
The parameters R and R, are given by

_Pr and R, = H-p,

P— = P+ M+

where p_, p_ [resp. p4, 4] denote the density and viscosity of the fluid located below [resp. above]
in the porous medium. Of course, we have to supplement system (1.1) with initial conditions

f0) = fo,  hO0)=ho, x€(0,L), (1.2)
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FIGURE 1. The physical setting

and we impose no-flux boundary conditions at * = 0 and x = L:
Oz f = 0zh =0, x=0,L. (1.3)

It turns out that the system is parabolic if we assume that hg > fo > 0 and R > 0, that is,
the denser fluid lies beneath. Existence and uniqueness of classical solutions to (1.1) have been
established in this parabolic setting in [4]. Furthermore, it is also shown that the steady states of
(1.1) are flat and that they attract at an exponential rate in H? solutions which are initially close
by.

In this paper we are interested in the degenerate case which appears when we allow fy = 0 and
ho = fo on some subset of (0, L). Owing to the loss of uniform parabolicity, existence of classical
solutions can no longer be established by using parabolic theory and we have to work within an
appropriate weak setting. Furthermore, the system is quasilinear and, as a further difficulty, each
equation contains highest order derivatives of both unknowns f and h, i.e. it is strongly coupled.
In order to study the problem (1.1) we shall employ some of the methods used in [2] to investigate
the spreading of insoluble surfactant. However, in our case the situation is more involved since we
have two sources of degeneracy, namely when f and g := h — f become zero. It turns out that by
choosing (f, g) as unknowns, the system (1.1) is more symmetric:

8tf = (1 + R)ax (fa:cf) + Ral‘ (fa:cg) 5
Og = Ru0; (90:f) + Ru0: (90:9) ,

since, up to multiplicative constants, the first equation can be obtained from the second by simply
interchanging f and g. Corresponding to (1.4) we introduce the following energy functionals:

(t,z) € (0,00) x (0, L), (1.4)

L
Eif.g)= [ [(Fms= 0+ flomg - g+ 1) da

m
and

L
Eaf.g) = [ 124 RU+ 0] do

It is not difficult to see that both energy functionals & and & dissipate along classical solutions of
(1.4). While in the classical setting the functional & plays an important role in the study of the
stability properties of equilibria [4], in the weak setting we strongly rely on the weaker energy &
which, nevertheless, provides us with suitable estimates for solutions of a regularised problem and
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enables us to pass to the limit to obtain weak solutions. Note also that £ appears quite natural
in the context of (1.4), while, when considering (1.1), one would not expect to have an energy
functional of this form.

Our main results read as follows:

Theorem 1.1. Assume that R > 0, R, > 0. Given fy,g0 € L2((0,L)) with fo > 0 and go > 0
there exists a global weak solution (f,g) of (1.4) satisfying

(i) f>0,9>01n(0,T) x (0,L),
(ZZ) f,g € Loo((ovT)7L2((0’L))) N L2((07T)’H1((07L)))7
for all T >0 and

L L T L
/0 STy de — /0 fobdz = — /0 /0 (14 R)f0of + Rfdug) dtdde dt,

L L T L
| auas— [ gode =Ry [ [ (90u5 + 90,0000 dnt
0 0 0o Jo
for all » € WL ((0,L)). Moreover, the weak solutions satisfy
(@) (A = [lfollu lg(T)lIx = llgolls,

) & // [u.ﬂ2

(©) E(f( / / (1+ R)3,f + ROug)* + RR,g(0, f + 0r9)?] du dt < Ex(fo. g0)

for almost all T € (0, 00)

x9|2] dxdt < &(fo,90),

Remark 1.2. If fo = 0 for instance, a solution to (1.4) is (0, g) where g solves the classical porous
medium equation 0,9 = R0, (90.g) in (0,00) x (0,L) with homogeneous Neumann boundary
conditions and initial condition gg.

Additionally to the existence result, we show that the weak solutions constructed in Theorem 1.1
converge at an exponential rate towards the unique flat equilibrium (which is determined by mass
conservation) in the Lo—norm:

Theorem 1.3 (Exponential stability). Under the assumptions of Theorem 1.1, there exist positive

constants M and w such that
1 (L 2 1 (L
ft——/ fodx +Hgt——/ go dx
o= [ o]+ 07 |

Remark 1.4. Theorem 1.3 suggests that degenerate solutions become classical after evolving over
a certain finite period of time, and therefore would converge in the H?—norm towards the corre-
sponding equilibrium, cf. [4].

2

< Me ¥t for a.e. t>0.
2

The outline of the paper is as follows. In Section 2 we regularise the system (1.4) and prove that
the regularised system has global classical solutions, the global existence being a consequence of
their boundedness away from zero and in H'((0, L)). The purpose of the regularisation is twofold:
on the one hand, the regularised system is expected to be uniformly parabolic and this is achieved
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by modifying (1.4) and the initial data such that the comparison principle applied to each equation
separately guarantees that f > ¢ and g > ¢ for some € > 0. On the other hand, the regularised
system is expected to be weakly coupled, a property which is satisfied by a suitable mollification of
0.g in the first equation of (1.4) and 0, f in the second equation of (1.4). The energy functional &
turns out to provide useful estimates for the regularised system as well. In Section 3 we show that
the classical global solutions of the regularised problem converge, in appropriate norms, towards a
weak solution of (1.4), and that they satisfy similar energy inequalities as the classical solutions of
(1.4) for both energy functionals & and &. Finally, we give a detailed proof of Theorem 1.3.

Throughout the paper, we set L, := L,((0,L)) and I/Vpl = Wpl((O, L)) for p € [1,¢], and
H? := H?*((0, L)) for a € [0,1]. We also denote positive constants that may vary from line to line
and depend only on L, R, R, and (fo,g0) by C or C;, i > 1. The dependence of such constants
upon additional parameters will be indicated explicitly.

2. THE REGULARISED SYSTEM

In this section we introduce a regularised system which possesses global solutions provided they
are bounded in H' and also bounded away from zero. In Section 3 we show that these solutions
converge towards weak solutions of (1.4).

We fix two nonnegative functions fp and go in Lo (the initial data of system (1.4)) and first
introduce the space

HE = {f € H*((0,L)) : 9,£(0) = 8, f(L) = 0}.
We note that for each € > 0, the elliptic operator (1 —¢20?) : H 123 — Lo is an isomorphism. This
property is preserved when considering the restriction

(1-¢%02) : {f € C**([0, L)) : 9, f(0) = 0. f(L) =0} — C*([0,L]),  a€(0,1).
Given f,g € Lo, we let then
F.o:=(1-e%9>)7'f, G.:= (1%, (2.1)
and consider the following regularised problem
Ohfe = (L4 R)0y (fe0ufe) + RO ((fe —€)0:Ge),
{ Orge = R0z ((9e — €)0:F:) + R0y (9:029e)
supplemented with homogeneous Neumann boundary conditions
Oz fe = 029: =0 x=0,L, (2.2b)

(t,x) € (0,00) x (0,L), (2.2a)

and with regularised initial data
fe(0) = foe = (1= 202) " fo+e,  ge(0) = goc == (1 —%07) "go + . (2.2¢)

Note that the regularised initial data (foe,gos) € H 123 x H 123 and, invoking the elliptic maximum
principle, we have

foe > ¢, Jgos =~ €. (23)
Letting Fo. = (1 — €202)7 1 fy and Go. := (1 — £202)"'gy, we obtain by multiplying the relation
Fo. — €202 Fy. = fo by Fo. and integrating over (0, L) the following relation

L
| Focl2 + <2100 Foc |2 = / foFo dz< |l foll2 | Focll:,
0
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which gives a uniform Ls-bound for the regularised initial data:

[ foell2 < |l foll2 + VL  and llgoe|l2 < |lgoll2 + VL. (2.4)

Concerning the solvability of problem (2.2), we use quasilinear parabolic theory, as presented in
[1], to prove the following result:

Theorem 2.1. For each € € (0,1) problem (2.2) possesses a unique global nonnegative solution
Xe = (f€7g€) with

fe.9: € C((0,00), H') N C((0, 00), HE) N C((0, 00), La).
Moreover, we have

fe > e, ge >¢€  forall (t,x) € (0,00) x (0,L).

In order to prove this global result, we establish the following lemma which gives a criterion for
global existence of classical solutions of (2.2):

Lemma 2.2. Given ¢ € (0,1), the problem (2.2) possesses a unique maximal strong solution
X: = (fe,9:) on a mazimal interval [0, Ty (€)) satisfying

fer9: € C([0,T4(€)), H') N C((0, T (2)), HE) N CH((0, T4 (¢)), La).
Moreover, if for every T < T4 (e) there exists C(e,T) > 0 such that

fo2e/240ET)Y, g.>¢/2406ET)Y,  and max [0l < CeT),  (25)
tel0,

then the solution is globally defined, i.e. Ty (€) = oc.

Proof. Let € € (0,1) be fixed. To lighten our notation we omit the subscript € in the remainder
of this proof. Note first that problem (2.2) has a quasilinear structure, in the sense that (2.2) is
equivalent to the system of equations:

X + AX)X F(X) in (0,00)x (0,L),
BX = 0 on (0,00) x {0, L}, (2.6)
X(0) = Xy on (0,L),

where the new variable is X := (f, g) with X = (fo, 90), and the operators B and F' are respectively
given by

R(f —€)0,G
BX :=0,X, F(X)::({)x(R(g_g)aF).
m T
Letting
MX%:<S+RV ; )7
wd

the operator A is defined by the relation A(X)Y := —0,(a(X)Y). We shall prove first that (2.6)
has a weak solution defined on a maximal time interval, for which we have a weak criterion for
global existence. We then improve in successive steps the regularity of the solution to show that
it is actually a classical solution, so that this criterion guarantees also global existence of classical
solutions.
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Given «a € [0, 1], the complex interpolation space H%O‘ := [Lo, Hl%,]a is known to satisfy, cf. [1],

) H? , a<3/4,
HBa:
{feH* : 0,f=0forz=0,L} , a>3/4

Furthermore, for each 5 € (1/2,2] we define the set
Vg ={f € Hg:c/2<f},

which is open in H%. Choose now v := 1/2 — 2¢ > 0, where ¢ € (0,1/18). We infer from (2.2c),
that Xg € Vllg_g X Vllg_g. In order to obtain existence of a unique weak solution of (2.6) we verify
the assumptions of [1, Theorem 13.1]. With the notation of [1, Theorem 13.1] we define

(o,8,7,7):=(3/2=3,,14+&1—¢,-¢), 2a:=3/2 — 3¢.

Since 1 — & — 1/2 > ~, we conclude that Vllg_5 C C7(]0, L]), meaning that the elements of a(X)
belong to C7([0, L]) for X € Vllg_g X Vllg_g. Since a(X) is positive definite, we conclude in virtue of
v > 2a — 1 that

(A,B) e C'= (Vg ¢ x Vi 5,90, L)),
the notation £4(0, L) being defined in [1, Sections 4 & 8]. Moreover, since (1—¢202)~' € £L(Ly, H3)
we also have

FeCl-(Wi= xpl=t g9,

whereby, in the notation of [1], H~¢ = Hg§ because |{| < 1/2, cf. [1, eq. (7.5)]. Thus, we find all
the assumptions of [1, Theorem 13.1] fulfilled, and conclude that, for each X € VZ%, there exists a
unique maximal weak Hg/2_5—solution X =(f,g) of (2.6), that is

fr9€ C([0,T4), Vg )N C((0,Ty), Hy* ) nCH(0,Ty), Hy >,

and the first equation of (2.6) is satisfied for all ¢ € (0,7%) when testing with functions belonging
to H, llg/ 243 Moreover, if X HO,T] is bounded in H} x Hj and bounded away from av};ﬁ for all
T >0, then T} = oo, which yields the desired criterion (2.5).

We show now that this weak solution has even more regularity, to conclude in the end that
the existence time of the strong solution of (2.6) coincides with that of the weak solution (of
course they are identical on each interval where they are defined). Indeed, given 6 > 0, it holds
that X € C([o, T+),Hg/2_3£) N C([s, T+),Hgl/2_3£). Hence, if 0 < 2p < 2, we conclude from [1,
Theorem 7.2] and [7, Proposition 1.1.5] that X is actually Holder continuous

X € Cp([éa T+)7 H?S/2_3€_2p)’

Choosing p := ¢ and p:=1— 6§ > 0, we have that Hg/z—sg—zp — C*([0, L]), so that the elements
of the matrix a(X(¢)) belong to C*([0, L]) for all t € [0, T} ). Defining 2pi := 2 — 8¢ > 0, we observe
that p > 21 — 1 and

Finally, with 2v := 3/2 + &, our choice for £ implies

(X(8), F(X)) € HY ™2 x CP(18,T%), Hg®) € HY ™% x CP([8,T4), HY ),
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and the assertions of [1, Theorem 11.3] are all fulfilled. Whence, the linear problem
WY + AX)Y = F(X) in (6,T4)x(0,L),
BY = 0 on (6,T+)%x{0,L}, (2.7)
Y(6) = X() on (0,L),
possesses a unique strong H?—solution Y, that is
Y e C([0,T4), HZ * x HZ *)nCO((6,Ty), HE x HF)NCH((6,Ty), Hy'~? x Hg'?).

In view of [1, Remark 11.1] we conclude that both X and Y are weak Hgﬂ_gg—solutions of (2.7),

whence we infer from [1, Theorem 11.2] that X =Y, and so
f.9€ CU8.T4), Hg ™) N C(6. T ), HY ™) N C (8, Ty ), Hy *7).
Interpolating as we did previously and taking into account that § was arbitrarily chosen, we have
f,g€C%[5,Ty),CM ([0, L])) if we set 40 < £. Hence, we find that
(X(8), (A(X), F(X))) € Lo x C*([6,T4), H(HE x Hj, Ly x Ly) x (Ly x Ly)),

where H(HZ x H3, La x L) denotes the set of linear operators in Ly x Ly with domain Hg x HZ
which are negative infinitesimal generators of analytic semigroups on Ly X Lo, and, in virtue of [1,
Theorem 10.1],

X € C((6,Ty), HE x HE) N CY(6,T.), Ly x Lo)
for all § € (0,7 ). Hence, the strong solution of (2.6), which is obtained by applying [1, Theorem
12.1] to that particular system, exists on [0, 77 ) and the proof is complete. O

The remainder of this section is devoted to prove that T’ () = oo for the strong solution (fe, gc)
of (2.2) constructed in Lemma 2.2. In view of Lemma 2.2, it suffices to prove that (f:,g.) are a
priori bounded in H' and away from zero. Concerning the latter, we note that we may apply the
parabolic maximum principle to each equation of the regularised system (2.2a) separately. Indeed,
owing to the boundary conditions (2.2b), the constant function (¢,z) — € solves the first equation
of (2.2a) and (2.2b) while we have fo- > € by (2.2c). Consequently, f. > ¢ in [0,T4(¢)) x [0, L]
and, using a similar argument for g., we conclude that

fo>e,  go>e  forall () €[0,Th(c)) x (0,L). (2.8)

Next, owing to (2.2b) and the nonnegativity of f. and g., it readily follows from (2.2a) that the
Li—norm of f. and g. is conserved in time, that is,

[f@®lr = [lfoelle = [ folls + €L, llge(®)llx = llgoells = llgolls + L (2.9)

for all t € [0,T,(¢)). The next step is to improve the previous L'—bound to an H'!—bound as
required by Lemma 2.2. To this end, we shall use the energy &; for the regularised problem, see
(2.13) below. As a preliminary step, we collect some properties of the functions (F;, G¢) defined in
(2.1) in the next lemma.

Lemma 2.3. For allt € (0,74 (¢))
IE=(O)ll2 < [1fe(@®)ll2, N1G=(@)ll2 < [lg=(®)l2, (2.10)

10:Fe(t)ll2 < 102 () ll2,  [[0:Ge(t)]l2 < [|02ge(t)l2, (2.11)
e ZF=()ll2 < 102 f=(t)ll2, € 102Gt 12 < (1002 (2) 2. (2.12)
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Proof. The proof of (2.10) is similar to that of (2.4). We next multiply the equation F.—£20%F. = f.
by —02F., integrate over (0, L) and use the Cauchy-Schwarz inequality to estimate the right-hand
side and obtain (2.11) and (2.12). O

Lemma 2.4. Given T € (0,74 (¢)), we have that

E(fe(T / / < |02 | + 1+R2R|6mg€|2> dz dt < & (£-(0),g-(0)). (2.13)

Proof. Using (2.11) and Hélder’s inequality, we get

L
e Fege) = [ 00 108(£) + -0k (0 og(a) do
m

fe —

L —
=— / <(1 + R)|8gcf€|2 + R 7 8 f:0.G: + Rgag 029 O Fz + R|8xg€|2> dx
0 € 5

_(1 + R)Ha:cfa”% + R”axfa”2HaxGaH2 + RHa:cgaH2HaxF€”2 - R”aﬂcga”%
14+ 2R

1
- 5”890]06”% - < Ha f€||2 2R‘|amfe||2”am96”2 + RH@EQ&H%)

1 , R

Integrating with respect to time, we obtain the desired assertion. O

” xga”2

Since zlnz — z+ 1 > 0 for all z € [0,00), relation (2.13) gives a uniform estimate in (e,t) €
(0,1) x (0,74 () of (Opfe,0rge) in La((0,T), Ly x Lo) in dependence only of the initial condition
(f0,90). Indeed, on the one hand, since Inz < z — 1 for all z € [0,00), we have

zlnz—24+1<2(z—1)— (2 —1) = (2 — 1) for all z > 0, (2.14)
so that
L R )
&) < [ (e =1+ (e = 1?) o < (2,15
0 (0

for all e € (0,1) by (2.4). On the other hand, owing to the Poincaré-Wirtinger inequality and (2.9),
we have
[FAGIIE

1700 < | £6) — A0 <0 (ol + 1),
(2.1

A similar bound being available for g., we infer from 3), (2.15), and the nonnegativity of &
that, for 7' € (0,7 (¢)),

T T
/0 (O +llg=®)lF) dt < C /0 (141102 fo )5 + 109 (0)]3) dt
< C [T + & (an.gOs)] < 02(T)- (2'16)

We next use this estimate to prove that the solution (f, g.) of (2.2) is bounded in L. ((0,7), H' x
H') for all T < T (¢). While the estimates were independent of ¢ up to now, the next ones have
a strong dependence upon ¢ which explains the need of a regularisation of the original system.
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Lemma 2.5. Given (¢,T) € (0,1) x (0,74 (g)), there exists a constant C(e,T) > 0 such that the
solution (fe,g:) of (2.2) fulfills

[fe@ e + lge (@)l < C(e,T)  for all't € [0,T]. (2.17)

Proof. We prove first the bound for f.. Given z € R, let ¢(z) := 22/2. With this notation, the first
equation of (2.2a) reads

atfs - (1 + R)ag(J(fe) = Raﬂc((fe - 5)890G€)
Multiplying this relation by d.q(f-) and integrating over (0, L), we get
/ 0,1-0(f) dz — (1 + R) / 24(f)0ha(f2) de = R / O((f. — )0y G)0ua(f.) da

Using an integration by parts and Young’s 1nequahty, we come to the following inequality

1+Rd R?
IVEaA + 5 S0l < VLB + - [ (s - .o a

Whence, we have shown that

L
IVEOLIE+ 0+ RIG10all < B [ 20367 + £.0u 1 0uGeP) do, (219

and the second term on the right-hand side of (2.18) may be estimated, in view of (2.8), by

L 1 L 1 L
/ F2(0f)2(0,G)? do <2 / 200 f2)2(0,G)? dor = - / (Oea(f-))2(0:G.)* du
0 €Jo €Jo

1 2 2
<0G 2 9ra(£2) 3
Now, since G- is the solution of G —202G. = g. with homogeneous Neumann boundary conditions

at x =0, L, and g. > ¢, the elliptic maximum principle guarantees that G. > . Hence, —£202G, <
ge, and therefore, for z € (0, L),

x L
—£%0,Ge(x) S/ gedw <|lge[h  and  £%0,Ge(x) S/ 9e dx < [|ge|[1,
0 x
so that £2(10,Gelloo < ||gel|1. In view of (2.9), we arrive at
L
1
/0 fe(awfs)z(awG€)2 dx §€_5H9€||%HOJEQ(f€)H§ < 0(5)||8wQ(f€)||§ (2.19)
Concerning the first term on the right-hand side of (2.18), it follows from (2.8) and (2.12) that

L I 4 4
/0 J2(02Ge) du < - /0 F2(0:G2)" do < —lla(f) 15 1102GE 3 < Sllatf) 519206 3-

In order to estimate ||q(f:)||0, we choose z. € (0, L) such that Lf.(x.) = ||f||1. By the fundamental
theorem of calculus, we get

A1) = o)) + [ Bra(f)do < SR+ VEIa(ll for allw € (0.2,
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Summarising, we obtain in view of (2.18) and (2.19), that

d
Z10:a(F)II3 < C(e)(1 + [100ge13)(1 + 0na(£)]2), (2.20)
and from (2.16) and (2.20)

¢
102a(£-O)13 < (1 + [10:a(foc)13) exp (C(e)/o (1+ [1029:113) d8> <C(eT), tel0,T].
Since f. > €, we then have
0. f-(t)|3 < C(e,T) forall t € [0,T].
Using (2.9) and the Poincaré-Wirtinger inequality, we finally obtain that
|l fe@ g < C(e,T) forallte[0,T].

Moreover, due to the symmetry of (2.2a), g. satisfies the same estimate as f., and this completes
our argument. O

Proof of Theorem 2.1. The proof is a direct consequence of Lemma 2.2, the lower bounds (2.8),
and Lemma 2.5. O

We end this section by showing that, though & is not dissipated along the trajectories of the
regularised system (2.2), a functional closely related to &, is almost dissipated, with non-dissipative
terms of order .

Lemma 2.6. Fore € (0,1) and T > 0, we have

T
EaclfD)0T)) [ R0+ RIOLS + ROLGL + RRug. |00 (P + g.) ] d

T
< 52,a(f057905)+502/ 0:(t) dt, (2.21)
0

with 0c := |0z f2 13 + |02gc][3 and

263:(f200) = (U4 R)IFIR + Rlgelg + B [ (R + Gt (222)
Proof. We multiply the first equation of (2.2) by (1+ R)f.+ RG. and integrate over (0, L) to obtain
/L d.f- (1+ R)f. + RG.) da — /L £ (14 ROy f. + ROLGL)? du+ 11 (2.23)
with ’ . '
. ER/O 9,G. (1+ R)yf. + RO,G.) da.

Thanks to Holder’s inequality and (2.11), we have
1| <eR(1+ R) (Ha:cGEH2”8xf6”2 + ”896(;8”5) <eC (Ha:cfa”% + ”&cgeu%) : (2.24)
Similarly, multiplying the second equation of (2.2) by R(F. + g.) and integrating over (0, L) give

L L
R / dg- (F. + g.) dx = —RR, / G (OuF. + 0,9.)° da+ I, (2.25)
0 0
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with
L
e = 5RRu/ 0, F.0; (F- + gc) du.
0

Using again Holder’s inequality and (2.11), we obtain

[Ioc| < eRRy, ([|0:F2 )13 + 1029121102 Frll2) < eC (10 f5 + 10292 ]3) - (2.26)
Observing that

L L
/ Of. (1+R)f. + RG.) do + R / Drge (F. + g2) do
0

1+ Rd
=== IIfeHerR/ F.— 2020,F.) do
Rd
+53 \gaHngR/ - —20;0,Ge) dua
1d

L
(14 R)| .3 + Rlg:3 + 2R / R dx)
0

/\

T 24t
+ &R / (0,G=0,0,F. + 0,F.0,0,G.) dx
0

_1d
T 2dt

we sum (2.23) and (2.25), use (2.24) and (2.26) to obtain

((1 L RILI3+ Rllg|3 + 2R / (F.G. + £20,F.0,C.) dx) |

d L
(a4 R+ Rl +2n [ (6.4 20r0.6.) o)
0

N | —

L L
—/ fe (L+ R)O. f- + R@xGa)2 dx — RRM/ 9: (0. F- + Z?xgg)2 dx +eCsy p..
0 0
Since

L L
2 / (F-G: + €20, F.0,G.) dz = / (2F.G. — £°G.02F. — £ F.02G, ) da
0 0

L
= / (Gefs + Fe.ge) d$,
0

the claimed inequality follows from the above two identities after integration with respect to time.
O

3. WEAK SOLUTIONS

Given T € (0,00], we let Qp := (0,T) x (0, L). Furthermore, given ¢ € (0,1), we let (fc,g:) be
the global strong solution of the regularised problem (2.2) constructed in Theorem 2.1. We shall
prove that (f:,g.) converges, in appropriate function spaces over Qr, towards a pair of functions
(f,g) which turns out to be a weak solution of (1.4) in the sense of Theorem 1.1.
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Recall that, by (2.8), (2.4), (2.9), and (2.13), (f:, g-) satisfies the following estimates

(CL) fE 2 67 g& 2 3 on QOOa
() N focll2 + llgoell2 < Nl foll2 + llgoll2 + 2V,
© M@l = lfolli <L, llg=(®)]l = llgolls + <L, (3.1)

(@ Ef 0000+ [ (G101 + 1571000018 ) ds < E1(£0).0.00)

for t > 0. Using (3.1), we show that:

Lemma 3.1 (Uniform estimates). Let h € {f,g,F,G}. There exists a positive constant Cy(T)
such that, for all (¢,T) € (0,1) x (0,00), we have

T

(i / (Ihe(®)]2 + [ (0)]3) dt < Cu(T), (3.2)
T

i) [ Bouhe@)Ify it < Cu(T), (33)

Proof. The estimate for h. in Ly(0,T, H') is obtained from the energy estimate (2.13), by taking
also into account relations (2.9), (2.10), (2.11), (2.15), the nonnegativity of £;, and the Poincaré-
Wirtinger inequality as in the proof of (2.16). In order to prove the second estimate of (3.2), we
note that, since H! is continuously embedded in L, and (f.) is bounded in Lo(0,T, H'), (f.) is
uniformly bounded with respect to € in Loo(0,00; L1) N Lo(0,T; L) for all T > 0. The claimed
Ls—bound then follows from the inequality || f-||3 < || f-||%||f-|/1- Next, an obvious consequence of
the definition of F} is that || F.|[, < || f:||, for p € [1,00], from which we deduce the expected bound
in Lg for (F.). A similar argument shows that (g.) and (G.) satisfy the second estimate in (3.2).
In order to prove (ii), consider first h € {f, g}. From (3.2) and Holder’s inequality we obtain that
(feOufe), ((fe—€)0:Ge), ((ge—€)0: Fr), and (g0, ge) are uniformly bounded in Lg/5(Q7). Therefore,
the equations of (2.2a) may be written in the form d;h. = Ofo, for some function H? which is
uniformly bounded in Lg5(Q7) and satisfies homogeneous Dirichlet conditions H, "0) = HML) = 0.
Given ¢ € W¢, we have
< |[H /5 10246

L L
[(Oshe|d) L, | :'/ PO, H dz| = ‘/ H'0, 6 dx
0 0

Consequently,

10he )] 2y < 1HE (t)ll6/5 for t € (0,7).

and the families (f:), (g-) are both uniformly bounded in Lg,5(0, T'; (Wﬁl)/)
Finally, we have ((1 — e202)plq)r, = (p|(1 — €202)q)r, for all p,q € HE, and choosing p :=
(1—e202)710f., ¢ = (1 — £20%) "¢ with ¢ € W{, we have

(O F.|¢)r, =((1 — 202) L0y fo|d) 1, = (Oufe|(1 — £202) L) 1,
=(0,HI|(1 —202) ' ¢) 1, = —(HI|(1 — 202) 1 0,0) L,
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Since (1 —202)~! is a contraction in Lg, we obtain that
(O F=10) Lo < IHL llossll(1 — £202) ™ 0u0lls < 12 o5l

and the assertion (ii), when h = F, follows at once. Invoking a similar argument for (G.), we
complete the proof. O

This lemma enables us to use a result from [9] and show that (f:), (¢9-), (F:), and (G¢) are
relatively compact in Lo(0,7; C*([0, L])), provided that « € (0,1/2). This will allow us to identify
a limit point for each of these sequences, and find in this way a candidate for solving (1.4). Indeed,
we have:

Lemma 3.2. Given h € {f,g,F,G}, and a € (0,1/2), there exists a subsequence (he,) of (he)
which converges strongly in Lo(0,T; C*(]0, L])).

Proof. Invoking the Rellich-Kondrachov theorem, we have the following sequence of embeddings
H' < (0, L) — (W),  a<1/2,

with compact embedding H' < C%([0, L]). Furthermore, in view of Lemma 3.1 (i), the family (h.)
is uniformly bounded in Ly(0,7; H'), while, by Lemma 3.1 (ii), (d;h.) is uniformly bounded in
L1(0, T (Wﬁl)/) Whence, the assumptions of [9, Corollary 4] are all fulfilled, and we conclude that
(he) is relatively compact in Lo(0,7; C*(]0, L])). O

3.1. Construction of weak solutions. Using the uniform estimates deduced at the beginning
of this section, we now establish the existence of a weak solution of (1.4). Owing to Lemma 3.2,
there are f,g,F,G € Ly(0,7;C([0, L])) such that, for a € (0,1/2),

fero = f0 G — 9, F., —F, G, —G in Ly(0,7;C*([0, L])). (3.4)

Furthermore, by Lemma 3.1 (i), the subsequences (0, fz,), (029z,), (0zF%,), and (0,G¢,) are uni-
formly bounded in the Hilbert space Lo(Q7). Hence, we may extract further subsequences (denoted
again by (fe,), (9s,), (F%, ), and (G, )) which converge weakly:

Opfe, = 0zf, 0xgep, — Ozg, O F., — 0.F, 0,G., — 0,G in Ly(Qr). (3.5)
In fact, we have that
f=F and ¢g=G a.e. in Qr. (3.6)

Indeed, (3.6) follows by multiplying the relation F;, — 6%8:%ng = f., by a test function in H 1
integrating by parts, and letting then k& — oo with the help of (3.4) and (3.5). In view of (3.4)-
(3.6), we then have

feka:cfak - fa:cfy fakaxGek - fa:cg in Ll(QT)7

_ (3.7)
gekaszk - gamfa gekaxgek - gaﬂcg m LI(QT)-
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Using the fact that (f., g-) are strong solutions of (2.2), we obtain by integration with respect
to space and time that

L L
/ for (T der — / Jooytb da =— / (L4 R)for O for + RUF-, — 210Gy ] Ot da
0 0 QT

. . (3.8)
| sa@pds— [ vdo =, /Q [(Ges — 8)0uFog + GerDuges] Outh dac dt,
0 0 T
for all T > 0, ¢ € (0,1), and ¢ € WL . Since
fOek — fo and 9oe, — 90 in L2 (3.9)

by classical arguments, we may pass to the limit as & — oo in (3.8) and use (3.4), (3.5), (3.7),
and (3.9) to conclude that (f,g) is a weak solution of (2.2) in the sense of Theorem 1.1. The fact
that (f,g) can be defined globally follows by using a standard Cantor’s diagonal argument (using
a sequence T,, ' 00).

3.2. Energy estimates for weak solutions. Letting ¢ — 0 in the relation (3.1) (¢), we find in
view of (3.4), that

1f @l = [lfollrs  Ng@ll = llgolls, ¢ € (0,00).
We show now that the weak solution found above satisfies the energy estimate

S + [ (5047 + g0l ) dode < 1o (3.10)
for T' € (0,00). Recall that, by Lemma 2.4, we have
D). 00, D)+ [ (510000 + g0 ) dodt <o) (311)
for all £ € N. On the one hand, note that (3.4) and Fatou’s lemma ensure that
E(F(T), (T)) < lim inf &£, (T), g2, (T))  for T € (0,00), (312

while (3.5) implies
/ |0, f)? da dt < liminf/ |0, f-, |2 da dt,
T k—00 QT
(3.13)
/ |8mg|2 dr dt < liminf/ |8mg€k|2 dx dt.
T k—00 QT
We still have to pass to the limit in the right-hand side of (3.11). By (3.9), we may assume that

(foe,,) and (gos, ) converge almost everywhere towards fo and go, respectively. Furthermore, since
O0<zlnz—z+1<1+ 2232 for x > 0, we have

/ | foe, I foe, — foe, + 1] dz < |E| + 2 / Fol2 de < |E| + 21 BV foo, I3/ < B[V
E E

for all k£ € N and all measurable subsets E of (0, L), meaning that the family ( foc, In foe, — foe, +1)
is uniformly integrable. Clearly, the same is true also for (goe, In gos, — goe, + 1). We infer then
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from Vitali’s convergence theorem, cf. [5, Theorem 2.24|, that the limit of the right-hand side of
(3.11) exists and

lim &1 (foey» 90e,.) = E1(fo, 90)-

k—o0
Whence, passing to the limit in (3.11), we obtain in view of (3.12) and (3.13) the desired estimate

(3.10).
Finally, we show that weak solutions of (1.4) satisfy

EAFToT) + [ [7(1+ RIS + RO)* + RR,9(0.1 + 029 dudt < Eafong) (319

T

for T € (0,00). In virtue of (3.4), (3.5), and (3.6) we have
fek — \/?, 8xfek - amfa and amGsk - 8909 in L2(QT)
which implies that \/f:, 0y f:, = VFOxf and /fz,0.G:, — /f0zg in L1(Qr). Consequently,
VI (L 4+ Ry fo + ROLGe,) — /(14 R)Ouf + RDpg)  in L1(Qr).

and, by a similar argument,

Now, owing to (3.2), the sequence (o, ) defined in Lemma 2.6 is bounded in L2((0,7")) and we
then infer from Lemma 2.6 that both (\/fz, (1 + R)0,f-, + R0:G:,)) and (/7 (0 F, + 0rge,))
are bounded in Lo(Q7). The previous weak convergences in Lj(Q7) may then be improved to weak
convergence in Lo(Q7) (upon extracting a further subsequence if necessary) and we can then pass
to the limit in (2.21) to conclude that (3.14) holds true, using weak lower semicontinuity arguments
in the left-hand side and the property exo-, — 0in L2((0,7")) in the right-hand side.

3.3. Exponential convergence towards equilibria. In this last part of the paper we prove our
second main result, Theorem 1.3. The proof is based on the interplay between estimates for the two
energy functionals £ and &, with the specification that we use &; to estimate the time derivative of
the stronger energy functional £, and obtain exponential decay of weak solutions in the Lo—norm.
Recall from (3.1) (c) that

T L T L
for all k € N and t € [0,00). Introducing

L R
Tk 3:/0 [<f€k In (%) = fer +Ak> + R—“ <gek In <QBLZ> ~ e t+ Bk)] dx

L
+ % /0 {(fsk - Ak)2 +R [(fek - Ak)2 + (gek - Bk)2 + (g€k B Bk)(ng o Ak)

t t
A, = Hszl pep = M@l g g = el HgakL()Hl

+(fe, — Ak)(Ge,, — By)l} d,
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we infer from (3.1) (c) and the proofs of Lemma 2.4 and 2.6 that

47k

L
R
dt=A hkwﬁg+§@%ww%dx

R
- §||8$f5k”% T 2R||8wgsk||2 + €103 (|02 f, 15 + 10292, 113)
1 R
- gllﬁxfek\lé - m”axgskng

provided k is large enough. Using the Poincaré-Wirtinger inequality, we find a positive constant

C'5 such that
dFy,

Sk <=y (I — Anl + e, — Brl3) (3.15)

for large k and all ¢ € (0,00). We show now that the right-hand side of (3.15) can be bounded by
—wJFy, for some small positive number w. Indeed, arguing as in Lemma 2.3, we find that

L
Aum—mwgwm+wfam&fﬂmm

< 1gex — Brll2ll Fey — Akllz + 1 fep — Arll2llGey, — Bill2

< 2llge = Billallfer = Arllz < [l fe = Axllz + llge, — Bellz- (3.16)
Recalling (2.14), we end up with
2
1 ) dz

L
I1fer, = Akll3 + llge, — Bill3 = /0 <A2
> A2<f€k1 <@>—f€k+ >+B2<gﬂln<gﬂ>—gﬂ+l>} dz
_/0 [ Ay, Ay, Ay, "\ By B;, B;,

. R, By, L I R g
kaln{Ak, /}% }/0 [(fek In <ALZ> — fer +Ak> + R_u <g€k In <BEZ — ge, + By )| da.

2

fEk 9e
e 4| 4 B, |9k
Ay Bk

k

(3.17)
Combining (3.15), (3.16), and (3.17), we conclude that if || fo|l1 > 0 and ||go||s > 0, then
dFy,
k(1) < —wFu(t
L 1) < —wFi(1)

for some positive constant w and k sufficiently large. Whence,

Hfak(t) - Ak”L2 + Hgak (t) - Bklez < Ce_m7

which yields, for k — oo, the desired estimate by (3.4) and (3.6), as stated in Theorem 1.3.

If fo =0 [resp. go = 0], then f =0 [resp. g = 0], while g [resp. f] is a weak solution of the one-
dimensional porous medium equation and converges therefore even in the L,,—norm to flat equi-
libria (if fo = 0, then uniqueness of solutions to (2.6) implies that f. = ¢ and 0yg. = R,,(9:0:9:)),
cf. [10, Theorem 20.16]. Convergence in this stronger norm is due to the fact that comparison
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methods may be used for the one-dimensional porous media equation, while for our system they
fail because of the structure of the system.
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