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SEMICLASSICAL WAVE PACKET DYNAMICS IN
SCHRODINGER EQUATIONS WITH PERIODIC POTENTIALS

REMI CARLES AND CHRISTOF SPARBER

ABSTRACT. We consider semiclassically scaled Schrodinger equations with an
external potential and a highly oscillatory periodic potential. We construct
asymptotic solutions in the form of semiclassical wave packets. These solu-
tions are concentrated (both, in space and in frequency) around the effec-
tive semiclassical phase-space flow obtained by Peierl’s substitution, and in-
volve a slowly varying envelope whose dynamics is governed by a homogenized
Schrédinger equation with time-dependent effective mass. The corresponding
adiabatic decoupling of the slow and fast degrees of freedom is shown to be
valid up to Ehrenfest time scales.

1. INTRODUCTION

1.1. General setting. We consider the following semiclassically scaled Schrodinger
equation:

2
ie0)° + S A0 = Vi (2) v+ V@, (o) eRxRY,

l/f\st:o = UG,
with d > 1, the spatial dimension, and ¥° = ¢°(¢t,x2) € C. Here, we already have
rescaled all physical parameters such that only one semiclassical parameter ¢ > 0
(i.e. the scaled Planck’s constant) remains. In the following we shall be interested
in the asymptotic description of ¥*(t,x) for ¢ < 1. To this end, the potential

Vr(y) € R is assumed to be smooth and periodic with respect to some regular
lattice T ~ 74, generated by a given basis {n1,...,74}, n¢ € R%, i.e.

(1.2) Ve(y+7)=W(y), VyeR%yel

where

(1.1)

d
I‘E{q:ZWWGRd: wEZ}.
(=1

In addition, the slowly-varying potential V' (x) is assumed to satisfy the following:

Assumption 1.1. The potential V is smooth, real-valued, with at most quadratic
growth at infinity, i.e.

VeC®RER) and 9"V e L™ (RY), V|y| =2

Equation [[T] describes the dynamics of quantum particles in a periodic lattice-
potential Vi under the influence of an external, slowly varying driving force F =
—VV(z). A typical application arises in solid state physics where (II)) describes
the time-evolution of electrons moving in a crystalline lattice (generated by the ionic
cores). The asymptotics of (ILI]) as € — 04 is a natural two-scale problem which is
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2 R. CARLES AND C. SPARBER

well-studied in the physics and mathematics literature. Early mathematical results
are based on time-dependent WKB type expansions [3|, [14] [33] (see also [6] for
a more recent application in the nonlinear case), which, however, suffer from the
appearance of caustics and are thus only valid for small times. In order to overcome
this problem, other methods based on, e.g., Gaussian beams [9], Wigner measures
[12] [13], or space-adiabatic perturbation theory [21] B5] have been developed. These
approaches yield an asymptotic description for time-scales of order O(1).

On the other hand, it is well known that in the case without periodic potential,
semiclassical approximations which are valid up to Fhrenfest time t ~ O(In1/e)
can be constructed. These approximations are based on propagating semiclassical
wave packets, or coherent states, i.e. approximate solutions which are sufficiently
concentrated in space and in frequency around the classical Hamiltonian phase-
space flow

(1.3) { q(t) = p(t), 4q(0) = qo,

p(t) = =VaV(q(t)), p(0) = po.

The basic idea for this type of asymptotic method can be found in the classical works
of [15] 26] (see also [4, 28] for a broader introduction). It has been developed further
in, e.g., [7 8 17, B0, BT B4] and in addition also proved to be applicable in the
case of weakly nonlinear Schrodinger equations [5]. Interestingly enough, though, it
seems that so far it has not been extended to include also highly oscillatory periodic
potentials Vp (f), and it will be the main task of this work to do so.

To this end, it will be necessary to understand the influence of Vp (%) on the
dispersive properties of the solution 9°(¢,z). In particular, having in mind the
results quoted above, one expects that in this case the usual kinetic energy of
a particle E = $|k|? has to be replaced by Ey,(k), i.e. the energy of the m-th
Bloch band associated to Vr. In physics this is known under the name Peierl’s
substitution. We shall show that under the additional influence of a slowly varying
potential V' (x), this procedure is in fact asymptotically correct (i.e. for ¢ < 1) up
to Ehrenfest time, provided the initial data 1§ is sufficiently concentrated around
(g0, po) € R

Remark 1.2. Indeed, we could also allow for time-dependent external potentials
V(t,x) € R measurable in time, smooth in x, and satisfying

ANV e L™ (R xRE), V|y|>2

Under this assumptions, it is straightforward to adapt the analysis given below.
For the sake of notation, we shall not do so here, but rather leave the details to the
reader.

1.2. Bloch and semiclassical wave packets. In order to state our result more
precisely, we first recall some well-known results on the spectral theory for periodic
Schrodinger operators, cf. [29) B6]:

1
Hper = —iAy + Vr(y).

Denote by Y C T the (centered) fundamental domain of the lattice T and by
Y* ~ T4 the fundamental domain of the corresponding dual lattice (equipped with
periodic boundary conditions). The latter is usually referred to as the Brillouin
zone. Bloch-Floquet theory asserts that Hp., admits a fiber-decomposition

1

— [ Hp(k)dk,
vy

Hper =
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where for k € Y*, we denote

He(k) = < (<iV, + k)2 + Vi ().

2
It therefore suffices to consider the following spectral problem on Y:
(1.4) Hr(E)xm (k) = En(k)xm(, k), keY* meN,

where F,,, (k) € R and x,,(y, k), respectively, denote the m-th eigenvalue/eigenvector
pair of Hr(k), parametrized by k € Y*, the so-called crystal momentum. These
eigenvalues can be ordered increasingly, such that

Ei(k) <...<En(k) < BEpmi1(k) < ..o,
where each eigenvalue is repeated according to its multiplicity (which is known to
be finite). This implies that
spec Hper = U {En(k); ke Y*} CR,
meN

where {E,,,(k); k € Y*} is called the m-th energy band (or Bloch band). The asso-
ciated eigenfunctions x, (y, k) form, for every fixed k € Y*, a complete orthonormal
basis in L*(Y).

Next, we consider for some m € N the corresponding semi-classical band Hamil-
tonian, obtained by Peierl’s substitution, i.e.

WS (k@) = En(k) + V(2), (ko) €Y x RY,
and denote the semiclassical phase space trajectories associated to hjc by

q(t) = ViEn (p(t)) ) Q(O) = qo,
p(t) ==V, V (Q(t)) ) p(O) = Po-

This system is the analog of (I3)) in the presence of an additional periodic potential.

(1.5)

Example 1.3 (No external potential). In the case V(x) = 0, we simply have

(1.6) p(t) =po, a(t) =qo+tViEn(po),

that is, a shift with constant speed w = VE,,(po).

In order to make sure that the system (LH) is well-defined, we shall from now
on impose the following condition on E,, (k).

Assumption 1.4. We assume that E,,(p(t)) is a simple eigenvalue, uniformly for
all t € R, i.e. there exists a 6 > 0, such that

|Enm(p(t)) — En(k)| =6, Yn#m,teRkeY™

It is known that if F,,, (k) is simple, it is infinitely differentiable and thus the right
hand side of (L) is well defined. In addition, we also have that (y,t) — xm(y, p(t))
is smooth and bounded together with all its derivatives.

Example 1.5. By compactness of Y*, Assumption [[.4]is satisfied in either of the
following two cases:

(i) If B, (k) is a simple eigenvalue for all k € Y*. In particular, in d = 1 it is
known that every E,, (k) is simple, except possibly at £ = 0 or at the edge
of the Brillouin zone.

(ii) If V(z) = 0 and E,,(k) is simple in a neighborhood of k = py (which is
sufficient in view of Example [[3).
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1.3. Main result. With the above definitions at hand, we are now able to state
our main mathematical result. To this end, we first define a semiclassical wave
packet in the m-th Bloch band (satisfying Assumption [[4) by

(1.7) O (t,x) = e Yy <t, L\/‘gt)) Yom (?P(t)) citm(to)/e

with ¢(¢t),p(t) given by system (LH) and u(t,z) € C, a smooth slowly varying
envelope which will determined by an envelope equation yet to be derived (see
below). In addition, the e-oscillatory phase is

(1.8) Pm(t, ) = Sm(t) +p(t) - (z — q(t)),

where Sy, (t) € R is the (purely time-dependent) semi-classical action

t
(19) Sult) = [ Ln(p(s).a(s)) ds
0
with L,, denoting the Lagrangian associated to the effective Hamiltonian A, i.e.
Lin(p(s),q(s)) = p(s) - 4(s) — ki (p(s), q(s))

(1.10) =p(s) - VEn,(p(s)) — hy; (p(s),q(s)),

in view of ().

Remark 1.6. Note that this is nothing but the Legendre transform of the effective
Hamiltonian AJS. As in classical mechanics, one associates to a given Hamiltonian

H(p, q) a Lagrangian via L(p,q) =p- 4 — H(p,q).

The function ¢ given by (7)) generalizes the usual class of semiclassical wave
packets considered in e.g. [15, 26]. Note that in contrast to two-scale WKB ap-
proximation considered in [3, 14} [33], it involves a scale of the order 1/4/¢, i.e. the
scale of concentration of the amplitude u. Nevertheless, in comparison to the highly
oscillatory Bloch function x.,, the amplitude is still slowly varying and thus we can
expect an adiabatic decoupling between the slow and fast scales to hold on (long)
macroscopic time-scales. Indeed, we shall prove the following result:

Theorem 1.7. Let the Assumptions [, hold and let the initial data be given

by
- ¥~ 4% z ipo-(z—aqo)/e
05(0) = =g (2720 ) o (o) et
NG €

with qo,po € R% and some given profile ug € S(R?). Then there exists C > 0 such
that the solution of ([ILIl) can be approzimated by

145 () = &° ()l 2@y < Cv/Ee,

where ¢° is given by (L) and u € C(R; S(RY)) solves the following homogenized
Schrodinger equation

1 1
i0yu + §divz (ViEm (pt)-V.)u= 3 (2, V2V (q(t)) 2)u, u(0,2) = up(2),
where V2 denotes the Hessian matriz. In particular there exist Co > 0 so that

su “(t) — o (t)]| L2(ray — 0.

o2 0 = Ol

This theorem provides an approximate description of the solution to (LI)) up
to Ehrenfest time and can be seen as the analog of the results given in [I5] 26] [7
8, 17, 30} [BT] [34] where the case of slowly varying potentials V(z) is considered.
Note that in contrast to the closely related method of Gaussian beams presented in,
e.g., [9], we do not need to include complex-valued phases and in addition, obtain
an approximation valid for longer times. Indeed, in the special case where the
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initial envelope ug is a Gaussian, then its evolution v remains Gaussian, and can
be completely characterized; see §4.31

The homogenized Schrédinger equation given above, features a rather unusual
dispersive behavior described by a time-dependent effective mass tensor M (t) =
V2Em (p(t)), i.e. the Hessian of E,, (k) evaluated at k = p(t). To our knowledge,
Theorem [[L7 is the first result in which a Schrédinger type equation with time-
dependent effective mass has been rigorously derived (see also the discussion in
Remark B.T)).

Remark 1.8. Let us also mention that the same class of initial data has been con-
sidered in [I] for a Schrédinger equation with locally periodic potential Vi (z,y) and
corresponding z-dependent Bloch bands E,, (k; z). In this work, the authors derive
a homogenized Schrédinger equation, provided that v is concentrated around a
stationary point point g, pg of the semiclassical phase space flow, i.e.

ViEm(po; ¢0) = VaEm(po; q0) = 0.

This implies ¢(t) = qo and p(t) = po, for all t € R, which the authors interpret
as a localization phenomena. Clearly, this is a rather particular situation, which is
also included in our result under the condition V(z) = 0 and Vi E,,(k) = 0 (see

Example [[3)).

This work is now organized as follows: In the next section, we shall formally
derive an approximate solution to (L)) by means of a (formal) multi-scale expan-
sion. This expansion yields a system of three linear equations, which we shall solve
in Section Bl In particular, we shall obtain from it the homogenized Schrodinger
equation. The corresponding Cauchy problem is then analyzed in Section Ml where
we also include a brief discussion on the particularly important case of Gaussian
profiles (yielding a direct connection to [I5]). A rigorous stability result for our
approximation, up to Ehrenfest time, is then given in Section

Remark 1.9. We expect that our results can be generalized to the case of (weakly)
nonlinear Schrédinger equations (already considered in [5] [6]). This will be the aim
of a future work.

2. FORMAL DERIVATION OF AN APPROXIMATE SOLUTION

2.1. Reduction through exact computations. We seek the solution ¢ of (L))
in the following form

_ x—q(t) z\ ,
(2.1) vt ) = e U (t, T z) el (b,
where the phase ¢(t, z) is given by (L), the function U¢ = U(¢, z,y) is assumed
to be smooth, I'-periodic with respect to y, and admits an asymptotic expansion

€ ~ 3r2yr.
(2.2) Us(t, z,y) EHOZE U;(t, z,9).
Jj=20
Note that due to the inclusion of the factor e~%/* the L?(R%) norm of the right hand
side of (Z)) is in fact uniformly bounded with respect to &, whereas the L>(R?)
norm in general will grow as ¢ — 0. The asymptotic expansion 2.2] therefore has to
be understood in the L? sense.
Taking into account that in view of (L), Vyém (¢, ) = p(t), we compute:
Mm%y = iU — i/Eq - VU — Orpmld®,
e/t iOm/E 2 ApS = e ALUE + AU +2/E (V- V) UE — |p|2U°
+ 2iv/ep - VU + 2ip - V, U5,
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where in all of the above expressions, the various functions have to be understood
to be evaluated as follows:

e __ )€ . e __7/€ Squ(t) E
v =vo) s u = (1A,

Thus, ordering equal powers of ¢ in equation (L8] we find that

g/teiom/e (isaﬂ/f + E—jAwa ~ Ve (2) v - V(z)wa) = b + VEbs + b,
with
b = 0l + S AU — LU i VU~ Ve(UT — V(g
b = —iq- VU + (V- V) U +ip- V.U,
bS = iU + %AZUE.
So far, we have neither used the fact that ¢(t), p(t) are given by the Hamiltonian

flow ([H]), nor the explicit dependence of ¢,,, on time. Using these properties, allows
us to rewrite bg, b7, b5 as follows:

by = (Ao (p(t),q(t)) + VV (q(t)) - (x — q(t))) U — Hr (p(t)) U — V (q(t))U°,
bl =i (p(t) = ViEn (p(1))) - VU + (V- Vo) U,
b5 = i0U° + %Azua.

Now, recall that in the above lines, i€ is evaluated at the shifted spatial variable
z = (x —q(t))/+/z. Taking this into account, we notice that the above hierarchy has
to be modified, and we find:

6 = o (p(t),a(t) U= — Hr (p(t) U =V (q(t) + 2v/2) U7,
by =i (p(t) = ViEm (p(1)) - VU + (Vy - V) U+ (VV (q(t)) - 2) U,
b5 = iOU° + %Azua.
Next, we perform a Taylor expansion of V around the point g(t):
V (q(t) + 2VE) = V () +VEVV (q(t) - 2+ 5 (. V2V (q(1) ) + O (/2 (2)°)

since V' is at most quadratic in view of Assumption [Tl Recalling that hS¢(p, q) =
En(p)+V(q), the terms involving V(g) cancel out in b§, the terms involving VV'(q)
cancel out in b3, and thus, we finally obtain:

Lemma 2.1. Let the Assumptions [11], hold and ¢ be related to U® through
@1). Then it holds

. 52 T
i£0° + S Ay = Vi (2) v = V(@) =
€i¢>m/a

i (b8 + V/Ebf + eb + 63/27“8) (t,2,9)

(zy)=(=p2 2)’
with

by = (Em (p(t)) — Hr (p(1))) U7,

b1 =i (p(t) = VB (p(1))) - VU + (V- V) U,

1 1
b5 = i0U° + §Azu€ -3 (2,V?V (q(t)) z) U°,



SEMICLASSICAL WAVE PACKETS IN PERIODIC POTENTIALS 7

and a remainder ¢ (t, z,y) satisfying
7t 2,9)| < C () [UE(t 2,y)], Yt 2,y) ER xR X Y,
where the constant C' > 0 is independent of t,z,y and €.

2.2. Introducing the approximate solution. We now expand U¢ in powers of
g, according to (22). To this end, we introduce the following (time-dependent)
linear operators

Lo = Ey, (p(t)) — Hr (p(t))
Ly =i(p(t) — ViEm (p(t)) - V. + V-V,

1 1
Ly =i0; + §Az ~5 (2,V?V (q(t)) z) .

In order to solve (L) up to a sufficiently small error term (in L?), we need to
cancel the first three terms in our asymptotic expansion. This yields, the following
system of equations

LoUy =0,
(2.3) LoUy + LUy = 0,

LoUs + L Uy + LUy = 0.

Assuming for the moment that we can do so, this means that we (formally) solve
() up to errors of order £3/2 (in L?), which is expected to generate a small
perturbation of the exact solution (in view of the ¢ in front of the time derivative
of ¢° in ().

We consequently define the approximate solution
- T—q(t) T\ it
(2.4) Sop(t, @) = £~V (Uy + VEU, + eUs) <t, 7 g) oitm (t,z)/e
In view of Lemma 2] we thus have the following result (provided we can solve the
system (Z3)) in a unique way):
Lemma 2.2. Let 95, given by @4), where Uo, Uy, Uy solve [23). Then

citm/e

. g2
(zs@t—i— §A - Vr —V) app = i 32 (rF 45 +715) (L, 2, y)

(5
where the remainder terms r{,r5 are given by
ri(t,z,y) = L2U1(t, 2,y), 15t 2,y) = L1Ua(t, 2, y),
and ¢ satisfies
r5(t, 2,y)| < C(2)*|(Uo + VeUL + ela) (t,2,y)|,  V(t,z,y) e Rx R x Y,

where the constant C > 0 is independent of t,z,y and .

3. DERIVATION OF THE HOMOGENIZED EQUATION

3.1. Some useful algebraic identities. Given the form of Lg, the equation
LoUp = 0 implies
(3.1) Uol(t, 2,y) = ult, 2)Xxm (y,p(t)) -

Before studying the other two equations, we shall recall some algebraic formulas
related to the eigenvalues and eigenvectors of Hr. First, in view of the identity

([T4), we have
(3'2) Vi (HF - Em) Xm + (HF - Em) Vixm = 0.
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Taking the scalar product in L?(Y) with y,,, we infer
ViEm = (Xm, ViHrXm) 2 vy + (Xm, (Hr = Em) ViXm) p2(y) -

Since Hr is self-adjoint, the last term is zero, thanks to (L4]). We infer

(3.3) ViEm(k) = (Xm, (—=iVy + k) Xm>L2(Y) ‘

Differentiating ([3.2) again, we have, for all 5,¢ € {1,...,d}:

3}3ij (Hr — Em) Xm + Ok; (Hr — Em) Ok, Xm + Ok, (Hr — Ep) Ok; Xm

+ (Hr — Enn) 07 3, Xm = 0.

Taking the scalar product with x,,, we have:

Ok i, B (k) = 850 + ((=i0y, + k3) Oy Xom + (=10y, + ke) Oa, Xims Xom) 12y

(3.4)
- <ak‘g Emakj Xm + akj Emakg Xms Xm>L2(y) .

3.2. Higher order solvability conditions. By Fredholm’s alternative, a neces-
sary and sufficient condition to solve the equation LoU; + L1Uy = 0, is that LUy
is orthogonal to ker Lg, that is:

(3.5) (Xm: L1Uo) 12 (yy = 0.
Given the expression of Ly and the formula [B.1), we compute

LyUo = i (p(t) = ViEm (p(t))) - Vault, 2)Xm (4, (1)) + VyXm (4, p(t)) - Vau(t, 2).
In view of (B3), we infer that (B.H) is automatically fulfilled. We thus obtain

Ul(ta 2, y) = ul(t’ z)Xm (yap(t)) + uf_(ta 2, y)a
where ui, the part of U; which is orthogonal to ker Ly, is obtained by inverting an
elliptic equation:
ui = — Ly LUy,
Note that the formula for L1Uy can also be written as
LUy = =iV (En (p(t)) — Hr (p(t))) Xm (y,p(t)) - Vzu(l, 2),

thus taking into account ([B.2)), we simply have:
Ui‘(t, 2, ) = —iViXm (y,p(t)) ’ vzu(tv Z)

At this stage, we shall, for simplicity choose u; = 0, in which case U; becomes
simply a function of u:

(3.6) Ui(t, z,y) = —iVixm (y,p(t)) - V.ul(t, 2).
As a next step in the formal analysis, we must solve
LoUs + LUy + LUy = 0.
By the same argument as before, we require
(3.7) (Xm, L1U1 + LaUp) 24y = 0.

With the expression ([B.6]), we compute

d

LU= 3" ((p(t) = VkBn (p(1))); Ok Xom (9, (1)) = 802, 1,0 (1, 9(1)) ) 02 .,
G =1

and we also have
1 1
ot = (10 + 58 = 3 (.92 (@(0)2) ) ) o (000

+iup(t) - Vixm (y,p(t)) -
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Recalling that [[xml|r2(v) = 1, we have (Xim, ViXm)p2(yy = 0, we find:

1 1
<XmaL1U1 + L2U0>L2(y) = (lat + §Az - 5 <Z,V2V (q(t)) Z>) u

— Z <Xm; ak]‘ Ep (p(t)) Ok xm + iajjkéxm> agjzfu
it

L2(Y)

By making the last sum symmetric with respect to j and ¢, and using (B3.4), we
finally obtain the homogenized Schrodinger equation with time-dependent effective
mass:

(3.8) 10y + %divz (ViEm (p(t)) - V.)u= % (2, V2V (q(t)) z)u.

This is equation models a quantum mechanical time-dependent harmonic oscillator,
in which the time dependence is present both in the differential operator, and in
the potential.

Remark 3.1. In the case where V(z) = 0 and thus p(t) = po (in view of Example
[[3), Equation (B8] simplifies to an equation with a time-independent effective mass
tensor:

1
i0pu + Fdivs (ViEm (o) - V) u=0.

This equation has been derived in [2], see also [32] [19] 22] for similar results. Note,
however, that in the quoted works the scaling of the original equation (1) is
different (i.e. not in semiclassical form).

Assuming for the moment that we can solve ([B.8]), we can write

Ua(t, 2,y) = ua(t, 2)Xm (y,p(t)) + uz (t, 2, ),
where

uy = —Ly' (L1Uy + LaUy) .

Like we did for u;, we shall from now on also impose us = 0 and thus Us = ué‘

For the upcoming analysis, we define the following class of energy spaces

h = [ € L2(Rd) ) ||f||2’C = Z ||x0‘8§f||L2(Rd) <oo; keEN
la|+]B8]<k

Proposition 3.2. Let Assumption [I.4] hold and let u € C(R; X¥) solve [B.8). Set
UO(tv 2, y) = u(tﬂ Z)Xm (yvp(t)) ’

Ul(ta zay) = _’kaXm (y’p(t)) : vzu(ta Z)a
UQ(ta z,y) = _Lal (LlUl(ta Z, y) + LQUO(ta Z, y)) .

Then U; € C(R; k=7 x Woo(YY)), for j =0,1,2 and (Up, Uy, Us) solves ([2.3).

4. THE ENVELOPE EQUATION

We examine the Cauchy problem for (B8], with special emphasis on the large
time control of u.
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4.1. The general Cauchy problem. Equation 3.8 can be seen as the quantum
mechanical evolutionary problem corresponding to the following time-dependent
Hamiltonian,

(41) H(t,2,0) = 5 (6. V3B (b)) C) + 5 (2V2V (a(1)) 2).

Under Assumptions [[T] and [[4] this Hamiltonian is self-adjoint, smooth in time,
and quadratic in (z,¢) (in fact, at most quadratic would be sufficient). Using the
results from [23], inspired by [10, [I1] (see also [24]), we directly infer the following
existence result:

Lemma 4.1 (From [23]). For d > 1 and ug € L?(RY), consider the equation

. 1 1
(4.2) zatu+§ Z ajk(t)af-ku:§ Z bik(t)rjzRu 5 Up—o = Uo-

1<j,k<d 1<4,k<d

If the coefficients a;, and bji, are continuous and real-valued, such that the matrices
(ajk)jx and (bjr)jk are symmetric for all time, then [@2) has a unique solution
u € C(R; L?(RY)). It satisfies

(4.3) |u®)l|z2®ay = lluoll2 ey, VEER.
Moreover, if ug € X for some k € N, then u € C(R; XF).

In particular, if ug € X*, then (3.8) has a unique solution v € C(R;X*) such
that uj;—g = uo.

Remark 4.2. It may happen that the functions a;;, are zero on some non-negligible
set. In this case, [{2]) ceases to be dispersive. Note that the standard harmonic
oscillator is dispersive, locally in time only, since it has eigenvalues. We shall see
that this is not a problem in our analysis though.

4.2. Exponential control of the envelope equation. To prove Theorem [I.7]
we need to control the error present in Lemma for large time. In general, i.e.
without extra geometric assumptions on the wave packet, exponential growth in
time must be expected:

Proposition 4.3. Let uy € X%, k € N. Then the solution u to [B.8) satisfies
u € C(R; ©%), and there exists C > 0 such that

Jutt, s < CeCt, 0.

Proof. The result can be established by induction on k. The constant C' must
actually be expected to depend on k, as shown by the case of
2
10u + %Azu = f%u ; Up—o = Uo-
There, the fundamental solution is explicit (generalized Mehler formula, see e.g.
[20]), and we check that ||u(t)||s» behaves like e,

For k = 0, the result is obvious, since in view of Lemma FI] the L?-norm is
conserved. The case k = 1 illustrates the general mechanism of the proof, and
we shall stick to this case for simplicity. The key remark is that even though
the operators z and V, (involved in the definition of ¥') do not commute with
the Hamiltonian (@J]), the commutators yield a closed system of estimates. First,
multiplying (3.8)) by z, we find

(10 — H) zu = — [H, z|u = ViE,, (p(t)) V.u.
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The L? estimate ([@3) then yields
¢
lzu(®)ll 2 < [lzuoll 2 +/O IVEEm (p(5)) Vau(s)|| . ds

t
< Jlzuollz + C / IV u(s)] o ds.

for some C' independent of ¢, since ViE,, is bounded on Y* which is compact.
Similarly,
(i0y — H)V,u=—[H,V.]Ju= V3V (q(t)) zu,

and, in view of Assumption [[T]

t
IVeu()ll L2 <IIVeuoll L2 + C/O l[zu(s)]| - ds.

Summing over the two inequalities and using the conservation of mass, we infer

t
[u(@)ll s < lluollg: + C/O [u(s)ll52 ds,

and Gronwall’s lemma yields the proposition in the case k = 1. By induction,
applying (z,V.) to (B8) k times, the defects of commutation always yield the same
sort of estimate, and the proposition follows easily. O

4.3. Gaussian wave packets. In the case where the initial datum in (B3] is a
Gaussian, we can compute its evolution and show that it remains Gaussian, by
following the same strategy as in [I5] (see also [I6] [I7]). As a matter of fact, the
order in which we have proceeded is different from the one in [I5], since we have
isolated the envelope equation ([B.8) before considering special initial data. As a
consequence, we have fewer unknowns. Consider (3.8) with initial datum

(4.4) u(0,2) = m exp (% {2, BA_12>) ,

where the matrices A and B satisfy the following properties:

(4.5) A and B are invertible;

(4.6) BA™! is symmetric : BA™! = M, + iM,, with M; real symmetric;

(4.7 Re BA™! is strictly positive definite;

(48)  (ReBA™H) 7' =44,

Proposition 4.4. Let u solve B8), with initial datum ([E4), where the matrices
A and B satisfy (&0)-X]). Then for all time, u(t, z) is given by

1 1
—_ —— {2, BlA®t)™"
ey o (73 - BOAD ) )
where the matrices A(t) and B(t) evolve according to the differential equations
A(t) = iViE, (p(t) B(t) 5 A(0) = 4,
B(t) =iViV (a(t)) A(t) 5 B(0) = B.
In addition, for all time t € R, A(t) and B(t) satisfy (@3)-ES).

(4.9) u(t, z) =

(4.10)

Proof. The argument is the same as in [I5] (see also [16[17]): One easily checks that
if A(t) and B(t) evolve according to (£I0), then u given by ([@3]) solves (B8)). On the
other hand, it is clear that (I0) has a global solution. Finally, since Vi E,, (p(t))
and V2V (¢(t)) are symmetric matrices, it follows from [15, Lemma 2.1] that for all

time, A(t) and B(t) satisfy ([@3)—(ZS). O
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5. STABILITY OF THE APPROXIMATION UP TO EHRENFEST TIME

As a final step we need to show that the derived approximation 17, (t) indeed
approximates the exact solution 1°(¢) up to Ehrenfest time.

Proposition 5.1. Let Assumptions [L1l and [I.] hold and uy € ¥°. Then there
exists C > 0 such that

19°(t) = Vapp O 12 (ra) < CVEE,
where Y5, (t, x) is given by (Z4) with u(t, z) solving B.8) with uj,—¢ = uo, and Uy,
Uy, Us given by Proposition [7.2.

Proof. First, note that 1° and v, do not coincide at time ¢ = 0, since elliptic
inversion has forced us to introduce U; and Uy which are not zero initially. Setting
w® =9 — 5, and using (L)) and Lemma 2] we see that the error solves

ei¢m/s

A G R CENT)

52
(Z&—at‘f'?A—VF—V)wE:_

(=40 )’

w (0, ) = /4 (\/EUl + EUQ) <0, z:/EQO, g) ePm(0,x) /e

The a-priori L? estimate yields
lws ()llz2 < VEIULO) 2Lz + el U2(0) 222z
t
+VE / (I (laznge + M (lazng + Ir5(s)llzzngs ) d.
0

The assertion then follows from Lemma (establishing the needed properties
for the functions r¢, r§ and r§), Proposition B2} and Proposition 3 With this
approach, we need to know that r¢ is in L2, so Uy, U; and U, have three momenta
in L2: in view of Proposition 321 and Proposition 23] this amounts to demanding
Ug € 5, [l

This asymptotic stability result directly yields the assertion of Theorem [L.7
End of the proof of Theorem[I.7. To conclude, it suffices to notice that

¢ (t,z) = wzipp(ta x) — (\/EUI + EUQ) (t.z,9)

(2= 2)

so Proposition and Proposition imply

lo°(8) = ipp () L2 < OV

This estimate and Proposition 5.1 yield Theorem [L.71 O

Remark 5.2. The construction of the approximate solution ¢z, has forced us
to introduce non-zero correctors U; and Us, given by elliptic inversion. Therefore,
we had to consider well-prepared initial data for ¢7,,. This aspect is harmless
as long as one is interested only in the leading order behavior of ¢° as ¢ — 0.
As a consequence, our approach would not allow us to construct arbitrary accurate
approximations for ¢ (in terms of powers of ¢), unless well-prepared initial data are
considered, i.e. data lying in so-called super-adiabatic subspaces, in the terminology
of [27] (after [25]). This is due to the spectral analysis implied by the presence of
the periodic potential V, and shows a sharp contrast with the case Vpr = 0.
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Of course the above given stability result immediately generalizes to situations
where, instead of a single ¢°, a superposition of finitely many semiclassical wave
packets is considered,

N
1/}8(:6) = 57d/4 Z Un (%) Xmnp (g;pn) ezprf(achn)/s.
Since the underlying semiclassical Schrodinger equation (L)) is linear, each of these
initial wave packets will evolve individually from the rest, as in Theorem [[L71 Up
to some technical modifications, it should be possible to consider even a continuous
superposition of wave packets, yielding a semiclassical approximation known under
the name “frozen Gaussians”, see [18].

n=1
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