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Comparison between Finite Element Analysis
and Winding Function Theory for Inductances
and Torque Calculation of a SynRM

T. Lubin, T. Hamiti, H. Razik, Senior Member, IEEE and A. Rezzoug,

Abstract—This paper compares the prediction of two
independent methods for calculating electromagnetic torque and
inductances of a Synchronous Reluctance Machine under linear
condition. One method is based on Winding Function Analysis
(WFA) and the other on Finite Element Analysis (FEA). The
rotor geometry, the stator slot effects and the stator winding
connections are taking into account. The simulation results
obtained by the WFA are compared with the ones obtained by
two-dimensional FEA. It is shown that the two methods give
approximately the same results but require different computation
time.

Index Terms—Inductance coefficients, electromagnetic torque,
winding function, finite element analysis.

1. INTRODUCTION

AN accurate self- and mutual inductances calculation is
necessary to improve the accuracy of the analysis of the
Synchronous Reluctance Motor (SynRM). Because of rotor
saliency and stator windings distribution, the self- and mutual
inductances of a SynRM are not sinusoidal [1]. The
electromagnetic torque produced by this machine presents a
pulsating component in addition to the dc component when it’s
fed by sinusoidal currents [2]. The rotor position dependence
of electromagnetic torque and machine inductances can be
evaluated by a variety of methods including analytical method,
finite element analysis [3]-[4] or winding function theory [5]-
[6]. Finite element method gives accurate results. However,
this method is time consuming especially for the simulation of
a controlled machine fed by a PWM inverter. In winding
function approach, the inductances of the machine are
calculated by an integral expression representing the
placement of winding turns along the air-gap periphery [5].
This paper compares finite element method and winding
function method in terms of precision and computation time
for electromagnetic torque and inductances calculation for a

SynRM.
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II. WINDING FUNCTION ANALYSIS

A. Description of the machine

The cross-section of the stator and the rotor structure of the
studied SynRM is shown in Fig.1. The rotor presents a simple
and robust structure without damper bars. The stator is the
same as an induction motor and has single layer, concentric-3
phases distributed winding with 36 slots. The machine
dimensions details are given in Table 1.

It is assumed in winding function analysis that the iron of
the rotor and stator has infinite permeability and magnetic
saturation is not considered.

Fig. 1. Cross-section of the studied SynRM.

TABLE I
DIMENSIONS OF THE MACHINE

Symbol Quantity Value
D Stator outer diameter 130 mm
R Stator inner radius 40.3 mm
L Active axial length 75 mm
n Number of stator slots 36
e Air gap length 0.3 mm
r Rotor outer radius 40 mm
B Pole arc/pole pitch 0.57
p Number of poles pairs 2

Winding connection Y
N Number of turns 58/slot
T Stator slot pitch 10 degrees
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B. Flux density in the air gap

The flux density in the air gap due to the current flowing in
phase “a” is defined to be product of the winding function
Na(ct) and the inverse air gap function e (. - 0) [7]:

B,(0)=pge (a—0) N, (a)ia (1)

where 0 is the angular position of the rotor with respect to the

[IPS L)

a” winding reference, o is a particular position along the
stator inner surface and ia is the phase “a” current.

The term Na(a) represents in effect the magnetomotive
force distribution along the air-gap for a unit current flowing
the winding. The winding function of the phase “a” for the
studied SynRM is shown in Fig. 2. The winding function of the
phase “b” and phase “c” are similar to that of phase “a” but are
displaced by 120° and 240° (electrical degrees) respectively.

The inverse air-gap function e'(a - ) is computed by
modeling the flux paths through the air-gap regions using
straight lines and circular arc segments [7]. The flux paths due
to the rotor saliency are shown in Fig. 3 and the corresponding
length of the flux lines is given by:

R[;‘—|a—e|][sinla—9|‘sm(§j]

—6): cos(ot—@)

E.(a )

The flux paths due to the stator slots are shown in Fig. 4 and
the corresponding length of the flux lines is given by:

e+gRa for 0<Ra<h,
Es(o"): .
e+—Ra+y(Ra—h0) for hy <Ra<t/2
2
3)
with == _arctan r—jhl
2

where the slot dimensions are ho =0.9mm, h1 = 0.4 mm, bo =
2.5 mm and b1 = 4.3 mm. The total slot depth is 13.6 mm and
the value of the slot opening is T = 2.5 mm.

The inverse air-gap function of the SynRM is computed by (4)
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Fig. 2. Winding function of phase “a”.

and is shown in. Fig. 5 (for 6 = 0°).

e (a-0) :

" Eg(0)+ B, (a-0) @

Based on the previous equations, the air gap flux density
distributions of radial direction obtained respectively with d-
and g-axis excitation are shown in Fig. 6 and Fig. 7. The flux
density waveforms present higher harmonics caused by stator
slots opening.
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Fig. 3. Flux lines distribution due to the rotor saliency.
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Fig. 4. Flux lines distribution due to the stator slot.
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Fig. 5. Inverse air gap function including rotor saliency and stator slots
effect.
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Fig. 6. Air gap radial flux density in d-axis with ia = 1A and ib = ic =0A.
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Fig. 7. Air gap radial flux density in g-axis with ia=1 A and ib = ic = 0A

C. Calculation of stator inductances

According to the winding function theory, the general
expression for mutual inductance between two windings “a”
and “b” is given by the following expression [5]:

2n
Lab(0) = p1oLR [ (a—0) N, (o) Ny () da (5)
0
The self- and mutual inductances of the studied machine has
been computed at different rotor positions and are shown in.
Fig. 8. The ripple which is present in the inductance profile

clearly exhibits the slot effects.
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Fig. 8. Winding function analysis: (a) self-inductance profile of stator phase
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Fig. 9. Calculated torque versus rotor position (& = 45°; Irms = 3A); Winding
function method
D. Calculation of the electromagnetic torque

The machine electromagnetic torque 7em is obtained from
the magnetic co-energy Weo:

OWco
Tem = [

— (6)
o0 :|(Is constant)

In a linear magnetic system, the co-energy is equal to the
stored energy:

I :
weo= 1 [ L) ) o
Therefore, the electromagnetic torque is:
Ly a[L(e)]} .
Ton =3 B} | A0 ] ®

where [L(0)] is the inductance matrix. The precise knowledge
of the inductance matrix is essential for the computation of the
electromagnetic torque.

In order to achieve maximum torque per rms current, the
stator windings are fed with sinusoidal currents (Irms = 3A)
with an electrical current phase & of 45°. The electromagnetic
torque has been computed at different rotor positions and is
shown in. Fig. 9. As it appears in Fig. 9, the torque
characteristic contains an important pulsating torque
component mainly due to stator slots opening.

III. COMPARISON WITH FINITE ELEMENT ANALYSIS

A.  Air gap flux density distribution

A 2-D finite element analysis of the SynRM has been
performed using the parameters identical to that of the winding
function analysis. Highly permeable linear materials were used
in the structure in order to match the winding function model
which considers infinite permeability. The free software
FEMM was used in the simulations [8].
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In Fig. 10 we present the d-axis field distribution obtained
with the rotor d-axis aligned with the phase “a” axis and the
windings excited according to ia = 1A and ib = ic = 0A. The g-
axis field distribution is shown in Fig. 12. The corresponding
d- and g-axis air gap radial flux density waveforms are shown
in Fig. 11 and Fig. 13. Comparison with Fig. 6 and Fig. 7
indicates a good agreement with the results obtained by the
winding function method.

B. Calculation of the stator inductances

The numerical calculation of the winding “a” self
inductance is performed by:

Fig. 10. Flux distribution in d-axis. Laa(0) = J'H Aldv withi, =1A and ib =i, =0A )
0.4 v
0.3
€ o2 where ia is the current flowing through the winding “a”. 4 and
B 0'1 ! ) J are the magnetic vector potential and current density.
5 TN A R /JJ' C The mutual inductance between winding “a” and winding
5 ¢ VY N “b” is evaluated by:
= 0.1 LN P
E’ 0.2 1
Map(8) == [[] ATdv—L4,(8)~ Ly (6)
L 2 (10)
-0.4 v
0 60 120 180 240 300 360 withi, =i, =1A and i, =0 A

Angle o (electrical degrees)

The results obtained with the FE method are shown in Fig.
Fig. 11. Airgap radial flux density in d-axis with ia = 1A and ib = ic =0A. 14. These results can be compared with those of Fig. 8
obtained by the winding function method. The significant
harmonic terms of the self- and mutual inductances for the two
methods are given in Table II and Table III. These
comparisons indicate a good agreement between the two
methods except on the dc-value of the self inductance. That is
due to the stator slots flux leakages which are not taken into
account in winding function analysis.

Computation of the self- and mutual inductance profile by
finite element analysis at a resolution of 1° (360 points) takes
around 8 hours with a 3-Ghz Pentium IV processor running on
Windows XP with 512 MB RAM. Using winding function
analysis with C language programming, the same PC computes
all the inductance profiles and the electromagnetic torque with
a resolution of 1/10° within 1 minute.

Fig. 12. Flux distribution in g-axis.
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Fig. 13. Airgap radial flux density in d-axis with ia = 1A and ib = ic =0A. “a”; (b) Mutual inductance profile between stator phase “a” and stator phase

“b”
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TABLE I
HARMONICS OF THE SELF-INDUCTANCE (HENRY)

Harmonic

Winding function method Finite element method
order
dc-value 0.213 0.232
1 0.048 0.051
2 0.0108 0.011
3 0.0048 0.0045
TABLE III

HARMONICS OF THE MUTUAL INDUCTANCE (HENRY)

Harmonic

Winding function method Finite element method
order
dc-value -0.09 -0.093
1 0.120 0.126
2 0 0
3 0.005 0.0042

C. Calculation of the electromagnetic torque

The electromagnetic torque Tem is calculated by integrating
the Maxwell stress tensor along a closed contour of radius R
situated in the air gap. The mesh was constructed to keep the
number of nodes as low as possible so as to reduce
computational time. However, enough elements were used in
the air gap to properly compute the electromagnetic torque by
the Maxwell stress tensor [8]. For two-dimensional
electromagnetic fields models, the torque is given by:

21
Tom == [B,(6)B, (6) do (11)
Ko 0

where Bn and Bt are the normal and tangential components of
the flux density along the contour.

The electromagnetic torque has been computed at different
rotor positions and is shown in. Fig. 15. The machine exhibits
important torque ripple mainly due to slot effect. The result is
close enough to those found by the winding function method
(Fig. 9). The torque calculation requires about 4 hours of
simulation time (360 points) whereas less than 1 minute is
required with the winding function method.
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Fig. 15. Calculated torque versus rotor position (& = 45°, Irms = 3A); Finite
Element method.

IV. CONCLUSION

Two methods for inductances and electromagnetic torque
calculation were compared in terms of precision and computer
times. It has been shown that the two methods give similar
values of inductances and electromagnetic torque. However, it
was clearly shown in this work that the winding function
method offers considerable simplicity and lower computational
costs. With this approach, parameters sensitivity analysis and
the impact on the machine design can be evaluated rapidly
(under magnetic linear condition). Winding function method
can also be used for motor drive simulations.
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