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Abstract

This work deals with backward stochastic differential equation (BSDE) with random
marked jumps, and their applications to default risk. We show that these BSDEs are
linked with Brownian BSDEs through the decomposition of processes with respect to
the progressive enlargement of filtrations. We show that the equations have solutions if
the associated Brownian BSDEs have solutions. We also provide a uniqueness theorem
for BSDEs with jumps by giving a comparison theorem based on the comparison for
Brownian BSDEs. We give in particular some results for quadratic BDSEs. As applica-
tions, we study the pricing and the hedging of a Furopean option in a complete market
with a single jump, and the utility maximization problem in an incomplete market with
a finite number of jumps.

Keywords: Backward SDE, quadratic BSDE, multiple random marked times, progressive
enlargement of filtrations, decomposition in the reference filtration, exponential utility.

MSC classification (2000): 60G57, 60H20, 60J75, 91G10, 91G80, 93E30.

1 Introduction

In recent years, credit risk has come out to be one of most fundamental financial risk.
The most extensively studied form of credit risk is the default risk. Many people, such as
Bielecki, Jarrow, Jeanblanc, Pham, Rutkowski (3} 4} 14} 15, 18, 26]) and many others, have
worked on this subject. In several papers (see for example Ankirchner et al. [1], Bielecki and
Jeanblanc [5], Lim and Quenez [21] and Peng and Xu [25]), related to this topic, backward
stochastic differential equations (BSDEs) with jumps have appeared. Unfortunately, the
results relative to these latter BSDEs are far from being as numerous as for Brownian
BSDEs. In particular, there is not any general result on the existence and the uniqueness



of solution to quadratic BSDEs, except Ankirchner et al. [I], in which the assumptions
on the driver are strong. In this paper, we study BSDEs with random marked jumps and
apply the obtained results to mathematical finance where these jumps can be interpreted
as default times. We give a general existence and uniqueness result for the solutions to
these BSDEs, in particular we enlarge the result given by [I] for quadratic BSDEs.

A standard approach of credit risk modeling is based on the powerful technique of
filtration enlargement, by making the distinction between the filtration F generated by the
Brownian motion, and its smallest extension G that turns default times into G-stopping
times. This kind of filtration enlargement has been referred to as progressive enlargement of
filtrations. This field is a traditional subject in probability theory initiated by fundamental
works of the French school in the 80s, see e.g. Jeulin [I6], Jeulin and Yor [I7], and Jacod
[13]. For an overview of applications of progressive enlargement of filtrations on credit risk,
we refer to the books of Duffie and Singleton [9], of Bielecki and Rutkowski [3], or the
lectures notes of Bielecki et al. [4].

The purpose of this paper is to combine results on Brownian BSDEs and results on
progressive enlargement of filtrations in view of providing existence and uniqueness of solu-
tions to BSDEs with random marked jumps. We consider a progressive enlargement with
multiple random times and associated marks. These marks can represent for example the
name of the firm which defaults or the jump sizes of asset values. Throughout the sequel,
we make the classical assumption in the enlargement of filtration which ensures the stabil-
ity of the class of semimartingale. This assumption, usually called (H’) hypothesis, means
that any F-semimartingale remains a G-semimartingale. This assumption is a fundamen-
tal property both in probability and finance where it is closely related to the absence of
arbitrage.

Our approach consists in using the recent results of Pham [26] on the decomposition of
predictable processes with respect to the progressive enlargement of filtrations to decompose
a BSDE with random marked jumps into a sequence of Brownian BSDEs. By combining
the solutions of Brownian BSDEs, we obtain a solution to the BSDE with random marked
times. This method allows to get a general existence theorem. In particular, we get an
existence result for quadratic BSDEs which is more general than the result of Ankirchner
et al [I]. This decomposition approach also allows to obtain a uniqueness theorem under
the stronger assumption (H) i.e. any F-martingale remains a G-martingale. We first set
a general comparison theorem for BSDEs with jumps based on comparison theorems for
Brownian BSDEs. Using this theorem, we prove, in particular, the uniqueness for quadratic
BSDEs with a concave generator in z.

We illustrate our methodology with two financial applications in default risk manage-
ment: the pricing and the hedging of a European option in a complete market, and the
problem of utility maximization in an incomplete market. A similar problem (without
marks) has recently been considered in Ankirchner et al. [I] and Lim and Quenez [21].

The paper is organized as follows. The next section presents the general framework of
progressive enlargement of filtrations with successive random times and marks, and states
the decomposition result for G-predictable and G-progressively measurable processes. In
Section 3, we use this decomposition to make a link between Brownian BSDEs and BSDEs



with random marked jumps. This allows to give a general existence result. We then give
two examples: quadratic BSDEs with marked jumps for the first one, and linear BSDEs
arising in the pricing and hedging problem of a European option in a complete market with
a single jump for the second one. In Section 4, we give a general comparison theorem for
BSDEs and we use this result to give a uniqueness theorem for quadratic BSDEs. Finally,
in Section 5, we apply our existence and uniqueness results to solve the exponential utility
maximization problem in an incomplete market with a finite number of marked jumps.

2 Progressive enlargement of filtrations with successive ran-
dom times and marks
We fix a probability space (2,G,P), and we start with a reference filtration F = (F})s>0

satisfying the usual conditionsEl and generated by a Brownian motion W. Throughout the
sequel, we consider a finite sequence (7x, (x)1<k<n, Where

— (Tk)1<k<n is a nondecreasing sequence of random times (i.e. nonnegative G-random
variables),

— (Ck)1<k<n is a sequence of random marks valued in some Borel subset £ of R™.

We denote by p the random measure associated to the sequence (73, (k) 1<k<n :

n
p([0,] x B) = > Upcicepy, t=0, BEBE).

k=1
For each k = 1,...,n, we consider DF = (Df)tzo the smallest right-continuous filtration
for which 73 is a stopping time and (. is D’ﬁk-measurable. D* is then given by Df = 25;1,
where Df = o(1,,<5,5 <t) V0 (Clr<s 5 < t). The global information is then defined by
the progressive enlargement G = (G;);>0 of the initial filtration IF where G := FvDly...vD".
The filtration G = (G¢)¢>0 is the smallest filtration containing F, and such that for each
kE=1,...,n, 7 is a G-stopping time, and (j is G, -measurable. We denote by Aj the set

where the random k-tuple (71,...,7%) takes its values in {7, < co0}:

AL = {(91,...,9k)€(R+)k ngﬁek}, 1<k<n.
We introduce some notations used throughout the paper:

— P(F) (resp. P(G)) is the o-algebra of F (resp. G)-predictable measurable subsets
of Q x Ry, i.e. the o-algebra generated by the left-continuous F (resp. G)-adapted
processes.

— PM(F) (resp. PM(G)) is the o-algebra of F (resp. G)-progressively measurable
subsets of 2 x R,..

— For 0 = (04,...,0,) € A, and e = (eq,...,e,) € E™, we denote by

H(R) = (01,...,0r) and ey = (e1,...,ex), 1<k<n.

L Fo contains the P-null sets and F is right continuous: F; = F+ := Ns>tFs.



The following result provides the basic decomposition of predictable and progressive
measurable processes with respect to this progressive enlargement of filtrations.

Lemma 2.1. — Any P(G)-measurable process X = (X¢)i>0 is represented as
n—1
Xy = X?]ltgn + Zth(T(k)a C(k)))]]'Tk<tSTk+1 + th(T(n)7 C(n))ﬂTn<t ) (21)
k=1

for all t > 0, where X° is P(F)-measurable, and X* is P(F) @ B(Ay) @ B(E¥)-
measurable, for k=1,... n.

— Any cad-lag PM(G)-measurable process X = (X¢)i>0 is represented as

n—1

Xy = Xw?]lt<7'1 + Zth(T(k)v C(k))]lTkSt<Tk+1 + th(T(n)7 C(n))]lTnSt ) (2’2)
k=1
for all t > 0, where X° is PM(F)-measurable, and X* is PM(F) @ B(A) @ B(E¥)-
measurable, for k=1,... n.

The proof of the first point is given in Pham [26] and is therefore omitted. The proof
of the second point is based on similar arguments. Hence, we postpone it to the appendix.

Throughout the sequel, we will use the convention 79 = 0, 7,41 = +00, #p = 0 and
011 = +oo for any 6 € A,,, and XO(H(O), e)) = X9 to simplify the notation.

Remark 2.1. In the case where the studied process X depends on another parameter x
evolving in a Borelian subset X’ of RP, and if X is P(G) ® B(X) (resp. PM(G) @ B(X))-
measurable, then, decomposition ) (resp. (Z2)) is still true but where X* is P(F) ®
B(Ag) ® B(E*) @ B(X) (resp. PM(F) ® B(Ag) ® B(E*) ® B(X))-measurable. Indeed,
it is obvious for the processes generating P(G) ® B(X) (resp. PM(G) @ B(X)) of the
form Xy(w,z) = Liy(w)R(x), (t,w,x) € Ry x Q x X, where L is P(G) (resp. PM(G))-
measurable and R is B(X)-measurable. Then, the result is extended to any P(G) @ B(X)
(resp. P(G) ® B(X))-measurable process by the monotone class theorem.

We shall make, throughout the sequel, the standing assumption of the semimartingale
invariance property, also called (H’)-hypothesis, i.e. any F-semimartingale remains a G-
semimartingale. This result is related in finance to no-arbitrage conditions, and is thus also
a desirable property from an economical viewpoint. We also notice that under (H”) the
stochastic integral w.r.t. the F-Brownian motion W is well defined in G.

We now introduce a density assumption on the random times and their associated
marks by assuming that the distribution of (7q,...,7,,(1,...,(,) is absolutely continuous
with respect to the Lebesgue measure df de on B(A,) ® B(E™). More precisely, we assume
that there exists a positive P(F) ® B(A,,) ® B(E™)-measurable map v such that

(HD) ]P)[(Tl,... s Ty Clyee e ,Cn) S d9d€|]:t] = %(91,... ,Hn,el,... ,en)d91 ...dlO,dey ... de, .



We then introduce some notation. Define the (deterministic) process 7% by
W o= P>t = / Lg,~17:(0, e)dbde ,
ApxXE™

and the map * an P(F) ® B(Ay) ® B(E*)-measurable process, k = 1,...,n — 1, by

/75(017"'79197617"-7619)

= / Lo, >e7e(01,. .., 0nse1. . e0)d0ky1 ... dOpdegyy ... dey, .
Anfk x En—k

We shall use the natural convention v = . We obtain that under (HD), the random
measure admits a compensator absolutely continuous w.r.t. the Lebesgue measure. The
intensity A is given by the following proposition.

Proposition 2.1. The random measure admits a compensator for the filtration G given by
Ai(e)dedt, where the intensity X is defined by

)‘t(e) = Z )‘f(e7 T(k—1)> C(k—l))]]-Tk,1 <t<Tp > (23)
k=1

with

’Yf(e(k—l)a t, €(k—1)» 6)

W Oe—1)s €—1))

A Ok-1)se) =  (Op—1y,tier_1),€) € Aoy x Ry x BV

The proof of Proposition [2]is based on similar arguments to those of [11]. We therefore
postpone it to the appendix.

Throughout the sequel, we add an assumption on the intensity A:
(HBI) The process (/ )\t(e)de) - is bounded on [0, c0) .
E =

We now consider one dimensional BSDEs driven by W and the random measure p. To
define solutions, we need to introduce the following spaces, where a,b € Ry with a < b,
and T' < oo is the terminal time:

- SZa,b] (resp. Sg°a,b]) is the set of PM(G) (resp. PM(F))-measurable processes
(Y2)te[a,p) essentially bounded:

[Y|[gocjqy = esssup|¥y| < oo.
tela,b]

~ LZla,b] (vesp. Lg[a,b]) is the set of P(G) (resp. P(F))-measurable processes (Z;)se[a,p)
such that

12020 = (E| /bzfdt])% < o0

a



— L?(u) is the set of P(G) ® B(E)-measurable processes U such that

1

U2 = <E[/OT/E|Us(e)|2,u(de,d8)]>2 < 00.

We then consider BSDEs of the form: find a triple (Y, Z,U) € SX[0,T] x L4[0,T] x L*(u)
such thatﬁ

T T T
Y; = §+/ f(s,Ys,Zs,Us)ds—/ stWS—/ /Us(e)u(de,ds), 0<t<T, (24)
t t t JE

where ¢ is a Gp-measurable random variable and f is a P(G) ® B(R) ® B(RY) @ B(RF)-
measurable map.

3 Existence of a solution

In this section, we use the decompositions given by Lemma 2] to solve BSDEs with a finite
number of jumps. We use a similar approach to Ankirchner et al. [I]: one can explicitly
construct a solution by combining solutions of an associated recursive system of Brownian
BSDEs. But contrary to them, we suppose that there exist n random times and n random
marks. Our assumptions on the driver are also weaker. We first give a general existence
theorem which links the studied BSDEs with jumps with a system of recursive Brownian
BSDEs. We then illustrate our general result with concrete examples.

3.1 The existence theorem

To prove the existence of a solution to BSDE (2.4]), we introduce the decomposition of the
coefficients ¢ and f as given in Lemma 2.1

Considering the cad-lag PM(G)-measurable process (§1;—7)o<i<7, we get from Lemma
2.1 the following decomposition

§ = Zﬁk(T(k),C(k))]lTkgquH, (3.1)
k=0

where ¢° is Fr-measurable and ¥ is Fr @ B(A,) ® B(E*)-measurable for each k = 1,...,n.
Then, using Remark 2.J] we get the following decomposition for f

f(t7y7 Z,U) = Zfk(tvyvzvuvT(k)7<(k))ﬂTk§t<Tk+1 ) (32)
k=0

where [0 is P(F) ® B(R) ® B(RY) @ B(R¥)-measurable and f* is P(F) @ B(R) ® B(R?) ®
BR¥) ® B(Ay) ® B(E¥)-measurable for each k = 1,...,n.

In the following theorem, we show how BSDEs driven by W and p are related to a
recursive system of Brownian BSDEs involving the coefficients ¢* and f*, k=0,...,n.

2The symbol f; stands for the integral on the interval (s,t] for all s,¢ € Ry.



Theorem 3.1. Assume that for all (0,e) € A, x E", the Brownian BSDE

T
Y (0,e) = gn(e,e)+/ f"(s,lfs"(e,e),zg(e,e),o,e,e>ds
t
T
—/ Z7(0,e)dWs, O, AT <t<T, (3.3)
t

admits a solution (Y™(0,¢e),2™(0,¢)) € S0 AT, T] x Li[0, AT, T), and that for each
k=0,...,n—1, the Brownian BSDE

T
Ktk(e(k),e(k)) = fk(e(k)7€(k))+/ fk<37Ysk(9(k)ae(k))aZ?(o(k)ve(k))y

YE Oy, 5,005 -) — YOy € (k))ﬁ(k),e(k))ds (3.4)

T
—/ ZE Oy e)dWs , O AT <t<T,
t

admits a solution (Yk(H(k),e(k)), Zk(ﬁ(k),e(k))) € Sk ANT,T) x LA[0x AT, T). Assume
moreover that each Y* (resp. Z¥) is PM(F) ® B(Ay) @ B(E*)-measurable (resp. P(F) ®
B(AL) ® B(E*)-measurable).

If all these solutions satisfy

k
(2};’2) ||Y (e(k)a e(k))||$oo[0k/\T7T} < 00, (35)

and

OLNT 9k 1/\T
E[/ (/ 20| 2ds+2/ 1ZE (), eq)Pds )10 (0, e)dbde| < oo,
ApxEm™ 0

then, BSDE [24) admits a solution (Y, Z,U) € SX[0,T] x L&[0,T] x L*(u) given by

n
Y, = Y ler + ZYtk(T(k)vC(k))]lTkSt<Tk+l ’
k=1

Zy = Z{li<r + Z ZE (ks C) ) Doty s (3.6)
k=1
n—1
Ut() = Uto(‘)]]‘thl + Z Utk(T(k)v C(k)v ‘)ﬂTk<tSTk+1 s
k=1

with UF (), Sy ) = Y ()0t Sy ) = YE Ty Cy) for each k=0,...,n — 1.
Proof. To alleviate notation, we shall often write £* and f*(¢,v, z, u) instead of Ek(ﬁ(k), e())

and fk(t,y,z,u,e(k), e ), and Y/[(t,e) instead of Y;k(e(k_l),t, €(k—1),€)-
Step 1: We prove that for ¢t € [0,T], (Y, Z,U) defined by (3.0 satisfied the equation

Y, = 5+/ stS,ZS,U)ds—/t Z.dW, — // ude,ds) . (3.7)

7



We make an induction on the number & of jumps in (¢, 7.

e Suppose that £k = 0. We distinguish two cases.

Case 1: there are n jumps before t. We then have 7, < t and from [B.0) we get Y; = Y.
Using BSDE ([B.3]), we can see that

T T
}/tn = £n+/ fn(svy;n7zgl70)ds_/ ngWS .
t t

Since 1, < T, we have £" = ¢ from [BI). In the same way, we have Y, = Y, Z, = Z!
and Us = 0 for all s € (¢,7] from 30). Using B2), we also get f"(s, Y, Z2,0) =
f(s,Ys, Zs, Us) for all s € (¢, T]. Hence, we have

Y, = 5+/ sts,Zs,U)ds—/t Z.dW, — // u(de, ds)

Case 2: there are ¢ jumps before ¢t with ¢ < n. Since there is no jump after ¢, we have
Y, =Y} Z,=Z, Ui() Yi+1( ) =Y & =¢ and fi(s,YE, 28U = f(s,Ys, Zs, Us) for

)-89

all s € (¢,T], and ft [ Us(e)u(de, ds) = 0. Combining these equalities with ([3.4]), we get

Y, — §+/ sts,Zs,U)ds—/t Z.dW, — //U 1(de, ds) |

e Suppose equation ([B.7) holds true when there are k jumps in (¢, 7], and consider the case
where there are k + 1 jumps in (¢, 7.

Denote by i the number of jumps in [0,¢]. Then, we have Zs = Z¢, Ui(.) = YiT1(s,.)—Y¢
for all s € (t,7;41], and Yy = Y and f(s,Ys, Zs,Us) = fi(s,YE, ZL, UY) for all s € (t,7i41).
Using (3.2), we have

Ti+1

Tit1 Tit1
th = YZ / f(S, Y:% 257 Us)ds - / stWs
t t

Tit+1 Tit+1
= YH—l / f(S Y;, ZSa Us)dS - / ZsdW
t

Ti+1

/ o / 1(de, ds) | (3.9)

Using the induction assumption on (7;4+1, 7], we have

T
Vit = et [ f(s,Yi Z,,U,)ds — / Z,dW, - / / u(de,ds) . (3.9)
Ti Ti+1

Ti+1 +1
Combining 8] and 33), we get (B7)).
Step 2: Notice that the process Y (resp. Z, U) is PM(G) (resp. P(G), P(G) ® B(E))-
measurable since each Y* (resp. Z¥) is PM(F) ® B(Ay) ® B(E¥) (resp. P(F) @ B(Ag) ®
B(E*))-measurable.
Step 3: We now prove that the solution satisfies the integrability conditions. Suppose that
the processes Y*, k = 0,...,n, satisfy (33)). By definition of Y, we have

esssup Yy < ess sup Y Lico, + ) Y Oy ey) Loy<icop | -
t€[0,T] (t,0,e)€[0,T]x Apx E™ =1
< y° lsoep0,r + Z sup Hyk(e(k% e(k))”sw[ekAT,T} :

-1 (G(k:) E(k))EAkXEk

8



Thus, Y € §g°[0, T since the processes Y* k=0,...,n, satisfy

sup HYk(H(k) e
(k,0,e)€{0,...,n}x Ay x E™

(k))”Sw[Qk/\T,T] < ©.

In the same way, using (HD) and the tower property of conditional expectation, we get

T ) 01NT 0 Ok+1 k
E[/O \Z,| ds} :E[/AME” (/0 129 ds+Z/ yZ Oy, )| ds)*yT(H e)dfde] .

Thus, Z € L4[0,T] since the processes Z¥, k = 0,...,n, satisfy

01NT 0 ) Ok AT k
E[/Aann </0 |Z| ds+2/ 1Z5 Ok er))l ds)yT(G e)d@de} < o00.

Finally, we check that U € L?(u). Using (HD), we have
01y = 3 [ BIV Ggecan) = Vi Oecmny) P (0. e
X n

< 2 (IV*6), e 3o nr ) + 1Y 0=y o)) 3o, 1)

< o0.
Hence, U € L*(p). O

3.2 Application to quadratic BSDEs with jumps

We suppose that the random variable £ and the generator f satisfy the following conditions:

(HEQ1) The random variable £ is bounded: there exists a constant such that

Kl < C, P-as.
(HEQ2) The generator f is quadratic in z: there exists a constant C' such that
ftyzl < (14l 4P+ [ fu@ie)de)
E

for all (t,y,z,u) € [0,T] x R x R% x R¥.

Proposition 3.1. Under (HBI), (HEQ1) and (HEQZ2), BSDE [24) admits a solution in
S&°[0,T] x LE[0,T] x L?(p).

Proof. Step 1. Since ¢ is a bounded random variable, we can choose ¢* bounded for each
k=0,...,n. Indeed, let C be a positive constant such that |{| < C, P—a.s., then, we have

n
ck
Zf (T17 <oy Thy Cla RS Ck)]]-TkST<Tk+1 )



with gk(Tl,...,Tk,Cl,...,Ck) = (Sk(Tl,...,Tk,Cl,...,Ck)/\C)\/(—C), foreach k =1,...,n.

Step 2. Since f is quadratic in z, it is possible to choose the functions f*, k =0,...,n,
quadratic in z. Indeed, if C' is a positive constant such that |f(¢,y, z,u)] < C(1+ |y| +
1212 + [1;|u(e)|Ai(e)de), for all (t,y,2,u) € [0,T] x R x R? x R¥, P — a.s. and f has the
following decomposition

f(t7 Y,z, u) = Z fk(tv Yy, z,u, T(k)7 C(k))17k§t<7'k+1 )
k=0

then, f satisfies the same decomposition with f* instead of f* where
Pty 2w, 0y e) = Ly, 2000, eq) A (C(1+!y\+\Z’2+/E’U(€)\)\t(€)d€>>
V(i —-C 1—|—y+z2+/ue)\ e)de) ) ,
(el +le?+ [ Tu@r(e)de) )

for all (t,y,2,u) € [0,T] x R x RY x RF and (,¢) € A, x E™.

Step 3. We now prove by a backward induction that there exists for each k =0,...,n—1
(resp. k = n), a solution (Y*, Z*) to BSDE B4) (resp. B3)) s.t. Y* (resp. ZF) is a
PM(F) @ B(Ag) ® B(E®) (resp. P(F) @ B(Ay) ® B(E*))-measurable process and

sup IY* (0 )| goo + 125 Oy, e < 00.
Oy ) EDp % (k)> “(k) /Nl g0 (0, AT, T (k)> “(k) I L2[9,, AT, T)

e Choosing £" (6, €(»)) bounded as in Step 1, we get from Theorem 2.3 of Kobylanski [20]
the existence of a solution (Y"(6(,),e(m)), 2" (0(n), €))) to BSDE (B.3).

We now check that we can choose Y" (resp. Z") as a PM(F) ® B(A,) ® B(E™)
(resp. P(F) ® B(A,,) ® B(E™))-measurable process. Indeed, we know (see [20]) that we can
construct the solution (Y™, Z™) as limits of solutions to Lipschitz BSDEs. From Proposition
[C] we then get a P(F) @ B(A,,) ® B(E™)-measurable solution as limit of P(F) ® B(A,) ®
B(E™)-measurable processes. Hence, Y (resp. Z) is a PM(F) @ B(A,) ® B(E™) (resp.
P(F) @ B(A,) ® B(E™))-measurable process. Applying Proposition 2.1 of [20] to (Y™, Z"),
we get from (HEQ1) and (HEQ2)

sup Ynen’en o<>+ Znenyen < 0.
(e,e>eAannH Omys )l s + 127 0wy )l 2

e Suppose that the result holds true for & 4 1: there exits (Y**!, Z*+1) such that
sup (Y5101, )l g
(O(kt1) 58 (kt+1)) EAp 1 X EFFL 80,41 AT, T)
H1Z5 Oy ) 2oy nrm | < 0

Then, using (HBI), there exists a constant C' > 0 such that
‘fk<8,y,z7Y;k+1(9(k)78,€(k), D= y)79(k),€(k)>‘ <O+ yl+ 121 .

10



Choosing §k(9(k), e(r)) bounded as in Step 1, we get from Theorem 3.1 of Kobylanski [20]
the existence of a solution (Yk(H(k), (k) Zk(ﬁ(k), e(k)))-

As for k = n, we can choose Y* (resp. ZF) as a PM(F) @ B(Ay) ® B(EF) (resp.
P(F) ® B(A) ® B(EF))-measurable process.

Applying Proposition 2.1 of [20] to (Yk(H(k),e(k)), Zk(ﬁ(k),e(k))), we get from (HEQ1)
and (HEQ?2)

sup 1Y (01, €)) || 6o + 125 (Okys eqry)l < 00
Oty ) Aux B (k)> €(k) Nl seo 9, AT, T (k) C(R) ) L2(g, AT T

Step 4. From Step 3, we can apply Theorem [B.I] We then get the existence of a solution
to BSDE (2.4). O

3.3 Application to the pricing of a European option in a complete market
with a jump

In this example, we assume that there is a single random time 7 representing the time
occurrence of a shock in the prices on the market. We denote by N the associated pure
jump process:

Ny = 1«4, 0<t<T.
We consider a financial market which consists of
— a non-risky asset S°, whose strictly positive price process is defined by
sy = rSPdt, 0<t<T, S0 =1,
with r, > 0, for all ¢ € [0,T7],
— two risky assets with respective price processes S' and S? defined by
s} = SL(bdt+ o dWy + BdNy), 0<t<T, Si=s;,
and
dS? = SE(budt+GdW;), 0<t<T, S>=s2,

with o; > 0 and 6; > 0 and 8 > —1 (to ensure that the price process S! always
remains strictly positive).

We make the following assumption which ensures the existence of the processes S°, S', and

52

(HB) The coefficients r, b, b, o, &, % and = are bounded: there exists a constant C s.t.

Qi|—

_ 1 1
m\+\bt\+ybty+yat\+\aty+\a—\+\5—( < C,0<t<T,P—as.
t t
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We assume that the coefficients 7, b, b, o and & have the following forms

The aim of this subsection is to provide an explicit price for any bounded Gpr-measurable
European option ¢, together with a replicating strategy m = (7, 7!, 7%) (7} corresponds
to the number of share of S* held at time t). We introduce the following proportionality

assumption which ensures the viability of the market (no free lunch), see [6]:
(HP) The following proportionality relation holds true

r'(0) —ptO) _ ') - A'o)
o1(0) )

feR,,.

Let 7 = (7%, 7!, 7?) be a P(G)—measurable self-financing strategy. The wealth process Y

associated to this strategy satisfies
Y, = alSY +alSl4alSE, 0<t<T. (3.10)
Since 7 is a self-financing strategy, we have
dy; = n2dSY +nldS} +72dSE, 0<t<T.
Combining this last equation with ([3.10]), we get

aY; = (reYy+ (b — re)wi St + (b — r) w7 SE)dt
+(rfor S + 1757 )dW, + mi BS,-dNy, 0<t<T. (3.11)

Define the predictable processes Z and U by
_ 1l 2- @2 _ _1pqal
Zy =m 008y +mpoySf and Uy =m;8S,-, 0<t<T. (3.12)

Then, [BI1]) can be written under the form

—b —b —b
dy; = Yy — It — tZt — (Tt L O't(?"t_ t)>Ut:|dt + Z;dWy + UdNy , 0<t<T.
Ot B Bot

Therefore, the problem of valuing and hedging of the contingent claim £ consists in solving
the following BSDE

—dY; = |:Tt5:f)t 7 + (Ttgbt _ Ut(gtc_r—tbt)>Ut — TtY;} dt
—Z,dW, — UdN,, 0<t<T, (3.13)

Yr = €.

12



The recursive system of Brownian BSDEs associated to ([BI3]) is then given by

_pl(0
{ _dyvtl (0) — |: (?‘7) (g)( )Ztl(e) 1(9)Y21(9):| dt — Ztl(ﬁ)th 5 9 S t S T 9 (314)
Vi) = £40),
and
—dy? = [ 7, + ( S O(g(j,o )> (Y (t) - YY) - TOYtO] dt
—ZydWy 0 <t<T, (3.15)
vp = &

Proposition 3.2. Under (HB), BSDE BI3) admits a solution in S0, T) x L%[0,T] x
L2().

Proof. Using the same argument as in Step 1 of the proof of Proposition Bl we can
assume w.l.o.g. that the coefficients of BSDEs (8.14)) and (8I5) are bounded. Then, BSDE
(B.14) is a linear BSDE with bounded coefficients and a bounded terminal condition. From
Theorem 2.3 in [20], we get the existence of a solution (Y''(6), Z'(6)) in Sg°[0, T x L2[6, T
o (BI3) for all 6 € [0, T]. Moreover, from Proposition 2.1 in [20], we have

sup Y1 (0)llswppr) < 00- (3.16)
0€[0,T

Applying Proposition with X = [0,7T] and dp(0) = v9(0)df we can choose the solution
(Y1, Z1) as a P(F) ® B([0,T])—measurable process.

Estimate (3I6]) gives that BSDE (315 is also a linear BSDE with bounded coefficients.
Applying Theorem 2.3 and Proposition 2.1 in [20] as previously, we get the existence of a
solution (Y9, Z%) in §g°[0, T x L2[0, T] to (BIH). Applying Theorem Bl we get the result.

O

Since BSDEs (814]) and (BI0) are linear, we have explicit formulae for the solutions.
For Y''(0), we get:

with T''(#) defined by
o) = e ("
For Y, we get :
1 T
v = WE[@FOT +/ csFSds‘}}] , 0<t<T,
t t
with T'? defined by

t 1 t t
ro - exp(/ ddeS——/ ydsy2ds+/a8ds), 0<t<T,
0 2 Jo 0

13



where the parameters a, d and ¢ are given by

( 0 7"0 o bO O'O(T'O _ 60)
a=r ( 3 Ba" ) ’
7,0 _ BO
dt — 6_0 9
,r.O _ bO O'O(T‘O _ bO) 1
= — = Y,/ (t
{ t ( ﬁ BO’O ) t ( )

The price at time ¢ of the European option ¢ is equal to Y,? if ¢t < 7 and Y,!(7) if t > 7.

Once we know the processes Y and Z, a hedging strategy m = (7°, 7!, 72) is given by (B.10)

and (B12)).

4 Uniqueness

In this section, we provide a uniqueness result based on a comparison theorem. We first
provide a general comparison theorem which allows to compare solutions to the studied
BSDESs as soon as we can compare solutions to the associated system of recursive Brow-
nian BSDEs. We then illustrate our general result with a concrete example in a convex
framework.

4.1 The general comparison Theorem

We consider two BSDEs with coefficients (f,£) and (f,£). We denote by (Y, Z,U) and
(Y, Z,U) their respective solutions in S0, T] x L[0, T] x L*(11). We consider the decom-
position (Y*)o<k<n (resp. (Y*¥)o<k<n, (Z")o<k<ns (Z¥)o<kan, (UM)o<k<n, (UF)o<k<n ) of
Y (vesp. Y, Z, Z, U, U). For ease of notation, we shall write F*(t,y,z) and F¥(t,y, 2)
instead of i(t,y,z,XfH(T(k),t, C(kys-) — y) and f(t,y,z,ﬁkH(T(k),t, (ks -) — y) for each
k=0,...,n—1,and F"(t,y, z) and F"(t,y, z) instead of f(t,y,2,0) and f(,y, z,0).

We shall make, throughout the sequel, the standing assumption known as (H)-hypothesis:

(HC) Any F-martingale remains a G-martingale.

Remark 4.1. Since W is an F—Brownian motion, we get under (HC) that it remains a
G—Brownian motion. Indeed, using (HC), we have that W is a G—local martingale with
quadratic variation (W, W), = t. Applying Lévy’s characterization of Brownian motion
(see e.g. Theorem 39 in [27]), we obtain that W remains a G—Brownian motion.

Definition 4.1. We say that a generator g : Q x [0,7] x R x R? — R satisfies a comparison
theorem for Brownian BSDEs if for any bounded G-stopping times vo > v, any generator
g Qx[0,T] xR xR? - R and any G,,-measurable r.v. ¢ and ¢’ such that g < ¢’ and
¢ < (resp. g > ¢ and ¢ > ('), we have Y <Y’ (resp. Y > Y’ ) on [1q,1v5]. Here, (Y, Z)
and (Y, Z') are solutions in SF[0,T] x L[0,T] to BSDEs with data ((,g) and ({',¢):

V2 v2
y, = c+/ 5.V Zds ~ [ ZdW,, m<t<m,
t t
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and
V2 v2
Y, = (’4-/ (S,Ys/,Z/)dS—/ ZdWs, 1 <t<us.
t ¢
We can state the general comparison theorem.
Theorem 4.1. Suppose that § < €, P-a.s. Suppose moreover that for each k =0,...,n
Ek(t7y7z) < Fk(tvyvz)7 V(t,y,z) € [OvT] XRXRda P—a.s. )

and the generators F* or F¥ satisfy a comparison theorem for Brownian BSDEs. Then, if
Uy =U, =0 fort > 7,, we have under (HC)

Y, < Y, 0<t<T, P-as.

Proof. The proof is performed in four steps. We first identify the BSDEs of which the terms
appearing in the decomposition of Y and Y are solutions in the filtration G. We then modify
Y* and Y* outside of [Tk, Tke1) to get cad-lag processes for each k = 0,...,n. We then
compare the modified processes by killing their jumps. Finally, we retrieve a comparison
for the initial processes since the modification has happened outside of [1j, 7k11) (Where
they coincide with Y and Y).

Step 1. Since (Y, Z,U) (resp. (Y,Z,U)) is solution to the BSDE with parameters (¢, f)
(resp. (&, f)), we obtain from the decomposition in the filtration F that (Y, Z") (resp.
(Y™, Z™)) is solution to

_ — T — _

Y (Tn), Cm)) = €+/t F"<S7Y;"(T(n),4(n))7Z?(T(n),C(n))>d8

T
_/ (T(n C(n) s, TmaANT<t<T, (4.1)
t

T
(resp. Y3 (T(n),C(n)) = §+/t F" <8,X?(T(n),C(n)),Z?(T(n),C(n))>d8

T

—/ Z?(T(n),g(n))dws , TaANT <t<T) (4.2)
t

and (Y*, ZF) (resp. (Y*,Z%)) is solution to
ﬁ,k(T(k), Cry) = [YTkLl( tet1)> St 1)) — Uny (Gog1)) Ly < + €Ly 570
Tk+1/\T _
/ (S Yy Cwy)s 24 (T C(k)))ds

Tk+1/\T
/ C(k) s Tk/\TSt<Tk+1/\T,(4.3)
t

(resp. Y (T(r)Cey)) = (YL Ty Sory) = U,y (Ge)) Ly <7 + €0 5
T AT k
+/ F S YE(T(hys Gy ZE (701, C(k)))ds
t

Tk+1/\T
/ C(k) s, TkNANT <t<T1p1 AT )(4.4)
t
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for each £k =0,...,n — 1.

= ~ ke
Step 2. We introduce a family of processes (Y*)o<r<, (resp. (Y )o<p<n). We define it
recursively by

Y = Y (7, Gy isr, (vesp. Yy = YP(7(0), Gy lisr) s 0<t<T,

and for k =0,...,n—1

Ytk = Y;tk (T(k)v C(k))ﬂm <t<rp T+ Ytk—‘_l]ltZTkH
~k ~ k1
(resp. YV, = Y (4, S hnestarps + Yy Lisrp,,), 0<t<T.

These processes are cad-lag with jumps only at times 7;, [ = 1,...,n. Notice also that y”r
(resp. Y, Y, zk) satisfies equation (LI)) (resp. ([@2)), [@3), (£4).
Step 3. We prove by a backward induction that Y < Y" on [T, AT, T] and zk < Y% on
[Tk AT, 731 AT), for each k = 0,...,n— 1.

e Since § < £, F" < F™ and F™ or F" satisfy a comparison theorem for Brownian
BSDEs, we immediately get from (d.1]) and (4.2)

Y] <Y, mAT<t<T.

e Fix £k < n — 1 and suppose that Xfﬂ < i’”l for t € [g41 AT, T2 AT). Denote
by pyl (resp. pf) the predictable projection of v (resp. Xl) for I =0,...,n. Since the
random measure p admits an intensity absolutely continuous w.r.t. the Lebesgue measure
on (0,77, v (resp. Xl) has inaccessible jumps (see Ch. IV of [8]). We then have

pf/tl = YL (resp. pzi =Y, ), 0<t<T.

From equations ([A3]) and (£4]), and the definition of Vg (resp. zl), we have for [ = k

Tk+1

Sk S k1 - e Skok
Y = Py, ]lTk+1<T+§]lrk+1>T+/t F (Sast Ly (T(k)=C(k))>d3

Tk+1/\T _
—/ Zf(T(k),g(k))dWs, T ANT <t <Tpp1 AT . (4.5)
t

—k k41 Tk AT K
(resp. PY, = pX7k+1]l'rk+1<T+§]lTk+1>T+/t Ek<s,pX87Z§(T(k)yC(k)))ds

Tk+1/\T
- / ZE (s C) ) AW, T AT <t <71 AT) (4.6)
t

= ~ k+1
Y

. k41 kil ~k+1 . . oy = =l
Since YT > Y ', we get PY T > PY " . This together with conditions on ¢, &, F

and F* give the result.

Step 4. Since Y* (resp. zk) coincides with Y (resp. Y) on [r A T, 7541 A T), we get the
result. O
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4.2 Uniqueness via comparison

In this form, the previous theorem is not usable since the condition on the generators of
the Brownian BSDEs is implicit: it involves the solution of the previous Brownian BSDEs
at each step. We give, throughout the sequel, an explicit example for which Theorem [4.1]
provides uniqueness. This example is based on a comparison theorem for quadratic BSDEs
given by Briand and Hu [7]. We first introduce the following assumptions.

(HUQ1) The function f(t,y,.,u) is concave for all (¢,y,u) € [0,T] x R x RF.

(HUQ2) There exists a constant L s.t.

‘f(taya z, (u(e) - y)eEE) - f(t7y/7 z, (u(e) - y/)EEE)’ < L‘y - y/’
for all (t,y,v, z,u) € [0,T] x [R]?> x R? x R,

(HUQ3) There exist a constant C' > 0 such that
ezl < C(Urll+ e + [ uenede)

for all (t,y, z,u) € [0,T] x R x R? x RF.
(HUQ4) f(t,.,u) = f(t,.,0) for all uw € R¥ and all t € (1, AT, T).

Theorem 4.2. Under (HBI), (HC), (HUQ1), (HUQZ2) , (HUQ3) and (HUQ4), BSDE
@4)) admits at most one solution.

Proof. Let (Y, Z,U) and (Y’, Z',U") be two solutions of (Z4)) in S[0, 7] x LZ[0, T] x L* ().
Define the process U (resp. U’) by

Ui(e) (resp. U't'(e)) = Ui(e)ly<y, (resp. Uj(e)li<s,), (te)€[0,T]xE.

Then, from (HUQ4), we have that (Y, Z,U) and (Y’,Z’,U’) are also solutions to (2.4)) in
8&°[0,T] x LE[0,T] x L*(n). Using Remark 1] and Theorem 5 in [7], we obtain that the
generator f satisfies a comparison theorem in the sense of Definition 1l We can then
apply Theorem LT and we get that Y < Y’. Since Y and Y’ play the same role we obtain
that Y/ <Y and Y = Y”. Identifying the finite variation part and the unbounded variation
part of Y we get Z = Z’. Then, identifying the pure jump part of Y we get U = U’. Since
U=U (resp. U' =U") in L*(p), we finaly get (Y, Z,U) = (Y', Z',U"). 0

5 Exponential utility maximization in a jump market model

We consider a financial market model with a riskless bond assumed for simplicity equal to
one, and a risky asset subjects to some counterparty risks. We suppose that the Brownian
motion W is one dimensional (d = 1). The dynamics of the risky asset is affected by other
firms, the counterparties, which may default at some random times, inducing consequently
some jumps in the asset price. However, this asset still exists and can be traded after the
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default of the counterparties. We keep the notation of previous sections.
Throughout the sequel, we suppose that (HD) and (HC) are satisfied. We consider that
the price process S evolves according to the equation

t
S = So + / S <budu + o, dW, —I—/ Bu(e)u(de, du)) , 0<t<T.
0 E

All processes b, o and 3 are assumed to be G-predictable. We introduce the following
assumptions on the coefficients appearing in the dynamic of S:

(HS1) The processes b, o and (8 are uniformly bounded: there exists a constant C' s.t.

bt| + |ot| +[Be(e)] < C, 0<t<T,e€k, P-as.

(HS2) There exists a positive constant ¢, such that

o> ¢y, 0<t<T, P-—a.s.

(HS3) The process [ satisfies:

Brle)>—-1, 0<t<T, e€FE, P-—as.

(HS4) The process 9 defined by ¥, = (I;—i, t € [0,T1], is uniformly bounded: there exists a
constant C' such that

%] < C, 0<t<T, P—a.s.

We notice that (HS1) allows the process S to be well defined and (HS3) ensures it to be
positive.

A self-financing trading strategy is determined by its initial capital x € R and the
amount of money 7 invested in the stock, at time ¢ € [0, 7. The wealth at time ¢ associated
with a strategy (z,7) is

t t t
X" o=z +/ msbsds —I—/ TeosdW —I—/ / msBs(e)u(de,ds) , 0<t<T.
0 0 0o JE

We consider a contingent claim, that is a random payoff at time 7' described by a G-
measurable random variable B. We suppose that B is bounded. Then, we define
V(z) = supE[—exp(—a(X;" — B))], (5.1)
TeA

the maximal expected utility that we can achieve by starting at time 0 with the initial
capital z, using some admissible strategy m € A (which is defined throughout the sequel)
on [0,7] and paying B at time T. « is a given positive constant which can be seen as a
coefficient of absolute risk aversion.

Finally, we introduce a compact subset C of R with 0 € C, which represents an eventual
constraint imposed to the trading strategies, that is, m(w) € C. We then define the space
A of admissible strategies.

18



Definition 5.1. The set A of admissible strategies consists of all R-valued P(G)-measurable
processes T = (m;)o<t<7 Which satisfy EfOT |7Tt0't|2dt—|-Ef0T [ |meBe(e)| A (e)dedt < oo, and
m € C, dt ® dP — a.e., as well as the uniform integrability of the family

{ exp ( - aXf’“) : T stopping time valued in [0, T]} .

We first notice that the compactness of C implies the integrability conditions imposed
to the admissible strategies.

Lemma 5.1. Any P(G)-measurable process m valued in C satisfy m € A.

The proof is exactly the same as in Morlais [22]. We therefore omit it.

In order to characterize the value function V' (z) and an optimal strategy, we construct,
as in Hu et al. [12] and Morlais [22], a family of stochastic processes (R(™)rc4 with the
following properties:

(i) Rgzr) = —exp(—a(X7" — B)) for all T € A,
(ii) R(()ﬂ) = Ry is constant for all m € A,

(iii) R is a supermartingale for all 7 € A and there exists © € A such that R is a
martingale.

Given processes owning these properties we can compare the expected utilities of the strate-
gies m € Aand 7 € A by

E[—exp(—a(X;" = B))] < Ro(z) = E[—exp(— a(XET — B))| = V(x),
whence 7 is the desired optimal strategy. To construct this family, we set
R = —exp(—a(XP"-Y)), 0<t<T,reA,

where (Y, Z,U) is a solution of the BSDE

T T T
Y, = B+/ f(s,ZS,US)ds—/ ZSdWS—/ /Us(e),u(de,ds), 0<t<T. (52)
t t t JE

We have to choose a function f for which R(™ is a supermartingale for all 7 € A, and
there exists a # € A such that R is a martingale. We assume that there exists a triple
(Y, Z,U) solving a BSDE with jumps of the form (5.2]), with terminal condition B and with
a driver f to be determined. We first apply Ito’s formula to R(™ for any strategy m:

() () a? 2
th = Rt* |:( — Oé(f(t, Zt, Ut) + 7Ttbt) + 7(7&0}5 — Zt) >dt — Oé(ﬂ'tO't — Zt)th

+ [ (ewp(-almbile) - i) - 1)u(de,do)].
E
Thus, the process R(™) satisfies the following SDE:
dR™ = R™Wam™ + RMaAm | o<t<T,

19



with M (™ a local martingale and A(™ a finite variation continuous process given by

th(W) = — Oé(ﬂ'tO't — Zt)th + /E (eXP(—Oé(ﬂ'tﬁt(e) - Ut(e))) - 1)ﬂ(d€, dt) )
2

dAgw) = < —a(f(t, Z,Up) + miby) + %(ﬂ'tat - Zy)?
+ /E (exp(—a(meBi(e) — Usle))) — 1))\t(e)de> dt .

It follows that R(™ has the multiplicative form

R™ = R{Ve(M™) exp (A7)

where &(M (™) denotes the Doleans-Dade exponential of the local martingale M (™). Since
exp(—a(mpbe(e) — Ui(e))) — 1 > —1, P — a.s., the Doleans-Dade exponential of the dis-
continuous part of M (™ is a positive local martingale and hence, a supermartingale. The
supermartingale condition in (iii) holds true, provided, for all 7 € A, the process exp(A(™)
is nondecreasing, this entails

o2
—a(f(t, Zy,Up) + mby) + 7(71}015 —Z)? + /E (exp(—a(mBi(e) — Uile))) — 1) Ae(e)de > 0.

This condition holds true, if we define f as follows

fhra) = inf {%‘ﬂat - (z . &) ‘2 . /E exp(a(u(e) — mp;(e))) — 1)\t(e)de}

mel « o

9
2a0 '
recall that ¥, = b;/oy for t € [0,T].

Theorem 5.1. Under (HS1), (HS2), (HS3) and (HS4), the value function of the optimiza-
tion problem (21) is given by

—19tZ

V(z) = —exp(—a(r—Y0)), (5.3)

where Yy is defined as the initial value of the unique solution (Y,Z,U) € Sg[0,T] x
L%4[0,T] x L*(u) of the BSDE

Y, = B+/Tf(s,Zs,Us)ds—/TstWs—/T/ Us(e)u(de,ds), 0<t<T, (5.4)
t t t E
with
f(tjzju) _ inf {%‘ﬂ-gt B <Z+ &)‘2 +/ exp(a(u(e) —Wﬂt(e))) - 1)\t(€)d€}
E

mel « «
|9, |

— Yz —
tZ 20 9

for all (t,z,u) € [0,T] x R x RE. There exists an optimal trading strategy # € A which
satisfies

s e argmin{%‘ﬂat - (z N &> ‘2 N /E exp(a(u(e) — mBi(e))) — 1)\t(e)de} 55)

el o (67

for allt € [0,T7.
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Proof. Step 1. We first prove the existence of a solution to BSDE (G54)). For that we
apply Theorem BIl Let o, 9% and 8%, k = 0,...,n, be the respective terms appearing
in the decomposition of o, ¥ and § given by Lemma 21l Using (HS1) and (HS4), we can
assume w.l.o.g. that these terms are uniformly bounded.

Then, in the decomposition of the generator f, we can choose the functions f*, k =
0,...,n, as

itz u0,e) = it {Slroro,e) - (2+W>‘2} TP AT i

wel o 2xy

and

nf L& 95 (Ory> e)) |2
fk(t,z,u, Oy, ey) = inf {E‘ﬂ'af(H(k),e(k)) _ (z + %)‘

el
eXp(Oé(U(e/) - 7T/Bk(e k) €(k 76/))) -1
+/ t Ok): ey NI 0, e(k))de/}
E [0
195 01y €y |2
—9%( _ AR R
t (O er))2 50, ,
for k=0,...,n—1and (0,e) € A, x E".
Notice also that since B is bounded, we can choose B*, k = 0, ..., n, uniformly bounded.

We now prove by backward induction on k that the BSDEs (we shall omit the dependence
on (0,¢))

T T
yro— B"+/ f"(s,zg,O)ds—/ ZrAW,, G AT <t<T, (k=n) (5.6)
t t
and
T
R A R CRER AT
t
T
—/ Zkaw,, AT <t<T, (k=0,...,n—1) (5.7)
t

admit a solution (Y%, Z¥) in S0 A T,T] x L[y A T,T] such that Y* (vesp. ZF) is
PM(F) @ B(Ar) @ B(E¥) (resp. P(F) ® B(Ar) ® B(EF))-measurable with

sup  [Y*(Ou), e s pentr) + 112500, el 2oy < o0,
(6,e)EALXE™

forall k =0,...,n.

e Since 0 € C, we have

LAlR
2a

- So < 0 < Sl
Therefore, we can apply Theorem 2.3 of [20], and we get that for any (0,e) € A,, x E™, there
exists a solution (Y"(6,¢€), Z"(0,¢)) to BSDE (5.6)) in SZ[0, AT, T]x L[, AT, T]. Moreover,

this solution is constructed as a limit of Lipschitz BSDEs (see [20]). Using Proposition [C.1],
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we get that Y™ (resp. Z") is PM(F) @ B(A,) @ B(E™) (resp. P(F) ® B(A,) @ B(E™))-
measurable.
Then, using Proposition 2.1 of [20], we get the existence of a constant K such that

sup YO, )l s ppnrry 11270 )l p2ppar = K-
(B,e)EA, XE™

e Suppose that BSDE (5.7)) admits a solution at rank k£ + 1 ( k < n — 1) with

k+1
o Tty [ ——

125 Oy ) o, apar ] < 00 (5.8)
We denote ¢g* the function defined by

gk(tv Y, =, H(k)v e(k)) = fk(t7 Zs }/tk-i_l(e(k)v t, €(k), ) - Y H(k)v e(k)) ’

for all (¢,y,2) € [0,7] xR xR and (,¢e) € A, x E™. Since g* has an exponential growth in
the variable y in the neighborhood of —oo, we can not directly apply our previous results.
We then prove via a comparison theorem that there exists a solution by introducing another
BSDE which admits a solution and whose generator coincides with ¢ in the domain where
the solution lives.

Let (Xk(ﬁ(k), e(k)),zk(ﬁ(k), e(r))) be the solution in Sg°[0; AT, T x Li[0x AT, T) to the
linear BSDE

Yy Oy er) = Bk(9(k)7€(k))+/ 9" (5. Y5, Z5) 0y, eqr))ds

where

IO k) e))

gk(tvyvzve(k)ve(k)) = _0f(e(k)7e(k))z - 20

for all (t,y,2) € [0,T] x R x R. Since B* and ¥* are uniformly bounded, we have

sup ”Xk(e(k),e(k))ﬂ i < 0. (59)
(O(k) (k) EAR X EX S0, AT\ T)

Then, define the generator §¥ by
gk(ta Y, =, 9(k)7 e(k)) = gk(tv yVv Xf(e(k)a e(k))? Z, 0(k)7 e(k)) )

for all (t,y,2) € [0,7] x R x R and (0,¢e) € A, x E™.
Moreover, since 0 € C, we get from (5.8)) and (5.9]) the existence of a constant K such
that

‘gk(tayazae(k)ae(k))’ < K(l + ’2‘2) )
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for all (¢t,y,2) € [0,7] x R x R and (0,¢) € A,, x E™. We can then apply Theorem 2.3 of
[20], and we obtain that the BSDE

T

VF (O, ew) = Bk(9(k)7€(k))+/ 3 (s, YE, ZE) Ok, ey )ds
t

T
t

admits a solution (?k(e(k),e(k)),Zk(H(k),e(k))) € S0k AT, T) x L0 A T,T). Using
Proposition 2.1 of [20], we get

sup IY* Ok, el s lopnr) < 00
(O(ky ) ) EAR X EF

Then, since §* > gk and since gk is Lipschitz continuous, we get from the comparison theo-
rem for BSDEs that Y* > Y*. Hence, (Y*, Z¥) is solution to BSDE (5.7). Notice then that
we can choose Y* (resp. Z¥) as a PM(F) @ B(Ar) ® B(E¥) (resp. P(F) @ B(Ay) @ B(EX))-
measurable process. Indeed, these processes are solutions to quadratic BSDEs and hence
can be written as the limit of solutions to Lipschitz BSDEs (see [20]). Using Proposition [C.1]
with X = Ay x EF and dp(6, e) = v9(0, e)dfde we get that the solutions to Lipschitz BSDEs
are P(F)®@B(Ay) @ B(E*)—measurable and hence Y* (resp. Z*) is PM(F)@B(A) @ B(EF)
(resp. P(F) ® B(Ar) ® B(E*))-measurable.

Step 2. We now prove the uniqueness of a solution to BSDE (5.4). Let (Y, Z!,U') and
(Y2,Z2,U?) be two solutions of BSDE (5.4) in S°[0,T] x L&[0,T] x L*().
Applying an exponential change of variable, we obtain that (?i,Zi,(j %) defined for

1=1,2 by

Vi = exp(aY)),

Z; = o¥/Z;,

bi(e) = Y (explali(e)) — 1),

for all ¢ € [0,77, are solution in S[0,7] x L4[0,T] x L*(u) to the BSDE

T T T ;o
Y, = exp(aB)+/ f(s,Ys,Zs,Us)ds—/ stWs—/ /Us(e),u(de,ds),
t t t JE

where the generator f is defined by

2
ftzn) = int { G lnoPy - amon(z+ o) + [

et [ [eom O ute) ) ] ueyae}

We then notice that
o f satisfies (HUQ1) since it is an infimum of linear functions in the variable z,

o f satisfies (HUQ?2). Indeed, from the definition of f we have

f~(t7 Y, =, u() - y) - f(tv ylv 2, u() - y,) = }rlég {(y - y,)(ﬁt + %7‘(’0})047‘(’0}} - (y - y,) /E‘ )‘t(e)de )
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for all (¢, z,u) € [0,T] x R x RF and y,y’ € R. Since C is compact, we get from (HBI) the
existence of a constant C' such that

f(t7y7z7u_y)_f(t7y/727u_y/) 2 _C‘y_y/’
Inverting y and y’ we get the result.

o f satisfies (HUQ3). Indeed, since 0 € C, we get from (HBI) the existence of a constant C'
such that

Flt,y,zu) < o(|y| —I—/E|u(e)|)\t(e)de) . (ty,zu) €[0,T] xR x R x RE .

We get then from (HBI), there exists a constant positive constant C' s.t.

2
ftyzu) = inf { S lrol?y - arou(z + duy) |
meCc L 2

+in { /E e~ u(e) + y)Ay(e)de} — Oy

meC

Then, from (HS1), (HS2) and the compactness of C, we get

Ft,y, zu) > —C’<1+|y|+|z|+/E|u(e)|)\t(e)de>, (t,y,2,u) € [0,T] x R x R x RE |

o f satisfies (HUQ4) since at time ¢ it is an integral of the variable u w.r.t. );, which
vanishes on the interval (7, c0).

Since f satisfies (HUQ1), (HUQ?2), (HUQ3) and (HUQ4), we get from Theorem A2 that
Y! = Y2, Then, identifying the pure jump part and the infinite variation part of Y1, we
get (Y1, Z1,U") = (Y?, 2%, U?) in S[0,T] x LZ[0,T] x L*().
Step 3. We check that M (™ is a BMO-martingale. Since C is compact, (HS1) holds and U
is bounded as the jump process of the bounded process Y, it suffices to prove that fo ZsdW
is a BMO-martingale.

Let M denote the upper bound of the uniformly bounded process Y. Applying Itd’s
formula to (Y — M)?, we obtain for any stopping time 7 < T'

T
IE[/ \Z,|2ds

G| = E[€-MP|g,] — ¥, - MP

+2E[/T(YS — M) f(s, Zs,U,)ds

G| .
The definition of f yields

|92 1
—ﬁtZt _— = — )\t(e)de S f(t, Zt, Ut) s
E

2cy o

for all ¢ € [0,T]. Therefore, since (HBI) and (HS4) hold, we get

T
E[/ \Z,|2ds

9|

IN

g |)

G| .

0(1 +E[/T\Zs+uds

T

1 T
< C+§EU Z,|*ds
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Hence, fo ZsdWy is a BMO-martingale for k =0,...,n.

Step 4. It remains to show that R(™ is a supermartingale for any m € A. Since m € A, the
process €(M (“)) is a positive local martingale, because it is the Doleans-Dade exponential
of a local martingale whose the jumps are grower to —1. Hence, there exists a sequence
of stopping times (d, )nen satisfying lim, o d, = T, P — a.s., such that @(M(W)).Aén is a

™

positive martingale for each n € N. The process A™ is nondecreasing. Thus, Ryns, =

Ro&(M ™), 5. exp(A™

t/\6l) is a supermartingale, i.e. for s <t

E[R\) |Gs] < RT)

SA\On °

For any set A € G, we have

E[R) 14] <E[R) 14] . (5.10)

tAOn

On the other hand, since
Rﬁ“’ =—exp(— (X" - Y3)),

we use both the uniform integrability of (exp(—aXj5'™)) where § runs over the set of all
stopping times and the boundedness of Y to obtain the uniform integrability of

{R™ . 7 stopping time valued in [0,7]}.
Hence, the passage to the limit as n goes to oo in (B.I0) is justified and it implies
E[RM14] <E[RM1,] .

We obtain the supermartingale property of R(™.

To complete the proof, we show that the strategy & defined by (&5 is optimal. We first
notice that from Lemma [5.1] we have # € A. By definition of #, we have A® = 0 and
hence, Rfr) = Ro&(M™),. Since C is compact, (HS1) holds and U is bounded as jump
part of the bounded process Y, there exists a constant § > 0 s.t.

AMT = MP MDD > 145,

Applying Kazamaki criterion to the BMO martingale M) (see [19]) we obtain that
(M) is a true martingale. As a result, we get

sup E(Rgr)) =Ry=V(x).
TeA

Using that (Y, Z,U) is the unique solution of the BSDE (5.4]), we obtain the expression
(E3) for the value function. O

Appendix
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A Proof of decomposition for the progressively measurable
processes

We adopt the same approach as in [2]. We first give a decomposition lemma for G-
measurable random variables for any ¢ € Ry. We then apply this lemma to prove the
decomposition of progressively measurable processes.

Lemma A.1. Fizt € Ry. Any Gi-measurable random variable X can be written in the
form

X = Z ]lTiSt<Ti+1X(T(i)’ C(’)) ’
=0

where X' is Fy @ B(A;) ® B(E")-measurable.

Proof. We prove the decomposition result by induction on n. We denote by G' :=
FvD!v...vD: fori=1,...,n.

Step 1. Suppose first that n = 1, so that G = F v D!. Let us consider generators of the
set of Gy-measurable random variables, which are random variables in the form

nf(Elr<t)g(T At),

with n an Fi;-measurable r.v., f B(R)-measurable and g measurable defined on E U {0}.
By taking

X" =nf(0)g(t) and X'(01,€) = nf(elo<i)g(61 At)

we see that the decomposition holds for generators of the set of G;,-measurable random
variables. We then extend this decomposition for any G;-measurable random variable by
the monotone class theorem.

Step 2. Suppose that the result holds for ¢ and consider the case with i 4+ 1 ranked jump
times, so that G = G VD!, By the same arguments of enlargement of filtration with one
jump time as in Step 1, we derive that any G;-measurable random variable X is represented
as

X = XO’(i)]lel +Xl’(i)(7i+1,4i+1)]lt2n+1 ;

where X0 is a Gi-measurable random variable, and (w, 0;11,€;41) — X1 (w,0i41,€i11)
is G! ® B(R,) ® B(E)-measurable. Now, from induction hypothesis for G, we have

i—1
x%0 = X0’07(2)1t<'r1 + Z X060 (T(k)a C(k))]lTkSt<7’k+1
k=1
XLO,(” (T(i)7 C(Z))]]'TZSt ) t>0 5
where X%0() is an F;-measurable random variable, and X*0() is an F; @ B(A) @ B(E*)-
measurable random variable for £k = 1,...,4. Similarly, we have
i—1
X041, e41) = XD (G40, €i01) Licr, + ZXk’l’(l) (Tth) Sy Oi1s €i1) Ly <tm 4
k=1
x40 (T0y> €y Oi1s ein1) <t t>0,
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where X%L() is an F; ® B(R;) ® B(E)-measurable random variable, and X*1() is an
Fi @ B(A x Ry) ® B(EF1)-measurable random variable for k = 1,...,4. Finally, plugging
these two decompositions and recalling that 1 < ... < 7; < 7541, we get the required
decomposition at level i + 1 for G. O
We now prove the decomposition for the progressively measurable processes.
For p > 0 we may choose X;,f(T(k), () for k= 0,...,n such that

Z ]lTi§p<Ti+1X1iy(T(i)7 C(i)) .
=0

Define Xf(T(k), (k) for k= 0,...,n by setting Xf(T(k), C(ky) = liminf,, Xz’f(T(k), Ciiy)- Xk
k=0,...,n, are then PM(F)® B(Ar) ® B(E*)-measurable, by [§]. It is easily verified that

Xy o= Z]lnéklef(T(i), C(i)) , t>0.
i=0

B Proof of Proposition [2.1]

We first give a lemma which is a generalization of a proposition in [II]. Throughout the
sequel, we denote

5f’l’k(G) (9(2-_1), e(i_l)) = / _ ]19 >tE[G(9 )’.Ft] .. dOpde; . . . dey, ,
Ay xEF—it1
for any Foo ® B(Ag) ® B(E¥)-measurable function G and any integers i and k such that
1<i<k<n.

Lemma B.1. Fiz t,s € Ry such that t < s. Let X be a positive Fs @ B(A,) ® B(E™)-
measurable function on Q x A, x E™, then
& (X ) () i)
]F Jg+1ln :
A (%)(7'(2'),((1'))

E[X( |gt Z j”‘7—'L<t<7—1+1

Proof. Let H be a positive and G;-measurable test random variable, which can be written

§ : i
H C(z T <t<Tiq1 >

where H' is F; ® B(A;) ® B(E?)-measurable for i = 0,...,n. Using the joint density v;(f, €)
of (7,¢), we have on the one hand

E[]lrigt<n+1HX(7'(n)7 C(n))] - E{/( HinA; dEQ( )de( )Ht (6(2) (1))5F o n(X’Ys)(T(Z) C(z))} .
X 7
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On the other hand, we have

5?’&1’” (X7s) (703), C(i))]

&N () (140y Cay)
EIF' i+1, n(X’Ys) ), :|
(

E ]lTiSt<Ti+1H

= E_]lTiSKn (7'2 Cz) i+1n
. P RO gL () () cu

- E—/ do; >d€<z>Ht(9<z'>=€<i>)gf;: 7(1 )G
(0,]iNA; x Ei & () O3y i)

= E[]lTiSt<Ti+1HX(T(n)7C(’n))] .

)EF () (0 e(n)]

|

We now prove Proposition 211 To this end, we prove that for any nonnegative P(G) ®
B(E)-measurable process U, any 7' > 0 and any t € [0,T], we have

/ / u(de, ds ‘gt - E[/tT/EUS(e))\S(e)deds‘gt] , (B.1)

where ) is defined by (23]).
We first study the left hand side of (BJ). From Lemma 2] and Remark 2] we can

write
Z ]]-Tk<tSTk+1 Utk(T(k)7 ((k)) 6) ) (t7 6) € [07 T] X E,

where U is a P(G) ® B(Ay) ® B(E**1)-measurable process for k = 0,...,n. Moreover,
since U is nonnegative, we can assume that U*, k = 0,...,n, are nonnegative. Then, from
Lemma [B.Il we have:

/ / pl(de,ds) ‘gt] = D E[Licr<rUf (Te-) S |G]
k=1

_ Z Z b goithn <]lt<9k§T¥gill(6(k—l)7 e (0, 6)) (T6)» e(s))
P £ (n) () e)

) f]l " efﬁl,n(nt<9k+lgUeffw(9(k),e(kﬂ))wm(e),e))(m),e(i))
kim0 e 5?’”1’”(%)(7(1')76(2'))

i<k

grirLktt <1t<9k+1§TU5k+1 Oy ), Okt €(k+1))> (T@)» €(i))

- 1 <t<r, '
Z i SE<Tip1 E]F’”l’”(’Yt)(T(i)ve(i))

k,i=0
i<k
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We now study the right hand side of (BJ):

T n—1 T
B[ [ [ vi@n@deds|gi] = SB[ [ [ tncocn Uy G N ey G eds| ]
t JE o “iJE

_ fZﬂ i & (ftTfEﬂek<ssek+lUf<9®’€<k>>A’§“<e’=9<k>7€<k>>%<97e>de/d3> ), )
k=0 i=0 T 5?@“7”(%)(7(2')’6(@'))

_ "2_:1 o 5f’i+1’k<ftTfE ﬂek<sUf(9(k),e(k?)A'§+1(€,9(k)76(k))7§(9(k)76(k))d€'d8) (Tay» Cay)
k=0 rem SF’ZJrl’n(’Yt)(T(i)a@(i))

_ n—1 o €f’i+1’k<ftTfE ﬂgk<5U§(9(k),e(k))7§+1(9(k),s,e(k),e’)de’d.S)
e, EFTI (1) (s eay) ’

i<k

where the last equality comes from the definition of A\*. Hence, we get (B.I).

C DMeasurability of solutions to BSDEs depending on a pa-
rameter

C.1 Representation for Brownian martingale depending on a parameter

We consider X' a Borelian subset of RP and p a finite measure on B(X). Let {{(x) : = € X'}
be a family of random variables such that the map £ : Qx X — R is Fp@B(X)—measurable
and satisfies [, E[£(2)]?p(dz) < co. In the following result, we generalize the representa-
tion property as a stochastic integral w.r.t. W of square-integrable random variables to the
family {{(x) : = € X}. The proof follows the same lines as for the classical It representa-
tion Theorem which can be found e.g. in [23]. For the sake of completeness we sketch the
proof.

Theorem C.1. There exists a P(F)@B(X)-measurable map Z such that |, fOT E|Zs(x)|?dsp(dx)
< oo and

T
(r) = E[{(x)]—i—/o Zs(x)dWs, P®p—a.e. (C.1)

As for the standard representation theorem, we first need a lemma which provides a
dense subset of L?(Fr ® B(X),P ® p) generated by easy functions.

Lemma C.1. Random variables of the form

exp (/OT ha()dW, — %/OT|ht(:n)|2dt> , (C.2)

where h is a bounded B([0,T]) ® B(X)—measurable map span a dense subset of L*(Fr @
B(X),P®p).
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Sketch of the proof. Let A € L*(Fr ® B(X),P ® p) orthogonal to all functions of the
form (C:2). Then, in particular, we have

G(a17"'7an) = /E[Aexp((ythl—I—---—I—anth)]d,O = 07
X

for all a1,...,, € R and all ty,...,t, € [0,T]. Since G is identically equal to zero on R"
and is analytical it is also identically equal to 0 on C™. We then have for any B(X)® B(RP)—
measurable function ¢ such that ¢(x,.) € C°°(R"™) with compact support for all z € X

/X E[Y ¢(a, Wy, ..., Wy )|dp(zx) =

/ q@(m,al, . ,an)E[A exp(a1 Wy, + -+ anth)]dp(:E)dal ..day, = 0,
R x X

where ¢3($, .) is the Fourier transform of ¢(x,.). Hence, A is equal to zero since it is
orthogonal to a dense subset of L?(Fr @ B(X)). O

Sketch of the proof of Theorem First suppose that & has the following form:

(xr) = exp </OT he(x)dWy — % /OT |ht(x)|2dt> ,

with A a bounded B([0,T]) ® B(X)—measurable map. Then, applying It6’s formula to the
process exp (fo he(z)dWy — 5 [ \ht(az)lzdt), we get that & satisfies (C.I)) where the process
Z is given by

Zi(x) = hy(x)exp </0t hs(z)dWs — %/Ot ]hs(x)]2d3> , (t,x) €[0,T] x X .

Now for any ¢ € L?(Fr ® B(X),P® p), there exists a sequence (£"),en such that each &"
satisfies

T
€)= B @)+ [ Z@av.. Pep-a
0
and (£"),en converges to € in L2(Fr®@B(X),PRdt®p) . Then, using Itd’s Isometry, we get
that the sequence (Z"),en is Cauchy and hence converges in L(P(F) ® B(X),P ® dt ® p)
to some Z. Using again the It6 Isometry, we get that (£"),en converges to E[¢(x)] +

fOT Zy(x)dWy in L*(Fr @ B(X),P ® p). Identifying the limits, we get the result. O

Corollary C.1. Let M be a P(F) ® B(X)—measurable map such that (My(x))o<i<T is
a martingale for all x € X and [, E|Mp(z)|*p(dx) < co. Then, there exists a P(F) @
B(X)—measurable map Z such that fOT [+ E|Zs(x)*p(dz)ds < oo and

Mi(z) = Mo(z)+ /0 Zy(z)dW, .

The proof is a direct consequence of Theorem [C.] as in [23] so we omit it.
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C.2 BSDEs depending on a parameter

We now study the measurability of solutions to Brownian BSDEs whose data depend on
the parameter x € X. We consider
— a family {£{(x) : x € X} of random variables such that the map £: Q x X — R is
Fr ® B(X)—measurable and satisfies [, E|¢(z)[*p(dz) < oo,

— afamily {f(.,z) : € X} of random maps such that the map f : Qx[0,T]xRxR%x

X — Ris P(F)@B(R)@B(RY)®@B(X)—measurable and satisfies fOT [+ E|f(5,0,0,)*p(dz)ds <

Q.

We then consider the BSDEs depending on the parameter x € X':

T T
Yi(z) = {(m)—i—/t f(s,Y;(a:),ZS(a:),x)ds—/t Zs(x)dWy, (t,z) € [0,T] x X . (C.3)

Lemma C.2. Assume that the generator f does not depend on (y,z) i.e. f(t,y,z,x) =
f(t,x). Then, BSDE (C3) admits a solution (Y,Z) such that Y and Z are P(F) @
B(X)—measurable.

Proof. Consider the family of martingales {M(z) : = € X}, where M is defined by

My(z) = E[g(a;)+/0Tf(s,x)ds(ﬂ] L (t2) €0,T] x X .

Then, from Corollary [C1] there exists a P(F) @ B(R?)—measurable map Z such that
fOT [+ E|Z(z)[*p(dz)ds < oo and

t
Mi(z) = M)+ / Z(@)dWs , (L) € [0,T] x X .
0
We then easily check that the process Y defined by
t
Vi) = M)~ [ fads. (o) e 0.7 x X,
0

is P(F) ® B(X)—measurable and that (Y, Z) satisfies (C.3)). O

We now consider the case where the generator f is Lipschitz continuous: there exists a
constant L such that

[f(ty 2 2) = fy, 2 2) < Ly =y +1z=2]) (C4)
for all (t,y,v',2,2") € [0,T] x [R]? x [R7]2.
Proposition C.1. Suppose that [ satisfies (C4). Then, BSDE (CJ3) admits a P(F) ®
B(X)—measurable solution (Y, Z) such that EfOT S (1Ys(@) 2 + | Zs(2)]?) p(dz)ds < oo.
Proof. Consider the sequence (Y™, Z™),en defined by (Y, Z%) = (0,0) and for n > 1
Y (a) = €(x) + /tT f(s, Y (), Z§ (x))ds — /tT ZyH@)dWs, (tx) € [0,T] x X .

From Lemma [C2 we get that (Y™, Z") is P(F) @ B(X)—measurable for all n € N.
Moreover, since f satisfies (C4l), the sequence (Y™, Z™),cn converges (up to a subse-
quence) a.e. to (Y, Z) solution to (C3)) (see [24]). Hence, the solution (Y, Z) is also
P(F) ® B(X)—measurable. O
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