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Abstract

For a class of self-similar sets I'>® in R2, supplied with a probability measure x called the
self-similar measure, we investigate if the B?9(I'*°) regularity of a function can be character-
ized using the coefficients of its expansion in the Haar wavelet basis. Using the the Lipschitz
spaces with jumps recently introduced by Jonsson, the question can be rephrased: when does
B29(T"*°) coincide with JLip(s,q, q;0;T°°)? When I'*° is totally disconnected, this question
has been positively answered by Jonsson for all s,¢, 0 < s < 1 and 1 < ¢ < oo (in fact,
Jonsson has answered the broader question of characterizing BP4(I'*°), s > 0, 1 < p,q < 00,
using possibly higher degree Haar wavelets coefficients). Here, we fully answer the question
in the case when 0 < s < 1 and I"*® is connected.

1 Introduction

There is a growing interest in analysis on self-similar fractal sets, see for instance Kigami [16],
Strichartz [25, 26], Mosco[23, 22] and references therein. These works aim at intrinsically defining
function spaces using Dirichlet forms and a different metric from the Euclidean one. The results
in this direction are often subject to the important assumption that the set is post-critically
finite (or p.c.f.), see [16], page 23 for the definition.

In a different direction, Jonsson has studied Lipschitz functions spaces on a self-similar fractal set
S under a technical condition which yields a Markov inequality at any order, see the pioneering
works [12, 13]. More precisely, in [13], Haar wavelets of arbitrary order on S were introduced and
used for constructing a family of Lipschitz function spaces allowing jumps at some special points
in S. These function spaces are named JLip(t, p,q; m;S), where ¢ is a positive real number, p, ¢
are two real numbers not smaller than 1 and m is an integer (m is the order of the Haar wavelets
used for constructing the space). Here J stands for jumps, since the considered functions may
jump at some points of S. The theory in [13], which does not need the assumption that S be
p.c.f., plays an important role in the present paper. It will be partially reviewed in § 4.1 (we
will focus on the case when m =0, p=¢and 0 <t < 1).

In the present work, for a class of self-similar sets contained in R?, we aim at studying the
relationships between some JLip spaces and the more classical Besov spaces introduced and
studied by Jonsson and Wallin [14] for closed sets: consider a closed subset F' of R™ supplied
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with a Borel measure i such that there exists a positive real number d and two positive constants
c1 and ¢y with
crr® < p(B(z,r)) < eor,

for all x € F' and r < 1 (here B(x,r) is the ball in F' with center = and radius r, with respect to
the Euclidean distance in R"™); the set F is said to be a d-set. In [14], Sobolev and Besov spaces
are defined on d-sets. For example, for 0 < s < 1, the Sobolev space BYP(F) is defined as

BIA(F) = {f L =L dutwinty) < oo} , 1)

see the definition in [14] page 103. In the same book, results on the extension (in R"™) of func-
tions belonging to Besov and Sobolev spaces on F' and trace results are proved using as a main
ingredient Whitney extension theory. In particular, there exists a continuous trace operator
from W1P(R") onto Bffn__d(F), if max(1,n —d) < p < co. A more general trace theorem is
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available, see Theorem 1, page 141 in [14].

The approach of Triebel [27] is somewhat different. In [27] chapter IV, paragraph 18, it is proved
that the space of the traces on F of functions in BY?, (R") is L},(F) for 0 < d < n, d/n < p < o0

and 0 < ¢ < min(1,p); Besov spaces on F' are thien defined as spaces of the traces of Besov
spaces on R™ and embeddings properties are studied.

In [13], Jonsson has proved that if the self-similar set S is totally disconnected, then the JLip
spaces coincide with Lipschitz or Besov spaces, more precisely that the spaces J Lip(t, p, g;m;S)
coincide with the Lipschitz spaces Lip(t, p, g;m;S) also introduced in [13]. The latter are a gen-
eralization of the more classical spaces Lip(t, p,q;S) introduced in [14] since Lip(t,p, ¢; [t]; S) =
Lip(t,p,q;S). Note that Lip(t,p, q; [t];S) = BYY(S), see[15]. When the fractal set is not totally
disconnected, the JLip space may not coincide with Lip or Besov spaces.

In the present work, we focus on a class of self-similar sets noted I'*° below, see for exam-
ple Figure 1. The set I'*° is the unique compact subset of R? such that

[ = fi(I'*) U fo(T™),

where f; and fs are two similitudes with rotation angles £6 and contraction factor a, 0 < a <
a*(0). As we shall see, '™ can be seen as a part of the boundary of a ramified domain € in R?,
see Figure 1, and the restriction a < a*(#) allows for the construction of € as a union of non-
overlapping sub-domains, see (21). In § 2.2.3, we will recall the notion of self-similar measure p
defined in the triplet (I'*°, f1, f2), see [16]. With the Borel regular probability measure p, I'*° is
a d-set where d = —log2/log a is the Hausdorfl dimension of I"*°.

The notion of traces on I'*® for functions in W14(£2) has been defined in the earlier work [2]. In
[4], some of the authors of the present paper have characterized the space of the traces on I'*® of
functions in W14(Q) as JLip(1 — %, q,q;0; 1), for 1 < g < oo (with d = —log2/log a). Note
that JLip(1— Z%d, q,q;0; ) always contains Lip(1 — Z%d, q,q;0; ) = Bffﬂ (I'*°), and that
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JLip(1 — 222,q,¢;0;7%) = Lip(1 — 224, q,¢;0;T) if a < a*(0).
Therefore, the question considered here is to know for a = a*(#), in which case the identity

JLip(t,q,q;0;T°) = Lip(t, q,q;0; ) = B(T'>) (2)

holds, and if not, to find the parameters s such that JLip(t,q,q;0;T>°) C B&%('>°). The first
part of the question covers the following one: when do the spaces containing the traces on I'®



of the functions in W14(Q2) and W14(R?) coincide? This is also linked to the possibility of
constructing an extension operator from W14(Q2) to W14(R?). Note that a partial answer was
given in [3] (before the characterization of the trace space as a JLip space was found) in the
special case when ¢ = 2 and for a special geometry (0 = 7/4).

We will see that two different situations occur:

e if there does not exist an integer p such that pf = 7/2 then f1(I'*°)N fo(I'*°) is a singleton,
and we will see that (2) holds if ¢t < d.

e Otherwise, the Hausdorff dimension of fi(I'*°) N f2o(I'*°) is d/2 and (2) holds only for
gt < d/2.

Finally, note that the question of extensions or traces naturally arises in boundary value or
transmission problems in domains with fractal boundaries. Results in this direction have been
given in [24, 18, 17] for the Koch flake. There also, the assumption that the fractal set is p.c.f.
is generally made. Boundary value problems posed in the domains 2 displayed in Figure 1 were
studied in [2].

The paper is organized as follows: the geometry is presented in Section 2. In Section 3, we
recall some of the results of [2] on the space W19(2) and the construction of the trace operator.
The theory proposed in [13] is reviewed in Section 4, where we also recall the characterization
of the trace space proved in [4]. The main results of the paper are Theorems 6 and 7 which are
stated in §5 and respectively proved in §5.2 and §5.3. For the ease of the reader, the geometrical
lemmas, which are crucial but technical, are proved in the Appendix at the end of the paper.

2 The Geometry

2.1 The similitudes f; and f; and the self-similar set I'*®
2.1.1 Definitions

Consider four real numbers a, o, 3,6 such that 0 < a < 1/v/2, « >0, 3> 0and 0 < 0 < 7/2.
Let f;, i = 1,2 be the two similitudes in R? given by

T — x1cos0 — xo9sinf
i = +a
T9 I} x18inf + xocosf )’

f T _ « ta x1 €080 + x9sinf
2\ 2 o 3 —x18inf + xocosh )
The two similitudes have the same dilation ratio @ and opposite angles +6. One can obtain fs
by composing f; with the symmetry with respect to the axis {z; = 0}.

We denote by I'*° the self-similar set associated to the similitudes f; and fs, i.e. the unique
compact subset of R? such that

% = fi(T™) U fo(I'%).
For n > 1, we denote by
e A, the set containing all the 2" mappings from {1,...,n} to {1,2}
o A the set defined by A = Up>1A4,



o As = {1,2}MMO0 the set of the sequences o = (0(i) )i=1.... c With values o(i) € {1,2}.

Consider 1 < m < n < o and o € A,: We say that o,, € A, defined by 0,,(i) = o(i),
i=1,...,mis a prefix of 0. We also define for n € A,, and o € Ay, the sequence n+ o € A, 1«
by

n+o= (77(1),777(”)70(1)770(7?)) (4)
For a positive integer n and o € A,,, we define the similitude f, by
fo=foyo-- 0 fom) (5)
Similarly, if o € A,
fo= lim foayo...0fom = lim fo, (6)

Let the subset ['*>? of I'>° be defined by
7% = f,(I'°). (7)
The definition of I'> implies that for all n > 0, I'* = |J, A, 777, We also define the set =°°:

%= [iTF) 0 (). (8)

(1]

The following theorem was stated by Mandelbrot et al, [19] (a complete proof is given in [7]):

Theorem 1 For any 0, 0 < 0 < /2, there exists a unique positive number a*(0) < 1/v/2,
(which does not depend of (o, ) see [4]) such that

0<a<a*(l) = == = '™ is totally disconnected, ()
a=a*0) = E®#0 = I'*° is connected, (from Th. 1.6.2 in [16]).

The critical parameter a*(0) is the unique positive root of the polynomial equation:

p—1

; 1
ZX”r2 cosif = 2 (10)
i=0
where
p is the smallest integer such that pd > /2. (11)

Remark 1 From (10), it can be seen that 0 — a*(0) is a continuous and increasing function
from (0,7/2) onto (1/2,1/\/2) and that limg_oa*(0) = 1/2.

Hereafter, for a given 6, 0 < 6§ < 7/2, we will write for brevity a* instead of a*(6) and we will
only consider a such that 0 < a < a*.

2.1.2 Characterization of =*°

We aim at characterizing = defined in (8). We already know that =Z°° # () if and only if a = a™.
Let us denote by A the vertical axis: A = {z : 1 = 0} and by O the origin O = (0,0). Since
f1(I>®) =T*>*nN{x; <0} and fo(I'*°) =T'*°N{z; > 0}, we immediately see that Z>° =T N A.
It can be observed (see [7] for the proof) that the sequences o € Ay such that f,(O) € A and
that o(1) = 1 are characterized by the following property: for all n < 1, the truncated sequence
op achieves the maximum of the abscissa of f,(O) over all n € A,, such that (1) = 1.

Let us make out two cases, according to the value of p defined in (11):



The case when pf > 7/2

Proposition 1 If pfd > 7/2 and a = a*, then E*° contains the single point
¢= lim fio foP o (fio f2)"(0) = Jlim fpo fiPho (f20 f1)"(O).
Proof. For brevity, we skip the proof, which is available in [19, 7]. =

The case when pf = 7/2 We need some specific notation:

2 sit=1

o for i = 1,2, we define 7 = . )
1 sii=2

e we introduce

Fi=fiofy and Fy= fyo fy,

e for n € Ay, we define nW, n ¢ Ao(k+1)4p bY:

nM (1) =1 and nM(¢) =2 for all £ € [2,p + 2],
n® (1) =2and n®(¢) =1 forall £ € [2,p+2],

Vi,1<j<k {U(l)(p+2j+1):n(j) d{n@)(p+2j+1):

P (p+20j +1)) = n(j) n®(p+2(j+1))

n(7)
n(j)

[

In an equivalent manner,

1M =(1,2,...,2,n(1),n(),...,n(k), k),

(1), n(1),-..;n(k),n(k)),

S
—
)
I

—~

no

—
=

S

which yields
fn(l) = fio fao...0ofa0 Fyqyo...0Fyy,
p+1
fn(2> :f2°f10.~0f10Fm0...oFm,
p+1

Proposition 2 If pf = 7/2 and a = a*, then
= = { lim f 1) (0) = lim [ 2(0); 0 € Ax}.
n—oo On n—oo  On
Moreover, for x € Z°°, there exists a unique o € A, such that
x= lim f 1)(0) = lim f »(0).
n—oo  On n—oo On
The set Z° is not countable.

Proof. For brevity, we skip the proof, which is available in [7]. =

(12)

(14)



2.2 Ramified domains
2.2.1 The construction

Call P, = (—1,0) and P, = (1,0) and I'° the line segment I'’ = [Py, P»]. We impose that fo(P;),
and fo(Ps) have positive coordinates, i.e. that

acosf <a and asinf < fg. (19)

We also impose that the open domain Y inside the closed polygonal line joining the points Py,
Py, fo(P2), fa(P1), fi(Ps), f1(P1), Py in this order is convex. With (19), this is true if and only
if

(—1)sinf + Bcosf > 0. (20)

Under assumptions (19) and (20), the domain Y is either hexagonal or trapezoidal in degenerate
cases, contained in the half-plane zo > 0 and symmetric w.r.t. the vertical axis z; = 0.

We introduce K0 = YO0, Tt is possible to glue together K©, f1(K°) and f2(K°) and obtain a new
polygonal domain, also symmetric with respect to the axis {x1 = 0}. The assumptions (19) and
(20) imply that YO f1(Y?) = 0 and YN fo(Y?) = (). We also define the ramified open domain
), see Figure 1:

Q = Interior <KO U (UgA fU(K0)>) : (21)

Note that © is symmetric with respect to the axis 21 = 0, and that for a < 1/4/2, the measure
of Q is finite.

For a given 6, with a* defined as above, we shall make the following assumption on (a, 3):
Assumption 1 For 0 < 6 < 7/2, the parameters o and [ satisfy (20) and (19) for a = a*,
and are such that

i) for all @, 0 < a < a*, the sets YO, f,(Y"), o0 € A,, n > 0, are disjoint
ii) for all @, 0 < a < a*, f1(2) N fo2(Q) =0
iii) for a = a*, f1(Q) N f2(Q) # 0.

Remark 2 Assumption 1 implies that if a = a*, then f1(Q2)N f2() = 0; to prove this, we define
the open set T = Interior (KU f1(K°) U fo(K°)). It is easy to check that Q =T U UA fo(T).
(S

If f1(Q) N f2(Q) # 0, there exist x € Q, a positive number p, two positive integers n and n', and
o€ A, and o’ € A, with o(1) =1 and o'(1) = 2 such that B(xz,p) C fo(T)N fo:(T). It is then
easy to prove that this contradicts point i) in Assumption 1.

The following theorem proved in [4] asserts that V6, 0 < § < /2, there exists («, ) satisfying
Assumption 1.

Theorem 2 If § € (0,7/2), then for all a > a*cos@, there exists 3 > 0 such that 3 > a*sin 6

and (o —1)sin@ + Bcos® > 0 and for all 3 > 3, (v, B) satisfies Assumption 1.

It has been proved in [3] that if a < a*, then there exists e > 0 and § > 0 such that Qis a e — 9
domain as defined by Jones [11], see also [14] or in an equivalent manner a quasi-disk, see [20].
On the contrary, if a = a*, then € is not a € — § domain because from Propositions 1 and 2, it
is possible to construct two sequences (3:511))“ and (:ng))n, 2V € f1(Q) and 2 e f2(€2) such
that lim, |a:7(11) — a:g)\ = 0; then, any arc contained in €2 and joining xfll) to x,(f) has a length
bounded from below by a positive constant.



2.2.2 The Moran condition

The Moran condition, (or open set condition), see [21, 16], is that there exists a nonempty
bounded open subset w of R? such that fi(w) N fo(w) = 0 and f1(w) U fa(w) C w. For a given
0 € (0,7/2), let (e, 3) satisfy Assumption 1; for 0 < a < a*, the Moran condition is satisfied
with w = Q because

e f1(Q) N f2(Q2) = 0, which stems from point ii) in Assumption 1 if ¢ < a*, and from
Remark 2 if a = a*;

e by construction of 2, we also have f1(Q2) U f2(Q2) C €.

The Moran condition implies that the Hausdorff dimension of I'*° is
dimpy (') =d = —log2/loga,

see [21, 16]. If 0 < @ < 7/2, we have 0 < a < a* < 1/4/2 and thus d < 2.
It can also be seen that if pf = 7/2 and a = a*, then the Hausdorff dimension of 2 is d/2.

2.2.3 The self-similar measure p

To define traces on I'™°, we recall the classical result on self-similar measures, see [8, 10] and [16]
page 26:

Theorem 3 There exists a unique Borel regular probability measure p on I'*° such that for any
Borel set A C T'™,

p(A) = 5 (F7(A) + 50 (7 (4)) (22

The measure p is called the self-similar measure defined in the self-similar triplet (I'°°, f1, f2).

Proposition 3 The measure u is a d-measure on I'*°, with d = —log2/loga, according to the
definition in [14], page 28: there exists two positive constants ¢ and cy such that

ert < w(B(z,r)) < CQTd,

foranyr 0 <r <1 andx € I'*°, where B(x,r) is the Euclidean ball in I'*° centered at = and
with radius r. In other words the closed set I'° is a d-set, see [1}], page 28.

Proof. The proof stems from the Moran condition. It is due to Moran [21] and has been
extended by Kigami, see [16], §1.5, especially Proposition 1.5.8 and Theorem 1.5.7. ]

We define L, p € [1,+00) as the space of the measurable functions v on I'*® such that
Jroo [0[Pdp < o0, endowed with the norm [[v]|p = (fpeo [0]Pdp) YP  We also introduce L,
the space of essentially bounded functions with respect to the measure u. A Hilbertian basis of
Li can be constructed with e.g. Haar wavelets.

2.2.4 Example

We make the choice § = 7/4, « = 1—a/v/2, 3= 1+a/v/2. Hence p = 2. The critical parameter
a*(m/4) is the unique positive solution of X3 ++v/2X2 —+/2/2 =0, i.e. a < a*(7/4) ~ 0.593465.
The construction described in § 2.2.1 with the critical value a = a*(7w/4) leads to the domain 2
shown in the left part of Figure 1. If a > 1/2, the Hausdorff dimension of I'*® is larger than one.
For instance, if a = a*(7/4), then dimpy(I'*°) ~ 1.3284371. In the right part of Figure 1, we
show a similar construction with § = 7/5 (for which p = 3) and a = a*(7/5) ~ 0.56658. Note
the difference between the two cases: in the former case p(6) - @ = w/2 and the set = defined
in (8) is not countable whereas in the latter case, p(f) - > 7/2 and the set = is a singleton.
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Figure 1: Left: the ramified domain € for = 7/4, a = a*(7/4), « = 1—a*/V/2, B = 1+a*/V/2.
Right: a similar construction for # = /5 and a = a*(7/5).

2.2.5 Additional notations

We define the sets I'7 = f,(I'%) and I'V = Uye 4, T'9. The one-dimensional Lebesgue measure of
I'? for 0 € Ay and of TV are

9] = a™ 1% and |V = (20)V|1Y).

We will sometimes use the notation < or 2 to indicate that there may arise constants in the
estimates, which are independent of the index n in I'", or of the index ¢ in I'? or I'**?. We may
also write A~ Bif A< B and B < A.

3 The space W4(Q)

Hereafter, we take 6 in (0,7/2) and suppose that the parameters («, 3) satisfy Assumption 1.

Basic facts For a real number ¢ > 1, let W19(Q) be the space of functions in L?(Q) with first
order partial derivatives in L9($2). The space W14(Q) is a Banach space with the norm
1

<||u\|%q(9) + Hg_;lHqu(Q) + H%H%Q(Q))Ev see for example [5], p 60. Elementary calculus shows

1

that [Jullyiaq) = (HuH%q(Q) + HVU”qu(Q)> ? is an equivalent norm, with ”VUH%q(Q) = [, |Vul?
and |Vu| = 4/ %\2 + |§—$“2\2.
The spaces W1H4(€2) as well as elliptic boundary value problems in  have been studied in [2],

with, in particular Poincaré inequalities and a Rellich compactness theorem. The same results
in a similar but different geometry were proved by Berger [6] with other methods.

Traces We first discuss very briefly the less interesting case when a < 1/2. If a < 1/2,
then d < 1 and I'*° is totally disconnected, see [9], Lemma 4.1 page 54. This implies that
f1(T*) N fo(T°) = 0, see [16], theorem 1.6.2 page 33. The results of Jones[11] and of Jonsson



and Wallin [14] can be combined to prove that if ¢ > max(1,2 — d), then the space of the

traces on I'> of the functions v € W9(Q) is Bi]fﬂ (I'>°) (see the introduction for the defini-
q

tion). We will see in Theorem 4 below that in this case, Bi]fﬂ (I'>°) = JLip(1— %, q,q;0; ).
q

Since the case a < 1/2 is understood, in the remaining part of the paper, we will take a
such that 1/2 < a < a*, so the Hausdorff dimension d of ' is not smaller than 1. We recall
the construction of the trace operator made in [2] by taking advantage of the self-simililarity;
this trace operator, called £*° below, is well defined even if a = a*.

We first construct a sequence (¢™),, of approximations of the trace operator: consider the se-
quence of linear operators ¢" : Wh4(Q) — L},

o)=Y (ﬁ /ngdx> 1f (re), (23)

o€An
where |[['?| is the one-dimensional Lebesgue measure of I'?.
Proposition 4 The sequence (£"),, converges in L(W14(Q), LY,) to an operator that we call £*°.
Proof. See [2]. |

Remark 3 For a given 0, 0 < 6 < 7/2, let (o, 3) satisfy Assumption 1 and Q be constructed
as in § 2.2.1, with 1/2 < a < a*; in a work in progress [1], we prove that Q is a 2-set as defined
in e.g. [14] page 205, i.e. there exist three positive constants ro, ¢1 and co such that for any
closed ball B(P,7), P € Q,0 <1 <rq, c1r? < ma(B(P,7)NQ) < cor?, where mo is the Lebesgue
measure in R?. Since Q is a 2-set, there is a classical definition of a trace operator on 052, see
for instance [14] page 206.

Although it has no bearing on the present paper, it is interesting to compare the operator £>°,
whose construction is based on the self-similarity properties, with the latter classical trace op-
erator. In [1], one of the goals is to prove that if ¢ > 1, the two definitions of the trace of a
function u € WH4(Q) coincide p-almost everywhere. At the present stage of our investigations,
we have proved the result for all 0 € (0,7/2)\{r/2k,0 < k € N} and 0 < a < a*, (and also for
ald=7n/2k,1<keNand0<a<a")

4 The spaces JLip(t,q,q;0;T) for 0 <t < 1 and the trace theo-
rem

In [13], A. Jonsson has introduced Haar wavelets of arbitrary order on self-similar fractal sets
and has used these wavelets for constructing a family of Lipschitz spaces. These function spaces
are named JLip(t, p,q;m;S), where S is the fractal set, ¢ is a nonnegative real number, p, q are
two real numbers not smaller than 1 and m is an integer (m is the order of the Haar wavelets used
for constructing the space). Here J stands for jumps, since the considered functions may jump
at some points of §. If the fractal set S is totally disconnected, then these spaces coincide with
the Lipschitz spaces Lip(t, p,q;m;S) also introduced in [13]. The latter are a generalization of
the more classical spaces Lip(t,p, ¢; S) introduced in [14] since Lip(t, p, q; [t]; S) = Lip(t,p, q; S).
Note that Lip(t,p, q; [t]; S) = BY'Y(S), see[15]. We will focus on the case when & = I'*°, m = (
and p = ¢, since this is sufficient for what follows.



4.1 Definition of JLip(t,q,q;0;T>) for 0 <t < 1.

The definition of JLip(t,q, q;0;T'°°) presented below is adapted to the class of fractal sets I'*®
considered in the present paper. It was proved in [4] that this definition coincides with the
original and more general one that was proposed in [13].

Consider a real number ¢,0 < t < 1. Following [13], it is possible to characterize J Lip(t, q, q; 0; '*°)
by using expansions in the standard Haar wavelet basis on I'*°. Consider the Haar mother
wavelet gg on I'™°,

90 = 1y (rooy = Ly (o0, (24)
and for n € N, n >0, 0 € A,, let g, be given by

Jolreer = 2"2gg0 f1, and  go|pe\pocs = 0. (25)

It is proved in [12] §5 that a function f € L, can be expanded on the Haar basis as follows:

f=Pof+5ogo+> > Bobo

n>1o0cA,

where Py f = froo fdu. Let by be a real number and (b,)sc4 be a sequence of real numbers; we
define [|(bo, (b)) 5

1
o0 7
||(bo7(ba))\|bg»q - (wo‘q + Zthn/dQn(l/Q—l/q)q Z |ba\q> .

n=1 €A,

) (26)
& q
= (\bo‘q+zaqtn2n(1/21/q)q Z |ba‘q) )
n=1 o€An
Definition 1 A function f € L}, belongs to JLip(t,q,q;0;T°°) if and only if the norm
||f”JLip(t,q,q;O;F°°) = |P0f| + |f|JLip(t,q,q;0;F°°) (27)
1$ finite, where
|f|JLip(t,q,q;0;F°°) = ||(607 (ﬁcr))”bf’q' (28)

Remark 4 An equivalent definition of JLip(t,q,q;0;1'°°) can be given using projection of f on
constants on I'°*7, see [13, 4].

If the fractal set '™ is totally disconnected, then JLip(t,q,q;0;1T°) coincides with a more
classical function space:

Theorem 4 (Jonsson) If a < a*, then f1(I'*°) N fo(I'*°) is empty and
JLip(t,q,q;0;T™) = Lip(t, q,¢;0; ) = B! ('),
where the Lipschitz space Lip(t,q,q;0;T>°) and the Sobolev space BF'(T'™°) are defined in [14].

Proof. This is a particular case of Theorem 2 in [13], see also [12] for a partial proof. ]

10



4.2 Characterization of the traces on I' of the function in W4(Q)

The following theorem was proved in [4].

Theorem 5 For a given 0, 0 < 0 < w/2, let (o, 3) satisfy Assumption 1 and 2 be constructed
as in § 2.2.1, with 1/2 < a < a*; then for all ¢, 1 < q < oo,

2—d
0 (Wh(Q)) = JLip(1 — ——,¢,¢; 0;T"*). (29)
q
A first consequence of Theorem 5 is that if 1/2 < a < a*, then d > 1 and from Theorem 4,

2 —
0 (WH9(Q)) = Lip(1 — Td, q,q;0;T%) = B, ,(T™), Vg€ (1,+00). (30)
q

Remark 5 Note that (30) has been proved in [3], without relying on the JLip spaces: indeed
Qis a € — 6 domain and I'™° is a d-set; in this case, the extension result of Jones [11] (from
Wha(Q) to WH4(R?)) and the trace result of Jonsson and Wallin [14] (from W1H4(R?) onto
Bffu (I'*®)) can be combined to obtain (30).

q

In what follows, we will see that when a = a*, then (30) does not hold for every ¢ € (1, +00).

5 Embedding of the JLip spaces in Sobolev spaces for a = a*

5.1 Main results

Since a = a*, it is not possible to apply Theorem 4. Similarly, 2 is not an € — § domain, so
Jones extension result (from W14(Q) to W14(R?)) does not hold for all ¢ € [1,+00). Note that
a = a* > 1/2 implies that d > 1. We are going to make out two cases: with p defined in (11),
the simpler case is when pf > 7/2, so E°° is made of a single point; the case when pf = 7/2 will
turn out to be more difficult because =*° is not countable.

Theorem 6 Assume that a = a* and pd > 7/2.
1. Forallt e (0,1) and s > g, JLip(t,q,q;0;T>°) ¢ BI(>).
2. If 0 <t <min(d/q,1), then JLip(t,q,q;0;T>) = Lip(t, q,q;0;T°>°) = BF{(T>).

The following corollary stems from Theorem 6:

Corollary 1 Assume that a = a* and pf > w/2. Forallq > d andt € [d/q,1), JLip(t,q,q;0;1>°) C

BI(T>°) with a continuous injection, for all s, 0 < s < g

As an easy consequence of Theorem 6, it is possible to find some relationships between J Lip(1 —
2%(1, q,q;0;T°°), the trace space of W14(€2), see (29), and some Sobolev spaces:

Corollary 2 Assume that a = a* and pd > 7/2.
1. If ¢ > 2, then

(a) Jsz(l——,q q;0;T°°) C BF(T™), for all s, 0<8<—
(b) JLip(1 = 2%, q,4;0;7) ¢ BX(>), for all s > ¢

11



2. If1<q <2, then JLip(1 = 22%,4,¢;0;T>) = Lip(1 — 24, ¢,¢;0;T>) = BI,_, (I"™).

q

Theorem 7 Assume that a = a* and pf = 7 /2.
1. Forallt e (0,1) and s > %, JLip(t,q,q;0;T>°) ¢ BII ().
2. If 0 < t <min(d/(2q),1), then JLip(t,q,q;0;T>®) = Lip(t,q,q;0;T>) = BF(T>).

Corollary 3 Assume that a = a* and pd = w/2. For all ¢ > d/2 and t € [d/(2q),1),
JLip(t,q,q;0;T°°) C BIUT>) with a continuous injection, for all s, 0 < s < Zfi—q.

Here again, it is possible to find some relationships between the trace space JLip(1 —

2%(1, q,q;0;T°°) and some Sobolev spaces:

Corollary 4 Assume that a = a* and pd = /2.
1. If ¢ > 2—d/2, then
(a) JLip(1 — Q;qd,q,q;(); ') c BIT™>), for all s, 0 < s < 2%.
(b) JLip(1 — %,q,q;o; ) ¢ BLYT™), for all s > 2%.
2. If1 < q<2—d/2, then JLip(l—Q%d, q,q;0;T>) = Lip(1—¥,q,q; 0;7>°) = Bl,_, ().
q

Hereafter, when dealing with a = a*, we will always write a.

5.2 Proof of Theorem 6
5.2.1 Geometrical lemmas

The proofs of the lemmas below are given in appendix.
For two subsets X and Y of R?, we define d(X,Y) = )i(nf v |y — x|. We will need to estimate
Tre S

)

d([°? T°7) for o,7 € A, n > 1. We start by estimating the distance between I'? and the
horizontal line H tangent to the upper part of I'*°, i.e. ' H = {x : x93 = h}, where

in 6 0
hzsupxgzmaxxgzﬁ—i_a(asm + fcos ) (31)
€N el 1—a?
Lemma 1
sup x2= sup x2<h.
z€frof1(Q) z€ f20f2(Q)

Lemma 2 Token > 1 and o0 € A,,. Let k be the largest integer such that 2k < n and for all
je{l,...,k}, 0(2j — 1) # o(2j). We have

AT H) +a" ~ a**. (32)
Remark 6 Note that Lemmas 1 and 2 hold if p0 = 7/2.

Definition 2 Let us define the mapping Il : A — N as follows : forc € A,, n > 1,
o ifn<p+4orop €{(1,2,...,2),(2,1,...,1)}, then II(c) =0,

12



e clse,
(o) = max{k: >0, Vje{l,...,k}, o(p+2j+1)=1and o(p+2+2j) = 2} if (1)
(o) = max{k: >0, Vje{l,...,k}, o(p+2j+1)=2and o(p+2+2j) = 1} if (1)

Here, in other words, (o) is the largest integer k > 0 such that p + 2 4+ 2k < n and
fopiapan = fro foPTh o (fio f2)* or fopiaran = f2o fiPTh o (fao v

Therefore, if n < p+4 then II(c) = 0 and if n > p+4, then II(o) takes its values in {0,...,[(n—
p—2)/2]}.

Definition 3 For 0 € A,, n > 1, we say that (o) is mazimal if n < p + 4 (in this case
II(c) =0) orifn>p+4 and (o) = [(n —p — 2)/2].

The following lemma shows that the distance of I'*>? to the vertical axis A = {z : 1 = 0} can
be estimated in terms of II(o):

Lemma 3 Take n > 1 and o € A,; for d, defined by
dy =d(I°7,A), if (o) is not maximal,

dy =d(I7,A)+a”, ifIl(o) is maximal, (33)
we have
dy ~ a®), (34)
Lemma 4 Taken > 1 and 0,7 € A,, such that o(1) # 7(1); we have
d(T°7,T%T) 4" o~ @Winl@)1(), (35)

Remark 7 From Lemma 3, we also have that for all o,7 € A with o(1) # 7(1),

d(FOO’U,FOO’T) S a2min(H(0),H(T))'

Definition 4 e Lemma 3 implies that there exists a positive constant c1, such that, for alln > 1,
o€ A, and x € T°7,

1a®@) < d(z,A) if (o) is not mazimal, (36)
and for all n € A such that 11(n) = 0 and f, is a similitude with rotation angle 0,
d(fy(A),A) > cq. (37)

We must have ¢c1 < d(A, f1 o f2(A)), because TI((1,2)) = 0.
e Let us define the positive number cag > 0 by

_d(A, 10 fo(A))

(&) a2 . (38)
Note that dA A
max r; = max d(z,\) = (A, i 02f2( ) = co. (39)
xel'ee xel'ee a

e Finally, from (34), we know that there exists a constant cs, such that for allx € T'°%, o € A,,
d(z,A) < c3a?), (40)

We must have cg > co.

13
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From (36) and (40), we deduce that for alln > 1, 0 € A,, and & € >,

d(z,A) < c3a?1) if II(o) is maximal, (41)
ca®@) < d(z,A) < e300, if II(o) is not maximal.
Lemma 5 For any n € A such that f, is a similitude with rotation angle 0,
d(A, f(A)) > c1a®™ (42)

where ¢y satisfies (36) and (37).

For what follows, we will need to partition f;(I'*°) into a sequence of subsets (X;);en. The
measure of the set X; C f1(I'*°) and its distance to the axis A will be decreasing as i grows. By
similarity, (f,(X;))ien will be a partition of fy o f1(I'*°):

Definition 5 o Let us define the subsets of '™

X; = {z € 1), cla® <d(z,A) < era® ™V}, iz,

(43)
XQ = {33 € fl(F"O), c1 < d(l’,A) < CQ},

where ¢y satisfies (36) and (37) and co is given by (38), see Figure 2. The

A

Figure 2: § = 7/3: the domain fi o f2T1(Q), the fractal set f; o f¥71 () and parts of X, and
X1: X (resp. X3i) is the intersection of I'*° with the dark grey half-plane (resp. light grey
strip).

e For >0, we define the class Zy of subsets of I'™:

Zy = {fn(Xz)7 neA, n+2i= f} (44)

o Let ¢ € [0,2m) be such that there exists a similitude f,, o € A, with rotation angle ¢.
Forn >0, we define A, 4 = {n € Ap, f, is a similitude of angle ¢}, and the class Z 4 of
subsets of I'™°:

Zoe = {fn(Xi); 1 € Apg, n+2i="(} (45)
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Lemma 6 For alli > 1, '
p(Xi) S27% (46)

Remark 8 A direct consequence of Lemma 6 is that for all Y € Zp, u(Y) < 27¢,

Lemma 7 For all nonnegative integers n,m,i,j such that n +2i = m + 2j and n € A, 4,
v e Ayg, the sets Y = f(X;) and Z = f,(X;) are disjoint if (n,i,n) # (m, j,v).

Remark 9 We will see that when pd = /2, the definition of 11 differs, but once 11 is defined,
the definitions of c¢1 and co are the same. In that case, Lemma 5 and Lemma 7 are still true; by
contrast, Lemma 6 does not hold, see Lemma 13.

Lemma 8 If pf > /2, then for any £ > 0, any x € I'°°, there are at most a finite number of
(t,m), 0 < 2i <L, n€ Ap_g; such that x € f,(X;), and this number is independent of .

Remark 10 Although it seems clear that for a given Z € Z;, there is a unique (iz,nz) such
that 0 < 2iz < 4, ngz € Ag_2, and Z = f,,(X;,), we have not found a short proof of this
assertion. For what follows, it will be enough to use the following weaker result which stems
from Lemma 8: there is at most a finite number of pairs (i,n) with 0 < 2i < €, n € Ay_9; and
Z = fy(X5), and this number is independent of Z and (.
5.2.2 Sobolev regularity of the Haar wavelet gg

The following proposition will imply regularity results for the Haar wavelet gq:

Proposition 5 We have

1
/ / —— du(y) dp(x) < 400, if 0 <~v<2d, (47)
A=) ey [T =yl

1
/ / du(y) du(x) = +oo, if v > 2d. (48)
fur=) ey [T =yl

Proof. Take n > p + 2 and let k be the largest integer such that n > p + 2 + 2k. We have

/mo /ﬂwﬁ = 2 Z/m/w (Jo - !+<(z?)

o€An TG.A
o(1)=1 7(

1
2" o Z Z Foo,cr’roo,T)_i_an)’Y’

oc€An TEAn
o(1)=1 7(1)=2

1

because if z € I'*7 and y € I'°*>7, then |z — y| + a™ ~ d(['*>?,T'°>7) + a". Thus, from Lemma

4, we have
y) du(z
/ / (n) ~ 51+ So,
1) J fa(ro0) lx—y|+a)
with ) .
Sp =27 Z ——— and S, =271 Z - .
1 a2 1(7) 2 a21(0)
o, TEAn o, T€EAn
o(1)=1, 7(1)=2 o(1)=1, 7(1)=2
(o) >TI(7) TI(o) <TI(T)
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We can write S as follows:

Sp=27 > >y ﬁ (49)

0<t<k<k 0EAn TEAn
=St D21 r(D)=2
N(o)=k II(r)=¢

On the other hand, the number of o € A,, such that II(¢) = k is of the order of 2"~ 2*. Therefore,
(49) leads to

k K

1 K

Sy ~ 9 2 Z on—2k 2n—2EW _ Z 92k Z 92¢(~1+7) < 22—% max(k, 2%(_1%))7
0 =0 k=0

0<l<k<k k=

and S; ~ > ;4 22k(=2+7) if v > 2d. The same is true for Sy. Therefore, if v > 2d, then

1 ~
—— du(y) du(z) ~ 2"(72+3), — 400,
ooy ooy Ty 0 2 s

which yields (48).
On the other hand, if v < 2d, then

1 - y
= dp(y) dp(z) S Y27 max(¢, 2701 D) < oo,
/1(roo) /Q(Foo) (Jz =yl + am)? Z;
which yields (47) from the monotone convergence theorem. m
Corollary 5 For any q, 1 < q¢ < o0, go € BXI(I'™) if 0 < s < g and gy ¢ BH1(T>°) if s > g.

Proof. The result follows from the identity |go/2]?9§,q(roo) = ffl(FOO) fo(Foo) — L du(y) du(x)

|z—y| T
and from Proposition 5. m

5.2.3 Two lemmas

Lemma 9 (discrete Hardy inequalities, [14], page 121, Lemma 3) For any v € R, any
p > 1 there exists a constant C such that, for any sequence of positive real numbers (c.)cn;

p
S (Y

< CY 2Me,P iy <0, (50)
neN k<n neN
p
DY | < CY e, if y>0. (51)
neN k>n neN

Lemma 10 For any v > d, we have

[p(@)* o) .
/1(F°°) /Q(FOQ) ‘:1: — y’«, du(y) dﬂ(x) 5 /fl(FOO) W du(x), Yv €L (F )
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Proof. For any n > p + 2, let x be the largest integer such that n > p + 2 4 2x.

I CICoI
/fl(F‘” /fQ(FOO |a: - ’_|_an)’Y du(y) du(z)
Z /°° ‘ /°°  (d([oee FOO)L) +an)? du(y) du(z)

o, TEAn
o(1)=1, 7(1)=2

1
e -n q <
i 2. (AT, T%7) + an)7 /W [o(@)[" dp(z) < S1+ 5

o, TEAn
o(1)=1, 7(1)=2

IN

where, from Lemma 4,

Si= 2t XYY o [ b@l duo),

0<t<k<k 0E€An TEAn
o(l)=1 7(1)= 2
I(o)=k II(1)=

Sy =2 > N Y am/ )| du(z).

0<k<t<k oc€An TEAR
o(l)=1 7(1)=2
(o)=k TI(r)=¢

Since the number of 7 € A, such that 7(1) = 2 et II(7) = £ is of the order of 2%, we have

S~ Y 0% [ 1@ duta)
o<t<k<w & oean U7
== o(1)=1
II(o)=k
K k
- Z(Za% d>> > [ @l duta)
k=0 \/=0 ocCAp
o(1)=1
II(o)=k
|o()|?
~ duta) = [ — du(a),
2) ; / oo a%” d A1) (d(z, A) +am)"™
H(G') k
q
from Lemma 3. Similarly, So o~ / V()] — du(z).
A=) (d(z,A) +am)?

Finally, we obtain the desired estimate by having n tend to oo and using the monotone conver-
gence theorem. ®

5.2.4 Proof of Theorem 6

Proof of 1) Point 1) in Theorem 6 stems from Corollary 5 and from the fact that the wavelet
go belongs to JLip(t,q,q;0;1°°) for all ¢,t, 1 <g<o0,0<t<1.

Proof of 2) Consider ¢, 0 < t < min(d/q, 1).
[ [ Dt ) iy - Y | =V ) dty)
p(x) dp(y) — 2 dpu(x) duly
%o Jpee |37 - y!d“t — ey firee) o —y T
SH+ L+ 13
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where

[o(@) — (v) f, (poey |
L o= 2 / / LI duy) du(a), (52)
vefi(l) Jyeps(reey |z =yl
1
I, = 2/{v oy — {V ooq/ / ———d du(x), 53
2 ’< >f2(F ) < >f1(F )| ey o (oo \x—y|d+qt :U‘(y) /’L( ) ( )
[(V) g (roey — v(y)|?
-2 dyu() da(y). (54)
vefi(0) Jyepreey |z —yldtat

By iterating this argument and using Fatou lemma, we obtain that
|v(z) —v(y)|*
[ [ ) dut) S 1+ b IPIUNERIRRN
n-= 776 n

where

|’U(LU) - <U>f of (Foo)|q
1,n x€ fpof1(T'°) Jy€ frofa(T°) ‘I’ _ y’d—f—qt ( ) ( ) ( )

1
Ly = 2/0) 4 opyree) — (0) 1 op(rooy|? / T Any) du(x), (56)
! T2 (%) Jnoh (8 )‘ fnof1(T°) J frofa(T'°) |z — y’d+qt

[{0) fy0pa(roe) — ()|
> € frofi (0°0) Jye frofa(I0) |z — y|dtat () du(y) (57)

Let us estimate 17 + anl >

e, 11yt the change of variables x = f,,(2') and y = f,(y) yields

_ v o fy(a!) = {vo fo)pa
Iy = 20" / / 1 du(y') dp(a").
n vefr () Jye fa(ree) |a:’ _ y/‘d—i—qt
o) = (o fl e
d(z!, Nt du(z’). Let Bo, (Br)oeca

be the coefficients in the Haar basis of v: v = Pyv + (pgo + Z Z B+9-- Note that for any
k>1o0c Ay

neA,vofy,—(vo fyre = 23 (ﬁngo + Z Z ﬁn+gga), where n+ o € A, 1 is the sequence

vo
From Lemma 10, [, < ”(d_qt)/ [v0 fol
x €f1(F°°)

k>1o0€cAyg
(n(1),...,n(n),o(1),...,0(k)). Thus,
q
. Y k50 Do, Prtodo(T)
2 f1 (1) d(z, A)
q
~ Y n(d+4) / 2t \N S 50 (@)| (),
1>0 k>00€c Ay

where X; is defined in (43).
We are led to estimate
q
Y Y hy s X Y S [ 1S5 600,@)] dute) < 51+ 5o
n>1neA, n>0neA, i>0 Xi k>0o0€Ay
(58)
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where
q

5= T3 Sr@ e [ 1S5 b)) ek 69

n>0neA, i>0 kL2l o€ Ay
q

S = X T ToHE N [ S5 byl dute) ()
n>0neA, i>0 Xi |k>2i o€ Ay,

with the convention that if n = 0, then A,, = {0}, fo = Id and 0 + 0 = 0. It is convenient to
rewrite S5 as follows:

q

=X L Tae [ NS et i) (61

n>0nEAn i>0 Fn(X) | k>2i ce Ay o (1)=
We have
[¢/2] !
Y@y 3 / S0Y Brretnre(@)| dula).
£>0 1=0 n€Ay_o; fn(X3) k>2i o€ Ag,0(1)=1

From the definition of Z; in (44),
q

553 Y [ s duto (62)

>0 Yez, k>0 ve Ay

Remark 11 Note that in (62), the sign < has been used instead of =, because we did not prove
that there exists a unique pair (i,m) such that Y € Z, coincide with f,(X;), but only that the
number of such pairs is bounded, see Remark 10.

Then from a triangle inequality,

Q=

q

Sy S 226% Z / Z Bugv(x)| du(x) =

>0 k;>€ Yez, vEAL

Q=

SIELE DM DD ol IR TO) I D SEL A DOl D WLACEL

>0 k>0 \veA Yez, >0 k>0 \veA

The latter inequality comes from Lemma 8, because any point x € I'™ belongs to at most a
finite number of sets Y € Z; (this number is independent of #).
Hardy inequality (51) in Lemma 9 can be used because %t > 0: this yields

(L+2-1 q
52 3 22 Civi=) Z [N |v’JLip(t,q,q;0;F°°)' (63)
>0 veA,

Let us turn to S; defined in (59): we have, using a triangle inequality,

Q=

q

S <Y 22T [ S [N onErt / > Briogo(®)| du(x)

>0 k<2i \n>0neA, Xi oAy

Q=

XAV DIDIEL Zlﬂn+a|/ Dldp() | |

>0 k<2i \n>0neA, ocEAL
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because the supports of g,, 0 € Ay, are disjoint (up to a negligeable set). This implies that

q

q

S15Y 220 | SIS Y 202 ST (8, 7 (supp g6 N X;)

i>0 k<2i \n>0ncA, oAy,
From Definition 3, Lemma 3, if II(¢) is not maximal, then i > 1 and d(I'*?, A) > ¢;a?'1(?) >

16?0~ thanks to Definition 5, and u(supp g, N X;) = 0. Hence, if P, = {0 € A, (1)
1, TI(o) maximal},

S <Y Y G g e 37220 | ST ST N 2 HE 2k N 5,

n>0neAn, i>1 k<2i \n>0ncAn cEP,

3P IELCESIINES SEICEl Dol DD DEICE U ETD Y Eae!

n>0neA, j>1 k<j \n>0ncA, o€l
SH S G g 04 3 S o (EHE) ST S g ),
n>0ncA, j>1n>0 neA, c€P;

by Hardy’s inequality (50) in Lemma 9, because ¢t < d. For all v € A, there exist at most
N = p + 4 pairs (n,0), n,0 € A such that v = n+ ¢ and II(0) is maximal. Therefore, for all
v € A, B, appears in the latter sum at most N times. Hence,

m( 449
Sl N Z 2 2t Z ‘ﬁl"q N |v’Jsz(tqq0F )+ (64)

m>0 vEAm

From the bounds (63) and (64), we immediately deduce that

I + Z Z Ly S |U’qJLip(t,q,q;0;F°°)’ (65)

TLE 1 ﬁGAn

and the same argument shows that

I3+ Z Z I3y S |U’qJLip(t,q,q;0;F°°)' (66)

TLE 1 nGAn

We are left with estimating Io + 3,51 >
arguments,

neA, 12 From (47) in Proposition 6 and easy scaling

1 qt
————— du(y) du(z) S2"TY Ype A,
/fnofl(roo) /anfQ(Foo) ‘x B y|d+qt "

On the other hand, [(v) f, o (1) = (V) f, 00, (1) = 23%1|3,|. Combining these two observations,
we have that for all ¢ < mln(d/q, 1),

L+Y 3 By S 20025 3 18,07 S olf g g (67)

n>1neA, n>0 neEAn

From (65), (66), (67), we obtain the desired result. m
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5.3 Proof of Theorem 7

We now consider the case when pf = 7/2, with p defined in (11). The situation is more complex
because =% is a non countable set whose Hausdorff dimension is d/2.

5.3.1 Geometrical lemmas

We state several useful geometrical lemmas whose proofs are given in appendix.
Here, we define the mapping IT: A — N as follows:

Definition 6 o ifo e A, withn <p+4 thenIl(c) =0,

o ifn>p+4andopra € {(1,2,...,2),(2,1,...,1)}, then Il(c) =0,

o clse, II(0) = max{k >0, Vie{l,...,k}, o(p+2j+1)=0c(p+2(j + 1))}

In other words, with Fy and Fy defined in (13), (o) is the largest integer k > 0 such that
fosanysy = 10 fPT o Fry o0 Frgy oF fouyy., = fao fifT o Frgyo... o Frgy for some
T € Ag.

If n < p+4thenIl(c) =0 and if n > p+4, then II(0) takes its values in {0,...,[(n —p—2)/2]}.
For 0 € A, n > 1, we say that II(c) is maximal if n < p + 4 (in this case II(g) = 0) or if
n>p+4and (o) =[(n—p—2)/2]

One can estimate the distance of I'>>? to A as a function of II(o):

Lemma 11 Take n > 1 and o € A,; with d, defined in (33), we have

dy ~ a®1),

Estimating the distance d(I'°*?,1°7) for 0,7 € A, o(1) = 1, 7(1) = 2 must be done more
carefully than in the case when pf > 7/2: indeed, in the present case, the quantity

max (d(T'°>7, A),d(T'°>7, A)) is too coarse an underestimate of d(I'°>7,T'°%7), because I'*>? and
"7 may touch A without facing each other. This is why we have to make the following
definition:

Definition 7 For any n > p+ 2 and any k > 0 such that p + 2 + 2k < n, let P,]fL be the set
containing all the pairs (o,T) such that

c€eA, and TEA,,
o(l)=1 and 7(1)=2, (68)
k is the largest integer such that In € Ay, with opioyor = 17(1) and Tpi242k = 77(2),

where 1V and n® are defined by (14) or (15).

For example, take o = (1,2,...,2,1,2,2,1,2,1,1,2) and 7 = (2,1,...,1,2,1,1,2,2,1,2,2).
Hfl—va H’T\/v
pt+ pt

We have (0,7) € P§+10, with n = (1,2) in (68).
Lemma 12 For anyn > p +2 and k > 0 such that p + 2 + 2k < n, for any (o,7) € PF,
A7, T7) +a" ~ a?*. (69)

Finally, as in § 5.2.1, there exist two positive constants ¢; < ¢y such that (41) holds for all n > 1,
o € A, and x € I'*7; the following lemma should be compared to Lemma 6.
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Lemma 13 For all integers i > 1, the sets X; defined in (43) are such that

(X)) <27k (70)

~

Remark 12 It can be seen that the set X; is made of O(2%) disjoint connected components
whose measure is of the order of 272,
5.3.2 Sobolev regularity of the Haar wavelet g,

The following proposition, which should be compared to Proposition 5, will imply regularity
results for the Haar wavelet gq:

Proposition 6 We have

1
| duly) du(e) < oo, ify < %, (71)
L) Jparoey |2 =y
1 .
[ dut) dule) =iy > ¥ (72)
L) J fpreey |2 = Y
Proof. For any n > p + 2, let xk be the largest integer such that such that p 4+ 2 4+ 2k < n. We
have
) dp(x) / /
Ty = Ty an(y) du(x)
/1(F°° /Q(FOO |.73‘ - y’ + an) anAn TEZA 00,0 oo, T |.73‘ - y| + an)
o(1)=1 7(1)=2

12

1 1
Z Z ﬁ'(d(roo,o'71“oo,7')+an)7

c€An TEAR

o(1)=1 7(1)=2

1

DS 5
k=0 (o,7)€Pk

from Lemma 12. Tt is easy to see that PX has 2k . 2n=2k . 2n=2F — 2203k ¢lements. Therefore,

2w
) dp( ok(%
/fl(FOO /2 ) |a:—y| (Jz —y| +am)” dply) du(z Z

Thus

1 o
L du(y) dulr) < S 2k(F ity < 22
/fl(roo /fz(Foo (lz =yl +am)” Z 2
2y

1 n
T dnly) dp(z) 2 25(7*3) o0, ify > =
/fl(roo) /fQ(FOO) (|$ - y’ + an)"/ n—00 2

and the result follows by the monotone convergence theorem. m
The following should be compared to Corollary 5:

Corollary 6 For any q, 1 < q < oo, go € BXI(I'™) if 0 < s < % and go ¢ BH(T>) if s > Qd—q.
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5.3.3 Two Lemmas

Lemma 14 For all v > d, we have

|o()]®

dydxg/ —————— du(x), Vv e Li.

Proof. Consider n > p+2. For any o € A, define P¥ = {T €A, (o,7)€ Pﬁ} (see Definition
7). Lemma 12 implies that

@
/f1(F°O /fQ(Foo |{1j — ’ + a")'Y du(y) du(z)
Z Z /°° 7 /°° + (d(I'eoe FOO)L) +an)7 du(y) du(x)

c€An TEAR
o(1)=1 7(1)=2

II(o)

= 2" Y S Y [ el duta)

o'E.An k
i k=0 repk

IN

It is easy to see that since o € A, 775 has 2" 2¥ elements. Therefore,

1(o) 2—2/€

/Foo / (ree) |x_y|l|qan) du(y) du(z) < Z ZW /Om o(2)|9 dpu(x)

ogEAR k=0
o(1)=1

1
2 m/m lo(2)|? du(x)

aEAn
a(1)=

1

|q
dp(z
a; /ooc .’BA +an)’Yd H()

o(1)=1
[o(@)|*

B /fl(Foo) (d(z,A) + a”)'yfd

12

du(z).

The desired result is obtained by letting n tend to co, by monotone convergence. m
Remark 13 Although the statements of Lemma 10 and 14 are similar, the proofs differ.
We define X; by (43) where ¢ is the constant appearing in (41).

Lemma 15 For anyi>1, k> 1 and o € A,

[ ool dn g 28z < (73)
X;
/ 9o dp S 2PED ik > 2, (74)
X;

Proof. Assume that & < 2i. It is easy to see that for o € Ay, fX 9017 dp < 27 u(X;); this is
exactly (73) for k = 1. If k > 2, let 0 € Ay and 7 € Ay be such that o # 7, II(o) and II(7) are
maximal; then I'>*? and I'>>" can be obtained from each other by a translation with a vertical
vector (parallel to A). Hence,

II(0) and II(7) are maximal = p(X; NIT%) = pu(X; NT7). (75)
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Moreover, since p(I'**™ N 1'°*7) = 0 for 0,7 € A, we get

wXi)> ) p(X NI, (76)

TEAL
II(7) maximal

On the other hand, if 7 € A, and II(7) is not maximal, then II(7) < k/2 — 1 and, from Lemma
11,
d(T*>T A) > 1) > g2 5 20D,

Therefore, if 7 € Ay and II(7) is not maximal, then X; NT'°*7 = (). The latter observation, (75)
and (76) imply that for any o € Ay, u(X; NT°%) < 27k/2,(X;) < 27%/2 from Lemma 13.
Therefore,

/ 90]* dp = 2% u(X; N Supp(go)) = 27 p(X;NI®7) < 230D,
X;
and we have proved (73). On the other hand,
Vi < 24 (1)

90" dp < 272 p(Supp(gs)) = 272277,
and we have proved (74). =
5.3.4 Proof of Theorem 7
Proof of 1.) The result stems from the fact that gy € JLip(t,q,q;0;1'°°) and from Corollary

6.

Proof of 2.) Exactly as in the proof of Theorem 6,

Jv(@) —v(y)|*
/OO /m P |d+qt dp(x) dp(y) Sh+ L+ I3+ Y > (Iiy+ Ly +Isy)
n>1neA,
where Iy, I, I3, I, 12, and I3, are respectively given by (52) (53) (54) (55) (56) (57). As
above, we get that I} + Y ZneAn I, S S1+ S, where Sy and Sy are given by (59) and
(60). -
Let us first find a bound on S;: exactly as in the proof of Theorem 6, we see that

Q=

SEDIDIRACLRIEIED L] DI DID DEACE el DNCASLY ALY

n>0neA, i>1 k<2i \n>0ncA, oEP;

where P, = {0 € A, o(1) =1, II(0) maximal}. Thus, from (73),

n>0neA, i>1 k<2i \n>0necA, o€EP;,

SEDIDDEAE D SAL DY DID DEACA L DI e )

<35 2G5 e 1 32 | STST YT 2B 23D N g,

n>0neA, j>1 k<j \n>0neA, oc€EP;
SN 2B, 3TN 2 G S S g ),
n>0ncA, j>1n>0 neEA, c€P;
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by Hardy’s inequality (50) in Lemma 9. For all v € A, there exist at most N = p + 4 pairs
(n,0), n,0 € A such that v = n+ o and II(0) is maximal. Therefore, for all v € A, 3, appears
in the latter sum at most N times. Hence,

m( i+
Sy < Z om{z+ Z ‘ﬁu ~ |'U’Jsz(tqq,0 jree)” (77)

m20 VGAm

We now consider Sp. Since 7/6 = 2p is an integer, the rotation angles of the similitudes f;
can take only a finite number of values in [0,27). Call © the finite set of all possible angles:
© = {i0,0 < i < 4p}. It is convenient to split Sy as follows

q

= ZSM” with Sy 4 = Z Z Za_(%'m)qt/ Z Z ﬁn+ggn+a(x) du(z).

$cO n>0nEA, 4 i>0 Fn(X3) 1k>2i oe Ay o (1)=
We have
[¢/2] !
S-S B [ IS S fnatmselo)| duo)
>0 =0 neA,_ 2,6 fn i) k>2i o€ Ag,0(1)=

We can rewrite Sp 4 as follows:

q

> XY sa@) . (78)

qt
Sop = 2@
€>0 Yez, b k>0 veA,

Thus, by the triangle inequality and the fact that the supports of g, v € Ay are disjoint,

1\ ¢

q

VRS SEEE D DIEYID Sy ErEIe

>0 k>4 veEA Yez, b

From Remark 9, for all /> 0 and ¢ € ©, the sets Y € Z, 4 are disjoint. Therefore,

1\ ¢

q

55 X2 | X ( 3 it

>0 k>0 \veA,

because any x € I'° belongs to at most one set Y € Zy 4.
Hardy inequality (51) in Lemma 9 can be used because %t > 0: this yields

o(L+g-
S2¢522 at Z 1B S 1015 Lipge,q.qi0i0)-

£>0 vEA,

Since this is true for all ¢ € © and since © is a finite set, we get S < |U|3Lip(t gq:0:75) From
this and (77), we immediately deduce (65) and the same argument yields (66). The conclusion

of the proof is identical as that of Theorem 6. m

Remark 14 Fors>1-— 2%(1, q < 2, it is interesting to construct a function u € W19(Q) whose

trace £°°(u) does not belong to BXY(T'>). One can take the following example: let x € W14(Y?)
be such that xjro = 0, x|, roy = 1 and x|f,roy = 0. For p > 0, we build u by the following
iterative process:
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o U‘YO =X;

e [et the polygonal open domain Y™ be obtained by stopping the construction at step n+ 1:
Y™ = Interior (KO U (U;:1 Usea, fU(KO))). Let us also introduce Y° = f,(Y?).
If u is already defined in Y™ 1, we define uyo, 0 € Ay as follows:

ujyo = 1+ pujyn-1 o0 fa_(it) if (o) is maximal,
uy, =77 otherwise,

where 47 = wro for o € A (note that the function u is constant on the lines T'?).

2— 1
It is possible to prove that if p = 271‘1_%_6, for e > 0, then u € WH4(Q) and that for any

s>1— Q%d, one may choose € small enough such that £°°(u) ¢ BIY(I'>°).

A Proofs of the geometrical lemmas in the case pf > /2
Proof of Lemma 1 We have

Sup Zo = SUp Xp = sup xo + ath.
z€fiof1(Q) x€ fa0f2(Q) z€ frofiofaofa(Y0)

On the other hand, with F} defined in (13),

h= sup  x9 4 a’h.
zE€F10F (Y0)

Easy algebra shows that

F2of2 1\ [ —a+a(—acosd — Bsinb) + a?(acos20 — Bsin20) + a®(acos§ — Bsinb) + a'zy
2\ 2y )\ B+a(—asind + Bcosh) + a?(asin20 + Bcos20) + a®(asind + Bcosd) + axy )’

and that

mop [T = —a+a(acosd — Bsinf) — a’a + a®(acosf — Bsinf) + a*xy
e ~\ B+alasing+ Bcosh) +a?B + a3 (asind + feosb) +a'zy )

Thus, the desired result will be a consequence of the inequality
—avsin 0+0 cos O+a(a sin 20+ cos 20)+a? (o sin 643 cos §) < asin 0+ cos +aS+a>(a sin O+ cos 0)

which is true, since a(—2sin 6 + asin 20) + af(cos20 — 1) < 0. =

Proof of Lemma 2 From the definition of k in the statement of Lemma 2,

e if k = [n/2] (where we denote by [z] the integer part of z), then at least one of the
two points lim f,, o F{"(0), lim f5, o F;"(O) belongs to I'*?, which implies that
m—0o0 m—0o0

d(I'>° H) = 0. This implies that d(I'*°, H) + a™ ~ a?*.

e otherwise, let us define i = o(2k + 1) = 0(2k + 2), and ¢’ = o919. We have by self-
similarity that
d(for (), H) = a®*d(f; © fi(), H) > 0,
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by Lemma 1. Hence,
AT H) > d(f(Q),H) = a®*d(f; o fi(Q), H).
On the other hand,
AT, H) < d(fr(Q),H) + Diam(f, () = a® (d(f; o (), H) + a*Diam(Q2)) .

We have proved that d(I'>*?,’H) ~ a?*, which implies (32). m

Proof of Lemma 3 We may suppose that n > p + 4. Let s be the largest integer such that
p+2+2k <n. Take 0 € A,.

If II(o) = K, then d(I"*?,A) = 0, which yields (34).

Suppose that II(0) < k.

Suppose first that o2 & {(1,2,...,2),(2,1,...,1)}. Without restriction, we can also suppose
that o(1) = 1: there exists j, 0 < j < p such that f, , = f1 o fg o fi. Thus d(I'**7,A) >
d(f1 o f] o f1(Q),A). From §2.1.2, we know that ¢ = ming<j<pi1 d((f1 0 f3 o f1(Q),A) > 0. We
have that d(I'°>?, A) > ¢. On the other hand d(I'°>?, A) < Diam(2). We have obtained (34).
We are left with considering the case when II(0) < s and opi0 € {(1,2,...,2),(2,1,...,1)}.
Without restriction, we can also suppose that o(1) = 1: there exists 7 € A,_poand 7’ € A,_p_1
such that T°% = f; o foPTHIT) = f; o foP(D°>7"). We have that

T

II(o)
c=12...212 ... 12 ij...... ,
~~ ~~

,T/

with i = o(p + 3 + 27(0)) and j = o(p + 4 + 27w(0)). The definition of II(c) implies that
(i,7) # (1,2). We have obviously that

A7, f1 0 fPTHH)) = aPT2d(T°7,H), and d(I7, f1o foP(H)) = aPTLd(D7  H).
(79)
Three observations will prove useful, see Figure 3 : a) by self similarity, the set f1(I"*°) lies on
one side of the straight lines fi o foP(H) and fi 0 fo?1(H), whose intersection is Z°°. b) It is also
easy to see that the line f; o fo?(H) makes an angle of 5 — (p —1)6 > 0 with A. ¢) Similarly, the
line f1 o foP™'(H) makes an angle of pf — Z > 0 with A. An elementary geometrical argument
combining points a), b) and c), leads to

d(T>, A)

v

sin (g —(p— 1)9) AT, f1 o fLPH(H))

i (80)
AT A) > sin (p@ — 5) d(T°7, f1 o faP(H)).

The geometrical argument for the first inequality in (80) is summarized in the right part of
Figure 3.
We make out two cases:

o If i = j then II(0) = max{m >0: V{1 </{ <m, 7(2( —1) # 7(2¢)}. From Lemma 2
and since II(0) < &, we have that d(I'°*7, H) > a?'@) . Thus

d(T%, f1 0 foP 1 (H)) 2 aPH2H200), (81)

Combining the first inequality in (80) and (81) yields that d(I'*, A) > q?1(@),
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p
f10fy (H) ' lies here

d=a(r>=7, 110 5T )

|
w3
S5

F3T ()

f10 F2THH)

Figure 3: Left: the lines f; o foP(H) and f1 o fo?™Y(H) (for & = =/5). Right:
d(T>7,A) > sin (5 —(p —1)0) d(I>>7, fi o foP*1(H)).

o If (i,j) = (2,1), then II(0) = max{m > 0: V{1 <{¢<m, 7/(20—-1) # 7/(20)}. From
Lemma 2 and since II(¢) < &, we have that d(I'°7 H) > 2@ Thus

d(I>, fro foP(H)) 2 aP 120, (82)
Combining the second inequality in (80) and (82) yields that d(I'>7, A) > a21(?),

In both cases, we have proved that d(I'°>7,A) = a?(?) . For the opposite inequality, recall
that £° = {&} where the point ¢ is defined by (12). There exists ( € I'*® such that { =

fio 2p+1 o FIH(U)(C). Let n € A,_p_9_or(e) be such that f, = f1o 2p+1 o FIH(U) o fn. We
have d(I'>*7, A) = d(I'™7,¢) = P22 qroen ¢) < o# 22O Diam(Q), which yields that
AT A) < a1, m

Proof of Lemma 4 We may suppose that n > p + 4. Let s be the largest integer such that
p+2+2k <n. Ifl(o) =1(7) = K, then d(I'>*>?,T"°>7) = 0 which yields (35).
Otherwise, min(Il(o),II(7)) < k: since I'** and I'>*" are separated by A, we have

d(FOO’U,FOO’T) > maX(d(FOO’U,A),d(FOO’T,A)) Z CL2 min(H(a),H(T))’ (83)

from Lemma 3.
On the other hand, defining k = p+2+2min(Il(c), II(7)), we see that for any £ < k, o(¢) = 7(¥).
Thus, I'*>% and I'*>" are symmetric with respect to A. Hence,

d(l“OO,Uk71“OO,Tk) — Q(Foo’ak7A) 5 a2min(H(a),H(7—))’

which implies
d(I°07, T27) < d(I7% T7) + 20" Diam(£2). (84)

From (83) and (84), we obtain (35). m
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Proof of Lemma 5
e If II(n) = 0, then we use (37).

e If II(n) > 0, then II(n) cannot be maximal: indeed, if II(n) was maximal, then n would
be of the form n = @ or n = W +1 or n = ¢ + 2, where o € A, and ¢ is defined
as in (14); hence, the angle of f, would be pf, (p — 1)8 or (p + 1)0, so it would not be an
integer multiple of of 27. Since II(n) is not maximal, the result stems from (41) and the
fact that A and f,(A) are parallel. m

Proof of Lemma 6 Take ¢ > 1. Since I'* is symmetric w.r.t. A, we can estimate u({z €
I, c1a® < d(x,A) < c1a?0~D}) instead of p(X;).

1 a .
Consider n, n > 2I + 3 + p where I =i + [zglggcz)], Let us first estimate u{z € T, c;a® +

a"Diam(I'™) < d(x,A) < ¢;a?0~D1,

Take 2 € T and assume that c¢;a? + a"Diam(I'®) < d(z,A) < 10?01, We know that
I'*® = Uyen, I'°7, so there exists o € A, such that x € T'°7.

We have d(I'**?,A) > cja?. The upper bounds in (41) imply that we must have II(c) < I,
which implies that II(o) is not maximal.

Then, the lower bound in (41) implies that II(o) > .

Hence,

1
p({z € T, ¢1a® + a"Diam(I'™) < d(z,A) < 16?7V} < p U reee

II(o)=1
I
< 27") #{o €Ay, T(o) =1}
=i
I
5 9" ZQn—% S 2—22’7
=i

which yields (46) by letting n tend to infinity (monotone convergence). m

Proof of Lemma 7 Let x be the maximal integer k such that v = n; for all £ < k. We must
have either k < min(n, m) or (k = min(n, m) and n # m) otherwise (m, j,v) = (n,i,n).

e Assume that x < min(n,m): this implies that there exist ¢ € Ay, V' € Ap—w, 7' € Ak
such that v = o + v/, n = o + 7 and /(1) # 7'(1), with the notation defined in (4):
[y () and f,,(I">°) lie on two different sides of A.

We may assume that f,/(I'*°) lies on the right side of A and that f,/(I'>) lies on the left
side of A.

— If f,,(I'*°) lies strictly on the right side of A, we get the desired result. This happens
in particular if II(¢') is not maximal.

— If f,,(I'®°) lies strictly on the left side of A, we get the desired result. This happens
in particular if II(n") is not maximal.

— Assume that f,,(IT*°) N A # 0 and f,y (T*°)NA # 0.
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« if TI(v') is positive then it is maximal, and f,/ is a similitude whose angle can
be —(p —1)0, —pf or —(p + 1)6. If the angle is —p# or —(p + 1)§, then f,/(X;)
does not intersect A (because f,/(X;) is on the left of f,/(A)), which yields the
desired result. If the angle is —(p — 1)f, then the similitude f,, has the same
angle and f,/(X;) does not intersect A (because f,/(X;) is on the left of f,/(A)),
which yields the desired result.

 Similarly, if II(n’) is positive then it is maximal, and f,/ is a similitude whose
angle can be (p—1)8, pf or (p+1)0. If the angle is (p —1)6, then f,/(X;) does not
intersect A which yields the desired result. If the angle is pf or (p+1)6, then the
similitude f,, has the same angle and f,/(X;) does not intersect A which yields
the desired result.

x We are left with the case where II(n') = 0 and TI(+') = 0: it can be shown that
there are only three pairs (¢/,n) such that the related similitudes have the same
angle, II(n") = 0, II(+') = 0, f,,(T>®°)NA # 0 and f,(T>®)NA #0: 1) o' = (1)
and v/ = (2,1,1) 2) ' = (1,2) and v = (2,1), 3) ' = (1,2,2) and v/ = (2). In
these three cases, the desired result follows easily.

o If x = min(n,m), for example K = n < m, then Y = f,(X;) and Z = f, o f/(Xj),
V' € A,y. We have to prove that X; N f,/(X;) = (). The angle of the similitude f,/ is 0
and 2i = 2j +m/’.

— If f,/(1) =2, then f,/(X;) lies on the right side of A and X strictly lies on the left
side of A, which yields the result.

— If f,(1) = 1, then d(f,(A),A) > c1a®™*) from Lemma 5. Therefore, from the
definition of X;, d(f,(A), X;) > c1a®™¥) — 10?2 > 0. m

Proof of Lemma 8 We can assume ¢ > 1.

e Suppose first that £ = 2¢, ¢ > 0, z € X;. Since we are interested in finding j < ¢ and
n € Ay_oj such that the set Z = f,(X;) contains =, we can suppose that n(1) = 1. If II(n) is
not maximal, then X;NZ = (): indeed, from (41), Z C £,(T>) and d(f,(T"*°), A) > c;a?.
Therefore d(Z, X;) > d(f,,(T>®), A) —c1a®071) > ¢;(a®) — ¢20=1)) But 2I1(n) < 2(i — 1),
sod(Z,X;)>0and x ¢ Z.

We now focus on the Z = f,(X;) € Z, such that n(1) = 1 and II(n) is maximal. Since
there are a finite number, namely 2°P*2, of n such that II(n) = 0 and II(n) is maximal, we
can suppose that II(n) > 0. We make out two cases:

— If p is even, then n € Ay 9 911(), and the angle of the similitude f, is pf. Since the
sets Z € Zy pg are pairwise disjoint, only one of them can contain z.

— If p is odd, then n € Ay i3 om(y). Since n+1 € Ayyyion(y), H(n + 1) = II(n) is not
maximal. The facts that Z = f,(X;) C f,;+1(0°) and d(f,+1(T°),A) > ;a1 >
c1620=Y) imply that X;NZ =0, s0 x ¢ Z.

e Suppose z €Y = f,(X;), Y € Z,, withve A, ,ny >0and x € Z, Z € Zy, with nz <
ny. On the one hand, the number of the sets f,4,/(X;) € Z; containing x coincides with
the number of the sets f,/(X;) containing f,'(z) € X;; this number has been estimated
above. On the other hand, if a set Z = f,(X;) € 2, with nz > ny, is such that n # v+/,
then calling x the maximal integer such that vy = ny for all k < k, we know that kK < ny
and that f,(X;) and f,(X;) lie on different sides of f,, (A), so their intersection is empty:
Z does not contain x. m
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B Proofs of the geometrical lemmas in the case pf = 7/2

Proof of Lemma 11 It is enough to consider n > p + 4.

o Ifopio ¢ {(1,2,...,2),(2,1,...,1)}, then there exists a constant ¢ independent of o such
that d(I'>?,A) > ¢. Since d(I'>*?,A) < Diam(2), we obtain the desired result in this
case.

o If opio € {(1,2,...,2),(2,1,...,1)}, for example opto = (1,2,...,2), then I'7 = f; o
QPHFOO’T, for some 7 € A,,_p_2. Since we also have A = fj o 2p+1(H),
A7, A) = d(fro f3THIT), fro [T (H)) = P27, 1), (85)
We also have that II(c) = max{k;Vj < k,7(2j — 1) # 7(2j)}. Thus from Lemma 2,
d(T°7), H) + a” P2 ~ ¢?(®) | Combining this and (85) yields the desired result. m

Proof of Lemma 12 From the definition of k, it is clear that II(¢0) > k and that II(7) > k.
Let k be the largest integer such that p 4+ 2 + 2k < n. With the notation defined in (15), let
n € Ay, be such that opio49r = 77(1) and Tpyoyor = 17(2).

e If k = k, then roon s the symmetric of roen® wort. A, and d(FOO’"(l),FOO’"(z)) = 0.
This implies (69).

o If k < K, then d(I°®7, T°7) < g™ 1oon®) 4 oDjam(I°"") ~ a2* because
d(I‘OO’"(l) , I‘OO’"(Q)) = 0. For the opposite inequality, since k > k, we can define 0’ = 044495
and 7' = Tpa42k-

— If min(Il(0),II(7)) = k then
d(FOO’U,FOO’T) Z d(roo,o'”roo,r’) 2 max (d(roo,g”A)’d(Foo,r”A)) ~ a?k‘

— Otherwise, min(II(o),II(7)) > k. This implies that
op+3+2k)=7(p+3+2k)£o(p+4+2k)=1(p+4+2k).

Without restriction, we may assume that o(p +3+2k) = 7(p + 3+ 2k) = 1 and that
o(p+4+2k)=71(p+4+2k) =2, thus o’ =712 and 7/ = n?12.

For what follows we define § = d(I'*°N'H,T2*°NH) > 0 and & as the convex subset
of R? located under the straight lines H, f1(H) and fo(H). It is clear that Q C £.
Therefore, Q, C for(€) and Q. C fr/(E), see Figure 4.

Elementary geometrical arguments lead to

d(fcr’(g)’ fT’(g)) = ﬁsinG,
where 8 = d(f,(T'*°)NA, f-(T>°) N A), see Figure 4. But

d(for (P%°) NA, fr(T) N A) = d(fo0 (FL(T)) N A, fre (FL(T™)) N A)
= d(fy0 (F1(T™)) OA, fo) (F2(I%)) N A).

By self-similarity, 8 = aPT2t2k§.  Therefore d(I'°%7,1°%7) > ([0 T >
d(fo(E), fr(£)) Z a®.

31



for ()

@ rn®

frr(€)

Figure 4: 6 = m/4: the case when o/ = 1M 12 and when 7/ = 5?12

Proof of Lemma 13 The argument is the same as the one used for Lemma 6. The only
difference is that #{oc € A, II(o) = ¢} < 2", instead of 2% in the former case. Hence,
with I defined as in the proof of Lemma 6,

i+1
p({z € T, ¢1a® + a"Diam(I'™®) < d(z,A) < ¢1a®V}) < U reee
II(o)=1
i+1
27" #{o € Ay, TI(0) =}
=i

IN

i+T
5 9—n 22117[ 5 271"
=i

and (70) is obtained by Fatou lemma. m
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