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DYNAMICAL PROPERTIES OF THE NEGATIVE BETA
TRANSFORMATION

LINGMIN LIAO AND WOLFGANG STEINER

ABSTRACT. We analyse basic dynamical properties of the negative beta transformation,
which has been studied recently by Ito and Sadahiro. Contrary to the classical beta
transformation, the density of the absolutely continuous invariant measure of the negative
beta transformation may be zero on certain intervals. By investigating this property
in detail, we prove that for any 8 > 1 the (—p)-transformation is exact, confirming a
conjecture of Géra, and intrinsic, which completes a study of Faller. We also show that
the limit behaviour of the (—f3)-expansion of 1 when S tends to 1 is related to the Thue-
Morse sequence.

A consequence of the exactness is that every (—f)-number, which is a 8 > 1 such that
the (—f)-expansion of 1 is eventually periodic, is a Perron number. This generalises a well-
known property of Parry numbers (which were called S-numbers by Parry). Nevertheless,
the properties Parry number and (—/)-number are not equivalent.

1. INTRODUCTION

For a real number § > 1, the g-transformation is defined by
T5:100,1) = [0,1), =z~ pz—|Bz].

Rényi [Rénb7] was the first to use it for representing real numbers in base [, generalising
expansions in integer bases. The (greedy) S-expansion of z € [0,1) is

T, T2(x
Lo lBn) BT | BT
B s B
In the present paper, we study the (—f)-transformation (negative beta transformation)
T g:(0,1] = (0,1, =z~ —Bz+ [fz]+1.

Note that T_g(x) = —fx — | —fx] except for finitely many points, hence 7_5 is a natural
modification of the f-transformation, avoiding the discontinuity of x — —px —|—fz] at 0.
For z € (0,1], set d_g(x) = d_pg1(x) d_g2(x) - -- with

dgi(z) = |Bx|+1, d_pgu(z)= d_g,l(ngl(x)) form>1,

then the (—f)-expansion of x is

_n- dep(®) doga(z)  dgo(x) | dopa(r)  doga(x)
P D me LI ot

Examples of a -transformation and a (—f)-transformation are depicted in Figure [l
1
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FIGURE 1. p-transformation (left) and (—f3)-transformation (right), 5 = 1+2\/g‘

The map T_z has been studied recently by Géra [Go6r07] and Faller [Fal08]. Ito and
Sadahiro [IS09] considered a (—f)-transformation on the interval [6__451’ ﬁ), defined by
x— —fr — L—ﬁx—l—%f

We remark that their transformation is conjugate to our 7_g through the conjugacy func-

tion ¢(x) = ﬁ — x. So, all the results in [IS09] can be translated into our case directly,
in particular their (—f)-expansion of ¢(x) € [B_—fl’ ﬁ) is
> d_g k(l’) -1
ola) =)~
2. (=p)

Both p-transformation and (—f)-transformation are examples of piecewise monotonic
transformations. The dynamical properties of general piecewise monotonic transformations
have been investigated in the literature [Kel78| [Wag79, [Hof79, Hof81al, [Hof81b]. However,
for the specific case of the (—f)-transformation, the detailed dynamical properties are un-
known. As pointed out in [IS09], for any 5 > 1, T3 admits a unique absolutely continuous
invariant measure (hence ergodic), with the density

1
h_g(x) = ~.
g 2 o, (55

n>1, T4 (1

Contrary to the classical S-transformation, Ito and Sadahiro [IS09] gave an example such
that the density h_g is zero on some intervals.

In the present paper, we fully study this phenomenon. An interval on which the density
equals zero will be called a gap. From a result of Keller [Kel78|, one can deduce that, for
fixed 8 > 1, the number of gaps is finite. In Theorem 2.1l we describe the set of the gaps
and show that, as 8 decreases, the number of gaps forms an increasing sequence

0<1<2<5<10<---< |23 <---.

Figures P2l and [3] show examples with 2 gaps and 5 gaps respectively. The endpoints of the
gaps are determined by the orbit of 1, which is described by the sequence d_g(1).
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We also show (Theorem [2.0]) that

).3i:rn1 d_p(1) =211222112112112221122- - -,
%

which is the fixed point of the following morphism:
12, 20211,

Here, ¢ is a morphism on finite words on the alphabet {1,2}, which is naturally extended
to the set of infinite words {1,2}" as in [Lot97], and limg_,; d_s(1) = u means that longer
and longer prefixes of d_g(1) agree with prefixes of u when § — 1. We remark that
this sequence has been studied e.g. in [AAB795, [Dub06l, [Dub07], and is known to be the
smallest aperiodic sequence in {1,2} with the property that all its proper suffixes are
smaller than itself with respect to the alternate order. Moreover, by adding a 1 at the
beginning, we obtain the sequence of run lengths in the Thue-Morse sequence. It is shown
in [IS09] that every sequence d_g(1), 8 > 1, has the property that all its proper suffixes
are smaller than itself with respect to the alternate order.

A dynamical system (X, T) is said to be locally eventually onto or topologically exact
if, for any non-empty open subset U C X, there exists a positive integer n such that
f*(U) = X. The main theorem of this paper (Theorem [2.2)) asserts that 7'z is locally
eventually onto on (0, 1] \ G(8), where G(f3) is the (finite) union of the gaps.

The notion of topological exactness is derived from the exactness in ergodic theory
introduced by Rohlin [Roh61]. A measure-preserving transformation 7" on a probability
space (X, B, u) is exact if and only if, for any positive measure subset A with T"(A) €
B (n > 0), one has lim,_,o, u(7T™(A)) = 1 (see [PY9S], p. 125). As a corollary of our main
theorem, we confirm Géra’s conjecture [G6r07] that all (—f)-transformations are exact
wihth respect to the unique absolutely continuous invariant measure.

An invariant measure of a dynamical system is called a maximal entropy measure if it
maximises entropy. If there is a unique maximal entropy measure, the dynamical system
is called intrinsic. As another application of our main theorem, we give a complete answer
about the uniqueness of maximal entropy measures discussed in the thesis of Faller [Fal08].
We prove that all (—f)-transformations are intrinsic (Corollary 2.4)).

Finally, we use the main result to show that every (—/f)-number, that is a number
3 > 1 with the property that the 7" z-orbit of 1 is eventually periodic, is a Perron number.
Numbers f > 1 with the corresponding property for T are called S-numbers [Par60]
or Parry numbers, and are known to be Perron numbers as well. In Section [6] we give
examples showing that the set of S-numbers and the set of (—f)-numbers do not include
each other.

The paper is organised as follows. In Section 2] we state the main results. In Section [3]
we establish properties of the sequences d_z(1), which allow describing the structure of the
gaps in Section [ In Section [, we show that 7"z is locally eventually onto on (0, 1]\ G(3).
The proofs of the main results are completed in Section [Gl
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2. MAIN RESULTS
For each n > 1, let v, be the (unique) positive real number defined by
Yt = +1, with g, = [2"71/3],
and set 79 = co. Then
2>y >y >3 > o> 1.

Note that v, is the golden ratio and that 5 is the smallest Pisot number.
For each n > 0 and 1 < 8 < 7, set

gn(ﬁ):{GmJg(ﬁ)|0§m<n,0§k‘<W}’

with open intervals

(TEerl_i_k(l)’ T£2m+2—(_1)m)/3+k?(1)) if £ is even,
Gm,k(ﬁ) = { ) :

(1@ R TR L) s odd,
in particular Gy(3) is the empty set.

Theorem 2.1. For any Yp+1 < B < vn, n > 0, the set of gaps of the transformation T_g
is Gn(B), which consists of g, = |2"1/3] disjoint non-empty intervals.

We define therefore

G = |J I it <B<ymn>0.
I€Gn(B)

Theorem 2.2. For any > 1, T_z is locally eventually onto on (0,1]\ G(B),
THG(8) CG(B) and  Jim ATH(G(B)) =0.

Gora [Gér07] proved that, for 8 > 79, the transformation 7-4 is exact, and he conjectured
that this would hold for all 5 > 1. We confirm his conjecture.

Corollary 2.3. For any 8 > 1, the transformation T_g is exact with respect to its unique
absolutely continuous invariant measure.

Proof. The unicity of the absolutely continuous invariant measure follows from |[LY78], as
already noted in [[S09]. Now, the exactness is a direct consequence of Theorem O

Faller [Fal08] proved that, for 8 > v/2, T _ s admits a unique maximal entropy measure
and left the case f < /2. We give a complete answer.

Corollary 2.4. For any 8 > 1, the transformation T_g has a unique mazimal entropy
measure, hence is intrinsic.

Proof. By Theorem [2.2] the transformation 7"z is locally eventually onto on (0,1]\ G(5).
A result of Walters [Wal78, Theorem 16, p. 140] completes the proof. O
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The key to understanding the (—/f)-transformation is to know the (—f)-expansion of 1.
Here, the main tool will be the morphism ¢ : 1+ 2, 2 +— 211. The expansion of 1 under
T_.,, can be described by this morphism, and the expansion of 1 under 7"z tends to the
fixed point of the morphism when f tends to 1 (from above).

Theorem 2.5. For everyn > 1, we have
d_,, (1) =" (21),
where T =111---. If 1 < 8 <, then d_g(1) starts with ©"(2), hence
lim d_p(1) = lim ©"(21) = 211222112112112221122 - - - .
Masakova and Pelantova [MP] showed that the (—f)-numbers are algebraic integers with

all conjugates having modulus less than 2, thus all (—f3)-numbers with § > 2 are Perron
numbers. Again, we give a complete answer.

Theorem 2.6. Every (—f)-number is a Perron number.

At the end of this section, we recall some identities. Note that

e e e 1)
o)l =l = 2T g 20D 22)
ran) = 2-pr() = 22 IO

where |w| denotes the length of the word |w|. In particular, |¢"(1)| and |¢™(2)| are odd,
l"(21)| = 2", g,, is odd if and only if n is odd, and we can write

Gn(B) = {Gmi(B) [0 <m <, 0 <k < |p"(1)]},
(Tl_%m@l)Hk(l), Tl_%m(z)‘%(l)) if k is even,

Gm,k(ﬁ) = m m
(TP ), 79I 1)) it ks odd.

3. POLYNOMIALS AND EXPANSIONS
To study the trajectories of 1 under 7" 3, we define the maps
foa: R=>R, 22— —Px+a, ac{l,2}.
The composition of maps faa,,- - -, fs.a,, is denoted by
foa1ar = faa, 00 fBar -

Since

fﬁﬂl“'ak(l) = (_6)k + Z ak(_ﬁ)k_j )
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we define the polynomial

k
Popa, = (—X)F + ) " ar(—X)"7 € Z[X]

j=1
for every word a; - --ax € {1,2}*, k > 1. Then f54,..a, (1) = Pay..a,, (B), in particular

Tfﬁ(l) = fﬁd—ﬁ,l(l)"'dfﬁ,k(l)(1) = Pdfﬁ,l(l)"'dfﬁ,k(l)(ﬁ) .
For the proof of Theorem 2.5, we use the following polynomial identities.
Lemma 3.1. For1 < j < k, we have

Poyoay = (=X)¥ 7 (Pyya, — 1) + P

10 -
Proof. We can deduce the identity directly from the definition. O

Lemma 3.2. For every n > 0, we have

14(-)" 1-(-)” 14 (-)” 1-(-)”
2 2

X 2 ngn(g)—FX 2 Pspn(ll):X-i-l:X + X

Proof. The second equation holds for even and odd n, thus for all n € Z. Since X Po+ Py; =
X (=X +2)+ X? — X + 1, the first equation holds for n = 0. For every n > 0, we have

1+(—pntt 1—(-nnt! 1-(=D" 1+(—1)"

P¢7L+1(2) + X 2 P¢7L+1(11) =X 2 ng”(211) + X 2 Pspn(22).

X

Then, using that |p™(11)] is even, |¢"(2)| is odd and Lemma Bl we obtain

1— (=" 14+ (=" 1—(=p"

1— (=" n
X7 Paoiy+ X 2 Papy=X =z FUN(Poug 1)+ X2 Paqy
— X T O (P — 1) + X T Py

1+(=)" 1-(=n"

=X P@n@) + X 2 Pgo"(ll) .

Therefore, the lemma follows inductively. O

The following lemma is a consequence of Lemma

Lemma 3.3. For every n > 0, the words ¢"(2) and ©"(11) agree on the first g,.1 — 1
letters and differ on the g,.1-st letter.

Proof. The polynomials X Pyn(9) and X5 P, n(11) have degree g,41 + 1 by (22)
and (2.3)). Therefore, the coefficient of X9»+1+1=J in their sum is given by the difference of
the j-th letter in ¢"(2) and ¢"(11), for 1 < j < min(|¢™(2)], |¢"(11)|) = gnt1. Since the
sum of these polynomials is equal to X + 1, by Lemma [B.2] the first g,,; — 1 letters in
©"(2) and ¢™(11) are equal, and the g,1-st letters differ. O
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Lemma 3.4. For every n > 0, we have

n—1
1= Py = X5 [ (X701 - 1), (3.1)
m=0
n—1
P@n(m) —_ 1= <X9n+1+1 _ Xgn—i-l . X1+(;1) ) H (X‘pm(lﬂ . 1) ’ (32)
m=0
n—1
Ppnory — Ponggy = (X0 — x — 1) || (xl#"®I—1), (3.3)
m=0
Pyn(zy — Pty = (X0t — X — 1) T (X" —1). (3.4)

3
=}

Proof. Since 1 — P, = X, (3.1)) holds for n = 0. By Lemmas 3.2l and [3.1], we obtain
L — Ppniigy = 1= Ppngy)
= X"V (Ponqayy — 1)
_ X—(—l)”( _ X\so"(l)l(pw(l) — 1)+ Ppoay — 1)
= XU (X0l 1) (1 = Pagyy)

for every n > 0, hence (B.]) holds inductively for all n > 0.
Applying first Lemma B} then equation (B.1]) for n and n + 1, we obtain

Pspn(gl) —1= —Xlwn(l)l (Pson(g) — 1) —+ P¢7l(1) —1

:<mem1gmﬂxwmuq)_Xﬁ%ﬁ>TI@wwn_1y

m=0

By (1) and (23), we have |¢"(1)] + =52 = g, + 1 and 2- | (1) + =52 = g0 + 1,
which gives (3.2)).

Combining ([B1]) for n + 1 and ([B.2)), we obtain (3.3).

Finally, [8.4) follows from (31l for n + 1 and n + 2. O

With the help of Lemma B.4] we will show the following proposition, where 7, > 1,
n > 1, is defined by

1-(=n"

1 _1+1
gn+ — ngn 1+ + ,r]n 2

Mn
It can be easily verified that

2= >SS > Y>> > 1.

Proposition 3.5. Let § > 1 and n > 1. Then d_g(1) starts with ¢"(2) if and only if
B <2 in casen =1, 8 <n, in case n is even, B < n, in case n > 3 is odd.

For the proof of the proposition, we use the following lemmas. For the sake of readability,
we often omit the dependence on 3 in T_g, d_sz and fz, in the following.
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Lemma 3.6. Let z € (0,1] and 1 < 8 < 2. Then
o di(x) =2 if and only if fo(x) <1

e di(x) =1 if and only if f(z) >0
o di(x)dy(x) =11 if and only if 0 < fi1(x) < 1.

Proof. We have dy(z) = a if and only if f,(z) € (0, 1]. The inequalities fo(z) > —f+2 >0
and f1(x) < 1 prove the first two points. Noting that fi(x) < 1 is equivalent to z > 0, the
third point follows from the second point. OJ

Lemma 3.7. Let § > 1. If d(1) starts with ay - - - a, and d(fa,...a, (1)) starts with by ---b;,
then d(1) starts with ay - --agby - - - b;.

Proof. If dy(1)---dig(1) = ay -+ - ag, then T*(1) = f,,..4, (1), and the lemma follows from
dis1 (1) -+ drj (1) = dy (T*(1)) - - dj(TH(1)). O

Lemma 3.8. Letx € (0,1], n > 1, such that d(x) starts with the first g,—1 letters of p™(1).
Then d(x) starts with ©™(1) if and only if fonqy(z) < 1 in casen is odd, 0 < fonqy(z) <1
in case n s even.

Proof. Let x € (0,1], n > 1, such that d(x) starts with the first g, — 1 letters of @”(1)

If n is odd, then g, = |¢"(1)|, and ¢"(1) ends with 2, thus fo T*"WI=1(1) = fuq)(1).
By Lemma 3.6, we have dj,n(1) (1) = di(T1¥"MI171(1)) = 2 if and only if fo T1¢" M= 1( )< 1.
If n is even, then g, = |¢"(1)|—1, and ¢"(1) ends with 11, thus fi; T¥"WI72(1) = fnq(1).
By Lemma B8 dj,n(1)-1(1) djn(1) (1) = 11 is equivalent to 0 < fy; 7" MI1=2(1) < 1 O
Lemma 3.9. Let 3> 1 and n > 1. If d(1) starts with ©"(2), then T9"~1 is continuous on
[T1¢"I(1), 1], and 1/B is in the interior of To—*([T1*"WI(1), 1]).

Proof. Let 3 > 1and n > 1such that d(1) starts with ©"(2) = ©"~1(211), then d(T!¥"MI(1))
starts with ©"~1(11). By Lemma[3.3] the words ©"1(2) and ©"~1(11) share the first g, —1
letters and differ on the g,,-th letter. This proves that 79" ! is continuous on [T1#"(I(1), 1],
and that 1/ is in the interior or the right endpoint of 79~ ([T1*"MWI(1), 1]). If T9~1(1) =
1/ with odd n, then T1¥"WI(1) = 1. If TI¥"Wl+on=1(1) = T921-1(1) = 1/8 with even n,
then T1¥"(@I(1) = 1. Both situations are impossible since fwn(l (1) <1lforall g >1,n>0,
by B). Therefore, 1/4 is in the interior of 79~ ([T1*"I(1), 1]). O

Lemma 3.10. For any 1 < 3 <n,, n > 1, we have fyn-11)(1) < forz)(1) < 1.

Proof. By B.1]), we have fn1y(1) <1 forall 3>1,n>0.

For all 1 < 8 < n,, n > 1, we have fon-191)(1) < 1 by [B.2). Since fun-1¢) is order
reversing, we get that fun2)(1) = for-1211)(1) = for11)(1). O
Proof of Proposition (33 Let > 1. Lemma 3.6l states that, if d;(1) = 2, then d(1) starts
with ¢(2) if and only if 0 < fy2)(1) < 1. By (1)), we have 1 — f,2)(1) = B(8 — 1)* > 0,
and 1 — f (1) < 1if and only if B —1 < B2 ie., B < ~42. Since di(1) = 2 for all
[ <72 <2, the case n = 1 of the proposition is proved.
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Suppose now that d(1) starts with ©"*1(2) = ©"(211) for some n > 1. Then we must
have fn(21)(1) < 1, which is equivalent to 8 < 7,41 by (8.2). Suppose moreover that
the proposition is already shown for n. Since 7,41 < min(n,,~3), this implies that d(1)
starts with ¢"(2). Furthermore, 7,41 < 7, and (3.4) yield that fun2)(1) > funa)(1). By
Lemma 3.9, the first g, —1 letters of d(x) are equal to those of d(1) for all z € [ fnq(1), 1].
Therefore, Lemma [3.8 implies that d(1) starts with ¢"(21) if and only if fon21)(1) < 1in
case n is odd, 0 < fun(21)(1) < 1 in case n is even. For even n, we must therefore have
B < Npy1. Note that funei(1) > 0 is guaranteed by fann)(1) > fona)(1) = TI#"WI(1),
which follows from fin(2)(1) < 1 and the order reversing property of fon(1y. By Lemma 310,
we have fona)(1) < foniny(1) < 1, thus fonen(1) € [fona)(1), 1], which implies that
d(fer(21y(1)) starts with ¢"(1). Putting everything together, we obtain that d(1) starts
with ¢"(211) = ©"1(2) if and only if 8 < 7,41 with even n, or 8 < 9, with odd n. O

Now, we can prove Theorem 2.5l

Proof of Theorem [2.3. By Proposition B8 d_g(1) starts with ¢™(2) for any 1 < 5 < 7,
n > 1. By B3), we have f,, pn1(01)(1) = fy on-12)(1), thus T V(1) = 717" @) (1),
n—1 . . n—1
ie., T‘“D @1(1) is a fixed point of T‘_“D% Ml Hence, by Lemma B7, d_., (1) = ¢"~(27).
Slnce hmn_,OO Yn = 1, we obtain that d_g(1) starts with ¢"(2) for larger and larger n
when 8 — 1, thus limg_,; d_g(1) = lim,, 0 ¢™(21). O

4. STRUCTURE OF THE GAPS

We will show that the support of the invariant measure is

F(B) = (0,1]\ G(3).
For B >1,n >0, let
Fu(B) = {Fur(B) |0 < k < gn}
with
AT 1), TF;(1)] if k is even, k < gy,

(7%
F,
k(B) = { [Tk T\SD )|+k(1)} if £ is odd, k < g,
(o,

Di-1( e
T‘“D WI= (1)] if n is even,

Frg.(B) =
9.(0) = { (0, T‘_%DB @)= Y1) if nis odd.

(We will consider these sets only in the case when the left number is smaller than the right
number.) Figures 2 and B show examples of the decomposition of (0, 1] into these sets.
As in Section [B] we often omit the dependence on 3 in the following.

Lemma 4.1. Letn>2 and 1 < < n, if n is even, 1 < B <n, if n is odd; or let n =1,
1< B <~3. Then

(i) Fop=T(F,0) for all0 <k < g,,

(ii) 1/B s in the interior of F, 4. 1,
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to

t3

ty

t1

to

0
0 to t1 ty t3 to
F5 o Gipo Fy1 Gog Fap
F1,1 FLO

FIGURE 2. The (—f)-transformation for 5 = 5/4, with set of gaps G 0UG2
and support of the invariant measure Fyo U Fh1 U Fy . Here, t), = Tfﬁ(l).

(111) Tg”(FmQ) = Fmgn U Fn,O; T(angn) = Fn+1,0 \ {1}, an 18 Odd,
(iv) T9"(Fnp0) = Frg, U Fat10, T(Fryg,) = Fno \ {1}, if n is even.

Proof. Let  and n have the properties of the statement of the lemma. Then Proposition 3.5
and Lemma B9 give () and (). If n is odd, then F, g, _; = [T9+7(1), 79"~ !(1)], thus

T(Frg,—1) = (0, T+ ()] U[T9(1), 1] = (0, T¥" @Y )] U [T OI(1), 1] = Fpy, UF.
Since d(1) starts with ¢™(2) and ¢"(2) ends with 1, we have

T(Fog,) = T((0, T @ D)) = [T¥01(1), 1) = Fuio \ {1},
ie., holds. If n is even, then F, ;= [T9"71(1), T9+~!(1)] and
T(Fpg,—1) = (0,7 (1)JU[T9+ (1), 1] = (0, 7" D=1 ()]U[T"PN(1),1] = F,g,UFt10-
Now, ¢™(1) ends with 1, which gives T'(F, 4,) = Fno \ {1}, i.e., holds. O
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tq

to

0  tiot7 to t1 ety ty t3 tsts to
F35G30 F39 G1,0 F351 Gs1 Fzg Ga,0 F33 GzoF3)
Fs9 Fyq Fs

) ) )

F1GURE 3. The (—p)-transformation for § = 9/8 with gaps G, x, support
of the invariant measure Fzo U ---U F35, and ¢, = Tfﬁ(l). Ratios between
G1,0, G2 and the rest of the picture are not respected. In reality, G is
almost 10 times the size of Go, and G is almost 5 times the size of I .

Proposition 4.2. Let 1 < 8 < ~,, n > 0. Then the elements of F, and G, are intervals
of positive length which form a partition of (0,1]. If n > 1, then
(i) Fn—l,k = Fn7|¢n—1(1)‘+k U Gn—l,k U Fn,k fO’f’ all 0 S k< |g0n_1(1)|,
(ii) G =T*(Gpnp) for all0 <m <n, 0 <k < |™(1)],
(111) lem(l)‘(Gmp) = Gm70 U Fmp \ Fm+170 D) Gmp fO’f’ all 0 S m <n.
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Proof. We have Fy = {Foo} = {(0,1]} and Gy = 0, thus the elements of F, and G, form
the trivial partition of (0,1]. Let now 1 < 8 < =,, n > 1, and assume that F,,_1 UG,
forms a partition of (0,1]. Lemma [3.4] and the order reversing property of fn-1¢) give

fwn—l(l)(]_) < f¢n—1(21)(1) < fcpnfl(g)(l) < f@n(g)(l) <1.

For n = 1, we have f5;(1) > 0. Therefore, F;,_;¢ splits into F}, |,n-1(1y), Gp-1,0 and F}, o,
which are intervals of positive length. This shows (i) in case n = 1. By Proposition [3.5 and
Lemma 3.9, T9-1~! is continuous on F,_;, thus every F, 14, 0 < k < g,,_1, also splits
into F, jon—1(1)|+k, Gn-1,x and Fy, ;. If n is even, then this proves ({l) since g,—; = | H(1)].
In this case, we have F,,_1,, , = F,,,, thus F, UG, is a refinement of the partition
Fno1UG,_1. If nis odd, then we use that Tle" '@l is continuous on Gr_10U F,_1 since
both d(T1#" "' VI(1)) and d(1) start with " '(1). In this case, Fr_1, , = Fyjpn-10)/-1
splits into F, g, , Gp_1,on-1(1))—1 and F,, |gn-1(1)|—1, thus (i) holds for odd n too, and F, UG,
is again a refinement of the partition F,_; UG, _1.

For all 0 < m < n, the continuity of T1¥" Ml on G,,, o gives (). Moreover, T1¥"WI(G,, o) =
(TW”(zl)‘(l), T|¢m+1(2)|(1)) and F, 410 C Fino imply (Li). O

Corollary 4.3. Let1 < 3 <,, n>0. Then

T—ﬁ(Ulefn(ﬁ) I) = Urer, I and T—_Bl(UIEQn(ﬁ) I) C Urega) -
If a1 < B <, then F(B) = Ujer, 5 (and G(B) = Ujcg, 5 by definition).

Proposition 4.4. Let 8 > 1 and p be an invariant measure of T_g which is absolutely
continuous with respect to the Lebesque measure. Then u(G(B)) = 0.

Proof. If > 1, then u(G(B)) = u(0) = 0. We will show, by induction on n, that
(Gri) =0 foralln>0, 0 <k <|p"(1)], 1 < < Ynt1- (4.1)

Since G(f) = U"m_zlo Lﬂg(l”_l G for 10 < B < 441, this proves the proposition.
For 1 < <, we have Gop = (T%(1), T(1)) = (/1 T(1), T(1)) and

T~ (Goo) = fi "(Gop) = (fi'T(1), T(1)) C Gop-
Since (T~ (Gop)) = 1(Gop), we obtain p((f1T(1), fi' T(1)]) = 0. Iteratively, we get

p((TQ), [ TO]) =0, w([2TQ), 77 TA))) =0

for all k& > 0. This gives p((T%(1), ﬁ)) = 0 and ,u((ﬁ, T(1))) = 0, since f; ' is
1

contracting with fixed point 51

hence (1)) holds for n = 0.
Now consider 1 < < 7,41, n > 1, and assume that ([€T]) holds for n — 1. By Proposi-
tion 2] ({)- (i), we have

Gk if 1 <k<|e™1)],0<m<n,

T(Grp 1) = { (4.2)

Gmp U Fm+17|¢m(1)‘ U Gm+170 if k= |(pm(1)|, 0<m<n.

Then, the absolute continuity of p implies p(Gop) = 0,
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Since T~ (Ujeg, 1) € Ujeg, I by Corollary B3], we obtain
T7(Gno) € Gujpr1 U Guorjprryr - and - T ONG, 1) = Gro .

Thus, up to a set of p-measure zero, T~#"WI(G, ) = £, (Gno) C Gryo. We have

f;nl(l)(Gn,o) _ ;}(1)((fgo"(1) T\wn(z)l(l)’ T\@n(z)l(l))) — (f n(l)T“” 2 )l(l)’ T\ap"(2)|<1)) )
As in the case n = 0, using the T-invariance of p, we obtain that
p((fR TP @), 2T T ON)]) = 0= p([f207 TP, £223, T 2N(1))

for all k& > 0. Thus p((7""®VI(1), y)) = 0 and p((y, T*"@I(1))) = 0, where y denotes
the fixed point of fun(1), L.e., (Gro) = 0. Since p(Gni) = u(T7(Gpi)) = u(Gnyp) for
1<k <|¢™(1)], (@I) holds for n. O

Proposition 4.5. Let § > 1, then limg_,o )\(T__B'“(G(B))) =0.

Proof. If 8 > 7, then G(f) = () and the statement holds. For 1 < 8 < 7,41, n > 0, the
preimage T%(G,.0) can be written as a disjoint union

T_k(Gn,O) = U a_llak (GmO)

ay--akELk

with Ly, C {1,2}*. Then we have u(T%(Gno0)) = #(Li) B7*u(G,0). By @E2) and Corol-
lary 23], Lj, consists of the length & suffixes of all concatenations 1% (p(1))™ - - - (¢™(1))™,
10,01, - - -, ip > 0. Therefore, the number of elements in L; is bounded by (Z), which grows
only polynomially (in k). This yields that limy o (T %(Gpp)) = 0. By T7(G,. ;) = G,
1 <j < |¢™(1)], the same holds for G,, j, thus limy oo u(T7*(I)) =0 forall I € G,,;. O

5. LOCALLY EVENTUALLY ONTO

Lemma 5.1. Let 1 < 5 < 7, I be an interval of positive length in F(), and n > 1 such
that n,11 < B < np with oddn > 1, or Ny < B < n, with even n > 2. Then there exists
an m >0 such that T™(I) 2 F,0(8) \ {1}

Proof. We use ideas of Gdra’s proof of Proposition 8 in [G6r07]. We distinguish four cases.

Case 1: odd n > 1, n,41 < B < 7». In this case, we have 29 = pIn+1 > g9 4 =1 >
B+ B~' > 2. Therefore, the largest connected components of images of I grow until
they cover two consecutive discontinuities of 72" in the interior of F(/3). Since the only
discontinuity of T is 1/8 € F,,,—1, the images eventually also cover two consecutive
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discontinuities of 7%" in the interior of F), ,,_1 = [T1¥"@I1=2(1), TI*"WI=1(1)]. We have
T2 ([1/B, frny(D)]) = T ([1/8, T D1 D)])
T2gn(|:f11<p (1 1/ﬁ)) — T9n—1 ( [l/ﬁ, T‘Wl(l)‘_l(l))) :
ngn((fioln(l)( T\son(l |- 1 D — Tgn([Tleon@ |- 2( ), 1/5))
o (7 ) =2 ([T 1), 175)).
Using Lemma B9, we obtain that 729 is continuous on these four intervals. Note that
Tl @1=2(1) < fl_lzp”(l)(l) since fiipn() 719" @172(1) = fun()(1) > 1. The discontinuities
of 7?9 in the interior of F, ,, _; are therefore 1/, fz_@ln(l)(l) and fl_lzo”(l)(l)‘ With
T ([1/B, fopmy(D]) = Fuo  and T4 ([1/8, T WD) = Foo\ {1},
we obtain that 7 (1) D F, o\ {1} for some m > 0.

Case 2: odd n > 1, yu41 < f < npyr. Since f9F > B4+ 1 > 2, we look at T2+
on Fj, 4, 1. Note that T2g”([1/5,f2;1n(1)(1)}) = F,,-1, thus there is a discontinuity of

T?*1 in the interior of [1/8, f; ) (1)]. Contrary to Case 1, 7" has no discontinuity
in £, 4,—1 on the left of 1/3. More precisely,

T2 ([1/8, fopnny (1)) = T([T¥"P12(1),1/))
T2 ([fouy (D ey (D]) = T([1/8, T O 1)),
T2 (fyrhy (1), T O (1)]) = Tot ([T19°012(1), 1/ 6))
T2 ([T @12(1),1/8)) = 79 ([T VI (1), 71" DI (1))

Here, fon(1)(1) < 1 implies that T1*"CDI=1(1) = f; fso o1y(1) > 1/5. Hence, the disconti-
nuities of T29"+1 in the interior of F,, 4, _1 are 1/4, f2s0"(2 (1) and fipln(l)(l), with

T2 ([1/8, fih (1)) = Farro\ {1} and T2 ([f7h 0 (1), fihy (D]) = Fro.
This gives T (1) 2 Fp410 \ {1} for some m > 0.

Case 3: even n > 2, 1,41 < 3 < 7,. In this case, we have %9 = Bon+1-1 > gon=1 4 g=1 >
5_‘_@—1 > 2 Fn,gn—l _ [T\gon(l)|—2(1) T\son(2)\—1(1)] and

T2g”([1/5’fz¢ (D)) =T ([T 12(1),1/8))
T2 ((fipny (1,1/8)) = T (T O72(1),1/8))
D))
o))

f11w(1

T2gvl([f2:07l(1 (1) TI@”@ |- 1 Tg"([l/ﬁ,T“pn(21)‘_2(1)]) ’

Tgn_l([l/ﬁ Tle™(2)= 1(1)}) ]

T2gn([T|e0"(1 |- 2 flw
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Here, fo,n1) TI?"@I71(1) = fu@1)(1) > 1 implies fz_ln(1 (1) < T#"@I=1(1). The disconti-
nuities of T29" in the interior of F), , _1 are at most 1/0, fzp (1) and fmo n(1y(1), with
T2 ([1/B, frgny(1)) = Fao N T (Flagnny (1), 1/8)) = Fuo \{1L, T V(1))

similarly to Case 1. We obtain that 7™ (1) 2 F,0 \ {1, TWL(l)'(l)} for some m > 0. Since
Tt (Fop \ {1, TI*"WI(1)}) D Foo\ {1}, we also have T™(I) D F, o\ {1} for some m > 0.

Case 4: even n > 2, 711 < B < Mne+1- Since Bt > g+ 1 > 2, we look at 7292
on Fyg,—1. We have T2g"+l([1/ﬁ f2gp”(1 (1)) = Fug,2 \ {T¥"WI=2(1)} with f2_¢1n(1)(1) >
Tle"@I=1(1), thus -f2<p n(1) ( ) is outside of F),, _1, but T%"*2 still has a discontinuity in
(1/B,T1*"@I=1(1)). More precisely,

T2g"+2 ( [1/5’ f2§0

(D]) = T([1/8, T 1)),
T ((frigny (1, 1/5)

(1)]

(1)]

)

) Tgn+1((Tleo"(1\ 2(1), 1/5))

) = T([T¥22(1),1/8))

) ([Tlso )|—2(1)’T|w"(21)\—2(1)})’

T2gn+2((f2_ ) ( TISO”(Q\ 1
SD’!L
T2gn+2([T|s@"(1\ -2 f11

©n

with T1"CUI=2(1) = filfonen (1) < l/ﬁ since fun(21)(1) < 1. Therefore, the discontinu-

ities of T%9»*2 in the interior of Fy4.-1 are 1/, fz_@ﬂ@ (1) and fl_lion(l)(l), with
T2gn+3([1/67 f2_<pln(2)(1)}> = Fn—i—l,O ) n+3((f11<pn(1 (1)> 1/5)) = Fn,O \ {17 T‘Wl(l)‘(l)} .

This gives T (1) 2O Fpy10 \ {1} for some m > 0. O

Lemma 5.2. Let 1 < f < v and n > 1 such that 9,1 < f < n, with odd n > 1, or
et < B <y, with even n > 2. Then we have

Tgn(2gn+( ( o(B) \{1}) O F(B)\ {Tk )10<Ek<g,(29,+ (— 1)n)}

Proof. Let 1 < B < 71 and n as in the statement of the lemma. By Corollary [4.3] we
have F(8) = Urer, 5 if B < v, and F(B) = Urer, 51 if B = 7. In the latter
case, for(1y < fon-1(1) 1mphes that F,,_10 = F, \so” 11y U Fo, and we obtain, similarly to
the proof of Proposition .2}, that (J,. Foa( B) =U [€Fn(8) I. Therefore, we always have

F(B) =Urer.p L
Let first n > 1 be odd. For simplicity, we omit points in {7%(1) | k > 0} in the following
statements. We have T9""(F, o) = F,, 10U F,,; and

Tgn—l(FnH’O) = [Tlso"@l)l—l(l), T\so”(l)l—l(l)} )
Since B > 17,41, we have TI¥"CVI=1(1) < 1/8, thus T9"(F,,110) 2 F,.0, and
ngn—‘rl (Fn,O) 2 Fn,O U Fn,l .
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Inductively, we get Tt (F, 0) D (J7 " Fur. Then, T(E, g, 1) = Fyg,UFy o yields

gn

Tgn(2gn—1) (Fn70) — T(gn—l)(2gn+1 +1 U Fn p =

Here, we have only omitted points in {Tk )]0 <k<g,(29, — 1)}
Let now n > 2 be even. Omitting {T'“ | k> O} we have 79" (F,, ) = F,, 4,UF, 410 and

Tgn—l(FnH’O) = [le"(l)\—2(1)’ le"(21)|—2(1)} ]
Since 8 > 1,11, we have T1¢"VI=2(1) > 1/, thus T9"T1(F,110) 2 Fy, and
T 2(F0) 2 FuoU Foy .

As above, we get T 9n=1)(29n+2) ( 7 ( ) ) Ugn_l - Since Tgn+2(Fn,gn—1) ») Fn,gn UFn,o and
Tg"+2(Fn,k) DO Fpq for 0 <k < gn, we obtain

Tgn(2gn+1)(Fn’0) _ T(gn—1)(2gn+2)+gn+2(Fmo) _ U Fop=F

up to some points in {7%(1) | 0 < k < g,(29, + 1)} O

6. PROOFS OF THE MAIN RESULTS
Now we are ready to prove Theorems 2.1l and

Proof of Theorem[2.2. For 1 < [ < =, Lemma [5.J and show that T_g is locally
eventually onto on F(8)\{T%3(1) | 0 < k < gn(29n + (—1)")} for some n > 1. For > 7,
this was shown in [G6r07, Proposition 8]. The iterated T_g-images of any interval of
positive length clearly contain 1/, thus they also contain T* 5(1) for any k > 0. Therefore,
T_z is locally eventually onto on F(8) = (0, 1] \ G(5).

The second part of the theorem is in Corollary and Proposition O

Proof of Theorem[21l. By Proposition [£.4] all the intervals in G,(3) are gaps. By Theo-
rem [2.2] they are the only gaps. Calculating directly the numbers of the intervals of G, ()
by the definition, we complete the proof. O

Theorem 2.5 was proved in Section [3], thus it only remains to prove Theorem Recall
that a number 8 > 1is a (—f)-number if V_g = {T74(1) | n > 0} is a finite set,

Proof of Theorem[2.8. Let V' 5 be the set of numbers in V_s which are not right endpoints
of gaps, and J, = (max{y € V_g U{0} | y < z},z) for each x € V' 5. Then {J, |z € V' }
is a partition of F'(f) up to finitely many points, and 7" g(J,) is a union of intervals .J,,
y € V', for each x € V! 5. Define a matrix

BAJ NT5(Jy))
A(Jy) ’

M_p = (mx,y):c,yeviﬁ with  mg,, =
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i.e., my, is the number of times that J, is contained in 7" 3(J,). Since

Z Mgy )‘(Jy) = BA(Jz)

!
yEVﬂB

for all z € V' g, ()\(J:c))mGVLB is a positive eigenvector of M_g to the eigenvalue 3. The

property that 7" is locally eventually onto on F'(f) implies that M_g is primitive, thus
is the Perron-Frobenius eigenvalue of M_z, which is a Perron number. O

We finally show that the set of S-numbers and the set of (—f)-numbers do not include
each other. For the definition of a S-number, it is convenient to extend the domain of Tp
to [0,1] by setting T(1) = 8 — |B]. Then 8 is a f-number if and only if (T5(1))n>o is
eventually periodic. We know that all Pisot numbers are both S-numbers [Ber77, [Sch80]
and (—f)-numbers [FLO9]. Therefore, the symmetric difference between the S-numbers
and the (—f)-numbers can only contain Perron numbers which are not Pisot numbers.

Proposition 6.1. Let 3 > 1 with f* = B+ 1, i.e., § ~ 1.2207. Then T}%(l) = Tfﬁ(l),
and (TF(1))n>o is aperiodic.

Proof. It is easy to check that T2%(1) = T°4(1).

On the other hand, let a be an algebraic conjugate of § satisfying |a| > 1, ie., a =
—0.2481 £ 1.0344, and let 0 : Q(8) — Q(«) be the field homomorphism defined by o(8) =
a. Since Ts(x) € {Bz, Sz — 1}, we have |o(T3(z))| > |of |o(x)] — 1 for all z € [0,1]NQ(S),
thus |o0(T())| > |o(x)] if [o(x)] > 1/(Ja —1). We have TP(1) = 5% — 5 — 520 — 1 — 3%,
and one can check that |o(73°(1))] > 1/(|a| — 1). This implies that (Jo(T5(1))])n>35 is a
strictly increasing sequence, hence (73 (1)),>o is aperiodic. O

Proposition 6.2. Let B > 1 with 87 = B% + 1, i.e., B ~ 1.2254. Then Tg(l) =0, and
(T™5(1))n>0 is aperiodic.

Proof. We have T§(1) = 87— -1 =0.

Let o be an algebraic conjugate of § satisfying |a| > 1, i.e., o = 0.7802 £ 0.70534,
and let 0 : Q(8) — Q(«) be the field homomorphism defined by o(f8) = a. We have
T s(x) € {—Px+ 1, =Bz + 2}, thus |o(T_s(x))| > |o| |o(x)] — 2 for all z € (0,1] N Q(B).
It is more convenient to consider ¢(x) with ¢ as in the Introduction, since ¢(T_s(z)) €
{=B¢(x), =po(x) =1} and |o(o(T4(x)))| = ol [o((x))]| =1 for all 2 € (0, 1]NQ(3). Now
one can check that [o(o(T7%(1)))| > 1/(|a| — 1), which implies that (|o(¢(T"5(1)))|)n>s3
is a strictly increasing sequence, hence (T75(1)),>0 is aperiodic. O
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