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Abstract

We present a mathematical model to investigate the role of the immune system in the Duchenne
muscular dystrophy disease. It is based on the assumption that the immune system contributes to the
tissue damage and indeed its interaction with the muscle tissue after an initial endogenous damage can
be described as a predator-prey system showing typical oscillations. In this article we investigate the
dynamical properties of the system. We find that, for a biologically relevant parameters range, it shows
two phase-transitions between qualitative different behaviors corresponding to complete recover or to a
state where muscle regeneration and degeneration coexist.

1 Introduction

The Duchenne Muscular Dystrophy (DMD) is a genetic disorder that leads to the absence of the protein
dystrophin [1, 2]. This protein is prominent in muscle cells as it binds with several other proteins in the
muscle cell membrane to form what is called the dystrophin glycoprotein complex. The role of this complex is
yet unknown, but many researchers believe that it provides mechanical stability for the muscle cell membrane
or that it is involved in important intra-cellular signaling mechanisms [3, 4, 5].

Mechanical injury and membrane defects are important factors promoting dystrophic disease pathology,
but do not fully explain DMD disease onset and progression [6, 7]. Inflammatory-mediated mechanisms,
which result in muscle cell death and mechanisms leading to fibrosis appear to be initiators of lesions in
dystrophin-deficient muscle.

In a current view of the DMD pathogenesis it is believed that the immune response is to blame, at least
in part, for the muscle damage. In favor of this hypothesis, microscopic analysis of dystrophic muscle tissue
reveals that it is often infiltrated with a large numbers of immune cells including T lymphocytes (both helper
and cytotoxic), macrophages and several others [8].

We have constructed a mathematical model that follows this hypothesis, with the only difference that
the cytotoxic activity of the immune system against the muscle tissue is initially ignited by a genetic defect
worsened by, for example, mechanical stress. In this setting the pathology develops through a cascade of
events that can be roughly summarized as follows: macrophages initially infiltrates the damaged muscle
tissue and, while cleaning cellular debris, they call for CD4+ T cells that in turn call for CD8+ T cells. Also
called cytotoxic cells, CD8+ T lymphocytes have the ability to destroy targeted cells. In this case, they
target also healthy muscle cells provoking more and more damage.
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On the basis of this assumptions we have built a mathematical model that includes the concentration of
macrophages (M), helper CD4+ lymphocytes (H), of cytotoxic CD8+ lymphocytes (C) and the percentage
of normal (N), damaged (D) and regenerating (R) muscle cells.
The interaction between immune system and muscle cells follows a predator-prey scheme where the muscle
cells are prey for the immune cytotoxic lymphocytes that, on the other hand, can be seen as the predators.
This model has been validated against direct comparison with time course data from dystrophic muscles
in “MDX” mice [9], that have been validated as genetic models of DMD [3, 10] since they develop muscle
lesions during early disease stages that resemble those of DMD patients [11].

In the present work we present the mathematical model, we look for qualitative dynamical properties of
the system and discuss possible therapeutic applications via pharmacological or cytological treatment.

The paper is organized as follows: in section 2 we describe the system of ODEs and perform a non-
dimensionalization of the model. In section 3 we study the linear stability of the “limiting system” near its
stationary points. Our findings are corroborated in section 4, where we show the results of the numerical
integration. Finally, section 5 summarizes and gives possible therapeutic hints.

2 Statement of the problem and non-dimensionalization

We model the mesoscopic interaction between the immune system (macrophages M , T helper H and T
cytotoxic lymphocytes C) and the percentage of normal N , damaged D and regenerating R muscle cells.
The model equations are

dM

dt
= a1 + b1MD − d1M (1)

dH

dt
= a2 + b2MD − d2H (2)

dC

dt
= b3HD − d3C (3)

dN

dt
= a4R− b4CN − hΔN (4)

dD

dt
= b4CN − b5MD − d4D + hΔN (5)

complemented by the conservation law
N + D + R = 100 (6)

and by the following initial conditions

M(0) = M0, H(0) = H0, C(0) = 0, N(0) = 100, D(0) = 0, R(0) = 0.

Equation (6) implies that the total number of cells is constant. Given that the experimental data for these
quantities are expressed as percentages [9], it is straightforward to fix this constant to 100. It follows also
that N(0) = 100. Moreover, let us suppose that

a1 = d1M(0) (7)
a2 = d2H(0). (8)

Conditions (7)–(8) imply that if h = 0, i.e., there is no initial damage, then the initial state is a stationary
stable state.

Notice that the system (1)–(6) is non-autonomous because of the presence in equation (5) of the function
Δ = Δ(t) that represents an impulse-like damage that initiates the immune response and then vanishes.
The biological rationale for this choice is, for example, a mechanical stress of the muscle tissue on top of the
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genetic predisposition to the disease.

To model the process of accumulation of damage in the muscle tissue, that is composed by a large number of
muscle cells, we resorted to a log-normal function. The reason for this choice is that log-normal distributions
can be theoretically expected under the assumption of a “degradation process” resulting from failures [12].
Therefore we model the initial damage as the following function

Δ(t, m, σ) =
1

σt
√

2π
exp(− 1

2σ2
(log t−m)2) (9)

with parameters m and σ.
The system (1)–(6) can be described in few words as follows. Equations (1)–(3) represent the rate of

change of the immune cell counts of macrophages, CD4+ and CD8+ T cells, respectively. For example,
equation (1) says that at a given time t while d1M macrophages age and die, they are replenished from
their source at a rate a1 cells per week. In presence of damage D > 0, the term b1MD represents the
local recruitment of cells by inflammatory mechanisms. Equation (2) and (3) are similar. Equations (4)–(5)
represent the rate of change of the percentage of normal, damaged and regenerating muscle cells. Equation
(5) reflects our assumption that the muscular tissue damage initially starts in a small percentage αN of the
normal muscle fibers. Then, when CD8+ T cells infiltrate the tissue they create more damage as a percentage
of the normal cells b4CN . Damaged fibers are cleared out both by macrophages at the rate b5MD or by
other degradation mechanisms at the rate d4D. Equation (4) implies that healthy normal muscle cells N
are replenished from the generating fibers R at the rate a4R and, as already mentioned, are damaged at the
rate b4CN + αN . Equation (6) says that a cell can be either normal, damaged or regenerating.
It is worth to note that the muscle damage raises in presence of CD8+ T cells, which increase with the CD4+

T cells (see equation (3)), which, in their turn, are boosted by a high level of macrophages (see equation
(2)). Therefore macrophages contribute to both physiological and pathological states since they clean cellular
debris to favor cell regeneration and at the same time they foster an immune reaction that in its turn cause
more damage to the tissue destroying healthy muscle fibers.

The system of equations has 14 free parameters (12 in equations (1)-(6) plus 2 in (9)) and 2 conditions.
This leaves out 12 free parameters. The values of such parameters have been estimated using COPASI [13] by
applying its built-in optimization methods, combining the time course data for several different dystrophic
muscles of mice in the age range 14-84 days and identifying others time course data sets from the literature
[8, 11, 14]. The resulting estimated parameters are shown in Table 1.

The initial conditions for M and H are taken from the literature as follows:

M0 = 429 cells mm−3, H0 = 6.25 cells mm−3

while C0 = 0 means that in absence of damage no CD8+ T cells infiltrate the muscle tissue.
To analyze the model, it is convenient to convert all equations to be dimensionless. Let

t = tc t̃, M = Mc M̃ H = Hc H̃, C = Cc C̃, N = Nc Ñ, Δ = ΔcΔ̃ (10)

and analogously for the initial conditions. Here M̃, H̃, C̃, Ñ , D̃, R̃ and Δ̃ are dimensionless variables. Sub-
stituting (10) in (1)–(6) and incorporating conditions in (7)–(8) we get:
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Model parameters
Entity Parameter Description Value Units

M a1 Turnover rate of macrophages d1 M(0) c w−1 mm−3

b1 Infiltration rate of macrophages 0.950788 c−1 w−1 mm3

d1 Death rate of macrophages 0.912485 w−1

H a2 Turnover rate of CD4+ T cells d2 H(0) c w−1 mm−3

b2 Damage-driven proliferation rate of CD4+ T cells 0.0483312 c−1 w−1 mm3

d2 Death rate of CD4+ T-cells 0.999999 c w−1 mm−3

C b3 Damage-driven proliferation rate of CD4+ T cells 0.08065 c−1 w−1 mm3

d3 Death rate of CD8+ T cells 0.999999 w−1

N a4 Generation rate of healthy fibers 0.17 w−1

b4 Cytotoxicity degradation rate 0.0041864 c−1 w−1 mm3

h Strength of impulse-like initial damage 0.19119 w−1

σ Standard deviation of the initial damage 0.609114
m Time of the peak of the initial damage 0.945333

D b5 Cleaning rate by macrophages 0.000664372 c−1 w−1 mm3

d4 Physiological cleaning rate 1.20001 c−1 w−1 mm3

Table 1: Parameters of the model in equations (1)–(6) estimated in [9]. Unit c is for cells and w for weeks.

dM̃

dt
= d1tc(M̃0 − M̃) + b1DctcM̃D̃

dH̃

dt
= d2tc(H̃0 − H̃) +

b2tcMcDc

Hc
M̃H̃

dC̃

dt
=

b3tcHcDc

Cc
H̃D̃ − d3tcC̃

dÑ

dt
=

a4tcRc

Nc
R̃− b4tcCcC̃ Nt− htcΔcΔ̃Ñ

dD̃

dt
=

b4tcCcNc

Dc
C̃Ñ − b5tcMcM̃D̃ − d4tcD̃ +

htcΔcNc

Dc
Δ̃

and
NcÑ + DcD̃ + RcR̃ = 100 .

Now we choose tc, Mc, Hc, Cc, Nc, Dc and Rc such that all variables are of the order of unity while reducing
the number of free parameters. For what concerns Nc, Dc and Rc, being percentages, we are left to set
Nc = Dc = Rc = 100.
Moreover, we set:

tc =
1
d1

; Mc =
d1

b5
; Hc =

102b2

b5
; Cc =

d1

b4
; Δc = d1;

Finally, having chosen a log-normal impulse Δ as in (9) we have

Δ = Δ(t, m, σ) =
1
tc

Δ(t̃, m− log tc, σ) =
1
tc

Δ̃.
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Figure 1: Dynamics of the system (1)–(6) with values of the parameters from Table 1. Plots on the left show
concentrations of: A) Macrophages; B) CD4+ T cells; C) CD8+ T cells. Plots on the right show percentages
of: D) Normal cells; E) Damaged cells; F) Regenerating cells.

Therefore the dimensionless model can be written (dropping tildes):

dM

dt
= M0 −M + β1MD (11)

dH

dt
= β2(H0 −H) + MD (12)

dC

dt
= β3HD − β4C (13)

dN

dt
= β5R− CN − hΔN (14)

dD

dt
= CN −MD − β6D + hΔN (15)

and
N + D + R = 1 (16)

where

β1 =
102b1

d1
; β2 =

d2

d1
; β3 =

104b2b3b4

b5d2
1

; β4 =
d3

d1
; β5 =

a4

d1
; β6 =

d4

d1
. (17)

Note that all variables are of the order of unity and the number of free parameters is reduced to 7.
The dynamics of the model, with parameters values as in Table 1, is shown in Fig. 1.
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Figure 2: Panel A: evolution of the eigenvalues of the stable stationary solution of (18)–(22) for 100 values
of M0 between 0 and 8000; other parameters values are as in Table 1, except for β1 = 10, 456. Panel B shows
the zoom of the dashed area close to the origin in panel A.

3 Stability of the “limiting system”

Let us consider the dynamical system (11)–(16) obtained by setting h = 0 in equations (14)–(15), i.e., in
absence of the mechanical stress that starts the immune system reaction. This can be considered as the
“limiting system” associated to (11)–(16), meaning that after a transient period for t > t̂ the dynamics is
“almost” fully governed by the system

dM

dt
= M0 −M + β1MD (18)

dH

dt
= β2(H0 −H) + MD (19)

dC

dt
= β3HD − β4C (20)

dN

dt
= β5(1−N −D)− CN (21)

dD

dt
= CN −MD − β6D (22)

where we have incorporated the conservation law (16) in equation (21). Now we look for stationary solutions.
Setting to zero the left hand sides of (18)–(22) it can be easily seen that depending on the parameters values
the system admits two or four stationary solutions. Indeed, all variables can be expressed as functions of D
and substituting in (22) we are left with an homogeneous polynomial of degree 4 that has, besides 0, one or
three more real roots.

To perform a linear stability analysis, let us linearize the limiting system (18)–(22) near a the stationary
state (M∗, H∗, C∗, D∗, N∗, R∗) by setting

M = M∗ + εm̃ , H = M∗ + εh̃ , C = C∗ + εc̃ ,

N = N∗ + εñ , D = D∗ + εd̃ ,
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Figure 3: Panel A: Absolute value of the imaginary part of the complex eigenvalue of (28) as a function
of M0; Panel B: Corresponding plot of the stable stationary values of D (for M0 ∈ [99, 7304] we have two
stationary solutions whereas for M0 < 99 and M0 > 7304 just one); in both plots parameters are as in Table
1 except for β1 = 10.456.

with ε � 1. Substituting in (18)–(22), we get, at leading order,

m̃′ = (β1D
∗ − 1)m̃ + β1M

∗d̃ (23)
h̃′ = D∗m̃− β2h̃ + M∗d̃ (24)
c̃′ = β3D

∗ − β4)c̃ + β3H
∗d̃ (25)

ñ′ = −N∗c̃− (β5 + C∗)ñ− β5d̃ (26)
d̃′ = −D∗m̃−+N∗c̃ + C∗ñ− (M∗ + β6)d̃. (27)

Then, setting

m̃ = m̂eλt , h̃ = ĥeλt , c̃ = ĉeλt ,

ñ = n̂eλt , d̃ = d̂eλt ,

and substituting in (23)–(27) we find

A

⎛
⎜⎜⎜⎜⎝

m̂

ĥ
ĉ
n̂

d̂

⎞
⎟⎟⎟⎟⎠ = λ

⎛
⎜⎜⎜⎜⎝

m̂

ĥ
ĉ
n̂

d̂

⎞
⎟⎟⎟⎟⎠

where

A =

⎛
⎜⎜⎜⎜⎝

β1D
∗ − 1 0 0 0 β1M

∗

D∗ −β2 0 0 M∗

0 β3D
∗ −β4 0 β3H

∗

0 0 −N∗ −C∗ − β5 −β5

−D∗ 0 N∗ C∗ −M∗ − β6

⎞
⎟⎟⎟⎟⎠ . (28)
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The eigenvalues of A are the roots of its characteristic polynomial. Therefore it is easy to check that in the
case of one root, this is either unstable or not admissible (i.e., value less than zero), whereas in the case of
three roots we can have either that one is stable and two are unstable or all three are unstable.

Summarizing, the limiting system can have regions of bistability. If h = 0 then the system remains in its
initial state. If h > 0, the dynamics begins. When the resulting value of D rises above a certain threshold
(e.g., one unstable stationary point) then the system is driven to the other stationary stable state (see figure
4).

Figure 4: Bifurcation diagram: stable branches (solid lines), unstable branches (dashed lines). The inset is
a zoom of the larger picture. Parameters are as in figure 2.

If the stationary solution coincides with the initial state then all of the eigenvalues are real and negative
whereas the situation changes when we study the other stable stationary solution.

Since it is widely accepted that the immune system promotes injury of dystrophin-deficient muscle [14],
we restricted our study to the 2-dimensional subspace of the parameters M0×β1, in view of finding possible
therapeutic treatments. More in details, M0 is the initial amount of M , i.e., the number of macrophages in
a healthy muscle tissue, while β1 = 102b1/d1 (non-dimensional) represents the “sensitivity” of the immune
system to the induced damage, normalized with respect to the death rate of these cells.

In Fig. (2) we show the eigenvalues of the matrix associated to the linearization of the limiting system
in equations (18)–(22) for different values of M0. For small values of β1, when M0 gets closer to the first
threshold value, the imaginary part of two eigenvalues becomes different from zero. This is where the system
experiments a first phase transition. At the second threshold value, the imaginary part of these eigenvalues
becomes zero, hence we have the other phase transition (see Fig. (3)). For larger values of β1, the first part
of this process is skipped, i.e., the system experiments only the second phase transition. For even larger
values of β1 the only stationary stable solution is the initial state. In Fig. (5), panels A, C and E, we show
the stationary value of D as a function of the two parameters M0 and β1.
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4 Numerical solution of the full system

Let us now consider the non-autonomous system (1)–(6). We have used a standard variable-order solver of
the MATLAB package, ode15s [15] to perform the numerical integration. The results agree with the linear
stability analysis discussed above, as we show in Fig. (5), panels B, D and F, where we have depicted the
stationary values of D as a function of the two parameters M0 (dimensional) and β1. Moreover, starting
from the parameter values in table Table 1 we have performed a simple sensitivity analysis by perturbing
slightly the parameters one at a time and observing the resulting dynamics (not shown). It turned out, as
expected, that the stationary solutions are robust with respect to the magnitude of the perturbations.

In Fig. (5), if we compare panels A, C and E with panels B, D and F, we see that the phase transitions
in the latter cases are somehow smoother. This depends on the fact that the strength of the impulse is not
always sufficient to drive the system to the basin of attraction of the other stable state. Therefore the linear
stability analysis gives us a view on the possible stable stationary states of the system; the actual chance to
reach those states depends on how we stress the system.

5 Conclusions

Duchenne Muscular Dystrophy is an excellent candidate for mathematical and computer modeling. Firstly,
it can be used as a paradigm for studying the inflammatory component of several other diseases, such as
cancer or cardiovascular disease. Secondly, DMD is an important disease for which representative mouse
models are available (i.e., MDX mice), providing rich experimental data for modeling. At the same time, no
mathematical models for DMD or related diseases have been built to date.
The ultimate goal is to identify suitable therapeutic targets to blunt or prevent DMD in humans; thus,
mathematical and computer simulation results from the mouse model can provide invaluable guidance for
studies in humans.

In this paper we have constructed a model of five ODEs, plus a conservation law, to investigate the
role of the immune system in the Duchenne muscular dystrophy. The model has been validated against
experimental data from MDX mice as described elsewhere [9].

With a simple linear stability argument we have found that the model may present regions of bistability
corresponding to either complete recover or to a state where massive cell degeneration and regeneration
coexist. We have identified such region as a function of two parameters that are among those controlling the
strength of the immune response. The numerical solution of the full system confirms our analysis.

In our model the pathology initiates with an impulse that may (or may not) drive the system from the
healthy stationary state to the basin of attraction of the other stable stationary state.

The therapeutic insights of this analysis are interesting. It would suffice to drive the system (via a
pharmacological or cytological treatment) into the mono-stability region of complete recover, or to a region
where the basin of attraction of the other stable solution is too far to be reached with a physiological stress,
so that the system falls back into the healthy region. To this end, it is worth to mention the work in [14]
where the authors proved by in vivo experiments the active role of the macrophages in lysing the muscle
membranes by depleting them and then assessing the occurrence of membrane lesions.
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Figure 5: Panels A, C and D: stationary values of D obtained by numerical integration of equations (1)–(6)
as a function of M0 and β1. Values of the parameters are as in Table 1. Panels B, E and F: corresponding
stationary values obtained from the linear stability analysis of equations (18)–(22). Units: M0 cells/mm−3,
D percent of muscle cells, β1 = 102b1

d1
∼ 104.56 non-dimensional.
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