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Antenna Modeling based on a Multiple
Spherical Wave Expansion Method: Application
to an Antenna Array

Mohammed Serhir, Philippe Besnier Member, IEEE, and M hamed Drissi, Senior Member, IEEE

Abstract—In this paper, a method to derive an equivalent
radiation source for p/anar antennas is presented. This method is
based on spherical near-field (NF) data (measured or computed)
to ascertain an equivalent set of infinitesimal dipoles placed over
the main antenna aperture. These produce the same antenna
radiation field, both inside and outside the minimum sphere
enclosing the antenna. A spherical wave expansion (SWE) of the
NF data is written in terms of infinitesimal dipoles using a
transition matrix. This matrix expresses the linear relations
between the transmission coefficients of the antenna and the
transmission coefficients of each dipole. The antenna a priori
information are used to set the spatial distribution of the
equivalent dipoles. The translational and rotational addition
theorems are exploited to derive the transmission coefficients of
the dipoles. Once the excitation of each dipole is known, the field
at any aspect angle and distance from the antenna is rapidly
calculated. Computations with EM simulation data of an antenna
array illustrate the reliability of the method.

Index Terms—Antenna modeling, spherical wave expansion,
translational and rotational addition theorems

I. INTRODUCTION

HE antenna modeling in its operating environment is still

a challenge using full-wave solutions. Indeed, the cost of
such solutions grows exponentially with the size and the
complexity of the problem. To cope with these difficulties, a
two-steps hybrid approach is proposed. The antenna under test
(AUT) is separately characterized and a simple equivalent
model is defined. This comprises point sources that emulate
the antenna radiation everywhere.
At the same time, when large antennas (antenna array) are
hardly characterized by full-wave solutions, the measurement
alternative can be of great interest, especially, the spherical
multi-probe near-field technique [1]. This technique enables
real-time 3D complex characterization all over the sphere
surrounding the antenna provided the Nyquist sampling
criterion is satisfied [2]-[3]. The antenna measured near field
data is used then to define an equivalent model that allows the
knowledge of the radiated EM field both inside and outside
the minimum sphere enclosing the antenna. Thereafter, the
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antenna equivalent model is incorporated into an existing EM
algorithm to simulate multiple interaction scenes.

However, typical constraints arise, while modeling an
antenna by an equivalent current/charge distribution. First, the
equivalent model must reproduce the same radiated field as
the antenna in near and far field regions. Secondly, the
equivalent current/charge constituting the equivalent model
must be consistent with the actual antenna current /charge
distribution. Thirdly, we have to define a minimization
technique that allows an efficient and well-conditioned
identification process.

In the literature, different approaches were adopted. In [4]-
[9] an electric field integral equation method (EFIE) is
developed to relate the measured electric field to equivalent
magnetic /electric current on the antenna aperture. The EFIE is
solved using the conjugate gradient method. Equivalent
currents are written as linear combinations of two-dimensional
pulse basis functions, which can be approximated by Hertzian
dipoles distributed over any enclosing arbitrary surface. This
method has been investigated for near field to far field
transformation, inverse electromagnetic radiation applications,
antenna diagnosis. In [10] different strategy for antenna
diagnosis is proposed. It expresses the relation between the
plane wave expansion and the spherical wave expansion,
which permits the calculation of the aperture field accurately.

In [11]-[13] evolutionary algorithms were introduced.
Using Genetic Algorithm (GA) technique, the AUT is
substituted by a set of infinitesimal dipoles. These are
distributed inside the volume enclosing the antenna. The
choice of infinitesimal dipole sources is justified by the
simplicity of its implementation in any EM code, and the GA
shows its ability to determine the type (electric or magnetic),
the position, the orientation and the excitation of each dipole.
The GA shows some difficulties to determine the optimal
solution, when dealing with a large number of dipoles,
including convergence issues and prohibitive CPU computing
time, while increasing the antenna size. In [14] quantum
particle swarm optimization algorithm has been used to define
a set of equivalent dipoles for antenna modeling. This method
is based on an expansive iterative process, which depends on
7xN degrees of freedom, where N is the number of dipoles.

In a previous paper [15] the authors have introduced a
modeling technique depending on 6xN unknowns, where N is
the number of current sources. It consists in the substitution of



the antenna with a set of infinitesimal dipoles distributed over
the minimum sphere circumscribing the antenna. These
equivalent dipoles distribution is well adapted to build up a
well-conditioned matrix system but is not convenient to
provide the near-field within the minimum sphere for planar
antennas for example.

In the present paper, an improvement of the analysis
presented in [15] is proposed. By exploiting the antenna a
priori information, the equivalent dipoles are placed over the
main radiating sources and the spherical wave expansion
(SWE) of the antenna radiated field is rewritten, respecting a
convenient change of basis, by means of small number of
equivalent electric and magnetic dipoles that allow the
knowledge of the near-field information inside the minimum
sphere circumscribing the antenna. Once the antenna
equivalent model of is achieved, the EM field can be rapidly
calculated at any distances in a straightforward manner (faster
than the SWE), using the free space green’s function.

The paper is organized as follows. Section II describes the
theoretical procedure of the method. Section III presents the
application process of the method, regarding the equivalent
dipoles locations, to an antenna-array. Finally, concluding
remarks summarizing the potential of this method are
provided in Section IV.

All theoretical results are expressed in the S.I. rationalized

—jot

system with e time dependence.

II. FORMULATIONS AND THEORETICAL DEVELOPMENTS

The complete formulation is given in [15]. We therefore,
recall only the essential parts of this development, with a
particular attention to the modifications introduced by the new
arrangement of elementary source locations.

Here, a current source is defined as a combination of 4
tangential uncoupled and co-localized infinitesimal dipoles: 2
electric and 2 magnetic. We attach a local coordinate system
(0 X V107) 1<i< Lo © each current source, where the origin

h

0,(r,6,,p,) coincides with the position of the i" source.

Explicitly, we intend to rewrite the spherical wave expansion
(SWE) expressed in (o, x,y,z) by means of multiple and local

SWE that are expressed in (0,, x.3,,2) |<;<;

‘source

Our purpose is to emulate the electromagnetic field radiated
from an antenna by a set of current sources (L, ) placed over
the antenna main radiating surface (Fig. 1). Consequently, the
field inside the minimum sphere is reached and the number of
equivalent sources required to emulate accurately the antenna
E-field, is reduced, while preserving the whole SWE
information.

A. Spherical wave expansion

In source free region outside the minimum sphere of radius
r. circumscribing the antenna, the spherical wave expansion

(SWE) of the radiated electric field E.r in spherical
coordinates system is expressed in terms of truncated series of
spherical vector wave functions [16] as
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where, O, are the transmission coefficients, and (") are the

The
J+10

power-normalized spherical vector wave functions.
truncation number J,, =2(N,(N,+2) with, N, =[kr,

max min

depends mainly on the antenna dimensions and the operating
frequency [16]. The Q, are determined from the knowledge of

the tangential components of either £ or # on the measurement
sphere. In [16], the 0, coefficients are determined using the

orthogonal properties of spherical wave functions 7} () . Once

these coefficients are known, the field outside the minimum
sphere is completely characterized by (1).
The SWE of the field radiated by an infinitesimal x-directed

electric dipole £/ placed at the origin of (o, x,y,2) is

expressed in the spherical coordinate system 7(x.0.9)
associated with (o0,.x,,y,,z,) as
s k\/z e B = =0 =
Ef () =—=———a{"(F2» ()=Fs (1,)) (2)
Jn 2
with e =K peq

s

Expressions for z and y- directed dipoles either electric or
magnetic ones are provided in [15].

In the case of a planar antenna, the antenna equivalent
dipoles are distributed over the antenna main surface and only
the tangential dipoles are considered. Therefore, each current
source (i™) is characterized by 4 transmission coefficients

a, a™, af”, a’. We refer to the i current source by the

i i i

row vector S, =[a" " a " al" ]

i 2

B. The problem synthesis
Using translational and rotational addition theorems [16]-
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Fig. 2. 3D view of the microstripe array structure. Dielectric stratification (middle) and exploded view of the structure (right).

[17][18], we express the field radiated by the i current source
in the antenna coordinate system (o,x,y,z). Hence, the row

vector S, is expressed in (o,x,y,z) by

M:| [ trAcx eyAEy .m,yAr.n..y] 3
[ L E A jt’ Ji? a; AL R ( )

where the coefficients 45, 477, 457, 47" are developed in the

g 2 g
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Appendix of [15]. Let define 1, =[ 457, 4757, 457,477 |

The superposition of the fields radiated by all equivalent
dipoles ( £, ) is written in (o0,x,y,z) as

Lsource 'max al.e’XAjj( + a[.m’XA}r:;-x —@3) -

E mod (;) =" F (r)
\/; =l j=l +af’ij:iy + ’
s . @)

‘source
[,

s TE )
\/> == ’

Identifying E.r with £

mny gm.y
i A j i

and from (1) and (4) we get

mod 2

—@3) - max AOMVLe —(3) —

IQF, (r) = Z _ [ﬂj,] Fi(r) (5)

Due to the orthogonal properties of F, , the transmission
coefficients of both sides of (5) have to be equal.

Let denote =(f,) , XR- [Sl... s,

‘source

T
| and

<
Jj<J
‘max

T expresses the

/max

Q=[Ql... 0. T, where the superscript

matrix transpose. Equation (5) becomes
d4.X=Q. (6)

Made up of 4xL columns and J, 9 is the

transition matrix, which expresses linear relations between the
transmission coefficients of current sources (X) and the
transmission coefficients Q of the actual antenna. To solve
(6), we use the least square (LSQR) code of MatLab to
determine the 4xr,, unknowns composing the row vector

‘source

lines,

source

III. RESULTS

A. Example of equivalent models of an antenna array

In this section, we report a numerical example by
simulation of a linear microstrip array of aperture-coupled
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Fig. 3. Magnitude of the antenna array transmission coefficients

patches operating at the frequency 5.82 GHz. The antenna
dimensions are D, =0.1464m (2.842) along the x-axis,

D}, =0.06m (1.162) along the y-axis, and D: . =0.0031m along

the z-axis with 7mn=0.085m(1.654) (Fig.2). The antenna is

composed of a linear array of 4 rectangular patches printed on
a dielectric support. Each patch is aperture-coupled to the
microstrip line. A common ground plane separates the
radiating part from the microstrip feeding network (Fig.2).
The antenna is issued from Antenna Center of Excellence
benchmarking data base, where the detailed description is
provided in [21].

The antenna equivalent model construction is based on near
field data obtained through the electromagnetic simulation of
the antenna in a 3D simulator that uses the finite elements
method (FEM). We recover at the distance of
rmeas =154 (= 0.75m), the amplitude and phase of both E-field

components £, and £, over a spherical surface (0<é<z,

0<gp<2z), with the angular resolution of Af=Ap=>5deg.
Based on these data, we assess the antenna transmission
coefficients that are presented in Fig.3. The SWE is truncated
at N, =[kr,, |+10=20, so J, =2N,(N,+2)=880 transmission

nin

coefficients 0, is considered.
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(right) The black points represent the equivalent current sources distributed regularly over the antenna equivalent surface respecting the criterion

Av=Ay=0251-

The antenna being planar, we have chosen the natural way
to place the current sources (rectangular grid). The antenna is
seen as the rectangular surface

S(,qw. =(x,y,z)€ {—0.073m <x<0.073m,-0.042m < y<0.017m,z = 0}
over which, the equivalent dipoles are uniformly distributed

(Fig.4). The antenna equivalent model is associated with a

spacing criterion Ax and Ay between the current sources.
Each criterion results in a number of current sources

me:[(DjUT/Ax)+1}.[(D2L,T/Ay)+l} where [X] means the

integer part of X .

We attach a local coordinate system (o,x,y,) to each
current source, we determine the corresponding transition
matrix {4 and we solve (6) to calculate the excitation of each
dipole. Then, the E-field radiated from the equivalent
dipoles £™'is calculated at different spherical observation
domains, near the minimum sphere and in the far field regions
and compared with the actual antenna radiation

pattern E°’ using the following error function:

}Z E*(0.0)-E™ 0.0)]

RMS, = |22 > , Where E=E,.E,
\/ >|E“ 0.0

0.

i

Comparisons between the antenna radiation pattern (Finite
Elements Method) and the radiation pattern of the equivalent
dipoles in near and far field regions are shown in Fig. 5 for the
Ax=Ay=0254 and Ax=Ay=042. As it can be seen, the figures
show good agreements and the equivalent models radiation
pattern fit very well with the one resulted from the spherical
wave expansion method. In Fig. 6, the error function is
presented as a function of the distance from the antenna. It is
seen that the equivalent model corresponding to Ax=Ay=0.251

results in 0.23% < RMS,, <0.29% and 0.16% < RMS,,, <0.31% . Using
the criterion Ax=Ay=0441, the equivalent model results in
0.77% < RMS, <0.88% and  0.75% < RMS,, <1%. For a smaller
spacing Ax=Ay=0.24, the accuracy of the antenna equivalent
model is improved (0.04% < RMS, <0.1%,0.08% < RMS,, <0.17% )
but the number of equivalent sources increases (Ax=Ay =021

corresponds to 90 current sources). These equivalent models
reproduce accurately the antenna radiation everywhere outside
the minimum sphere ( 24 <distance< 404 ).

o= 0(°)

—e— FEM method
5L - = = Ax=Ay=0.25)
== A X=A y= 0.4\

- ©- SWE

= -151%

IE, dB(vim

-150 -100  -50 o 50 100 150
0 (%)
(a)
= 0(°)
o
g —=e— FEM method
Y, —— - Ax=Ay=0.251
—10r — % — AXx=Ay=0.4%n

L, —--o- swe

—léO —160 —5‘0 o 56 160 léO
0(9)
(b)
Fig .5 At the plane ¢ =0°, (a) Near-field observed at the distance of
41 . (b) Far-field radiation pattern. The actual field (FEM) (o-marker line),
the field resulted from the SWE (o-marker line), and the field radiated

from the equivalent models associated with Ax=Ay=0.25\ and 0.4 A.
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Fig. 6 The error function RMSE versus the distance for Ax=Ay=0.25\ and
0.4 A.associated equivalent models.

In conclusion, the spacing between the current sources is
related to the accuracy of the equivalent model. Consequently,
the choice of the spacing between the equivalent current
sources Ar,Ay may be based on a targeted error budget for a
given application. From a numerical point of view, the spacing
between sources has a direct effect over the condition of the
matrix f in (6). Using a large spacing Ax=Ay>051 the

matrix {d is well-conditioned (Ax=Ay=0.61 corresponds



to cond(l)=3.17 ), however, the accuracy of the equivalent
model is decreased (11% < RMS, <14% and 4.2% < RMS,,, <7.4% ).

Decreasing the spacing AxandaAy, the accuracy of the
equivalent model is improved but the matrix {4 becomes ill-
cond(19)=6.574.10° cond(f)=122 for
Ax=Ay=0251 and Ax=Ay=041 respectively. As a matter of
fact, we have to compromise between the accuracy and the
conditioning of .

Inside the minimum sphere, over the plane
{-0.075m < x <0.075m,-0.045m < y <0.02m,z=0.02m} located at the

z=0.02m(0.41) the Ey-field
component estimated by the 3D simulation software (Finite
elements method) and the Ey-field radiated by the equivalent
dipoles are presented in Fig.8. A good agreement is observed,
between the actual antenna radiation pattern and the
equivalent model radiation pattern. For the near-field
presented in Fig.8, the error function (Ey component) reaches
1.42%.

As presented in Fig9, the equivalent models
(Ax=Ay=0.420r 0.251) provide a good approximation of the

conditioned, where and

distance from the antenna,

field inside the minimum sphere for distances greater than
0.3\ from the antenna. Otherwise, the field in the vicinity of
the antenna (distance<0.24) is mainly reactive and the
information of the evanescent modes are not available at the
measurement  distance (7w =151). Consequently, the
equivalent models presents some discrepancies
( RMS, >13% (Ax=Ay=0.254) ), while trying to reproduce the E-

field in the vicinity of the antenna (distance=0.21). At the
distance of 0.3), RMS, takes the values 4.32% and 7.28%

for the equivalent models associated with Ax=Ay=0251 and
Ax =Ay =044 respectively.

The aim of the examples presented here, is to show the
feasibility of the modeling method for the case of a finite open
surface (equivalence principle for an open surface) and to
figure out how to compromise between the accuracy and the
number of equivalent sources (simplicity of the equivalent
model). The flexibility of the presented modeling
methodology is outlined.

Exploiting the a priori information concerning the antenna
geometry, we have defined an equivalent model, which
reproduces accurately the antenna radiation pattern. We have
established that this modeling technique is able to define
different kind of equivalent models where the choice of the
spacing between equivalent current sources (complexity)
depends on the desired accuracy, so, on the application for
which the equivalent model is intended.

B. The reduction of the number of equivalent model dipoles
6), we
S.:[af’*,a.’“,af‘*",a;’“’] for all current sources. By means of

i i i

Solving determine the row  vectors

the normalized row vector §

i_nor

expressed as

Ey dB (V/m) z=20mm

y axis (m)

-0.06 -0.04 -0.02 0 0.02 0.04 0.06

axis (m)

-0.02 0 0.02
X

(b)
Fig .8 The aperture field Ey (dB V/m) at the plane z=0.02m ( 0.44 ) from
the AUT: (a) Resulted from the FEM simulation software. (b) Produced by
the equivalent model associated to Ax=Ay=0.25\.
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Fig.9 The error function RMSE evaluated inside the minimum sphere
versus the distance for Ax=Ay=0.25) and 0.4 . associated equivalent models.
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we evaluate the power contribution of each dipole constituting
the current source. The elements of S, ,, correspond to the

power contribution of each dipole in the current source
radiation power P.

By a proper choice of the threshold 7%, we remove the
insignificant dipoles, so that the number of the dipoles
constituting the equivalent model is reduced. An iterative
process is carried out.

Firstly, we choose a spacing criterion between the
equivalent current sources (Ax=Ay=0.4LA is a good
compromise between the accuracy and the number of
equivalent current sources). Secondly, respecting a uniform
distribution, we determine the spatial position of the current
sources over the planar antenna main radiating surface.
Thirdly, we solve (6) taking into account all the dipoles and

we evaluate the row vectors {s,,, for ie[l.L,,. [} so that

one can eliminate the dipoles whose corresponding terms in
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Fig. 10. The description of the reduction of the number of equivalent
model dipoles procedure.

S

.o are less than 7. Finally, a new solution of (6) is
performed providing the new configuration (without the
insignificant dipoles). This procedure is pursued as long as
non-significant dipoles are detected. The flowchart describing
the complete proposed modeling procedure is outlined in Fig.
10.

Considering the antenna equivalent model based on
Ax=Ay=0.251. The reduced equivalent models configurations
corresponding to different thresholds 74 are presented in
Table 1. Then, the E-field radiated from these reduced
equivalent models is compared with the actual E-field
estimated by FEM at different observation distances
21 <distance< 404 .

From Fig. 11, where we present RMS, as function of the

distance, we observe that the same level of accuracy is
maintained after the reduction procedure for 7h=2%,4%

(0.52% < RMS,, , RMS, <0.73% ), while reducing considerably the

number of the equivalent dipoles (240 dipoles for 72=0% to
126 dipoles for 7/h=4% ).

Since the actual radiating currents are due to the patches,
which are aperture-coupled to the microstrip line, the actual
current sources depends on the geometry of the apertures and
the patches. The apertures are aligned with the x-axis, so the
antenna equivalent dipoles must include x-directed magnetic
dipoles. On the other hand, the rectangular patches include x-
directed and y-directed electric dipoles.

As presented in TABLE I, after the reduction procedure, the
dipoles types constituting the reduced equivalent models are:
y-directed, x-directed electric dipoles, and x-directed magnetic
dipoles. These dipoles are consistent, from a qualitative point
of view, with the antenna actual current sources.

For the equivalent model based on Ax=Ay=0251, we

converge toward a reduced configuration of the equivalent
model (using 7h=4%) while fitting accurately (99%) the
actual antenna radiation pattern. This threshold allows us to
reproduce accurately the radiated E-field as the actual antenna
using only 126 dipoles (126 coefficients). In other words, the
use of a priori information concerning the antenna geometry
to define the multiple-SWE can be of great interest since it

TABLEI
EQUIVALENT MODELS AFTER THE REDUCTION PROCEDURE
CASE: Ax=Ay =0.254 FOR Th=2,4%

Number of current WITHOUT
Th =2% Th =4%
sources FILTRING
Total 240 184 126
dipoles dipoles dipoles
. ey
e =60 dipole 60 60 50
current dipole®* 60 36 33
sources ) )
dipole™” 60 44 5
dipole™” 60 44 38
0.75 . . . . . . .
* —oe— RMS Ee for Th=2%—--->184 dipoles
0.7h \\ —o— RMS E(D for Th=2%—-—->184 dipoles |
\ —a— RMS Eﬁ for Th=4%—-——>126 dipoles
065k ! - - RMS E_ for Th=4%--—>126 dipoles |
S
<= LM — e = — e — S — — %
2 o6l [ R S .
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Fig.11 (a) The error function RMSE corresponding to the thresholds th=2
and 4% as a function of the distance resulting from the equivalent model
associated with Ax=Ay=0.25\. (b) The near field observed at the distance 2L
radiated from the simplified equivalent models.

permits to rewrite the transmission coefficients of the antenna
in limited number of equivalent dipole excitations. The
reduction procedure tends to cancel dipoles that do not
contribute effectively in the radiation pattern.

Contrarily to the spherical wave expansion, the minimum
number of transmission coefficients is related to the antenna
dimensions. At least we should consider the truncation
number N, =[kr, ]=10, which leads to the wuse

ofJ_ =2N, (N, +2)=240 transmission coefficients. The SWE is

a very accurate way to describe the radiated field and the
accuracy of the SWE cannot be questioned. Nonetheless, the
SWE 1is wvalid outside the minimum sphere and the
implementation of the SWE representation of the radiated
field in an electromagnetic code is not trivial. Rewriting the
transmission coefficients (SWE) in terms of equivalent
dipoles, enhanced with the reduction procedure, can be a good
way to express the whole information contained in the



spherical wave coefficients in a limited number of dipole
excitations.

The rearrangement of the SWE into a multiple SWE
expressed in different local coordinate systems (using a priori
information) is a time consuming procedure (translational and
rotational addition theorems). Nevertheless, once the
equivalent model is determined, the calculation of the
radiation pattern in different distances from the antenna is
faster than using the SWE. This is due to the fact that the
number of equivalent dipoles is smaller than the number of the
transmission coefficients.

IV. CONCLUSION

A method for antenna modeling has been presented. This
method is based on the substitution of the original antenna by
a set of equivalent infinitesimal dipoles that reproduce the
same radiating field. Since the equivalent model includes a set
of dipoles placed over the main antenna radiating surface, the
information given by these dipoles gives qualitative
information concerning the origin of the radiation. Using the
antenna a priori information, it has been shown that the
number of infinitesimal dipoles can be significantly reduced.

The use of the transmission coefficients to elaborate the
antenna equivalent model is interesting. This allows a
straightforward matching procedure, where the whole antenna
intrinsic information are contained in a finite number of
complex values. Once the antenna equivalent model is
defined, the electromagnetic radiation of the antenna can be
calculated at any point both inside and outside (FF region) the
minimum sphere except in the reactive region of the antenna.
Also, the antenna a priori information concerning the AUT
geometry have been used to express the multiple spherical
wave expansion, which is of great interest since it has allowed
the rewrite the SWE with a limited and reduced number of
dipole excitations.
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