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A Deterministic Equivalent for the Analysis of

Correlated MIMO Multiple Access Channels

Romain Couillet’f, Mérouane Debbah*, Jack W. Silverstein®

Abstract

This article provides novel deterministic equivalents for the Stieltjes transform and the Shannon transform of
a class of large dimensional random matrices. These results are used to characterise the ergodic rate region of
multiple antenna multiple access channels, when each point-to-point propagation channel is modelled according to
the Kronecker model. We specifically provide an approximation of all rates achieved within the ergodic rate region
and we provide an approximation of the linear precoders that achieve the boundary of the rate region as well as
an iterative water-filling algorithm to obtain these precoders. An original feature of this work is that the proposed
deterministic equivalents are proved valid even for strong correlation patterns at both communication sides. The above

results are validated by Monte Carlo simulations.

I. INTRODUCTION

When mobile networks were expected to run out of power and frequency resources while being simultaneously
subject to a demand for higher transmission rates, Foschini [1] introduced the idea of multiple input multiple
output (MIMO) communication schemes. Telatar [2] then predicted a growth of the channel capacity by a factor
min(N,n) for an N x n MIMO system compared to the single-antenna case when the matrix-valued channel is
modelled with independent and identically distributed (i.i.d.) standard Gaussian entries. In practical systems though,
this linear gain can only be achieved for high signal-to-noise ratios (SNR) and for uncorrelated transmit and receive
antenna arrays at both communication sides. Nevertheless, the current scarcity of available frequency resources
has led to a widespread incentive for MIMO communications. Mobile terminal engineers now embed numerous
antennas in small devices. Due to space limitations, this inevitably induces channel correlation and thus reduced
transmission rates. An implication of the results introduced in this paper is the ability to study the performance of
MIMO systems subject to strong correlation effects in multi-user and multi-cellular contexts, a question which is
paramount to cellular service providers.

Although alternative communication models could be treated using similar mathematical expressions, such as

cooperative and non-cooperative multi-cell communications with users equipped with multiple antennas, the present
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article investigates the MIMO multiple access channel (MIMO-MAC), where K multi-antenna mobile terminals
transmit information to a single receiver. Under perfect channel state information at the transmitters (CSIT), the
boundaries of the achievable rate region of the MIMO-MAC have been characterised by Yu et al. [3] who provide
an iterative water-filling algorithm to obtain the sum rate maximising precoders. However, to achieve perfect CSIT,
the channel must be quasi-static during a sufficiently long period to allow feedback or pilot signalling from the
receiver to the transmitters. For high mobility wireless services, this is often unacceptable. In this situation, the
transmitters are often assumed to have statistical information about the random fast varying channels, such as first
order moments of their distribution. The achievable rates are in this case the points lying in the ergodic rate region.
It is however difficult to characterise the boundary of the ergodic rate region because it is difficult to compute the
optimal precoders that reach the boundaries. In the single-user context, an algorithm was provided by Vu et al
in [4] to solve this problem. However, the technique of [4] is rather involved as it requires nested Monte Carlo
simulations and does not provide any insight on the nature of the optimal precoders.

In the present article, we provide a parallel approach that consists in approximating the ergodic sum rate by
deterministic equivalents. That is, for all finite system dimensions, we provide an approximation of the ergodic
rates, which is accurate as the system dimensions grow asymptotically large. Furthermore, we provide an efficient
way to derive an asymptotically accurate approximation of the optimal precoders. The mathematical field of large
dimensional random matrices is particularly suited for this purpose, as it can provide deterministic equivalents of
the achievable rates depending only on the relevant channel parameters, e.g., the long-term transmit and receive
channel covariance matrices in the present situation, the deterministic line of sight components in Rician models
as in [5] etc. The earliest notable result in line with the present study is due to Tulino et al. [6], who provide an
expression of the asymptotic ergodic capacity of point-to-point MIMO communications when the random channel
matrix is composed of i.i.d. Gaussian entries. In [7], Peacock et al. extend the asymptotic result of [6] in the context
of multi-user communications by considering a K-user MAC with channels Hi, ..., Hx modelled as Gaussian
with a separable variance profile. This is, the entries of Hj, are Gaussian independent with (¢, j)-th entry of zero
mean and variance U;%,ij that can be written as a product a,iij = Tylk,; of a term depending on ¢ and a term
depending on j. The asymptotic eigenvalue distribution of this matrix model is derived, but neither any explicit
expression of the sum rate is provided as in [6], nor is any ergodic capacity maximising policy derived. In [8],
Soysal et al. derive the sum rate maximising precoder policy in the case of a MAC channel with K users whose
channels Hy, ..., Hy are one-side correlated zero mean Gaussian, in the sense that all rows of H; have a common
covariance matrix, different for each k.

In this article, we concentrate on the more general Kronecker channel model. This is, we assume a K-user MIMO-
MAC, with channels Hy, ..., Hg, where each H;, can be written in the form of a product REXkT,% where X
has i.i.d. zero mean Gaussian entries and the left and right correlation matrices Ry and Tj are deterministic
nonnegative definite Hermitian matrices. This model clearly covers the aforementioned channel models of [6], [7]
and [8] as special cases. The Kronecker model is particularly suited to model communication channels that show

transmit and receive correlations, different from one user to the next, in a rich scattering environment. Nonetheless,



the Kronecker model is only valid in the absence of a line-of-sight component in the channel, when a sufficiently
large number of scatterers is present in the communication medium to justify the i.i.d. aspect of the inner Gaussian
matrix and when the channel is frequency flat over the transmission bandwidth. Using similar tools as those used
in this article, many works have studied these channel models, mostly in a single-user context. We remind the main
contributions, from which the present work borrows several ideas. In [5], [9], [10], Hachem et al. study the point-
to-point multi-antenna Rician channel model, i.e., non-central Gaussian matrices with a variance profile, for which
they provide a deterministic equivalent of the ergodic capacity [5], the corresponding ergodic capacity-achieving
input covariance matrix [9] and a central limit theorem for the ergodic capacity [10]. In [11], Moustakas et al.
provide an expression of the mutual information in time varying frequency selective Kronecker channels, using the
replica method [12]. This result has been recently proved by Dupuy et al. in a yet unpublished work. Dupuy et
al. then derived the expression of the capacity maximising precoding matrix for the frequency selective channel
[13]. A more general frequency selective channel model with non-separable variance profile is studied in [14] by
Rashibi et al. using alternative tools from free probability theory. Of practical interest is also the theoretical work
of Tse [15] on MIMO point-to-point capacity in both uncorrelated and correlated channels, which are validated by
ray-tracing simulations.

The main contribution of this paper is summarized in two theorems contributing to the field of random matrix
theory and enabling the evaluation of the ergodic rate region of the MIMO-MAC with Kronecker channels. We
subsequently derive an iterative water-filling algorithm enabling the description of the boundaries of the rate region
by providing an expression of the asymptotically optimal precoders. The remainder of this paper is structured as
follows: in Section II, we provide a short summary of the main results and how they apply to multi-user wireless
communications. In Section III, the two theorems are introduced, the complete proofs being left to the appendices.
In Section 1V, the ergodic rate region of the MIMO-MAC is studied. In this section, we introduce our third main
result: an iterative water-filling algorithm to describe the boundary of the ergodic rate region of the MIMO-MAC.
In Section V, we provide simulation results of the previously derived theoretical formulas. Finally, in Section VI,
we give our conclusions.

Notation: In the following, boldface lower-case characters represent vectors, capital boldface characters denote
matrices (Iy is the N x N identity matrix). X;; denotes the (¢, j) entry of X. The Hermitian transpose is denoted
(-)". The operators tr X, |X| and ||X|| represent the trace, determinant and spectral norm of matrix X, respectively.
The symbol E-] denotes expectation. The notation F'Y stands for the (cumulative) distribution function of the
eigenvalues of the Hermitian matrix Y. The function (z)* equals max(z, 0) for real . For F, G two distribution
functions, we denote F' = G the vague convergence of F' to GG. The notation z,, 2% % denotes the almost sure
convergence of the sequence x,, to x. The notation ||F|| for the distribution function F' is the supremum norm
defined as ||F'|| = sup,, F'(z). The symbol X > 0 for a square matrix X means that X is Hermitian nonnegative

definite.
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Fig. 1. Multi-antenna multiple access scenario with Kronecker channels.

II. SCOPE AND SUMMARY OF MAIN RESULTS

In this section, we summarise the main results of this article and explain their impact on the study of the effects

of channel correlation on the achievable communication rates in the present multi-user framework.

A. General Model
.,nx antennas respectively, which we refer to as

Consider a set of K wireless terminals, equipped with nq,
the transmitters, and another device equipped with /N antennas, which we call the receiver or the base station. We

consider the uplink communication from the terminals to the base station. Denote H;, € CV*"k the channel matrix

(D

between transmitter £ and the receiver. Let H; be defined as
1 1
H, =R} X;T;,
l l . .. . . . .
where R2 € CNV*Y and T2 € C™*"* are nonnegative Hermitian matrices and X, € C*"* is a realisation of a
random matrix with independent Gaussian entries of zero mean and variance 1/ng. In this scenario, the matrices

T}, and Ry model the correlation present in the channel at transmitter £ and at the receiver, respectively. This setup

is depicted in Figure 1.

It is important to underline that the correlation patterns emerge both from the inter-antenna spacings on the
volume-limited transmit and receive radio devices and from the solid angles of transmitted and received signal
energy. Even though the transmit antennas emit signals in an isotropic manner, only a limited solid angle of
emission is effectively received, and the same holds for the receiver which captures signal energy in a non-isotropic
manner. Given this propagation factor, it is clear that the transmit covariance matrices R, matrices are not equal for

all users. We nonetheless assume physically identical and interchangeable antennas on each device. We therefore

claim that the diagonal entries of Ry and Tk, i.e., the variance of the channel fading on every antenna, are identical
and equal to one, which, along with the normalisation of the Gaussian matrix Xy, allows for a consistent definition
of the SNR. As a consequence, tr Ry = N and tr Ty = nji. We will see that under these trace constraints the

hypotheses made in Theorem 1 are always satisfied, therefore making Theorem 1 valid for all possible figures of



correlation, including strongly correlated patterns. The hypotheses of Theorem 2, used to characterise the ergodic
rate region of the MIMO-MAC, require additional mild assumptions, making Theorem 2 valid for most practical
models of Ry and Tj. These statements are of major importance and rather new since in other contributions, e.g.,
[5], [13], it is usually assumed that the correlation matrices have uniformly bounded spectral norms across N.
Physically this means that only low correlation patterns are allowed, excluding short distances between antennas
and small solid angles of energy propagation. The counterpart of this interesting property is a theoretical reduction
of the convergence rates of the derived deterministic equivalents, compared to those proposed in [5] and [13].
The rate performance of multi-cell or multi-user communication schemes is connected to the so-called Stieltjes
transform and Shannon transform of matrices By of the type
K 1 1
By = > R7X,T,X{RZ. )
k=1

We study these matrices using tools from the field of large dimensional random matrix theory [16]. Among these
tools, we define the Stieltjes transform mpy(z) of the Hermitian nonnegative definite matrix By € CN*N | for

z€ C\RT, as

1 1 _
mN(z):/)\_ZdFN(/\):Ntr(BN—zIN) L

where Fy denotes the (cumulative) distribution function of the eigenvalues of By. The Stieltjes transform was
originally used to characterise the asymptotic distribution of the eigenvalues of large dimensional random matrices
[17]. From a wireless communications viewpoint, it can be used to characterise the signal-to-interference plus noise
ratio of certain communication models, e.g., [18], [19]. A second interest of the Stieltjes transform in wireless

communications is its link to the so-called Shannon transform Vx(z) of By, that we define for > 0 as

Vy(z) = %log det (IN + iBN) = /;OO log (1 + 2) dFx(\) = /:OO (1 _ mN(—w)> duw.

w
The Shannon transform is commonly used to provide approximations of capacity expressions in large dimensional
systems, e.g., [6]. In the present work, the Shannon transform of By will be used to provide a deterministic
approximation of the ergodic achievable rate of the MIMO-MAC.
Before introducing our main results, namely Theorem 1 and Theorem 2, which are rather technical and difficult
to fathom without a preliminary explanation, we briefly describe these results in telecommunication terms and their

consequences to the multi-user multi-cell communication models at hand.

B. Main results
The main results of this work unfold as follows:
o Theorem 1 provides a deterministic equivalent m%;(z) for the Stieltjes transform my(z) of By, under the
assumption that N and n; grow large with the same order of magnitude and the sequences of distribution
functions {FT*},, and {FR+}y form tight sequences [20]. This is, we provide an approximation m3;(z)

of my(z) which can be expressed without reference to the random Xj matrices and which is almost surely



asymptotically exact when N — oo. The tightness hypothesis is the key assumption that allows degenerated
R and T} matrices to be valid in our framework, and that therefore allows us to study strongly correlated
channel models;

o Theorem 2 provides a deterministic equivalent V$; () for the Shannon transform Vy (x) of B y. In this theorem,
the assumptions on the Ry and T matrices are only slightly more constraining and of marginal importance
for practical purposes. In particular, Theorem 2 theoretically allows the largest eigenvalues of Ty or Ry to
grow linearly with N, as the number of antennas increases, as long as the number of these large eigenvalues
is of order o(N);

o based on Theorem 2, the precoders that maximise the deterministic equivalent of the ergodic sum rate of the

MIMO-MAC are computed. Those precoders have the following properties:

— the eigenspace of the precoder for user & coincides with the eigenspace of the transmit channel correlation
matrix at user k;

— the eigenvalues of the precoder for user k£ are the solution of a water-filling algorithm;

— as the system dimensions grow large, the mutual information achieved using these precoders becomes
asymptotically close to the channel capacity.

The major practical interest of Theorems 1 and 2 lies in the possibility to analyze mutual information expressions
for multi-dimensional channels, not as the averaged of stochastic variables depending on the random matrices Xy,
but as approximated deterministic expressions which do no longer feature the matrices Xj. The study of those
quantities is in general simpler than the study of the averaged stochastic expressions, which leads here to a simple
derivation of the approximated rate optimal precoders.

In the next section, we introduce our theoretical results, whose proofs are left to the appendices.

III. MATHEMATICAL PRELIMINARIES

In this section, we first introduce Theorem 1, which provides a deterministic equivalent for the Stieltjes transform
of matrices B defined in (2). A deterministic equivalent for the Shannon transform of By is then provided in
Theorem 2, before we discuss in detail how this last result can be used to characterise the performance of the

MIMO-MAC with strong channel correlation patterns.

A. Main results

Theorem 1: Let K, N,nq,...,ng be positive integers and let
K 1 H 1
By = > RZX,T;X[R7 +8 3)
k=1

be an N x N matrix with the following hypothesis for all k € {1,...,K}:

1) X € CVN*" has i.i.d. entries \/%Tkaj, such that E[| X}, — EXF,|?] = 1;

1
2) R; € CN*N is a Hermitian nonnegative square root of the nonnegative definite Hermitian matrix Ry;



3) Ty = diag(m,...,T,) with 7, > 0 for all ;
4) the sequences {FT+}, and {F®*}y are tight;'
5) S € CN*N is Hermitian nonnegative definite;

6) there exist b > a > 0 for which

a < mkin lim i%f cr < In]?x lim Sl]iip c, < b, (@)
with ¢, = N/n.
Also denote, for z € (C\RJr mp( f 3 dF '~ (A), the Stieltjes transform of B . Then, as all ng and N grow
large, with ratio cy,
my(2) = m3(2) =50, (5)

where

mdF -
2 S R, — =21
my(z) = ( +Z/1+Ck7'k€k k ZN>

and the functions e;(2), i € {1,..., K}, form the unique solution to the K equations

dFT
e(z) = & R, (S+Z IR R’“”“) ©

such that sgn(Se;(2)]) = sgn($S[z]) when J[z] # 0 and such that e;(z) > 0 when z is real and negative.
Moreover, for any € > 0, the convergence of Equation (5) is uniform over any region of C bounded by a contour
interior to

C\{z:z|<e}U{z=z+iv:z>0|v <e}). (7)

For all N, the function m{; is the Stieltjes transform of a distribution function F'5;. Denoting F'y the empirical

eigenvalue distribution function of By, we finally have
Fy—Fy=0 (8)

weakly and almost surely as N — oo.
Proof: The proof of Theorem 1 is deferred to Appendix A. [ ]

A few technical remarks are of order at his point.

Remark 1: In her PhD dissertation [21], Zhang derives an expression of the limiting eigenvalue distribution for
the simpler case where K =1 and S = 0 but T; is not constrained to be diagonal. Her work also uses a method
based on the Stieltjes transform. Based on [21], it seems to the authors that Theorem 1 could well be extended to
non-diagonal T';,. However, proving so requires involved calculus, which we did not perform. Also, in [22], using
the same techniques as in the proof provided in Appendix A, Silverstein et al. do not assume that the matrices

T}, are nonnegative definite. Our result could be extended to this less stringent requirement on the central T,

Lthis is, for all € > 0, there exists M > 0 such that F Tk (M) >1—¢and FRk (M) > 1—¢ forall ng, N. See e.g., [20] for more details.



Define € > 0, the convergence threshold and n > 0, the iteration step. For all
ke{l,...,K}, seted =—1/zand e; ' = 0.

while max]{|e —e; "I >edo
forkE{l,...,K}do
Compute
-1
n+17 7—JdF J T])
= —t Ry | S I 9
r ( +z/1+w R~y | O
end for

Assign n <—n+1

end while

TABLE 1

FIXED-POINT ALGORITHM CONVERGING TO THE SOLUTION OF (6)

matrices, although in this case Theorem 1 does not hold for z real negative. For application purposes though, it is
fundamental that the Stieltjes transform of By exist for z € R™.

We now claim that, under proper initialisation, for z € C\ R™, a classical fixed-point algorithm converges surely
to the solution of (6).

Proposition 1: For z € C\R™, the output {e},...,e%} of fixed-point algorithm described in Table I converges
surely to the unique solution {e1(z),...,ex(z)} of (6), such that sgn(Se;(z)]) = sgn(J[z]) when $[z] # 0 and
such that e;(z) > 0 when z < 0, for all 3.

Proof: The proof of Proposition 1, inspired by the work of Dupuy er al. [13] in the context of frequency
selective channel models, is provided in Appendix E. [ ]

Different hypotheses will be used in the applications of Theorem 1 provided in Section I'V. For practical reasons,
we will in particular need the entries of X}, will be Gaussian, the matrices T}, to be non-diagonal and S = 0. This

entails the following corollary:

Corollary 1: Let K, N,nq,...,nk be positive integers and let
K 1 H 1
By = Z R} X, T, X R? (10)
k=1

be an N x N matrix with the following hypothesis for all k € {1,..., K}:

1) X € CNX" has i.i.d. Gaussian entries FXZ“J, with E[X},] = 0 and E[|XF|?] = 1;
1
2) R} € CM*¥ is a Hermitian nonnegative square root of the nonnegative definite Hermitian matrix Ry;
3) Ty € C™*™ ig a nonnegative definite Hermitian matrix;
4) {FT+},, and {F®*}y form tight sequences;

5) there exist b > a > 0 for which
a < minliminf ¢; < maxlimsupec, <b (11D
k N k N

with ¢, = N/nk



Also denote, for z > 0, my(—z) = % tr(By + 2Iy)~'. Then, as all N and ny, grow large (while K is fixed)

where

x -1
In+ ) 519(—17)Rk] )
k=1

and the set of functions {e;(—z),d;(—x)}, i € {1,..., K}, form the unique solution to the equations

K -1
In+ ) 5/@(_$)Rk] )
k=1

5i(—x) = itr T; (z [In, + cies(—a)Ty]) 7,

%

1
my(—x) = Ntr (a:

1
ei(—x) = i trR; <x

such that e;(—z) > 0 for all 3.
Proof: Since the X, are Gaussian, the joint distribution of the entries of X ;U coincides with that of Xy, for
U any ng X nj unitary matrix. Therefore, XkaX,';| in Theorem 1 can be substituted by Xy (UTkUH)Xg without
compromising the final result. As a consequence, the T, can be taken nonnegative definite Hermitian and the result
of Theorem 1 holds. It then suffices to replace d;(—x) in the expression of e;(—x) to fall back on the result of
Theorem 1. |
The deterministic equivalent of the Stieltjes transform my of By is then extended to a deterministic equivalent
of the Shannon transform of By in the following result:
Theorem 2: Let x > 0 and By be a random Hermitian matrix as defined in Corollary 1 with the following

additional assumptions:

1) there exists o > 0 and a sequence 71,72, ..., such that, for all N,
T} R
1g}ca<XKmaX()\T;+1, A1) S @,

where A% > ... > \% denote the ordered eigenvalues of the N x N matrix Z.
2) denoting by an upper-bound on the spectral norm of the Tj, and Ry, k € {1,..., K}, and 5 > 0 a constant
such that 8 > £b(1 4+ ,/a)?, ay = b3 3 satisfies

ry log(l+an/x) = o(N).
Then, for large N, ny, the Shannon transform Vy(z) = [log(1 + 2A)dFn(X) of By, satisfies
V(@) = Vi(z) == 0;

where
K 4 1 K K
(@) = Z N log det (I,, + crer(—2)Tk) + N log det (IN + Z 6k(—x)Rk> - Z Or(—x)er(—x).
k=1 k=1 k=1
(12)

Proof: The proof of Theorem 2 is provided in Appendix B. [ ]
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Note that this last result is consistent both with [6] when the transmission channels are i.i.d. Gaussian and with
[23] when K = 2. This result is also similar in nature to the expressions obtained in [5] for the multi-antenna Rician
channel model and with [11] in the case of frequency selective channels. We point out that the expressions obtained
in [11], [13] and [9], when the entries of the X matrices are Gaussian distributed, suggest a faster convergence
rate of the deterministic equivalent of the Stieltjes and Shannon transforms than the one obtained here. Indeed,
while we show here a convergence of order o(1) (which is in fact refined to o(1/log" N) for any k in Appendix
A), in those works the convergence is proved to be of order O(1/N?).

However, contrary to the above contributions, we allow the Ry, and T, matrices to be more general than uniformly

bounded in spectral norm. This is thoroughly discussed in the section below.

B. Kronecker channel with strong correlation patterns

Theorem 1 and Corollary 1 require {F®*}y and {FT+}, to form tight sequences. Remark that, because of
the trace constraint % tr Ry = 1, all sequences { F®*}  are necessarily tight (the same reasoning naturally holds
for Tj). Indeed, given ¢ > 0, take M = 2/e; N[1 — FR*(M)] is the number of eigenvalues in Ry, larger than
2/e, which is necessarily less than or equal to Ne/2 from the trace constraint, leading to 1 — FR (M) < /2 and
then FR*(M) > 1—¢/2 > 1 — c. The same naturally holds for the T}, matrices. Observe now that Condition 2)
in Theorem 2 requires a stronger assumption on the correlation matrices. Under the trace constraint, a sufficient
assumption for Condition 2) is that there exists a > 0, such that the number of eigenvalues in R, greater than
« is of order o(N/log N). This is a mild assumption, which may not be verified for some very specific choices
of {FR’*‘} ~.2 Nonetheless, most conventional models for the Ry and T}, even when showing strong correlation
properties, satisfy the assumptions of Theorem 2. We mention in particular the following examples:

o if all Ry and T have uniformly bounded spectral norm, then there exists o > 0 such that all eigenvalues of
R and Ty are less then « for all N. This implies ry = 0 for all IV and therefore the condition is trivially
satisfied. Our model is therefore compatible with loosely correlated antenna structures;

« in contrast, when antennas are densely packed on a volume-limited device, the correlation matrices Ry and
T tend to be asymptotically of finite rank, see e.g. [24] in the case of a dense circular array. That is, for
any given o > 0, for all large IV, the number rx of eigenvalues greater than « is finite, while an defined in
Theorem 2 is of order N2. This implies rx log(1+ay/x) = O(log N) = o(N) and therefore volume-limited

devices with densely packed antennas are consistent with our framework;

2As a counter-example, take N = 2P + 1 and the eigenvalues of Ry, to be

-1
210 y Py Py 07"'70'
2p—1l oy 2P0

P r

The largest eigenvalue is of order N so that ap is of order N2, and the number r of eigenvalues larger than any o > 0 for N large is of

order 2pp_1 ~ %. Therefore r log(1 4 an /x) = O(N) here.
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« for one, two or three dimensional antenna arrays with neighbors separated by half the wavelength as discussed
by Moustakas et al. in [25], the correlation figures have a peculiar behaviour. In a linear array of antenna, O(N)
eigenvalues are of order of magnitude O(1), the remaining eigenvalues being small. In a two-dimensional grid
of antennas, O(\/N ) eigenvalues are of order O(\/N ), the remaining eigenvalues being close to zero. Finally,
in a three-dimensional parallelepiped of antennas, O(N %) eigenvalues are of order O(N %), the remaining
eigenvalues being close to 0 also. As such, in the p-dimensional scenario, we can approximate ry by N pT?l,
ay by N% and we have

rylog(l+an/x) ~ N% log N = o(N),

so that the multi-dimensional antenna arrays with close antennas separated by half the wavelength also satisfy

the hypotheses of Theorem 2.

As a consequence, a wide scope of antenna correlation models enter our deterministic equivalent framework, which
comes again at the price of a slower theoretical convergence of the difference Vy — V5.
We now move to practical applications of the above results and more specifically to the determination of the

ergodic rate region of the MIMO-MAC.

IV. RATE REGION OF THE MIMO-MAC

In this section, we successively apply Theorem 2 to approximate the ergodic mutual information for all deter-
ministic precoders, and then we determine the precoders that maximise this approximated mutual information. This
gives an approximation of all points on the boundary of the MIMO-MAC rate region. We also introduce an iterative

power allocation algorithm to obtain explicitly the optimal precoders.

A. Deterministic equivalent of the mutual information

Consider the wireless multiple access channel as described in Section II and depicted in Figure 1. We denote
¢ = N/ny, the ratio between the number of antennas at the receive base station and the number of transmit antennas
of user k. Denote s, € C"* the Gaussian signal transmitted by user k, such that E[s;] = 0 and E[s;s}] = P}, with
i tr P, < P, where P, is the total power of transmitter k, y € C the signal received at the base station and
n the additive white Gaussian noise of variance E[nn"] = ¢2Iy. We recall that the Kronecker channel between
user k£ and the base station is denoted Hy = Ré XkTé, with the entries of X;, € CN*"* Gaussian independent

of zero mean and variance 1/n; and Ry, T} deterministic. The received vector y is therefore given by

K

y = ZHksk + n.
k=1

Suppose that the Hj, channels are varying fast and that the transmitters in the MAC only have statistical channel
state information about the Hj in the sense that user k£ only knows the long term statistics Rq,...,Rx and

Ty,..., Tk. In this case, for a noise variance equal to o2, the per-antenna ergodic MIMO-MAC rate region Cyiac
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is given by [26]

Cuac= {{RiJ <i<K}:Y) R <EVN(P;,...,P;,;0%),¥8 C {L...,K}} ,
%tr(Pl)SPl i€8
" p,>0
i=1,..,K
with the expectation taken over the joint random variable (Xi,...,Xg), 8 = {i1,...,4s/}, and where we

introduced the notation
1 1
.22\ A H
VN(Pila RN Pi‘s‘ o ) = log det <IN + ;2 EES HZP1HZ > .

Now, assuming the T}, Py and Ry, satisfy the hypotheses of Theorem 2, we have

VN(Pi17 R 7Pi|3|;x) — V?V(Piu ey Pi‘g‘ X I) — 0,
as N,n;,,...,n;  grow large for some sequence {V3 (P;,,..., P ;2)}n, on a subset of measure 1 of the
probability space (2 that engenders (X, , ...  Xis ). Integrating this expression over €} therefore leads to
EV(])V(Pily ey PiISI ; 33) — V?\/(Pil’ ey Pi\s\ ; .’L‘) — 0.

We can therefore apply Theorem 2 to determine the ergodic rate region Cyac of the MIMO-MAC. We specifically

have

EVN (P, ..., Py 50%)—

1 1
Z N log det (Ink + ckek(—a2)TkPk) + N log det (IN + Z 6k(—02>Rk> — g2 Z (5k(—g2>ek(—g?) — 0,

kes kes kes
13)

-1
) (14)

with e;(—0?) and 6;(—0c?) the unique positive solutions of

Iy + Z(gk(*OQ)Rk

1
ei(—o?) = N trR; (02
kes

9 1 1 L/, ok 17\ 1
5i(—0?) = — tr T?P,T? (g [Im +eiei(—o )TZ?PZ»TZ?D
n;
This provides a deterministic equivalent for all points in the MIMO-MAC rate region, i.e., for all Py,... , Pg

precoders.

B. Rate maximisation

Now we wish to determine for which precoders the boundary of the MIMO-MAC rate region is reached. This
requires here to determine the rate optimal precoding matrices P;,,...,P;  , forall 8 C {1,..., K}. To this end,
we first need the following result:

Proposition 2: If at least one of the correlation matrices Ty, k € 8, is invertible, then VS, is a strictly concave
function in P;,, ... ,Pi‘s‘.

Proof: The proof of Proposition 2 is provided in Appendix C. |
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Define 17 > 0 the convergence threshold and [ > 0 the iteration step. At step [ = 0,
forall k € 8,4 € {1,...,nu}, set p , = Py.
while maxk’i{|p§€’i - pgcjil\} > n do

For k € 8, define egjl as the solution of (6) for z = —o2 and P, with
eigenvalues pﬁg,l, e pﬁg,nk , obtained from the fixed-point algorithm of Table I.
for k € 8 do
fori=1...,n; do N
Set p?:il = (,u,k — m) , with pg such that i tr Py = Pp.
end for
end for

Assign | [ +1

end while

TABLE I

ITERATIVE WATER-FILLING ALGORITHM

Without loss of generality, for any k, since the Xj; matrices are standard Gaussian, and therefore of unitarily
invariant joint distribution, T} can be assumed diagonal. If T is not of full rank then it can be reduced into
a matrix of smaller size, such that the resulting matrix is invertible, without changing the problem at hand. We
therefore assume all T, matrices to be of full rank from now on. From Proposition 2, we then immediately prove

that the |8-ary set of matrices {P¥ ,... 7Pfls'} which maximises the deterministic equivalent of the ergodic sum

rate over the set 8 is unique. In a very similar way as in [9], we then show that the matrices P¢, k € §, have the
following properties:
Proposition 3: For every k € 8, denote Ty, = UkaUg the spectral decomposition of T with Uy, unitary and

Ty = diag(tg1,- -, tkn, ). Then the precoders P¢

ITERN

., P?  which maximise the right-hand side of (13) satisfy:

i3]
) P, = UszUH, with P§ diagonal, i.e., the eigenspace of P{ is the same as the eigenspace of Ty;

2) denoting, for all k, e} = ex(—0?) as in (14) for Pj, = Py, the i'" diagonal entry pf, ; of Py satisfies:

1 +
oy — ———) 15
Phii <Mk Crepthi > (1

where the py are evaluated such that % tr Py = P.

In Table II, we provide an iterative water-filling algorithm to obtain the py,.
Proof: The proof of Proposition 3 is provided in Appendix D. [ ]
Remark 2: In [9], it is proved that the convergence of this algorithm implies its convergence towards the correct

limit. The line of reasoning in [9] can be directly adapted to the current situation so that, if the iterative water-filling

)

0|5+ However, similar to

algorithm of Table II converges, then P;,,...,P; converge to the matrices P7 ..., P

ifs|
[9], it is difficult to prove the sure convergence of the water-filling algorithm. Nonetheless, extensive simulations
suggest that convergence is always attained.

For the set 8 under consideration, denote now P ,..., P} the true sum rate maximising precoders. Then, if

i
Pe....,P? and P} P*S‘ are such that Condition 1) of Theorem 2 is satisfied with the sets {T,..., Tk}

117 18| 217" Z‘
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and {R1,...,Rxk} replaced by {ThP?ﬂ'"’TﬁmPZS\} (or {T;,Pr oy Ty PY

71? 18|

}) and {Ri17 e ’RiISI}’

respectively, we have from Theorem 2

VN (PL, ..., P 0% — V(P ..., PS ~a2):(vN(P* P 0% = V(PL,... P ~U2))

7’ Y|’ Ys|? 2 18|’ 7T s

+ (V3P P 0% = V(P P %))

i1 i|s|? 1 Ys|’

+<\7}’V(P‘? P°

217 18|’

o%) = Vn(PS,... P '02)),

is|?
where both right-hand side differences of the type V — V$; tend to zero, while the left-hand side term is positive

by definition of Pj and the remaining right-hand side term is negative by definition of the P7. This finally ensures

that

VNP, .. Py, 0% = Vn(P5, ... P} 50%) =0,
as N,n,, ..., grow large with uniformly bounded ratios. Therefore, the mutual information obtained based on
the precoders P? , ..., P;"S‘ is asymptotically close to the capacity achieved with the ideal precoders P7 ;. .. ,Pf‘s‘ .

Finally, if, for all sets 8§ C {1, ..., K'}, the matrices T}, Ry, and the resulting P}, P¢, satisfy the mild conditions of
Theorem 2, then all points of the boundary of the MIMO-MAC rate region can be given a deterministic equivalent.
This concludes this application section. In the following section, we provide simulation results that confirm the

accuracy of the deterministic equivalents as well as the validity of the hypotheses made on the T and R, matrices.

V. SIMULATIONS AND RESULTS

In the following, we apply the results obtained in Section IV to provide comparative simulation results between
ergodic rate regions, sum rates and their respective deterministic equivalents, for non negligible channel correlations
on both communication sides. We provide simulation results in the context of a two-user MIMO-MAC, with N
antennas at the base station and n; = no antennas at the user terminals. The antennas are placed on a possibly
multi-dimensional array, antenna i being located at x; € R®. We further assume that both terminals are physically
identical. To model the transmit and receive correlation matrices, we consider both the effect of the distances between
adjacent antennas at the user terminals and at the base station, and the effect of the solid angles of effective energy
transmission and reception. We assume a channel model where signals are transmitted and received isotropically in
the vertical direction, but transmitted and received under an angle 7 in the horizontal direction. We then model the
entries of the correlation matrices from a natural extension of Jakes model [27] with privileged direction of signal

departure and arrival. Denoting A the transmit signal wavelength, T, , the entry (a,b) of the matrix Ty, is

ab?

0(T1)

max, 2
T, = /9<T.1> exp (AHXQ — x| cos(@)) df
with [9&;},9&2& the effective horizontal directions of signal propagation. With similar notations for the other
correlation matrices, we choose 6,5 = 0. iy} = m. 0,52 = /3. 008 = /3, 6,5 = 2m/3. 643 = —2m/3,
oR2) — - and B2 —
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Fig. 2. Rate region for a two-user MIMO-MAC when the antennas are placed on a linear array with distance between close antennas is A/10.
The number of antennas N = n1 = ng is taken equal to 2, 4 or 8. Simulations (sim.) are compared against deterministic equivalents (det. eq.).
Uniform power allocation across transmit antennas (uni.) as well as optimal sum rate maximising precoding (opt.) are considered. The SNR is

20 dB in the top figure and —10 dB in the bottom figure.

We start by simulating the MIMO-MAC rate region obtained when ny = no = N, either for N = 2, N =
4 or N = 8, for a linear antenna array with distance A/10 between close antennas, under identity or optimal
precoding policies and with signal to noise ratio of 20 dB or —10 dB. Simulation results, averaged over 10, 000
channel realisations are compared with the deterministic equivalents. This is depicted in Figure 2. The deterministic
equivalents of the rate regions appear to approximate the true rate regions extremely well, even for very small
system dimensions. The case N = 8 shows in particular a perfect match. We note that increasing the number of

antennas on both communication side provides a greater gain when using the optimal precoding policy. We also
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—— 1D, det. eq., uni.
- - — 1D, sim., uni.

—e— 1D, det. eq., opt.

- o- 1D, sim., opt.
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Fig. 3. Per-antenna sum rate for a two-user MIMO-MAC when the antennas are placed on a line (1D) or a cubic array (3D). The number
of antennas satisfy N = n1; = n2 and range from 1 to 125. Simulations (sim.) are compared against deterministic equivalents (det. eq.). The
distance between close antennas is A\/2. The SNR is 20 dB. Uniform power allocation (uni.) as well as optimal sum rate maximising precoding

(opt.) are considered.

observe that, while increasing the number of antennas tends to reduce the individual per-antenna rate under uniform
power allocation, using an optimal precoding policy significantly increases the per-antenna rate. This phenomenon
is particularly accentuated in the low SNR regime. This confirms the observations made by Vishwanath et al. in
[28], according to which the efficiency of individual antennas can grow as the correlation grows at low SNR. This
is, for a given number of antennas, by increasing correlation and systematically applying optimal precoding, strong
eigenmodes emerge over which data can be directed. This leads to higher rates than for an uncorrelated antenna
array for which there are no such strong eigenmodes.

In order to test the robustness of the proposed deterministic equivalents to strongly correlated channel conditions,
we then compare in Figure 3 the MIMO-MAC ergodic sum rate to the associated deterministic equivalents when
precoder optimisation is performed or not and when the antenna grids are either one-dimensional regular arrays or
three-dimensional regular cubes. In all situations, the distance between neighboring antennas is half the wavelength
and the signal to noise ratio is taken to be 20 dB. We take the number of antennas on both sides to be successively
1, 8, 27, 64 and 125. We first observe that the deterministic equivalents are extremely accurate in this scenario. We
confirm also the behaviour of the antenna efficiency, which saturates for the one-dimensional array and decreases
fast for the three-dimensional antenna array, similar to what was observed in [25] for the single-user case. In terms
of performance, a large improvement of the achievable sum rate is observed, especially in the three-dimensional
case, when the optimal precoding policy is applied. Using optimal precoding policies can therefore significantly

reduce the negative impact of antenna correlation even in this high SNR regime.
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VI. CONCLUSION

In this article, we analyzed the performance of multi-antenna multi-user wireless communications and more
particularly the multi-antenna multiple access channel, while taking into account the correlation effects due to close
antennas and reduced solid angles of energy transmission and reception. The analytic approach is based on novel
results, based on recent tools from the field of large dimensional random matrix theory. From these tools, we provide
on the one hand a deterministic equivalent of the per-antenna mutual information of the MIMO-MAC for arbitrary
precoders under possibly strongly correlated channel conditions and on the other hand an approximation of the
rate maximising precoders along with an iterative water-filling algorithm to compute these precoders. In particular,
while theoretical results prove the asymptotic accuracy of our model in the case of dense antenna packing or multi-
dimensional antenna array on either communication side, simulations concur and suggest that the deterministic
equivalents are moreover extremely accurate for very small system dimensions. These results can be used both
from a practical side to easily derive optimal precoders and from a theoretical side to quantify the gains achieved

by optimal power allocation policies in strongly correlated MIMO channels.
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APPENDIX A

PROOF OF THEOREM 1

For ease of read, the proof will be divided into several sections.
We first consider the case /X = 1, whose generalisation to K > 1 is given in Appendix A-E. Therefore, in the

coming sections, we drop the useless indexes.

A. Truncation and centralisation

We begin with the truncation and centralisation steps which will replace X, R and T by matrices with bounded
entries, more suitable for analysis; the difference of the Stieltjes transforms of the original and new By converging to
zero. Since vague convergence of distribution functions is equivalent to the convergence of their Stieltjes transforms,
it is sufficient to show the original and new empirical distribution functions of the eigenvalues approach each other
almost surely in the space of subprobability measures on R with respect to the topology which yields vague
convergence.

Let )N(” = Xf’jl{le,jl<\/N} fE(Xijl{‘Xin\/ﬁ}) and X = (ﬁ)@» Then, from c), Lemma 1 and a), Lemma
3, it follows exactly as in the initial truncation and centralisation steps in [22] and [29] (which provide more details
in their appendices), that

HFN _ FS+R%)~(T)~(HR% || % O

)

as N — oo.

Let now X;; = )Z'ij “1{x,, <N} — E()Z'ijIIﬂXinmN}) and X = (ﬁyw) This is the final truncation and

centralisation step, which will be practically handled the same way as in [22], which some minor modifications,
given presently.
For any Hermitian non-negative definite  x r matrix A, let A denote its i-th smallest eigenvalue of A. With

A = Udiag(M\,..., \2)U" its spectral decomposition, let for any o > 0
A% = Udiag(AM 1 pacays - A1, <ap) U™
Then for any N x N matrix Q, we get from 1) and 2), Lemma 3,
|[FSTRIQTQ'R? _ pSIRICQTOQUR:" | %rank(R% ~R2%) 4 %rank(T —T®)
2 1 &
=N ; Lorsar T 37 ; Lorsay
= 2P™((a, %) + - FT((a,0)).

Therefore, from the assumptions 4) and 6) in Theorem 1, we have for any sequence {ay} with ay — o0

1 1 1, o 1o
|[FSTREQTQRE _ pS+RINQTONQURE"N) _ g (16)

as N — oo.
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A metric D on probability measures defined on R, which induces the topology of vague convergence, is introduced
in [22] to handle the last truncation step. The matrices studied in [22] are essentially By with R = Iy. Following

the steps beginning at (3.4) in [22], we see in our case that when oy is chosen so that as N — oo, an T oo,

N (EIXT 1, zmay + N7 =0

and
- ay 4
> (E\Xll\ L x vy T 1) < .
N=1
We will get
D(FSTREVXTONXIRION pSiRICNXTOVKIRION ) as, (17)
as N — oo.

Since E[X;|> — 1 as N — oo we can rescale and replace X with X/v/E|X 1|2, whose components are
bounded by kln N for some k > 2. Let log N denote logarithm of N with base e'/* (so that kln N = log N).
Therefore, from (16) and (17) we can assume that for each IV the X;; are i.i.d., EXq; = 0, E|X11|2 =1, and
| Xij] <log N.

Later on the proof will require a restricted growth rate on both |R|| and ||T||. We see from (16) that we can
also assume

max(||[R], [|T|]) <log N. (18)

B. Deterministic approximation of my(z)
Write X = [x1,...,X,], X; € CV and let y; = (l/ﬁ)R%xj. Then we can write
BN =S + ZijijH'
j=1
We assume z € C* and let v = $[z]. Define
ey =en(2) = (1/N)tr R(By — 2In) !
and

1 < T _ / —T
nz 1+ cnTjen ) z(1 +cenTen)

PN = dFT(T)

Write By = OAOM, A = diag()y,..., Ay), its spectral decomposition. Let R = {R;;} = O"RO. Then

N
R..
eny = (1/N)trR(A — 2Iy)"! = (1/N) %
i — R
i=1
We therefore see that ey is the Stieltjes transform of a measure on the nonnegative reals with total mass (1/N) tr R.
It follows that both ey (z) and zen(z) map C* into C*. This implies that py(z) and zpn(z) map C* into C*
and, as z — 00, zpn(z) = —(1/n) tr T. Therefore, from Lemma 6, we also have py the Stieltjes transform of a

measure on the nonnegative reals with total mass (1/n) tr T. From (18), it follows that

len| < v 'log N (19)
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and
T T »
v _ < .
‘/ (1 + CNTGN)dF (T) ‘ZpN(Z” < |Z‘7) log N (20)

More generally, from Lemma 6, any function of the form

—T
2(1+m(2))’
where 7 > 0 and m(z) is the Stieltjes transform of a finite measure on R™, is the Stieltjes transform of a measure
on the nonnegative reals with total mass 7. It follows that
‘w < 7lzo L. Q1)
Fix now z € C*. Let B(;) = By — 7;y,y". Define D = —zIy + S — zpy(z)R. We write

By —2Iy—D = Zijjy? + zpNR.
j=1

Taking inverses and using Lemma 4 we have

(BN - 2,’11\/')_1 - D_1 = ZTJD_ly]y;—'(BN - ZIN)_l + ZpND_lR(BN - ZIN)_l
J=1

Z D~ nyJ B(J) 7ZIN)
Tj 1+ 75y (B(j) —2In) "y,

+ 2pyDT'R(By — 2Iy) 7!

Taking traces and dividing by N, we have

1
NtrD b —mn(2) ZT]d = wy,
where § .
0 (1/N)xjRz(B(;) — 2In) 'D'R2x; (1/N)trR(By — zIy)"'D~!
’ 1+ 754 (B( H— 2In)"ly; 1+ cnTjen ’

Multiplying both sides of the above matrix identity by R, and then taking traces and dividing by N, we find
NUD 'R—en(z ZT7 = wy,

where

(1/N)x'R2 (B(;) — 2Ix) '"RD'R2x;  (1/N)trR(By — 2Iy) 'RD"!

def =
1+ 755 (Bg) — 2In) " ty; 1+cnTien

J

We then show that, for any k£ > 0, almost surely

hm (log N)wy =0 (22)
and
lim (log® N) w$; = 0. (23)

Notice that for each j, yjH (B( p—=1 N)’lyj can be viewed as the Stieltjes transform of a measure on R™*. Therefore

from (21) we have

L <l (24)

14+ ij?(B(j) — ZIN)flyj v
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For each j, let e(;) = e(;)(2) = (1/N) tr R(B(j) — 2zIy) "', and

-7

N =D =) ————aF"”
P =200 = | S oy 0

both being Stieltjes transforms of measures on R™, along with the integrand for each .

Using Lemma 4, Equations (18) and (21), we have

7_2

< enlz)?log® N
1+CN76N)(1+CN76(j)) ‘ '

T
dF(7)| < N3

(25)

l2pN — 2p(j)| = len — e@len ’/ (

Let Dy = —2Iny +S — zp;y (2)R. Notice that (By — 2Ix)~! and (B;) — 2Ix)~"! are bounded in spectral norm
(4) (9) ()

by v~}

and, from Lemma 8, the same holds true for D! and D(_ﬁ
In order to handle both wy;, d; and w§;, d; at the same time, we shall denote by E either T or Iy, and wy,
d; for now will denote either the original wf}, d; or wg, dS. Write d; = d} + df + dj’? + d;*, where

(1/N)xHR?(B(;) — 2Iy)'ED'Rix;  (I/N)x}R2(By;) — 2Ly) 'ED R2x;

dl =

J 1+ij5|(B(j) —ZIN)_lyj 1+ij5|(B(j) —ZIN)_lyj
. (1/N)xR2 (B(;) — 2Iy) 'ED|R2x; ~ (I/N)trR(By;) — 2Iy)'ED(})

! 1+ 78 (B — 2In)ty; L+ 758 (B — 2In) "ty

_ (/N)uR(By) —2Ix) 'ED(;)  (1/N)trR(By — 2Iy)"'ED"!

! L+ 7y (B — 2In) "ty 1+ 7y (B — 2In) 1y,
s (UN)uR(By — 2Iy)'ED"' _ (1/N)uwR(By — 2Iy)"'ED"

7 1+ij§'(B(j) —2IN) "y, 1+ enTjen )

From Lemma 4, Equations (18), (24) and (25), we have

enlog” Nz

1
rldl] < ol PR

log N
7i|d2] < |zl 25 [RE (B, — #Ly) 'ED|Rix; — tr R(By) — 2Ly) 'ED}|
|z|llog®> N /1 enl|z|?log® N
led?|§T ’U72+’L)76 —>0, as n — oo
log" N log N
7jldj| < |Z|CIJVV2§ ('X?Ré(Bm —2Iy) 'Rx; — trR7 (B — 2In) 'R2| + Oi ) '

From Lemma 7, there exists X > 0 such that,
1
Bl 5 %1% = 11° < KN~ log"* N
1 1 1
Eﬁ|x§Ra(B(j) - 2Iy)'EDjR2x; — trR(B(;) — zIy) 'ED;}|* < KN %0 log*' N
1
Eﬁ\x;'R%(B(j) —2Iy)'REx; — trRE (B — 2Iy) 'R2[® < KN30 0 log!® N.

All three moments when multiplied by n times any power of log IV, are summable. Applying standard argu-
ments using the Borel-Cantelli lemma and Boole’s inequality (on 4n events), we conclude that, for any £ > 0

logk N max;<, 7;d; 2% 0 as N — oo. Hence Equations (22) and (23).
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C. Existence and uniqueness of m;(z)

We show now that for any N, n, S, R, N x N nonnegative definite and T = diag(1,...,7n), 7 > 0 for all

1 <k < N, there exists a unique e with positive imaginary part for which

1 T T -1

For existence we consider the subsequences {N;}, {n;} with N; = jN, n; = jn, so that ¢y, remains cy, form

the block diagonal matrices
Ry, = diag(R,R,...,R), Sy, = diag(s,S,...,S) (27)

both N x jN and
Ty, = diag(T, T,...,T) (28)

of size jn x jn. We see that FT¥ = FT and the right side of (26) remains unchanged for all N;. Consider a
realisation where wg, — 0 as j — co. We have [en;, (2)| = [GN) " trR(Bjn — 2In) 7| < v~!log N, remaining
bounded as j — oo. Consider then a subsequence for which e N, converges to, say, e. From (21), we see that

‘ T < T|Z|U_1

1+ CNTEN;

so that from the dominated convergence theorem we have

T T
— qF7T _  qFT
/1+CNT€N].(Z)d (T)—>/1+CNT€d (1)

along this subsequence. Therefore e solves (26).

We now show uniqueness. Let e be a solution to (26) and let e; = Se]. Recalling the definition of D we write

_ 1 1p-H T .
e—Ntr<D RD (S—l—{/l—f—cNTe*dF (T)]R zI))

We see that since both R and S are Hermitian nonnegative definite, tr (DflRD*HS) is real and nonnegative.

Therefore we can write

1 -1 Hy—1 cNT e T
_ _ I =
ey = N tr (D R(D") ([ i CNT6|2dF (1)| R+vIy e + v, (29)

where we denoted
O[ ==

oo [ o)
tr (D'R(D™)71).

= =]

f=x

Let e be another solution to (26), with e, = S[e], and analogously we can write e, = e, + vﬁ. Let D denote D

with e replaced by e. Then we have e — e = y(e — e) where

2 -1 -1
CNT T, rDT"RDR
= dF _
i / (I1+cnTe)(1+cenTe) (7) N
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If R is the zero matrix, then v = 0, and e = e would follow. For R # 0 we use Cauchy-Schwarz to find

1 1
2 trD1R(DH) 1R ? 2 trD'R(DMH-IR\ °
< ([ T g () TP RIDT) [ a2 R
|1+ cnTel? N |1+ cnTel? N

1
=a2q
1

_ e a1\’
_<ega+vﬁ> (eQCu—HJB) ’

Necessarily 3 and 3 are positive since R # 0. Therefore |y| < 1 so we must have e = e. For z < 0 and e > 0, the

M

Nl

same calculus can be performed, with + remaining the same. The step (29) is changed by evaluating e, instead of
e, using the same technique. We obtain the same « while /3 is replaced by another positive scalar. We therefore

still have that v < 1.

D. Termination of the proof

Let e}, denote the solution to (26). We show now for any ¢ > 0, almost surely
lim log’ N(ey —e%y) = 0. (30)
N—o0

Let e§ = Qe ], and a® = af;, 5° = (% be the values as above for which e§ = eSa® + v/5°. We have, using (18)
and (21),

7_2

e;o&})\[/ﬁ?\/ S ech IOgN/ mdF

= —log NS U TodFT(T):|
1+ cnTey

< log® N|z|v~ 1.
Therefore
o esa’
=z o)
_ egao/ﬁo
v+ esac/pe
2
< ( log“ N|z| ) 31)

v2 + log® Nz

Let D°, D denote D as above with e replaced by, respectively e}, and ey. We have

1 -
eN = NUD 'R - w§.

With e; = Qfen] we write as above

eg = %tr (DlRDH <[/ CNT%QdFT(T)] R+ UIN)> ~ S[ws]

|14 cyTen]?

= esa +vf — Swy
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We have as above ey — €%y = y(eny — e%) + w$ where now
ol 1
7l < a*¥at.

Fix an £ > 0 and consider a realisation for which logf' N wS; — 0, where ¢/ = max(¢ + 1,4) and n large enough

so that
03
vy < —————. 32
fwil < 4en|z|? log® N G2)
Suppose 3 < W. Then by Equations (18) and (21) we get
a < env 2|z log® NS < 1/4,
which implies |y| < 1/2. Otherwise we get from (31) and (32)
ol [Ne! 2
< 2
ol=e <@a+W%mm>
< log N|z| e
“\v2+logN|z| )
Therefore for all N large
log" N)w§
10g€N|eNfe?V|§ (log’ N)wiy -
1 log? N|z| 2
v2+log? N|z|
< 207 2(v? + log? N|z|)(log® N)w$,
— 0,
as n — oo. Therefore (30) follows.
Let m% = N~! tr D°. We finally show
my —myy =0, (33)

as n — oo. Since my = N~ tr D™ — w?, we have
[¢] o m
my —my =vy(en —e}y) — wy,

where now

2 -1 o—1
T= / (1+ cNTe]CV]\)]z—l + cNTe?V)dFT(T)trDJIV{D'
From (18) and (21) we get || < ey|z[?v™ log® N. Therefore, from (22) and (30), we get (33).
Returning to the original assumptions on X;;, T, and R, for each of a countably infinite collection of z with
positive imaginary part, possessing a cluster point with positive imaginary part, we have (33). Therefore, by Vitali’s
convergence theorem, page 168 of [30], for any £ > 0 we have with probability one my (z) —m$ (z) — 0 uniformly

in any region of C bounded by a contour interior to

C\{z:]z|<e}U{z=a+iv:a>0,v] <e}).
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If S = f(R), meaning the eigenvalues of R are changed via f in the spectral decomposition of R, then we have

1
dF®(r
f(?“)-i—?“deFT(T)—Z ( )
T
dF®R(r).
f(’l’)""f'fmdFT(T)—Z ( )

E. Extension to K > 1

Suppose now

K
1 1
By =S+ ) RZX,T:X}R}
k=1
where K remains fixed, X is N x ny satisfying 1, the Xj’s are independent, Ry, satisfies 2) and 4), T} is

ng X ny satisfying 3) and 4), ¢, = N/n;, satisfies 6), and S satisfies 5). After truncation and centralisation we may

assume the same condition on the entries of the Xj’s, and the spectral norms of the Ry’s and the Tj’s. Write
1

Vi, = (1/y/nk)RExy j, with x;, ; denoting the j-th column of Xy, and let 75 ; denote the j-th diagonal element

of T';,. Then we can write

ngk
By = S+ZZT’€Jy’€Jylm
k=1 j=1
Define
ENE = eN,k(z) = (1/N) tI'Rk(BN — ZIN)_1
and

_ 2 : LY
nkz

1+ cpm jen i

—Tk
= | ——=dFT (7,
/1+Ck7'kzeNk (7).

We see ey and pp have the same properties as ey and py. Let By ;) = By — Tkvjyk,jyg,j. Define D =

—zIy +S — 22{21 zpk (2)Ry. We write

K Nk
By —z2Iy—D= Z ZTk,j}’k,jy/:',j + zpr(2)Ry
k=1 \j=1
Taking inverses and using Lemma 4, we have
K ng
D71 — (BN — ZIN)71 = Z ZTk’jDilyk’ij’j(BN — ZIN)71 + Zkaile(BN — ZIN)71
k=1 \j=1
K Nk

B Z D'y yi (B gy — 2In) 7

: + 2pp DR (By — 2Iy) 7!
k=1 \j=1 J1+T’wykg(Bk () — 2IN) "y,

Taking traces and dividing by N, we have

(1/N)trD™' —mpy(z Z ZTk,jdkj_w}{},

kl ]1
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where

1 1
dr = (1/N)xi R (B, — 2In) 'D'R2x;  (1/N)tr Ry(By — 2Iy) " 'D~!
kg 1+ Tk,jyzj(Bh(j) —2In) "ty 14 cpmijenk '
For a fixed k € {1,..., K}, we multiply the above matrix identity by Ry, take traces and divide by N. Thus we
get
(1/N)tr D™ 'Ry, — ex(2 Z Z’Tk] ki = Whs
k= 1 j 1

where

€ .
kkj —

1 1
(1/N)szjR]§ (Bk,(j) - ZIN)_lRED_lRli Xk,j (1/N) tr Rk(BN — Z]:]\[)_ll:{ﬁ]:)_1
1+ Tk,jyz]‘(Bk,(j) — ZIN)flyk’j 1+ CkTk,jEN,k ’
In exactly the same way as in the case with K = 1 we find that for any nonnegative ¢, logt N wyy and the
1ogz w;’s converge almost surely to zero. By considering block diagonal matrices as before with N, n;’s, S, R;’s

and T;’s all fixed we find that there exist e, ..., e} with positive imaginary parts for which for each ¢

_ = Tk _
- trR <S+Z { / 1+W€de (T)} Ry z1N> . (34)

Let us verify uniqueness. Let €® = (e, ..., e}’() , and let D° denote the matrix in (34) whose inverse is taken
(essentially D after the ey ;’s are replaced by the e7’s). Let for each j, €7 , = Se?, and €3 = (e] 5, .. -, 63(72)1—. Then,
noticing that for each i, tr SD°HR,;D° ! is real and nonnegative (positive whenever S # 0) and tr D°"R,D°!

and tr RjD"_HRiDO_1 are real and positive for all ¢, j, we have

o 1 * o—H o—1
=9 5 tr S+ZU1+CJ dFT()}Rj—zI D° "R,D

K
1 —H —1 2 T, v —H —1

co—trR;D°7"R;D° i | m————————=dF"I —trD°7"R;D° . 35

;ej,2N rhy C]/|]_+Cj7'€;?|2 (T)+N r ( )

Let C° = (cf;), b° = (b3,...,b%)", where

2

1 _ _
¢ = —trR;D° HRZ-DO 16]./7—7(“:*
|1+ ¢

T;
1] N jT€;|2 (7—)

and

1 _ _
by =+ trD° AR, D"

Therefore we have that €5 satisfies

= C%e3 + vb°. (36)

We see that each €7 ,, and b§ are positive. Therefore, from Lemma 9 we have p(C°) < 1.

z]’
Let € = (€5,...,¢e%)" be another solution to (34), with e, D°, C° = (gij), b° defined analogously, so that
(36) holds and p(C°) < 1. We have for each %,

K
1 1 7'2 T, —1
= S tuRD Y (e ey dFTi (r)R;D° .
N A ‘ 1(63 ej)c]/(l-i—che )(1+CJT6]) (T)R;D
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Thus with A = (a;;) where

7_2

(L+c¢jres)(1+¢jTes)

dFi(7), (37)

1 _ —
Qij = NtrRiDO 1Rj20 10]'/

we have

e’ —e’ =A(e’ —¢e), (33)

which means, if e® # €°, then A has an eigenvalue equal to 1.
Applying Cauchy-Schwarz we have
2

1 1
1 -1 —H 7—2 T ’ 1 o—1 o*H/ T T, ’
il < | =R;D° "R,D° —_— _dF"i —R,D° "R.;D ——dF
|aj| < (N J /|1+cj7'e§-2 (1) N j2 |1+cj7§;’|2 (1)

o 1/200 1/2.

=G5 Gy

Therefore from Lemmas 10 and 11 we get

a contradiction to the statement A has an eigenvalue equal to 1. Consequently we have e = e.

The same reasoning can be applied to z < 0, with e7 > 0. In this case matrix A remains the same. The step
(35) is now replaced by taking e?, instead of its imaginary part, using the same line of reasoning. This leads to the
same matrix C° with (36) remaining true with b° replaced by another positive vector. The conclusion p(A) < 1
therefore remains.

Letey = (en1,...,enk)" and e}y = (€34, .., € i) denote the vector solution to (34) for each N. We will

show for any ¢ > 0, almost surely

lim log’ N(ey —e%) — O. (39)

N —o00
We have

1 _ 1 _

ey = (5 trRiD° 1,...,NtrRKD° HT,
Let wé = w§, = —(w§,...,w%)". Then we can write
ey = (i trRyD7L, ..., 1 trRgkD™1)T + we.
N N

Therefore

ey —ey = A(N)(ey —eyy) + W°,

where A(N) = (a;;(N)) with

T2

dFTi(7).
(1+cheN7j)(1+chej’v_’j) (7)

1 _
aij(N) = NtI‘RZ‘D_leDO 1Cj/

We let e} 5, b7;(N), C°(N), by ;» and by, denote the quantities from above, reflecting now their dependence on

N. Let C(N) = (ci;(N)) be K x K with
1 _H 1 72
Cij (N) = N tr RjD R,D™ "¢ |1+07

dFTi (7).
jTenj|? ")
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Let ex 2 = Sfen] and w§ = S[w®]. Define by = (bn1,...,bn k)" with
1 _ _
by =5 trD HR,D L.

Then, as above we find that

en2=C(N)ens+vby + W5, (40)
Using (18) and (21) we see there exists a constant K7 > 0 for which
c5;(N) < Kyilog® Nbg,
and
cij(N) < K log® Nby
cij(N) < Ky log* N
for each i, j. Therefore, from (36) we see there exists K > 0 for which
e < K log? Nuby ;. 41)

Let x be such that x' is a left eigenvector of C°(V) corresponding to eigenvalue p(C°(N)), guaranteed by Lemma

12. Then from (40) we have

x"e}y, = p(C°(N))x"ey , +vx"by. (42)
Using (42) we have
o UXTb?\/' 2 4 —1
1= p(C°(N)) = Z2N > (K log! N) . (43)
x'ey o

Fix an ¢ > 0 and consider a realisation for which log“g“’ Nw$ — 0, as N — oo, where p > 12K — 7. We
will show for all N large
p(C(N)) < 1+ (Klog* N)~". (44)
For each N we rearrange the entries of ey 2, vb,, + W, and C(n) depending on whether the i*" entry of
vb,, + w$§ is greater than, or less than or equal to zero. We can therefore assume

Ci1(N) Ci2(N)
Co1(N) Ca2(N)

)

where Cq1(N) is k1 X k1, Coa(N) is ko X ko, C12(N) is k1 X ko, and Ca1(N) is ko X k;. From Lemma 9 we
have p(C11(N)) < 1. If vy ; +w§; < 0, then necessarily vby ; < [wi| < Ki(log n)~G+P)_ and so from (41) we
have the entries of Ca1 (V) and Ca2(N) bounded by K (log N)~P. We may assume for all N large 0 < k1 < K,

since otherwise we would have p(C(N)) < 1.
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We seek an expression for det(C(NN) — AIy) in which Lemma 14 can be used. We consider N large enough so

that, for |\| > 1/2, we have (Ca2(N) — Al ) ! existing with entries uniformly bounded. We have

det(C(N) _ )\I) = det _CIQ(N)(C22(N) - /\I)_1 Cll(N) - Cl2(N)

0 I Ca1(N) Cao(N) — AL
— det C11(N) = AXI — C12(N)(Co2(N) — AI) "' Ca1 (N) 0
Ca1(N) Cor(N) — A1

== det(Cu(N) — A — Clg(N)(CQQ(N) — )\I)_ngl(N)) det(CQQ(N) — )\I)
We see then that for A = p(C(V)) real and greater than 1,
det(Cn(N) — I - ClQ(N)(CQQ(N) - /\1)71021(]\[)) (45)

must be zero.

Notice that from (41), the entries of Cjo(N)(Ca2(N) — M)~1Cq;(N) can be made smaller than any negative
power of log N for p sufficiently large. Notice also that the diagonal elements of C11 (V) are all less than 1. From
this, Lemma 13 and (41), we see that p(C(N)) < K, log* N. The determinant in (45) can be written as

det(C11(N) = AI) +g(N),

where g()) is a sum of products, each containing at least one entry from C1a(N)(Caz(N)—AI)"1Cy1(N). Again,
from (41) we see that for all |\| > 1/2, g(\) can be made smaller than any negative power of log N by making
p sufficiently large. Choose p so that |g(A)| < (K log N)~# for these . It is clear that any p > 8k; + 4 will
suffice. Let Aq, ..., \;, denote the eigenvalues of Cy;. Since p(C11) < 1, we see that for |A| > (IA( log N)~%, we

have
k1
|det(Cy1(N) — AI)| = |H<Ai -\

> (I/(\' log N) =4k,

Thus with f(A) = det(Cy1(N) — M), a polynomial, and g()) being a rational function, we have the conditions of
Lemma 14 being met on any rectangle C, with vertical lines going through ((K log N)™,0) and (K1 (log N)*,0).
Therefore, since f(A) has no zeros inside C, neither does det(C(IN) — AI). Thus we get (44). As before we see
that
1/2 o
Jai; ()] < if* (N} ().

Therefore, from (43), (44), and Lemmas 10 and 11, we have for all N large

I?Qlog8N1>2 (46)

p(A(N)) < ( g N

For these N we have then I — A (V) invertible, and so

ey —ey = (I —A(N)) 'we.
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By (18) and (21) we have the entries of A(N) bounded by K; log4 N. Notice also, from (46)
-K

> (2K210g® N) XK.

1
K2log® N -1\~
K21log® N

|det(I— A(N))| > (1 — p(AN)K > [ K?1og® N (1 +
When considering the inverse of a square matrix in terms of its adjoint divided by its determinant, we see that
the entries of (I — A(N))~! are bounded by

(K — 1)K (log N)*K-1)
[det(T— A(N))]

< Ky(log N)12K .

Therefore, since p > 12K — 7 (> 8k1 +4), (39) follows on this realisation, an event which occurs with probability
one.

Letting m$, = + tr D° !, we have

my —my = '7T(eN —ey),

where ¥ = (71,...,7K)" with

2 trD-'R,D° !
V= / T o dFTy (7) . : .
(I+enTen;)(1+cpTey ;) N

From (18) and (21) we get each |v;| < enlz|?v™4 log® N. Therefore from (39) and the fact that why — 0, we have
my —myy — 0,

almost surely, as N — oo.

This completes the proof.

APPENDIX B

PROOF OF THEOREM 2

We first prove that VS, (x) as defined in Equation (12) verifies
< /1
Vi (x) = / ( - m}’v(—w)) dw 47)
T w
and then we prove that, under the conditions of Theorem 2, V°(x) defined as such verifies

Vi (x) — V() 235 0. (48)

A. Proof of (47)

First, write e;(z) under the symmetric form

k=1

K —1
GZ(Z) = %trRi <—Z Iy + ZékRkl)

(51(2) = i tr Ty (_Z [Im + ciei(Z)Ti])_l

n;
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and then for m3,(2),

x -1
1
my(z) = Ntr (—z Iy + ZékRk1> .

k=1

Now, notice that

K —1
z | In + Z5kRk]>

k=1

Since the Shannon transform V(z) satisfies V(z) = [
for Zszl 0r(—2) - ex(—z). Notice now that

d X .
aTN log det (IN + ; 6k(—z)Rk> = —ZZ er(—2) - 0(=2)

k=1

w™t — my(—w)]dw, we need to find an integral form

diﬁ log det (I, + cxex(—2)Tx) = —2 - ej,(—2) - Op(—2)

K

d K K
- <225k(2)3k(z)> =Y du(—2)en(—2) =2 ) 8i(—2) - ex(—2) + 6u(—2) - €(—2).
k=1 k=1

k=1

Combining the last three lines, we have

Z 6k(—z)ek(—
k=1

k=1

K K K
d% [Jif log det (IN + Z5k(Z)Rk> - ; % log det (I, + crer(—2)Tk) + Z};‘Sk(*z)ek(*z) 7

which after integration leads to

[ (2

K K
1
v log det (IN +) o(—2)R ) Z log det (I, + crer(—2)T) — zz Su(—2)er(—2),  (49)

k=1
which is exactly the right-hand side of (12).

B. Proof of (48)

Consider now the existence of a nonrandom « and for each N a non-negative integer rn for which

T; R;
maxmax(h. 11, A1) S @

(eigenvalues also arranged in non-increasing order). Then for each ¢

1 1
R2XTXHR5 R2x T? .2
Aoy 41 (327~N+1 )

< 2| X X3
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and then we have, from Lemma 15,
B
)\2II(VTN+1 < QQ(HXIX?” et “XKX?(H)

We can in fact consider that the spectral norms of the X; are bounded in the limit. Either Gaussian assumptions
on the components, or finite fourth moment, but all coming from doubly infinite arrays (remember though that we
need the right-unitary invariance structure of X,;). Because of assumption 5 in Corollary 1, we can, by enlarging
the sample space, assume each X; is embedded in an NV x n/ matrix X}, where N/n; — a as N — oo. Then,

with probability one (see e.g. [16]),
lim sup ABY < limsup (| X, XN + -+ | X X"
11\?10 2KrN+1—lA?p (XX + -+ [ X X))

<a?Tl1 4 vap (50)

Let a° be any real greater than o?K 2(1 + /a)?.
Since S = 0 here, it follows as in [22] that { FB~} is almost surely tight. Let 'y denote the distribution function

having Stieltjes transform m$;, and let f on [0, c0) be a continuous function. Then the function

fl@) z<a

f@®) , xz>a°

fae (m ) =
is bounded and continuous. Therefore, with probability 1,

/ Fuo ()dFy () — / Fao (2)dFS () — 0,

as N — oo.

Suppose now r = o(N). Then, since almost surely there are at most 2Ky eigenvalues greater than a° for all
N large, any converging subsequence of { £’y } must have some mass lying on [0, a°]. This implies, with probability
19

1 o
N X - [ f@dFa o

i <a® [Ovao]
as N — oo.

Let by be a bound on the spectral norms of the T; and R;. Then
H H
Bl < bR (XX + -+ + [ XX |- (51)

Fix a number 8 > %(1—1—\/6)2, and let an = b%;3. Suppose also that f is increasing and that f(ay)ry = o(N).
Then

[ f@ar®@ - 5 3 o) o,

)\iga"

almost surely, as N — oco. Therefore, with probability 1,

[ s@arse — [ s@arse o

as N — oo.
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For any N we consider, for j = 1,2,..., the jN x jN matrix By ; formed, as before, from block diagonal
matrices and jN x jn; matrices of i.i.d. variables. Then with probability 1, FB~. converges weakly to F¥, as
j — oco. Properties on the eigenvalues of B ; will thus yield properties of Fy;.

By considering the bound on ||B,, ;|| analogous to (51), we must have F§(an) =1 for all N large.

Similar to (50) we see that, with probability 1

limsup App s < a2(1+y/e1)? + - + (1 +/ex)?),
J

this latter number being less than a° for all IV large.
At this point we will use the fact that for probability measures Py, P on R with Py converging weakly to P,
we have (see e.g. [31])
limNinf Pn(G) > P(G)

for any open set G. Thus, with G = (a°,00) we see that, with probability 1, for all N large

Fi((a?,00)) = 1 = Fi(a°) < lmn inf FP¥ (%, oc))

S 2Kr N / N.
Therefore, for all N large

/(O T@A @) < Jax)2Kry/N 0,

as N — oo.

Therefore, we conclude that, [ f(z)dF¥ () is bounded, and with probability 1

[ t@dEn@) - [ f@dFz o

as N — oo. This concludes the proof.

APPENDIX C

PROOF OF PROPOSITION 2

The proof stems from the following result,
Proposition 4: f(Pq,...,Pg) is a strictly concave matrix in the Hermitian nonnegative definite matrices P, ..., Pk,

if and only if, for any couples (P;_,Py,),...,(Pk,,Pk,) of Hermitian nonnegative definite matrices, the function
o(N) =f(AP1, + (1= XA)Py,,..., AP, + (1 - N)Pkg,)

is strictly concave.
Denote

v?V(/\) = V?V()‘Pla + (1 - )‘)Plbv ey /\P|S\a + (1 - )‘)P|S\b)
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and consider a set (§k,ek,Pi1,...,Pi‘8‘) which satisfies the system of equations (53)-(55). Then, from remark

(56) and (57),

dVO Z 8V 85k 8V 8ek + @
D6 OX aek X A

ov
o\’

where

V:(51,...,5‘5“61,...,6‘5|,/\)*—)v?v()\). (52)
Mere derivations of V' lead then to

0%V 1 o
=" Z(CZeZ)N tr (I + cie; R P;) " (Ry(P;, — Py,))>.
i€8
Since e; > 0 on the strictly negative real axis, if any of the R;’s is positive definite, then, for all nonnegative

definite couples (P;,,P;,), such that P;  # P;,, V% < 0. Then, from Proposition 4, the deterministic approximate

VY is strictly concave in Py,..., P if any of the R; matrices is invertible.

APPENDIX D

PROOF OF PROPOSITION 3

The proof of Proposition 3 recalls the proof from [9], Proposition 5. Let us define the functions

1
V?V(Pl, ... ,P|S‘) = Z N log det (Ink + crer Ry Py)

keS8
1
+ 5 log det (IN+ZékT;€>
ke8
—O’QZ(Sk €k ), (53)
where
) —1
:ei<P1;-~-7P|S|>:NtrTi <0'2 IN+Z(5ka ) (54)
keS8
1 _
6 =0;(P1,...,Pg)) = ;trRiPi (0 [In, + ciei(2)RiPy)) ! (55)
and V' : (Py,...,Pig|,01,...,95,€1,.-.,€s]) = V§(P1,...,P|s|). Then we need only prove that, for all k£ € §,
av (¢] (o] [e] o
86k(P1’ "Plsl’él’"'76‘S|’61""7€|5‘) =0
av o (o] [e] o
aek(Pl, .,P|S|,(51,...,5‘S|,61,...,€|S‘) =0.
Remark then that
1
oV 1
aék(Pl,...,P|S|751,...,5‘5|7617...,€|g|>ZNT,I“ <I+ZéiTi> Ty —0‘2€k (56)
€8
ov 1 _
c’)?k(Pl""’P|S|’61""’5‘S|’61""’elsl) = Crpy T [(I+CkekRiPi) lePk} — 0?6, (57)
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both being null whenever, for all k, e, = ex(—0?, Py, ..., P|s|) and 05, = Ok(—02, Py, ... , P|s|), which is true in
particular for the unique power optimal solution Pg,..., Pf3| whenever e, = ey and d;, = 0.

When, for all k, e, = e, §;, = d;, the maximum of V" over the P, is then obtained by maximising the expressions
log det (L, + cyesRiPy) over Py. From the inequality (see e.g. [2])

n
det(L,, + crefRiPy) < H (L, + ckerRiPy)
=1

i1 )

where, only here, we denote (X);; the entry (7, ¢) of matrix X. The equality is obtained if and only if I,, +-cxes Ry Py
is diagonal. The equality case arises for Py and Ry = U;D,UY co-diagonalizable. In this case, denoting P}, =
U, QkU,';', the entries of Qy, constrained by % tr(Qg) = Py are solutions of the classical optimisation problem
under constraint,
sup log det (I,,, + crerQrDy),
i tr(%i)spk

whose solution is given by the classical water-filling algorithm. Hence (15).

APPENDIX E

PROOF OF PROPOSITION 1

The convergence of the fixed-point algorithm follows the same line of proof as the uniqueness in Section A-E.
We prove the convergence for z € CT, although this can be easily generalised. If one considers the difference

e"tl — e where e" = (ef,...,e%), instead of e® — e°, the same development as in Section A-E leads to
n+1 n __ n n—1
e"m —e"=A,(e" —e"")

for n > 1, where A, is defined, similarly as in (37), as A, = (a?j), with a7; defined by
2
. dFTi(7),

1
a?- = —tr RiDn_lileDnilcj/ P
7N (1 +cjre] 1)(1—+—ch6?)
where D, is D for e;(z) replaced by e’ (2).
From Cauchy-Schwarz inequality, and the different bounds on the D,,, Ry and T matrices used so far, we have

n o |z|%cj log N*

Q5 >
J v N

with v = [z]. Denoting ¢y = max(c;), we then have that

z|?cy _ log N*
max (et — e <K|7<7m
j ( J .7) 'U4 - j

Let 0 < € < 1, and take now a countable set {21, 23, ...}, vp = S[zx], such that K%% < 1—¢ forall zg
(this is possible by letting v;, > 0 be large enough). On this countable set, the sequences {e"} are therefore Cauchy
sequences on CK: they all converge. Since the e} are holomorphic and bounded on every compact set included in
C\R™, from Vitali’s convergence theorem [30], the function e(z) converges on such compact sets. Now, from the

fact that we forced the initialisation step to be e(j? =—1/z, e(; is the Stieltjes transform of a distribution function at
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point z. It now suffices to verify that, if e’ is the Stieltjes transform of a distribution function at point z, then so is
e, This requires to verify that z € C*, ¢ € C* implies €] *' € C*, z € C*, ze € C* implies ze] ™' € C¥,
and lim, o —yej (iy) < oo implies that lim, . —ye} (iy) < oo. This follows directly from the definition of
e} From the dominated convergence theorem, we then also have that the limit of e} is a Stieltjes transform that
is solution to (6). From the uniqueness of the Stieltjes transform, solution to (6) (this follows from the pointwise

uniqueness on C* and the fact that the Stieltjes transform is holomorphic on all compact sets of C\ RT), we then

have that €’/ converges for all j and z € C \ RT, if eg? is initialised at a Stieltjes transform.

APPENDIX F
USEFUL LEMMAS
In this section, we gather most of the known or new lemmas which are needed in various places in the proof of
Appendices A-E.
The statements in the following Lemma are well-known

Lemma 1: 1) For rectangular matrices A, B of the same size,

rank(A + B) < rank(A) 4 rank(B);
2) For rectangular matrices A, B for which AB is defined,

rank(AB) < min(rank(A), rank(B));

3) For rectangular A, rank(A) is less than the number of non-zero entries of A.

Lemma 2: (Lemma 2.4 of [22]) For N x N Hermitian matrices A and B,
1
|FA - FB| < ~ank(A — B).

From these two lemmas we get the following.
Lemma 3: Let S, A, A, be Hermitian N x N, Q, Q both N x n, and B, B both Hermitian n x n. Then

1))
||Fs+AQBQHA _ FS+A6B§HAH < %rank(Q -Q);

2)

|FS+AQBQ"A _ pS+AQBQA | < %rank(A ~-A);
3)
|FSTAQBQ"A _ pS+AQBQ"A|| < %rank(B - B).

Lemma 4: For N x N A, 7 € C and r € CV for which A and A + 7rr" are invertible,

1
T 14 7rHA- Iy

This result follows from rHA=1(A + 7rrH) = (1 + 7rH A~ 1r)rH.

(A + rert) ! AL

Moreover, we recall Lemma 2.6 of [22]
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Lemma 5: Let z € Ct with v = 2], A and B N x N with B Hermitian, and r € CV. Then

HB - 2Iy)'AB — 2Iy) " 'r < Al
1+rH(B —2Iy)"Ir - v

’tr (B—2Iy)"' = (B+ rri — 2In)7Y) A‘ =t

If z < 0, we also have
[A]

2| -

|tr (B—2Iy)"'—(B+ rrH — 2In)7) A| <

From Lemma 2.2 of [32], and Theorems A.2, A.4, A.5 of [33], we have the following

Lemma 6: If f is analytic on C*, both f(z) and zf(z) map C* into C", and there exists a 6 € (0,7/2) for
which zf(z) — ¢, finite, as z — oo restricted to {w € C: § < argw < 7 — 0}, then ¢ < 0 and f is the Stieltjes
transform of a measure on the nonnegative reals with total mass —c.

Also, from [22], we need

Lemma 7: Lety = (y1,...,yn)" with the y;’s i.i.d. such that Ey; = 0, E|y;|> =1 and y; < log N, and A an

N x N matrix independent of y, then
Ely"Ay —tr A|® < K||A||°N®1log'? N,

where K does not depend on IV, A, nor on the distribution of ;.

Additionally, we need

Lemma 8: Let D = A + iB + ivl, where A, B are N x N Hermitian, B is also positive semi-definite, and
v > 0. Then |D71|| < v~ L.

Proof: We have DDH = (A +iB)(A — iB) + v2I + 2vB. Therefore the eigenvalues of DD are greater or
equal to v?, which implies the singular values of D are greater or equal to v, so that the singular values of D!
are less or equal to v~!. We therefore get our result. [ ]

From Theorem 2.1 of [34],

Lemma 9: Let p(C) denote the spectral radius of the N x N matrix C (the largest of the absolute values of the
eigenvalues of C). If x,b € RY with the components of C, x, and b all positive, then the equation x = Cx + b
implies p(C) < 1.

From Theorem 8.1.18 of [35],

Lemma 10: Suppose A = (a;;) and B = (b;;) are N x N with b;; nonnegative and |a;;| < b;;. Then

p(A) < p((laiz])) < p(B).
Also, from Lemma 5.7.9 of [36],
Lemma 11: Let A = (a;;) and B = (b;;) be N x N with a;;, b;; nonnegative. Then
i 1 1 1
p((ab;)) < (p(A))2 (p(B))=.

And, Theorems 8.2.2 and 8.3.1 of [35],
Lemma 12: If C is a square matrix with nonnegative entries, then p(C) is an eigenvalue of C having an
eigenvector x with nonnegative entries. Moreover, if the entries of C are all positive, then p(C) > 0 and the entries

of x are all positive.
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From [36], we also need Theorem 6.1.1,

Lemma 13: Gersgorin’s Theorem All the eigenvalues of an N x N matrix A = (a;;) lie in the union of the N

disks in the complex plane, the i** disk having center a;; and radius i Qi)

Theorem 3.42 of [30],

Lemma 14: Rouche’s Theorem If f(z) and g(z) are analytic inside and on a closed contour C' of the complex

plane, and |g(z)| < |f(2)| on C, then f(z) and f(z) + g(z) have the same number of zeros inside C.

In order to prove Theorem 2, we also need, from [37]

Lemma 15: Consider a rectangular matrix A and let s2* denote the i largest singular value of A, with s =0

whenever i > rank(A). Let m, n be arbitrary non-negative integers. Then for A, B rectangular of the same size

A+B

A B
Sm—i—n—i—l S Sm+1 + Sn+17

and for A, B rectangular for which AB is defined

AB A B
Sm+n+1 S Sm+1sn+1'

As a corollary, for any integer » > 0 and rectangular matrices A1, ..., Ak, all of the same size,

Aj+-+Ax Ay Ak
SKr+1 < st s
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