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STOCHASTIC FLOWS RELATED TO WALSH BROWNIAN
MOTION

Hatem Hajri
Université de Paris sud 11
Hatem.Hajri@math.u-psud.fr

Abstract

We define an equation on a simple graph which is an extension of Tanaka equation
and the skew Brownian motion equation. We then apply the theory of transition
kernels developed by Le Jan and Raimond and show that all the solutions can be
classified by probability measures.

1 Introduction and main results.

In [9], [10] Le Jan and Raimond have extended the classical theory of stochastic flows to
include flows of probability kernels. Using the Wiener chaos decomposition, it was shown
that non Lipschitzian stochastic differential equations have a unique Wiener measurable
solution given by random kernels. Later, the theory was applied in [11] to the study of
Tanaka equation:

pon(z) = 2+ /: sqn(psu(z))W(du), s<t,zcR, (1.1)

where sgn(z) = 1,50y — Lyz<oy, We = Woul im0y — Wioli<oy and (Wsy, s < ) is a real
white noise (see Definition 1.10 [10]) on a probability space (€2, .4,P). If K is a stochastic
flow of kernels (see Section 2.1 below) and W is a real white noise, then by definition,
(K, W) is a solution of Tanaka SDE if for all s < t,z € R, f € CZ(R) (f is C* on R and
I, f" are bounded)

Kool @) = 10)+ [ Kol fsgm)@W (o) + 3 [ Kouf"@)du as. (12

When K = 6, is a Dirac flow (flow of mappings), (1.2) is then equivalent to (1.1). It
has been proved [11] that each solution flow of (1.2) can be characterized by a probability
measure on [0, 1] which entirely determines its law. Define

Top = inf{r > s: W, = —|z|},s,z € R.

Then, the unique 7" adapted solution (Wiener flow) of (1.2) is given by

1 .
K;/};(.%’) = 5x+sgn($)Ws,t]lt§Ts,x + 5(5{/[/;5 + 5W:t)]lt>73’x7 Ws—t—t = WS,t - ug[lsft] WS,U'

Among solutions of (1.2), there is only one flow of mappings which has been already stud-
ied in [19].



We now fix o € [0,1] and consider the following SDE having a less obvious extension
to kernels:
X T =x+Wa+Qa—1)LE, t>sz€R, (1.3)

where

- 1 rt
L3, = lim —/ 1 xse<.du (The symmetric local time).

e—0t 2¢

Equation (1.3) was introduced in [6]. For a fixed initial condition, it has a pathwise
unique solution which is distributed as the skew Brownian motion (SBM) with parameter
o (SBM(e)). It was shown in [1] that when a # , flows associated to (1.3) are coalescing

]

and a deeper study of (1.3) was provided later in [Z>] and [4]. Now, consider the following
generalization of (1.1):

Xot(x) =z + /st sgn(Xsu(2))W (du) 4 (2 — 1) L2 +(X), s<txeR, (1.4)

where

Lgy(X) = lim —/ 11X, (@)1 <e

e—0t2e

Each solution of (1.4) is distributed as the SBM («). By Tanaka formula for symmetric
local time ([16] page 234),

t -
XKo@ = Jo + [ 5g0(Xo (@) dXi (o) + E2,(X),
where sgn(r) = 1,0y — Iyz<0y- By combining the last identity with (1.4), we have

| Xsa(@)] = 2| + Wi + LE(X). (1.5)
The uniqueness of solutions of the Skorokhod equation ([16] page 239) entails that

[ Xea(@)] = [zl + Way — min [(|2] + Weu) A0O]. (1.6)

Clearly (1.5) and (1.6) imply that o(|Xsu(z);s < u <t) = 0(Ws4;s < u < t) which is
strictly smaller than o(X,,(z);s < u < t) and so X, (x) cannot be a strong solution of
(1.4). For these reasons, we call (1.4) Tanaka SDE related to SBM(«).

From now on, for any metric space E, C(E) (respectively Cy(E)) will denote the space of
all continuous (respectively bounded continuous) R-valued functions on E. Let

o CZ(R*) ={f € C(R) : f is twice derivable on R*, f/, f" € C},(R*), f|’]0,+oo}, f|’]’0,+oo}
(resp. f|l]—oo,0[’ fﬁ'_oo’o[) have right (resp. left) limit in 0}.
o Do ={f € C{(R") :af'(0+) = (1 - a)f'(0-)}.

For f € D,, we set by convention f'(0) = f(0—), f”(0) = f”(0—). By Ité6-Tanaka formula
([14] page 432) or Freidlin-Sheu formula (see Lemma 2.3 [5] or Theorem 2.6 in Section 2)
and Proposition 2.8 below, both extensions to kernels of (1.3) and (1.4) may be defined
by

Koof(a / Koulef') / Kouf'(@)du, f€Da,  (L7)



where £(z) = 1 (respectively e(z) = sgn(z)) in the first (respectively second) case, but
due to the pathwise uniqueness of (1.3), the unique solution of (1.7) when e(x) = 1, is
K 1(z) = dxs (this can be justified by the weak domination relation, see (4.5)). Our aim
now is to define an extention of (1.7) related to Walsh Brownian motion in general. The
latter process was introduced in [18] and will be recalled in the coming section. We begin
by defining our graph.

Definition 1.1. (Graph G)
N

Fiz N € N* and o, ...,any > 0 such that Zai =1.

=1
In the sequel G will denote the graph below (Figure 1) consisting of N half lines (D;)1<i<n
emanating from 0. Let &; be a vector of modulus 1 such that D; = {hé€;,h > 0} and define
for all function f: G — R and i € [1, N], the mappings:

fi : R+ — R
h — f(hé)
Denote by |.| the natural distance on G and equip G with its Borel o-field B(G). We also
use the notation G* = G \ {0}. Now, define
o CZ(G*) ={f € C(G) : Vi€ [1,N], f; is twice derivable on R, f!, fI' € Cy(R%) and both
have finite limits at 0+}.

N
e D(ay,...,an) = {f € C3(G*) : Zaifi/(()—i—) = 0}.
i=1

For all x € G, we define é(x) - é if v € Dj,x # 0 (convention €(0) = ex). For
f € CG"), x # 0, let f'(x) be the derivative of f at x relatively to €(x) (= fl(|z|) if
x € D;) and f"(x) = (f)(x) (= f/'(|z|) if © € D;). We use the conventions f'(0) =
In(0+), f7(0) = fR(04). Now, associate to each ray D; a sign €; € {—1,1} and then
define

£ ifv e D, x 75 0

e(z) = .
ey ifx=0

To simplify, we suppose that €1 = ... = e, =1, epy1 = ... =en = —1 for some p < N.
Set
Gt=|J Di, G = |J Di Then G=G"JG.
1<i<p p+1<i<N
We also put a™ =1—a™ =37 | «.

Definition 1.2. (Equation (E)).

On a probability space (2, A,P), let W be a real white noise and K be a stochastic flow of
kernels (a precise definition will be given in Section 2). We say that (K, W) solves (E) if
forall s <t,f € D(ay,...,an),xz € G,

Ko f(z) = f(z) + /: K u(ef)(x)W (du) + % /St Ksuf"(z)du a.s.

If K =0, is a solution of (E), we simply say that (o, W) solves (E).

Remarks 1.3. (1) If (K, W) solves (E), then (W) C o(K) (see Corollary 4.1) below.
So, one can simply say that K solves (E).

(2) The case N = 2,p = 2,e1 = g9 = 1 corresponds to Tanaka SDE related to SBM and
includes in particular the usual Tanaka SDE [11]. In fact, let (K%, W) be a solution of



Figure 1: Graph G.

(1.7) with o = on,e(y) = sgn(y) and define Y(y) = |y|(€11y>0 + €21y<0),y € R. For all
x € G, define th(x) = Q,Z)(K]SR;t(y)) with y = ¢~Y(z). Let f € D(ay,a2),7 € G and g be
defined on R by g(z) = f(¥(2)) (g € Da,). Since K® satisfies(1.7) in (g,0~ (x)) (g is
the test function and ¢~ (x) is the starting point), it easily comes that K€ satisfies (F)
in (f,x). Similarly, if K¢ solves (E), then K® solves (1.7).

o

Figure 2: Tanaka SDE.

(8) As in (2), the case N =2,p = 1,61 = 1,e9 = —1 corresponds to (1.3).

.................................................................

Figure 3: SBM equation.

In this paper, we classify all solutions of (E) by means of probability measures. We now
state the first



Theorem 1.4. Let W be a real white noise and X;”* be the flow associated to (1.3) with
a=at. Define Zy(x) = th’s(x”m',s <t,xeG and

KN%(2) = Oa@)|Zos(w) Mi<r s
P N
+ O a_j_5€i|25,t(x)|]lzs,t(aﬁ)>0+ > a_i(séﬂzs,t(a:)\]lZs,t(a:)§0)]1t>Ts,x7
i=1 i=p+1

where Ts ; = inf{r > s : Zs .(z) = 0}. Then, KW is the unique Wiener solution of (E).

The proof of this theorem follows [9] (see also [15] for more details) with some modifications
adapted to our case. We will use Freidlin-Sheu formula for Walsh Brownian motion to
check that K" solves (E). Unicity will be justified by means of the Wiener chaos decom-
position (Proposition 4.2). Besides the Wiener flow, there are also other weak solutions
associated to (F) which are fully described by the following

Theorem 1.5. (1) Define

k
Ay = {u=(ug,...,u) € [0,1]% : Zul =1}, k> 1
i=1

Suppose o # %

(a) Let m™ and m™ be two probability measures respectively on A, and An_, satisfy-
mng:

() [t = 25 () [ wm ) =2 vi<i<p1< <N -p
AN_p

Then, to (m™,m™) is associated a stochastic flow of kernels K™5m™ solution of (E).

e To (5( ar ap),é(apﬂ a_N)) is associated a Wiener solution KW .

pomm LR a e
P N
o «; , , . ,
e To (Za—i5o7,,70,170,__,0, Z a—iéo,__,071,07..70) 1s associated a coalescing stochastic flow
i=1 i=p+1

of mappings .

(b) For all stochastic flow of kernels K solution of (E) there erxists a unique couple of

measures (m™*,m™) satisfying conditions (+) and (=) such that K law pem*m”

(2) If a® = %,N > 2, then there is just one solution of (F) which is a Wiener solu-
tion.

Remarks 1.6. (1)If a™ = 1, solutions of (E) are characterized by a unique measure
m™ satisfying condition (+) instead of a couple (m™,m™) and a similar remark applies if
a” =1.

(2) The case at = %,N = 2 does not appear in the last theorem since it corresponds to
dX; = W(dt).



This paper follows ideas of [1] in a more general context and is organized as follows. In
Section 2, we remind basic definitions of stochastic flows and Walsh Brownian motion. In
Section 3, we use a “specific’ SBM (a™) flow introduced by Burdzy-Kaspi and excursion
theory to construct all solutions of (E). Unicity of solutions is proved in Section 4. Section
5 is an appendix devoted to Freidlin-Sheu formula stated in [5] for a general class of
diffusion processes defined by means of their generators. Here we first establish this
formula using simple arguments and then deduce the characterization of Walsh Brownian
motion by means of its generator (Proposition 2.8).

2 Stochastic lows and Walsh Brownian motion.

Let P(G) be the space of probability measures on G and (f,,)nen be a sequence of functions
dense in {f € Co(G),||f]loc < 1} with Cy(G) being the space of continuous functions on
G which vanish at infinity. We equip P(G) with the distance d(p,v) = (32, 27"() fadp —
i fndu)Q)% for all 4 and v in P(G). Thus, P(G) is a locally compact separable metric
space. Let us recall that a kernel K on G is a measurable mapping from G into P(G). We
denote by E the space of all kernels on G and we equip F with the o-field £ generated
by the mappings K +— pK,u € P(G), with pK the probability measure defined as
pK(A) = [ K(x, A)p(dz) for every p € P(G). Let us recall some fundamental definitions
from [10].

2.1 Stochastic flows.

Let (2,.A,P) be a probability space.

Definition 2.1. (Stochastic flow of kernels.) A family of (E,E)-valued random variables
(Kst)s<t is called a stochastic flow of kernels if, Vs < t the mapping

K¢ - (GxQBG)®A) — (PG),B(P(G)))
(x,w) — Kqi(z,w)

is measurable and if it satisfies the following properties:
1.Vs<t<u,xze€G as. VfeCyQ),Ksuf(r)=Ksi(Knf)(x) (flow property).
. Vs <t the law of K only depends ont — s.

1> 1 <i <n—1} is independent.

2
3. For allt; <ty < .. <ty, the family {Ky, +
4.Vt 20,3 € M, f € Co(G), lim E[(Ko.f () — Ko f (4))%] = 0.

N

.Vt >0, f € Co(G), fofOOE[(Ko,tf(w))z] =0.
6. Vo e G, f e Cy(G), tEIOHJrE[(Ko,tf(CU) — f(x))*] =0.

Definition 2.2. (Stochastic flow of mappings.) A family (ps+)s<¢ is called a stochastic
flow of mappings if K = 6, is a stochastic flow of kernels.

Remark 2.3. Let K be a stochastic flow of kernels on G and set P = E[ng”tn],n > 1.
Then, (P™)p>1 s a compatible family of Feller semigroups acting respectively on Co(G™)
(see Proposition 2.2 [10]).



2.2 Walsh Brownian motion.

Recall that for all f € Cy(G), f; is defined on R;. From now on, we extend this
definition on R by setting f; = 0 on | — 00,0[. We will introduce Walsh Brownian
motion W(ay,...,an), by giving its transition density as defined in [2]. On Cy(G), consider

N
Pif(hé;) =2 aipefi(—h) + pefi(h) — pefi(=h),h >0, P,f(0) = QZathfz

where (p;)i>0 is the heat kernel of the standard one dimensional Brownian motion. Then
(P)>0 is a Feller semigroup on Cp(G). A strong Markov process Z with state space G
and semigroup P, and such that Z is cadlag is by definition the Walsh Brownian motion
W(ai,...,an) on G.

2.2.1 Construction by flipping Brownian excursions.
For all n > 0, let D, = {£, k € N} and D = UpenDy,. For 0 < u < v, define n(u,v) =

inf{n € N: D,NJu,v[# 0} and f(u,v) = inf Dy, ,yNu, v].
Let B be a standard Brownian motion defined on (€2, A, P) and (¥,,r € D) be a sequence
N

of independent random variables with the same law Z a;0g, which is also independent of
i=1
B. We define

B = By — min B,, g =sup{r <t: Bl =0}, d; =inf{r > t: B =0},

uel0,t

and finally Z, = 4,.B;",r = f(gi,d;) if B} >0, Z, =0 if B =0. Then we have the
following

Proposition 2.4. (Z;,t > 0) is an W(aq,...,an) on G started at 0.

Proof. We use these notations

mins; = min By, € = €(Z;), Fs = 0(€pu, Bu; 0 < u < s).
u€ls,t] ’
Fix 0 < s < t and denote by E,; = {ming s = ming}(= {g:+ < s} a.s). Let h: G — R
be a bounded measurable function. Then

E[h(Zt)|]:s] = E[h(Zt)]lEs,t|fs] + E[h(Zt)]lE;J}—s],
with

N

EhZ)ge |Fs) = > Elhi(B ) g5 e |1 Fs) Zaz (B ) yg,> ] Fs).
=1

If B;, = B, — B, then the density of (mm}BS r, Bs ) with respect to the Lebesgue

rels,t
measure is given by

(g )2
g(cﬂ,y)z#(—%w)exp( C2rty)

2n(t —s) T3 —s) Mwea<o ([15] page 28).



Since (Bs,,r > s) is independent of F, we get

E[hZ(B;L)]l{gt>s}|fS] = E[hl(BSt - mln Bg 7“)]1{ min By ;> m[ln]BSr}| ]

re(s,t] rel0,s]

= /]l{ B+>m}/h —x)g(z,y)dy)dx
- 2f Palwpes(BF —wdu (u=y =)

N
and so E[W(Z)1g: ,|Fs| = QZaipt,shi(—B;L). On the other hand
1=1

E[h(Zt)]lEs,t|‘7:s] = E[h(e,s(Bt — minO,s))]lEs,tﬂ(Bt>min0,s)|‘7:S]
= E[h(go,s(Bt - minO,s))]l{Bt>mino’s}‘fs] - E[h(go,s(Bt - minO,s))1E§’tﬂ(Bt>minoys)’]:s]-
Obviously on {€y s = €}, we have
E[h(go,s (Bt — minO,S))]l{Bpmmo,s}U:s] = E[hk(Bs,t + B;L)]lBs’t+BS+>o|]:s]
= pt—shk(B:)

and

E[h(€0,S(Bt_minO,S))1E§7t0(3t>mino,s)|~7:S] = E[hk(BS,t+Bj)]lfB;r> min Bs,r,Bs,t+Bs+>0|‘7:3]
rE([s,t]

— [ty + B ([ 1 a9 )de) dy = pe (<52
As a result, E[h(Z;)|Fs| = Pi—sh(Zs) where P is the semigroup of W(ay, ...,an). O

Proposition 2.5. Let M = (My,)n>0 be a Markov chain on G started at 0 with stochastic
matriz QQ given by

Q(0,8) = ai, Q(nés, (n+1)&) = Q(né;, (n — 1)&;) = % Vie[LLN], neN. (21)

Then, for all 0 <t; < ... <t,, we have

1 1 law
(2_nM\_22”t1Ja . Q_nMLQQ”th) m (Ztys s Zty,),

where Z is an W (o, ...,an) started at 0.
Proof. Let B be a standard Brownian motion and define for all n > 1: T§(B) = T§'(|B|) =
0 and for £ >0
: 1
T (B) = inf{r>T(B),|B, = Bry| = 5},
: 1
Tin(Bl) = inf{r > TP(B), [1B,| = [Brp|l = 5}

Then clearly T}*(B) = 17'(| B|) and so (1}*(| B])) k>0 faw (T} (B))k>0- It is known ([12] page
31) that hm TLQQ,L ‘] (B) = t a.s uniformly on compact sets. Then, the result holds also for
L22"tJ(|B|) Now, let Z be the W (ay,...,an) started at 0 constructed in the beginning
of this section from the reflected Brownian motion BY. Let T}* = T} (BT) (defined
analogously to Tj!(|B|)) and Zj' = 2" Zryn. Then obviously (Z)',k > 0) = "W A for all m > 0.
Since a.s t — Z; is continuous, it comes that a.s V¢ > 0, lim,,_, 4 o 2% (92ny) = Zy. O



2.2.2 Freidlin-Sheu formula.

Theorem 2.6. [5] Let (Z;)i>0 be a W(aq,...,an) on G started at z and let Xy = |Zy].
Then

(1) (X¢)e>0 is a reflecting Brownian motion started at |z|.

(ii) By = Xy — Ly(X) — || is a standard Brownian motion where

- 1 rt

e—0t+2¢e
(iii) ¥ € C3G"),

f(Z +/ f'(Zs)dBs + 2/ f"(Zs)ds + Zalf (04)) L (X). (2.2)
Remarks 2.7. (1) By taking f(z) = |z| and applying Skorokhod lemma, we find the
following analogous of (1.6)

124 = ol + B~ min [(2] + Ba) £ 0
From this observation, when ¢; =1 for all i € [1, N], we call (E), Tanaka SDE related to
Wi(ag,...,an).

(2) For N > 3, the filtration (FZ) has the martingale representation property with respect
to B [2], but there is no Brownian motion W such that FZ = FV [17].

Using this theorem, we obtain the following characterization of W(aq, ...,an) by means
of its semigroup.

Proposition 2.8. Let
e D(ay,...,ay) = {f € CHG¥) Za,f (0+) = 0}.

e Q = (Qt)t>0 be a Feller sengroup satisfying

Quf @) = J(@) + 5 [ Qui"@du ¥ € Dlon, - o).
0

Then, Q is the semigroup of W(aq,...,an).

Proof. Denote by P the semigroup of W(az, ...,an), A" and D(A’) being respectively its
generator and its domain on Cy(G). If

D,(Oél, ...,aN) = {f S C() ﬂD a1, .. f” S Co(G)} (2.3)

then it is enough to prove these statements:

(i) Yt > 0, Pt(C(](G)) - D/(Ozl, ...,aN).

(ii) D'(a1,...,an) C D(A') and A'f(z) =1 f"(z) on D'(a,...,an).
(iii) D'(aq,...,an) is dense in Cp(G) for |].|]oo-

(iv) If R and R’ are respectively the resolvents of @ and P, then

Ry=Ry, Y A>0 on D'(a,..,an).

The proof of (i) is based on elementary calculations using dominated convergence, (ii)



comes from (2.2), (iii) is a consequence of (i) and the Feller property of P (approximate f
by Pi1f). To prove (iv), let A be the generator of Q and fix f € D'(aq,...,an). Then, Ry f
is thenunique element of D(A) such that (A —A)(Ryf) = f. We have R\ f € D'(«y, ...,an)
by (i), D'(a1,...,an) C D(A) by hypothesis. Hence R\ f € D(A) and since A = A" on
D'(ay, ...,an), we deduce that Ryf = R\ f. O

3 Construction of flows associated to (F).

In this section, we prove (a) of Theorem 1.5 and we show that K" given in Theorem 1.4
solves (E).

3.1 Flow of Burdzy-Kaspi associated to SBM.
3.1.1 Definition.

We are looking for flows associated to the SDE (1.3). The flow associated to SBM (1)
which solves (1.3) is the reflected Brownian motion above 0 given by

Ysi(z) = (2 4+ Ws)li<r, , + Wse — inf W )lgar oy,

UE[Ts, 2,

where
Tso = inf{r > s:xz+ W, =0}. (3.1)

and a similar expression holds for the SBM(0) which is the reflected Brownian motion
below 0.

These flows satisfy all properties of the SBM («),a €]0,1[ we will mention below such
that the “strong”flow property (Proposition 3.1) and the strong comparison principle
(3.2). When « €]0,1[, we follow Burdzy-Kaspi [1]. In the sequel, we will be interested in
SBM (a™) and so we suppose in this paragraph that a™ ¢ {0,1}.

With probability 1, for all rationals s and x simultaneously, equation (1.3) has a unique
strong solution with o = a*. Define

1 t
Y, = inf X;"Y, L = 1li —/]l du.
5.t(7) nf Xy sel@) = lim o | Ay, @)<edu
u<s,x<X:’y
Then, it is easy to see that a.s
You(z) < Yeuly) Vs <tz <y. (32)

This implies that  — Y (2) is increasing and cadlag for all s <t a.s.

According to [4] (Proposition 1.1), ¢ = Y;(z) is Hélder continuous for all s,z a.s and
with probability equal to 1: Vs,z € R, Y, (x) satisfies (1.3). We first check that Y is a
flow of mappings and we start by the following flow property:

Proposition 3.1. V¢t > s a.s.

Ysulz) =Y u(Yss(z)) Vu>t,zeR.

Proof. 1t is known, since pathwise uniqueness holds for the SDE (1.3), that for a fixed
s <t <wu,xz €R, we have Y, ,(z) = Y3, (Yse(x)) a.s ([8] page 161). Now, using the
regularity of the flow, the result extends clearly as desired. O

10



To conclude that Y is a stochastic flow of mappings, it remains to show the following

Lemma 3.1. Vt > s, x € R, f € Cyp(R)

lim B[(f(Y.1(x)) — f(Yes(y)))2] = 0.

Yy—x

Proof. We take s = 0. For g € Cy(R?), set
PPg(x) = Elg(You(@1), Yor(a2))), = (w1,72).
Ife >0, fe(z,y) = Lfjz—y>c}, then by Theorem 10 in [14], Pt(z)fa(x,y) PR 0.
For all f € Cy(R), we have
2 2 2
B((f(You(@)) = f(You ()] = B2 £ (@, 2) + P2 1% (g, ) = 2P 1% ().
To conclude the lemma, we need only to check that

lim PV f(y) = PP f(2), Vo € R?, [ € Co(R?).

Yy—x

Let f = f1 ® fo with f; € Co(R), z = (z1,72),y = (y1,%2) € R%. Then
2 2 2@
B2 1) = PP f@)] < MY PP (1@ fi— fie @ 1) (e ),
k=1
where M > 0 is a constant. For all @« > 0, 3¢ > 0, [u —v| < e = VI < k < 2:

|fe(u) — fr(v)| < a. As a result

2

1P f(y) — PP ()] < 2Ma+ 2M S || filloo P fe (s )
k=1

and we arrive at limsup,_,, |Pt(2)f(y) - Pt(Q)f(x)| < 2Ma for all & > 0 which means

that limy,_,, Pt(z) fly) = Pt(Q) f(x). Now this easily extends by a density argument for all
f e Co(R?). O

In the coming section, we present some properties related to the coalescence of Y we
will require in Section 3.2 to construct solutions of (E).

3.1.2 Coalescence of the Burdzy-Kaspi flow.

In this paragraph, we suppose % < a™ < 1. The analysis of the case 0 < o™ < % requires
an application of symmetry. Define

Tpy=inf{r >0, Yo,(z) =Y,(y)}, z,yeR.

By the fundamental result of [1], T}, < oo a.s for all ,y € R. Due to the local time,
coalescence always occurs in 0; Yy »(x) = Yo ,(y) = 0 if r = T}, ,,. Recall the definition of
s, from (3.1). Then T, , > sup(7o,4,70,y) a.s ([!] page 203). Set

LY =2+ (2a" —1)Loy(x), U(z,y) =inf{z >y: L} = L{ = » for some t>0},y > x.

11



According to [3] (Theorem 1.1), there exists A > 0 such that
Vu>y >0, PUO,y) <u)=(1— %)A.

Thus for a fixed 0 < v < 1, we get lim, o4+ P(U(0,y) < y?) = lim, 04 (1 — y* =) = 1.

law

From Theorem 1.1 [3], we have U(z,y) —x = U(0,y — ) for all 0 < x < y and so

lim P(U(z,y) —x<(y—z)7) =1, Yo > 0. (3.3)
y—T+

Lemma 3.2. For all x € R, we have limy_,, T, , = 70 11 probability.

Proof. In this proof we denote Y ;(0) simply by Y;. We first establish the result for = 0.
For all £ > 0, we have

P(t < Toy) < P(Los(0) < Lom,, (0)) = P(LY < U(0,y))

since (2a* — 1)Lor,,(0) = U(0,y). The right-hand side converges to 0 as y — 0+ by
(3.3). On the other hand, by the strong Markov property at time 7, for y <0,

Gt(y) = P(t < TO,y) = P(t < 7'O,y) + E[]l{t>7—07y}Gt—fm,y (Yry)]

For all € > 0,

El:]]‘{t>7'0,y}Gt_7_0,y (YTO,y)] = E[]l{t*TO,y >€}Gt_7_0,y (YTO,y)] + E[]l{0<t*T07y SE}Gt_TO,y (YTO,y )]

< E[GE(YTo,y)] + P(O <t—Toy < 5)-

From previous observations, we have Y7, > 0 a.s for all y < 0 and consequently Yz, =~ —
0+ as y — 0—. Since lim, o4 Go(2) = 0, by letting y — 0— and using dominated

convergence, then ¢ — 0, we get limsup G¢(y) = 0 as desired for x = 0. Now, the lemma
y—0—
easily holds after remarking that

l . l .
Toy—Tox = Toyoif 0<z <y, Tpry—T00 = Toz—yif v <y <O0.
For s < t,x € R, define

gst(z) = sup{u € [s,t] : Ysu(x) =0} (sup(d) = —o0) (3.4)
We use Lemma 3.2 to prove the

Lemma 3.3. Fiz s,z € R. Then, a.s for all t > 75 5, there exists (v,y) € Q? such that

v < gst(z) and Yy, (z) =Yy, (y) V 1 > gs ().
Proof. We prove the result for s = 0 and first for z = 0. Let ¢ > 0, then for all ¢ > 0

P(3e>0: You(e) = You(—¢)) > P(Toce < 1),

From P(t < T_..) < P(t < Tp.) + P(t < Tp,—.) and the previous lemma, we have
lim.,oP(t < T_..) = 0 and therefore P(3 ¢ > 0 : Yy(e) = Ypi(—¢)) = 1. Choose

12



e > 0, such that Yy ,(¢) = Yp+(—¢) and let v €]0,7_. . [NQ. Then Y} ,(e) > Yy ,(—¢) and
for any rational y €]Yy ,(—¢), Yo,v(e)[, we have by (3.2)

Yv,u(}/(],v(_g)) < K},u(y) < K},u(%,v(g)), Yu > v.

The flow property (Proposition 3.1) yields Yp ,(—¢) < Y, u(y) < You(e), Vu > v. So
necessarily Yy ,(0) =Y, ,(y), Vr > go+(0). For > 0 and € small enough, we have

P(Yoi(z+e) > Yoi(x),t > 104) <P(10z <t <Tyapie).

This shows that lim._,oP(Yp(z +¢) > Yo ()|t > 70,) = 0 by Lemma 3.2. Similarly, for
¢ small
P(Yoi(z —e) < Ypi(x),t > 104) <P(1oz <t <Tycg).

The right-hand side converges to 0 as € — 0 by Lemma 3.2 and so
lim. 0 P(Yo(z) > Yo (x —€)|t > 70,,) = 0. Since

(You(z +¢) > You(v —e)} C {You(z +¢) > You(2)} U {You(z) > You(z — )},

we get P(3e > 0: Ypi(x —¢) = Yoi(x + €)|t > 19,) = 1. Following the same steps as the
case x = 0, we show the lemma for a fixed ¢ a.s. Finally, the result easily extends almost
surely for all ¢. O

We close this section by the

Lemma 3.4. With probability 1, for all (s1,71) # (s2,12) € Q* simultaneously

Tobw2 = inf{r > sup(si, s2) : Y, r(21) = Yo, r(22)} < 00,

51,52
Tr1,T2 — —
Tsh’s2 > SUP(Tsl,x17ng,m2)7 Y;17T:11’7;€22 ($1) = 5/;2771:11’7;022 (m'g) =0,

and
Y, r(x1) = Yy, p(2) Vr > T5102,

51,52

Proof. The first assertion is a consequence of Proposition 3.1, the independence of incre-
ments and the coalescence of Y. Fix (si,21) # (s2,22) € Q? with s; < s3. By the
comparison principle (3.2) and Proposition 3.1, Yy, 1(z1) > Y, (z2) for all £ > sy or
Y, t(x1) <Y, (x2) for all t > so. Suppose for example that 0 < z := Y, 5, (21) < 2 and
take a rational r €]z, x2[. Then TSN > 75, 0 > 75, oy and T102 > To%2 > 75, 4, The
last affirmation is an immediate consequence of the pathwise uniqueness of (1.3). 0

3.2 Construction of solutions associated to (E).

We now extend the notations given in Section 2.2.1. For all n > 0, let D,, = {2%, kelZ}
and D be the set of all dyadic numbers: D = U,enDy,. For u < v, define n(u,v) = inf{n €
N : DpNJu, v[# 0} and f(u,v) = inf Dy, )N]u, v[. Denote by Gg = {z € G : [z] € Q1 }.
We also fix a bijection ¢ : N — Q x Gg and set (s;,z;) = (i) for all ¢ > 0.

13



3.2.1 Construction of a stochastic flow of mappings ¢ solution of (E).

Let W be a real white noise and Y be the flow of the SBM (a™) constructed from W in
the previous paragraph. We first construct ¢ () for all (s,z) € Q x Gg and then extend
this definition for all (s,z) € R x G. We begin by ¢, (x0), then ¢, (z1) and so on. To
define ¢y, (x0), we flip excursions of Yy, (e(xo)|zo|) suitably. Then let ¢, +(z1) be equal
to @so.t(xo) if Yo 1(e(xo)|zo]) = Ys, t(e(z1)|x1]|). Before coalescence of Yy, (e(xo)|zo|) and
Ys,. (e(x1)|z1]), we define ¢4, (x1) by flipping excursions of Yy, (e(x1)|z1]) independently
of what happens to ¢, (x0) and so on. In what follows, we translate this idea rigorously.
Let ¥7,5~ be two independent random variables on any probability space such that

—»+ law Z _56” 5/,7 law Z a] 54 (3.5)

Jj= p+1
Let (2,A,P) be a probability space rich enough and W = (W4, s < t) be a real white
noise defined on it. For all s < t,z € G, let Zs4(z) := Y (e(x)|x|) where YV is the flow

of Burdzy-Kaspi constructed from W as in Section 3.1.1 if o™ ¢ {0,1} (= the reflecting
Brownian motion associated to (1.3) if a* € {0,1}).

We retain the notations 7,4, gs¢(x) of the previous section (see (3.1) and (3.4)). For
s € R, x € (G define, by abuse of notations

Ts,x = Ts,e(x)|x) gs,.(x) = 987(5('%')"%") and dS,t(x) = inf{r >t ZS,T('%') = 0}

It will be convenient to set Z, ,(x) = oo if r < s. For all ¢ > 1, ug, ...,uq € R,yo,...,ys € G
define

T;jg::::z%g = inf{r 2 Tuquq : Zuqﬂ’(yq) € {Zu“r(yl),z € [17 q— 1]}}
Let {(7s 20 (1), Y520 (7)), 7 € DN [s0, +-00[} be a family of independent copies of (Y+,77)
which is independent of W. We define ¢y, (z9) by

e(x0)| Zso,t(wo)] if 89 <t < Tsyo
(Pso,t(xo) =9\ =t 50,0 %50, (

)
750,1'0 (fO)’ZSQ,t(xO)’7 fO - f(gso,t(xO)a dso,t(xO)) if t > Tso,x05 Zso,t(xO)
5/‘8_0’1:0 (f0)|Zso,t(x0)|’ fO = f(QSO,t(xO)’ dSo,t(xO)) ift > Ts0,x0) Zso,t(xo)

Now, suppose that ¢, (20), ..., ¢s,_,,.(T4—1) are defined and let {(7;;,%(7’)’7;1,%(7’)),7' €
D N [sq, +00[} be a family of independent copies of (¥,77) which is also independent
of o (7;;,331-(7"),75_1-,@(7")’7' eDnNs;,+oo[,1 <i<qg—1, W) Since T;%O"”’szq < oo, let i €
[1,q — 1] and (s;, ;) such that Z g (xq) = Zs,4o(w;) with to = Teyst. We define
Ps,..(Tq) by
()| Zsyt ()] if sg <t < Tyya,

0 if t > 7s, 2, Zsgt(2q) =0
Psgt(Tq) = Viz,mq(fq)’ Zsyt(@q)l,  fo = F(gsy2(xq), ds,t(xq)) i T € [Toyzy:t0]s Zsgt(xg) >0

Vogizg S Zsgt@)ls fg = [(Gs0,t(2g) ds,t(2q)) it € [Toymy, 0], Zsy 1 () <O
st () if t >t

In this way, we construct (¢ (2),s € Q,z € Gg).

Now, for all s € R,z € G, let p+(z) = €(x)|Zss(x)| if s <t <715y Ift > 75,, then by
Lemma (3.3), there exist v € Q,y € Ggq such that v < g+(z) and Zs ,(x) = Z,,(y) V r >
gs,+(x). In this case, we define p,+(x) = ¢, +(y). Later, we will show that ¢ is a coalescing
solution of (FE).
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3.2.2 Construction of a stochastic flow of kernels K™ solution of (E).

Let m™ and m™~ be two probability measures respectively on A, and Ay_,. Let U, U~
be two independent random variables on any probability space such that

Ut U (3.6)

Let (€2, A, P) be a probability space rich enough and W = (W, s < t) be a real white noise
defined on it. We retain the notation introduced in the previous paragraph for all functions
of W. We consider a family {(U , (r),Ug, 4, (r)),r € DN [sg, +00[} of independent copies

of (UT,U™) which is independent of W.
If t > Tgy.2 and Zg, 1(x0) > 0 (vesp. Zs, (o) < 0), let

US (@o) = U, 4o (fo) (resp. Ug, ((z0) = Usy 1o (f0))s fo = f(gsot(w0), dso ¢(0))-

Write U;;t( 0) = (U;;t( o)1

1<i<p (resp. Uy y(x0) = (U 4(x0))ps1<icn) if Zggi(2o) >
0,t > Tsp.o (resp. Zsy(xg) < 0,1

> Tgo,20) and now define

0e(0)| Zaq ¢ (w0)| if s <t < 7Tgg,0
Z)Lt,m— (w0) = 1 U;g’i(xo)5ei\zso,t(m)| ?f t > Tog.w0s Lso,t(x0) >0
7 Zz =p+1 so t( )5€¢\Zso,t(mo)| I P ZSO,t(xO) <0
do if ¢ > Tog 0> Zsot(20) = 0

Suppose that Kg)ﬁm (20), oy K™ (2,_1) are defined and let { (U o 2g (1) Us, 2 (1)), €

Sq—1;- Sq,%q
DN [sq, +0o[} be a family of independent copies of (U1,U/~) which is also independent of
o (U (7). Uz o (r),m €D N [, +00[[ 1< i < g — 1, W).
If t > 7,2, and Z,, +(x4) > 0 (vesp. Zs,+(z4) < 0), we define Uj t(xq) = (U;;i( q))1<i<p
(resp. U, (zq) = (U, t(xq))p+1<Z<N) by analogy to ¢ = 0. Let i € [1,¢ — 1] and (s;, ;)

Sq7 Sq,

such that Zs, 1, (2q) = Zs, 1o (x;) With tg = T4, 5¢. Then, define

5E(mq)|qu t(zq)] ifsg<t< Ts4:%q
" Usz, (xq)5a|zsq,t<xq>\ if o > ¢ > 7oy g Zsgt(Tq) > 0
KZIL}m_ ($q) = Zz =p+1 sq, ( )5€i|qu,t(xq)\ if to>1> Tsa:tq) qu’t(xq
5 if to > 1> Ty, 0, Zsy 1 (q) =
K;:L:m‘ (2;) if t >t

In this way, we construct (Kgfﬁ’m_ (x),s € Q,x € Gg).

Now, for s € R,z € G, let K;n’;’m_(m) = 05(0)|Zos(x) I 8 <t < Tsq I E > 754, let

v e Q,y € Gg such that v < gs(z) and Zs,(x) = Zy,(y) V r > gst(x). Then, define
+ o + -

Ko™ (@) =K ™ (y).

In the next paragraph we will show that K m*m” g a stochastic flow of kernels which

solves (E).

3.2.3 Construction of (K™ ™ ) by filtering.

Let m™* and m~ be two probability measures as in Theorem 1.5 and (y©,U™), (¥~,U™)
be two independent random variables satisfying

; [ _ 4 l _
UT = U )icicy = mT, U™ = U )pricjen = m™,
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P(7* =&lut) =u", vie 1,p], (3.7)

and ‘
P(y~ = &U) =U™, Vj € [p+1,N]. (3.8)

Then, in particular (y7,77) and (U™, U ™) satisfy respectively (3.5) and (3.6).
On a probability space (€2, A,P) consider the following independent processes

o W = (Wsy,s <t) a real white noise.

o {(F.(r), Ul (r),r e DN [s,+o0], (s,2) € Q x Gg} a family of independent, copies
of (Y5, U™).

o {(V5.(r),Us,(r)),r € DN [s, 4+, (s,7) € Q X G} a family of independent copies
of (Y7,U7).

Now, let ¢ and K mtm” he the processes constructed in Sections 3.2.1 and 3.2.2 respec-
tively from (y*,5~, W) and (Ut,U~,W). Let o(Ut,U~, W) be the o-field generated by
U, (r), U, (x),r € DN s, 4o00], (s,2) € Q x Gg} and W. We then have the

Proposition 3.2. (i) For all measurable bounded function f on G, s <te R,z € G :
K3 (@) = Blf (psr@)lo@™ U™ W) a.s.
(ii) For all s,x, with probability 1, ¥t > s
st (@) = 1Zst (@), @si(x) € GT & Z(x) >0 and  @s4(x) € G~ & Zg4(x) < 0.
(iii) For all s, x,y, with probability 1
to :=inf{r > s: s, (x) = @sr(y)} =inf{r >s: Z; . (x) = Zs,(y)}

and @S,T(x) = %,r(y), Vr > to-

Proof. (i) comes from (3.7), (3.8) and the definiton of our flows, (ii) is clear by construction.
To prove (iii), let z # y and t > s such that Z(z) = Zs+(y). Then gs(x) = gs+(y) and
therefore ¢g1(x) = @s4(y). Conversely, if ¢g.(z) = ¢s,(y) for some r, then Z,,(x) =
Zs.r(y) by (ii). O

Next we will prove that ¢ is a stochastic flow of mappings. It remains to prove that
properties (1) and (4) in the definition are satisfied. As in Lemma 3.1, property (4) can
be derived from the following

Lemma 3.5. Vt > s, > 0,z € G, we have

T P(d(ps,0(2), @s.1(y)) = €) = 0.

Proof. We take s = 0. By Lemma 3.2, if v € G\ {0}, then
P(d(wo,t(x), @O,t(y)) > 6) < P(TO,|J:| <t < T’\x\,\y|) —0asy — |y| > |$|

and
P(d(po,t(7), voi(y)) =€) < P(ro )y <t <Tig)y) — 0asy =,y < |z

The case x € G~ holds similarly. O
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Proposition 3.3. Vs <t <u,z € G:

su(T) = Prulpst(T)) a.s.

Proof. Set y = s ¢(x). Then, with probability 1, Vr >t Y ,(e(x)|z|) = Y, (Ys(e(z)|x]))
and so, a.s. Vr >t Z . (x) = Z;»(y). All the equalities below hold a.s.

o Ist case: u < Ty, We have 74y = inf{r > ¢, Z;,(y) = 0} = inf{r > ¢, Z,,(z) =
0} = Ts,z- Consequently u < 7, and (Ps,u(x) = g(x)’Zs,u(x)’ = g(y)‘Zt,u(y)‘ = QOt,u(y) =

Ptu(ps,t(2)).
e 2nd case: t < 7y, < u. We still have 7y = 75, and 50 gu(y) = gs.u(z). It is clear by

construction that: ¢, (x) = @14 (y) = @ru(@st(x)).

e 3rd case: Ty, < 1,7y < u. Since 7y, is a common zero of (Zs,(z))r>s and (Zi,(y))r>t
before u, it comes that g, (y) = gs.u(x) and therefore ¢s ,(2) = 010 (y) = Vru(Pst(z)).

e 4th case: 7y, < t,u < 7,. Insuch a case, we have ¢, ,(y) = €(y)|Z,u(v)| = €(Y)| Zs,u(x)|.
Since r — Z, ;(x) does not touch 0 in the interval [t,u] and ¢, +(z) = y, we easily see

that Sps,u(x) = g(y)|Zs,u(x)| = th,u(y)' O

Proposition 3.4. ¢ is a coalescing solution of (E).

Proof. We use these notations: Y, := ¥( ,(0), ¢y = ¢0.4(0). We first show that ¢ is an
W{(ai,...,an) on G. Define for all n > 1: TH(Y) =0,

. 1 . 1
Ty (Y) = inf{r > T(Y), |lor — op| = 2—n} = inf{r > T3/(Y), [Y, — Yrp| = 2—n}
. 1
= inf{r > T (Y),||Y:| — ‘YT,?H = 2—n},/<: > 0.

Remark that Y] is a reflected Brownian motion and denote 77(Y') simply by 7. From

the proof of Proposition 2.5, lim sup ’T[égntJ —t| =0a.s for all K > 0. Set ¢} = 2"ppn.
n—+00 4 < k

Then, since almost surely ¢ — ¢ is continuous, a.s Vit > O’ng{{l@o%"df?%ﬂ = ¢;. By

Proposition 2.5, it remains to show that for all n > 0, (¢}, k > 0) is a Markov chain
(started at 0) whose transition mechanism is described by (2.1). If Y;* = 2"Y7n, then, by
the proof of Proposition 2.5 (since SBM is a special case of W(ay,...,an)), for all n > 0,
(Y")k>1 is a Markov chain on Z started at 0 whose law is described by

Q0,1)=1-Q(0,~1) =a™, Q(m,m+1)=Q(m,m—1)= % Vm # 0.

Let k > 1 and zg,..,x; € G such that xg = 2 = 0 and |zp41 — x| = 1if h € [0,k — 1].
We write

{mh,wh =0,h € [1,/§?]} = {mio,..,xiq}, =0<1; <..< iq =k

and
{zh,2n # 0,k € [k} = {Zn  nefio+1,ii—1) Y - U{Zh  neliy_y+1,i5 1)
Assume that
{xh}he[io—i—l,il—l] C Djy, -, {wh}he[iq,ﬁuk_l} C Dj,_,
and define

A = (V' = e(@n)lanl), B = (@(ef41) = €os - €0, 1) = €jg1)-
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If i € [1,p], we have

k
((PZH =€, P = Thy ooy PO = xo) = ﬂ AZﬂ(YkTEH V=1 ﬂEﬂ <Pk+1 = &)

k
and (¢ = T, .., 95 = To) = ﬂ AZﬂE Now
h=0

Q;

P(eks1 = €l = 20,y 0k = 0) = PV — Y = 11" = 0) = .

Obviously, the previous argument can be applied to show that the transition probabilities
of (¢}, k > 0) are given by (2.1) and so ¢ is an W (ay,...,an) on G started at 0. Using
(2.2) for ¢, it follows that Vf € D(ay,...an),

fo) = SO+ [ FleiB+ 3 [ 1 ou)ds

where

~ ~ t
Bi = [pi| = Le(ll) = [Yi] = Le(]Y]) :/0 sgn(Ys)dYs

by Tanaka’s formula for symmetric local time. But Y solves (1.3) and therefore fot sgn(Ys)dYs =
Jo 3gn(Ys)W (ds). Since a.s sgn(Ys) = e(ps) for all s > 0, it comes that Vf € D(ay, ...an),

Foale) = 1)+ [ Fpoala)elons @)W (ds) + 3 [ (ool

when z = 0. Finally, by distinguishing the cases t < 79, and t > 79 ,, we see that the
previous equation is also satisfied for x # 0. O

Corollary 3.5. K™"™" s q stochastic flow of kernels solution of (E).

Proof. By Proposmon 3.2 (i) and Jensen inequality, K m®m™ g a stochastic flow of kernels.
The fact that K™ ™ is a solution of (E) is a consequence of the previous proposition
and is similar to Lemma 4.6 [11]. O

Remarks 3.6. o If (m*T,m™) = (5(ﬂ _a_P),5(M Q_N))’ then

K& (@) = 0w)Zes(o) Li<r (3.9)
P
+ O — 01 Zs 1 ()| L 2, 4 ()50 T Z e,\Zst(x)|]lZst(x)<0)]lt>7'sz
i=1 at i= p+1a

is a Wiener solutz’on of( ).
N

a + —
® If Z + 07 -0,1,0,..,05 Z a_l(soy -,0,1,0,.. 0) th'en Km me= 5‘:0
i=p+1
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4 Unicity of flows associated to (F).

Lemma 4.1. Let (K,W) be a solution of (E). Then
(i) Vs e R,z € G, a.s t — Ky (x,.) is continuous from [s,+oo| into P(G).
(ii))Nz € G,s € R,a.s

Ks1(%) = Opqe(a)e(@)Waes U 8 << Tsp where 75, = inf{r > s, e(x)|z| + W5, = 0}.
Proof. (i) We take s = 0. Recall the definition of D'(aq,...,an) from (2.3). Then,
D'(aq,...,an) is dense in Cy(G) as shown in Proposition 2.8. Since (K, W) satisfies (E),

lin%KO,uf(x) = Kof(z) forallt >0, f € D'(aq,...,an).
u—r

The result extends for all f € Cy(G) by an approximation argument.
ii) We follow [11] (Lemma 3.1). Assume that  # 0,z € D;, 1 <1i < p and take s = 0. Let
N

fi = 1 and consider a set of numbers (;)1<j<n, j; such that Zﬁjaj = 0. If f(he;) = B;h
j=1

forall 1 <j < N, then f € D(a,...,an). Set 7, = inf{r; Ko, (x)(UjxD;) > 0} and apply

fin (E) to get

[. ly| Kot (z,dy) = |z| + W; for all t < 7. (4.1)
D;
By applying fi(y) = ]y\Qe%, k> 1in (E), we have for all £ > 0
1 [tz p
Koz, fr(z) = fi(z +/ Lo, (W) Ko,u(efr) ()W (du) + 5 o Kouf (z)du

As k — 00, Koz, fr(z) tends to [ |y|?Ko sz, (z,dy) by monotone convergence. Let
A>0,ze® < Aforall x> 0. Since |f1.(y) —2Jy|| < (4+ A)|yl,

/]1 W) Ko w (e f1) (@)W (du) —>/ 1 /2|y|K0u(:c dy)W (du)

as k — oo using (4.1) and dominated convergence for stochastic integrals ([16] page 142).
From |f}/(y)] < 2¢7 Iyl +HA Y| we get [ Ko ff(x)du — 0 as k — oo. By identifying
the limits, we have

[, (ol = lal = Wi Koo, dy) =0 ¥ < 7.

This proves that for ¢ < 7, Ko (%) = 0yqe2)w,- The fact that 79, = 7, easily follows. [
The previous lemma entails the following
Corollary 4.1. If (K, W) is a solution of (E), then o(W) C o(K).

Proof. For all x € Dy, we have Ko (%) = ¢ (|z|+-wy) if t < 7oz If f is a positive function
on G such that fi(h) = h, then W; = Ko f(z)—|z| for all t < 19 4,2 € D;. By considering
a sequence (xy)g>o converging to oo, this shows that o(W;) C o(Ko(y),y € D). O
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4.1 Unicity of the Wiener solution.

In order to complete the proof of Theorem 1.4, we will prove the following

Proposition 4.2. Fquation (E) has at most one Wiener solution. That is, if K and K’
are two Wiener solutions, then for all s <t,x € G, K,(x) = K ,(2) a.s.

Proof. Denote by P the semigroup of W(aj,...,an), A and D(A) being respectively its
generator and its domain on Cy(G). Recall the definition of D'(ay, ..., an) from (2.3) and
that

Vit >0 Pt(CO(G)) C D,(Oél, ...,OZN) - D(A)

(see Proposition 2.8). Define
S={f:G—R:f f " € CyG*) and are extendable by continuity at 0 on each ray,

lim, o f(x) = 0}.

For t > 0,h a measurable bounded function on G*, let \;h(x) = 2pih;(|z]), if z € Ay,
where h; is the extension of h; that equals 0 on ] — 0o, 0]. Then, the following identity can
be easily checked using the explicit expression of P:

(Ptf)/ == —Ptf/ + )\tfl on G* for all f €S. (42)

Fix f € S. We will verify that (P.f)' € S. For x = he; € G*, we have

N
(Bﬂ%ﬂ:—2;?%éﬁ@—mewwyﬁéﬂ@+Mm®wwyﬁéﬂ@—@m@wﬂy

Clearly (P, f) € Cp(G*) and is extendable by continuity at 0 on each ray. Furthermore, a
simple integration by parts yields

/Rf]‘(y +h)pi(0,y)dy = C/Rfj(y +h)ypi(0,y)dy for some €' € R

and since lim, o f(z) = 0, we get lim, (P f)' () = 0. It is also easy to check that
(Bf), (Pf)" € Cp(G*) and are extendable by continuity at 0 on each ray which shows
that (P,f) €S

Let (K, W) be a stochastic flow that solves (E) (not necessarily a Wiener flow) and fix
x = hé€; € G*. Our aim now is to establish the following identity

Kouf(2) = Puf(@) + [ Kou(D(Pr-wuf)(e)W (d) (13)

where Dg(z) = &(x).¢'(x). Note that [j Ko, (D(Pi—uf))(x)W (du) is well defined. In fact

[ Bl PP @ < [ (D@ ) < [ 1P B

and the right-hand side is bounded since (4.2) is satisfied and f’ is bounded. Set g = P.f =
PP f. Then, since Pz f € Co(G) (limg—soo Pe f(z) = 0 comes from lim, o0 f(2) = 0),
we have g € D'(aq, ..., an). Now

n—1

KO,tg( ) Ptg / KOu D(Pt ug))( )W(du) = Z(Kq(p-kl)tpt_(p-kl)tg_[( ptP ptg)( )
p:0 n n
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— (p+1)t - (p+1)t
n

z / " KouD((PouF,_p)o)e Z / KouD(P,_p+1:9) (@)W (du).

pt
= = n

For all p € {0,..,n — 1}, gpn, = P @urg€ D'(aq, ...,aN) and so by replacing in (E), we

get
(p+1)t (p+1)t
ot KouDgpn(z)W(du) = 0 et Ip, n(z) — Ko,P_tgpvn(x) - Ko,uAgp,n(x)du
" (p+1)t

O,Mgpvn(ﬂv) - Ko,ﬂgpvn(x) - EKof_tAgp,n(x) - (Kou — Ko,l’—t)Agp,N(x)du

R

Then we can write
Kog(z) — Pg(x) — /Ot Ko u(D(Pi—yu9))(x)W (du) = Ai(n) + Az(n) + Az(n),

where

— t
Z 0, Pt P, Ptg P _(e+ntg — E'Aptf @+1e g)(T),

— (p+D)t

> / " KouD((Preu = P, )) (@)W (du),

pt
n

(p+1)t

ZL ' (Kou — Ko,p_t)APt_ @t 9(@)du.

Using || Kouflloo < |[flles if f is a bounded measurable function, we obtain

n—1
[Ar(n)| < D IIP,_ <p+1)t[Pt9 9——Ag]\’oo§n’\Pt9 9——Ag’\ooﬁ0
p=0

Note that As(n) is the sum of orthogonal terms in L?(£2). Consequently

(p+1)t

142(n)|[72() = le/p_n KouD((Peu = P,_ i1 )9) (@)W (du)l[12q).

By applying Jensen inequality, we arrive at

n—1 .+t

[A2(n)| 22y < Z/,, " PV(x)du

n

where Vi, = (Pi—ug)’ — (P,_@+1:g)". By (4.2) one can decompose V,, as follows:

Vu - Xu + Yu§ Xu - _Pt—ug/ + Pt— (p+1)t 9,7 Yu - )\t—ug, - )\t— (p+1)t g/
Using the trivial inequality (a + b)? < 2a? + 2b%, we obtain: P,V2(z) < 2P, X2(x) +

2P,Y.2(z) and so
|1 42(n)l|72(0 < 2B1(n) + 2Ba(n)
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(p+1)t (p+1)t

where Bi(n ZL x)du, Bay(n Z/,,t P,Y,; (x)du.

Ifpe[0,n—1] and u € [E, (p+1) ], then P, X2(x ) <P ptl (g = Pper, g')*(x). The
change of variable v = (p + 1)t — nu yields

t
Biln) < [ Py(Pag = ¢)(a)dv
0 n n
t
< [(Pg?@) — 2P 2(g'Pag)(@) + Pz (@)
0 n n n

By writing P,_»(¢'Px¢')(z) as a function of p, we prove that lim,, o P, v (¢’Px¢’)(z) =
P,g"?(x). Since ¢’ is bounded, by dominated convergence this shows that Bi(n) tends to
0 as n — +o00. For By(n), we write

P,Y}(x —QZazpu (=l2) + pu(¥:);) (2]) = pu((Yi);) (=)

where (Yy,); = 2pi—ug,—2p (ot g;, defined on R . Tt was shown before that this quantity

tends to 0 as n — 400 when (pi g.) is replaced by (P, ¢’) in general and consequently Bs(n)
tends to 0 as n — +o00. Now

(p+1)t

145(m)llz2(0) <zu L7 (ow— Ky e)AP,_ s g(a)dulz o)

Set hpn = AP, +urg. Then hy, € D'(aq,..,ay) forall p € [O,n —1] (if p=n—1
remark that hy, :nP% AP% f). By the Cauchy-Schwarz inequality

n—1 (p+1)t %
145l < VE { > [ Bl - Ko,%ahp,n(x))?]du}
p=0""n

Ifue [pt,w]:

n n

E[(Kou — Ky p)hpn(2))?] < BKy p (Kt Jpn = hpn)*(2)]
< B[Ry (Ku o= 2hpnKe hp + ) (@)]
< HPU_%h,%m = 2hp Pyt P+ oo
< 2th7nHOOHPu—%thp,n - hp,nHoo + Hpu_%th;%,n - hzz;,nHoo

Therefore ||Az(n)||2() < VEH(2C1(n) + Cg(n))%, where

(p+1)t _ (p+1)t

Zuhvnum Lo P ety allocdu, Co(n Z /t 1Pyt b2 =2

pt bt
= n

n

From ||hpn||oo < ||Ag||cc and ||P ot hpn — hp,nHoo < ||Pu_P_tA9— Aglloo, we get

n—1 .+t

Citn) < [ Aglle 3 [,

pt

t
1P, Ag = Aglloedu < [|Agllac [ 11P5Ag = Agllucd
p=0""n
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As Ag € Cy(G), C1(n) tends to 0 obviously. On the other hand, hZ,, € D(a, ...,ay) (this
N

can be easily verified since hy,, is continuous and Zai(hp,n);(O—i—) = 0). We may apply
=0

(2.2) to get

n—1 . 1 n—1 ,¢ %
Coln) = 1 3 [IPsh2, = B2 lloedz < 5= 5 [ [T 11082, lsedudz

p:0 0 " 2n p:0 0 0
Now we verify that h;),n’ hjlnl,n are uniformly bounded with respect to n and 0 < p <n — 1.
In fact [|hy,lle = |[24hpplloe < 2/[AP: f|loo. Write hyp = t_&nlﬂ_%P%AP%f where
P: AP: f € D'(ax,...;an). Then, by (4.2), [|hj, n||oo is uniformly bounded with respect to
n,p € [0,n — 1] and so the same holds for [|(h2,,)"||sc. As a result C(n) tends to 0 as
n — oo. Finally

t
Kos9(@) = Prg(@) + | Kou(D(Prov)) ()W ().
Now, let ¢ go to 0, then Ko ,g(z) tends to Ko f(x) in L?(2). Furthermore
t t
| [ KoulDPso)@W (@) = [ KoulDPun@W (@)l o

t
< [ PP = (Pouf) @i,
Using the derivation formula (4.2), the right side may be decomposed as I. + J., where
t ¢
I. = / Pu(Ptfugl - Ptfufl)Q(x)dua Je = / Pu(Atfugl - Atfufl)2(x)du-
0 0

By Jensen inequality, I. < tR(g' — f2(z). Since ¢'(y) = —P.f'(y) + 2. f'(y) — /()
as € — 0, Py(z,dy) a.s, we get I. — 0 as ¢ — 0 by dominated convergence. Similarly J.
tends to 0 as ¢ — 0. This establishes (4.3). Now assume that (K, W) is a Wiener solution
of (E) and let f € S. Since Ko f(z) € L*( OVXO") et Koif(z) = Pof(x) + Y02 J' f(x)
be the decomposition in Wiener chaos of Ko+ f(z) in L? sens ([16] page 202). By iterating
(4.3) (recall that (P, f)" € S ), we see that for all n > 1

TP f(z) = / Py (D(Pyy_s, . D(Prsy, £))) (2)dWo s, .. dWo .
0<s1<...<sn<t

If K" is another Wiener flow satisfying (4.3), then Ko, f(x) and K;,f(2) must have the
same Wiener chaos decomposition for all f € S, that is Ko, f(z) = Kj,f(z) a.s. Conse-
quently Ko f(r) = K, f(x) as for all f € D'(ay,...,ayn) since this last set is included
in S and the result extends for all f € Cy(G) by a density argument. This completes the
proof when x # 0. The case z = 0 can be deduced from property (4) in the Definition
2.1. ]

Consequence: We already know that K" given by (3.9) is a Wiener solution of (E).
Since o(W) C o(K), we can define K* the stochastic flow obtained by filtering K
with respect to o(W) (Lemma 3-2 (ii) in [10]). Then Vs < t,x € G, K, (v) =
ElKsi(x)|lo(W)] a.s. As a result, (K*, W) solves also (E) and we may apply the last
theorem so that

Vs <t,x € G, E[K(x)lo(W)]= K;/I;(l') a.s. (4.4)
From now on, (K,W) is a solution of (E). We retain the notations introduced in
Section 3 for all functions of W (Y; (), Zst(x), gs¢(x)...). In the next section, starting
from K, we construct a flow of mappings ¢¢ which is a solution of (£). This flow will play
an important role to characterize the law of K.
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4.2 Construction of a stochastic flow of mappings solution of (F) from
K.

For n € N*, define P" = E[ng’f] Let (P)),cn+ be the family of Markovian semigroups
given by Theorem 4.1 of [10].

Proposition 4.3. (P(”)’C)neN* is a compatible family of Feller semigroups.

Proof. By (4.4), Vo € G with probability 1, for all ¢t > 7q 5, Ko +(x) is supported on
{1Zos(x)]€;, 1< <p} if Zoy(z) >0
and is supported on
{1Zo(z)le;, p+1<i< N} if Zou(x) <0.

For each (z,y) € G, let (X¥, X} )i>0 be the two point motion started at (z,y) associated
with P? constructed as in Section 2.6 [10]. Then 7% := inf{r > 0, X% = XY} < +0c0 a.s
(if Zoi(x) = Zp+(y) = 0 then necessarily X = X/ = 0). Furthermore, by Lemma 3.2,
Vt>0,e >0,2 € G,

lim PUT™ > 6} ({IXF — XY| > €}) < lim P(ray <t < Teojalelyl) = 0-

Now the result follows from Theorem 4.1 [10]. O

Consequence: Let ¢¢ be the coalescing flow of mappings associated with (P(”)’C)neN*
(Theorem 1.1 in [10]). Let v (respectively v¢) be the Feller convolution semigroup asso-
ciated with K (respectively ¢°), then v¢ weakly dominates v (Theorem 4.2 [10]). This
essentially says ([11] page 23) that there exists a joint realization (K!, K?) such that K*

(resp. K?) is a stochastic flow of kernels associated to v (resp.v) (so K! o bpe, K2 o K)
satisfying F[K'|K?] = K2.
To simplify notations, we shall assume that K and ¢ are defined both on the original
space (2, A,P) and

Elbyc| K] =K (4.5)

Conditioning by (W), by Proposition 4.2, we obtain
E[Sclo(W)] = KW (4.6)
with K" being the flow given by (3.9).
Proposition 4.4. For all s1 < s9 € R, x1,29 € G, define
Selsy = f{r = sup(s1, s2) : ¢, ,(21) = 5, »(22)}
Then

Ssiss = Tt 5y (1) = ¢, o (22), and K, o(21) = Koy p(22) Vr 2 TEEE as.

51,52 51,82 7 51,82
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Proof. By (4.6), for all s,y with probability 1,

dg¢ () is supported on {[Zs(y)[€j,1 <j < N} forall ¢>s.

This shows that |¢§;(y)| = [Zs+(y)|. Similarly, using (4.6), we have
0iiy) € GT & Zyy(y) > 0and  ¢f,(y) € G~ & Zyu(y) <0. (4.7)
This establishes the first identity. By the flow property of Y
T8 o = inf{r > sup(s1,s2) : Zs,r(z1) = 2527r(<p§1752(m1))} a.s.

From the first assertion and the independence of increments, it immediately follows that

Sit2, = T35 (2:= ¢, 5,(71)) a.s. Since ¢ is a coalescing flow, with probability 1

(sz,r((pgl,sg (1’1)) = (,02277,(.%'2) Vr > S§2x822

and so ¢S, (5, 5 (T1)) = @5, (x2) Vr > TEP2. Fix r € R, then conditionally to

51 89

{r > TgL2}, we have by the flow property of ¢°

51,582
Porr(@1) = 05, (95, 5, (1)) = @5, ,(22).
Now, the result easily extends by continuity for ¢¢ and using (4.5) for K. U

Proposition 4.5. ¢ is a stochastic flow of mappings solution of (E).

Proof. For all z € G, ¢ (z) is an W(ay,...,ay) started at z. By Theorem 2.6, Vf €
D(al,...,aN),

Fohale)) = 1)+ [ Fehu@NiBa+ 3 [ 766 i as

with By = |po¢(2)| — Li(Jpo. (x)]) — 2] = |Zos(x)| — Li(|Zo, ()]) — |z|. Tanaka’s formula
and (4.7) yield

Bi= [ Gn(Zoa@)dZou(w) = [ Sa(Zoule)W () = [ gh (o)W ().

Likewise for all s <t,x € G, f € D(aq,...,an),

Foale) = @)+ [ P aleDee e Wi + 3 [ £ ule)du s

4.3 Two probability measures associated to K.

For all t > 74, set
V(@) = Kau(@)(D) V1 <i<p

s,t
and .
VoM (@) = Ko (2)(D), Vig'(x) = Ksp(2)(D;) Vp+1<i<N-—1
V(@) = (Vo (0)i<icp, Vi (@) = (Vo' (@) pa<ien, Var(z) = (Vih(@), Vi (@)).
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For s = 0, we use these abbreviated notations
Zi(x) = Zog(x), Vi'(2) =Vol(@), Vi (@) = Vgu(2), Vile) = (V" (2), V] (2))
and if x =0,
Zy = Zo4(0), V" =V5i(0), VT =Vg,(0), Vi= (V" V).
By (4.4), Yz € G, s < t, with probability 1

Ksi(®) = O¢)|Zos(a)| Li<ra s

p - N -
+ Qo Vi @)0a 2@ L zes@>0 T D Ver (@)0612, (@) 1204 () <0) Lt
i—1 i=pt+1

Similarly to Lemma 4.1, Vs € R, u € P(G), the mapping ¢ — pK; is continuous from
[s,+o0[ into P(G) and therefore (1Ko )i>0 is a Feller process taking values in P(G) for
all u € P(G). Denote by PP, the law of this process and define

Fh =0(Kpu,s<v<u<t), FY=cWyus<v<u<t)

Assume that these o-fields include all P-negligible sets. Then, the following strong Markov
property holds

Lemma 4.2. Let pn € P(G), and let T be a finite (f(ﬁ)tzo stopping time. Then, the law
of (Ko, 1++)t>0 knowing of fOIfT is Py r-

As a consequence of the preceding lemma, for each z € G, (Ko 1+, ())>0 is independent
of FE and is equal in law to (Ko (0)),>0-

;70,x
Consider the following random times:

T=inf{r>0:2%, =1}, L=sup{re(0,T]:Z, =0}
and the following o-fields:
Fr— =0(Xr, X is bounded (fg};)tzo — previsible process)

Fr4+ = o0(Xr, X is bounded (}"g};)tzo — progressive process)

Then Fr. = Fr_ (Lemma 4.11 in [11]). Let f : R¥ — R be a bounded continuous
function and set X; = E[f(V;)|o(W)]. Thanks to (4.5), the process r — V. is constant
on the excursions of r — Z,.. By following the same steps as in Section 4.2 [11], we show
that there is an F"W-progressive version of X that is constant on the excursions of Z out
of 0 (Lemma 4.12 [11]). We take for X this version. Then X7 is Fr4 measurable and
E[Xr|Fr-] = E[f(Vr)] (Lemma 4.13 [11]). This implies that V7 is independent of (W)
(Lemma 4.14 [11]) and the same holds if we replace T" by inf{t > 0: Z; = a} where a > 0.
Define by induction TOJf , = 0 and for £ > 1:

St o=mf{t>T,", 2z, =2""}, T} =inf{t>S5, 2 =0}
Set V,jn = V;Jr . Then, we have the following
’ k,n

Lemma 4.3. For all n, (Vk+n)k21 is a sequence of i.i.d random variables. Moreover, this
sequence is independent of W.
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Proof. For all k > 2, V,jn is o(do K, t > 0) measurable and V/;L—1 1S ‘7:0KT+

O’lell,n—’—t’ k—1n
measurable which proves the first claim by Lemma 4.2. Now, we show by induction on ¢
that (Vf’rn, cees V;J‘fn) is independent of o(W). For ¢ = 1, this has been justified. Suppose

(Vf’rn, e Vthn) is independent of o(W) and write

oW)=0(Z, .7+ u>0)V U(ZU+T;_1’n,u > 0).

u

qg—1,n
Since (Vlfn, cees Vq‘tlm) is fg(TJr ) measurable and
k) q—1,n
+
O-(Zu"‘T;—l,n’ u > O) V O-(V;],n) C J(6OK07T;_L,L+15’ t> 0)
we conclude that (fon, -, Vgh,) and o (W) are independent. O

Let m,} be the common law of (V,! )= for each n > 1 and define m™ as the law of
V" under P(.|Z; > 0). Then, we have the

Lemma 4.4. The sequence (m;})p,>1 converges weakly towards m™. For allt > 0, the law
of V" under P(.|Z; > 0) is given by m™.

Proof. For each bounded continuous function f: RP — R,
E[f(Vf)\W]]l{ZDO} = nhj%ozk:E[]lte[s;n,T;n[f(V/;,Ln)‘W]
= nlgmoo;]lte[s,jm,n:n[ (/ fdm:)
= [z Jim, [ fdm +en(t)

with lim e,(f) = 0 a.s. Consequently
n— oo

1
: + _ +
The left hand side does not depend on ¢, which completes the proof. O

Remark 4.6. As a consequence of the lemma, we get
E[f(Vi)IWlz,50p = Liz,>0) /fder

for each measurable bounded f : RP — R. We define analogously the measure m~ by
considering the following stopping times: 1y, =0 and for k > 1:

Sp =inf{t>T, | :Z =-2"}, T, =if{t>S, :27 =0}

SetV, = V- and let m,, be the common law of (V) )r>1. Denote by m~ the law of V|~
’ k,n ’ -

under P(.|Z; < 0). Then, the sequence (m,, )p>1 converges weakly towards m~. Moreover,
for allt > 0, the law of V,~ under P(.|Z; < 0) is given by m™. As a result, we have

Elf(VO)IWliz,.<op = ]1{zt<o}/fdm*
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for each measurable bounded f : RN"P — R. If we follow the same steps as before but
consider (Zyyr, ,(v),u > 0) for all z, we show that the law of Voﬁ(x) under P(.|Zo(x) >
0,t > 70,45) does not depend on t > 0. Denote by m; such a law. Then, thanks to Lemma
4.2, m} does not depend on x € G. Thus m} =m™ for all x and

Elf (Vi (@) WLz, (2)>0,45m0..1 = L{Zi(2) 5045700} /fdm+ (4.8)

for each measurable bounded f : RP — R. Similarly

EhV (@)W 7, )<0,5m0..} = L{Zi(@)<0,t570.0} /hdm* (4.9)
for each measurable bounded h : RN 7P — R.

4.4 Unicity in law of K.
To prove part (b) of Theorem 1.5, we begin by the following

Lemma 4.5. For allx € G,t > s
P(Ely € GQ : Ks,r(y) = KO,r(x) Vr > gO,t($)|7—0,x <s< gO,t(x)) =1

Proof. By (4.5), it will be sufficient to prove the lemma for the kernel d .. Using Propo-
sition 4.4, this can be reduced to showing that, for all t > s,z € R

P(3y € Q:Ys, (y) = Yo, (2) Vr > gos(2)|102 <5 < got(2)) =1. (4.10)
By the proof of Lemma 3.3, for all a € R
P(3e>0:Ysi(a—e) =Y (a+e)|t > T5q) =1
Fix z € R. From the flow property of Y, we have
P(3e > 0:Y+(Yo,s(2) —€) = Y5 :(Yo,5(2) + )|t > T57y075(z)) =1.

Suppose t > Tyy, (). Let € > 0,Ys:(Yos(2) —e) = Y1 (Yo,5(2) +¢) and b €]Y5(2) —
£,Yp s(2)[NQ. Then, by the comparison principle (3.2)

}/:977’(}/078(2) - 5) < Yts,r(b) < }/:977’(Y078(Z)) < Y;,T(YO,S(Z) + 5)7 Vr > s.

Consequently Yy :(b) = Yp+(2) and so Y;,(b) = Yy ,(2),Vr > go+(z). Since {rp, < s <
90.t(2)} C{t > T4 yy.,(2) ) this gives (4.10) and consequently the lemma. O

Now, we will show by induction on n the following fact: Vn > 1,t > 0,2, ...,z, € G:
1 + - + -
(Ko (1), Ko (), W) = (Kgy ™ (1), Koy ™ (20), W) (4.11)

with (K™"™" W’) being the solution constructed in Section 3 associated with (m*,m™).
For n = 1, the result follows from (4.8) and (4.9). Notice that if ¢ < 79 ., then Ky¢(2)
is a function of W and if t > T54™, then (Ko¢(21), Kot(22)) = (Kou(21), Kot(21)). As-
sume that (4.11) holds for n > 1. Then, by the induction hypothesis and the preceding
observation, it will be enough to show, for all x,,11 € G that

! + - + o
(Ko,t(a?l),...,K07t($n+1),W) = (Kgﬂ’t m (xl),...,Kg’; mn (,InJrl),W,) (412)
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conditionally to A = { sup 7o, <t < Ty """} (vesp. its analogous set for W) at
1<i<n+1

the left (resp. right). Notice that on A, go+(21), ..., g0,t(Tn+1) are distinct. By summing
over all possible cases, we need only to check (4.12) conditionally to

B={ sup s <t <T5 5" gop(@1) < < goal@n) < goal@nin)}
N

(resp. its analogous set for W') at the left (resp.right). Recall the definition of f from
Section 3.2 and set S = f(go,t(zn), 90,t(xn+1)). Then

E= U Es, Es = Aﬂ{th(xl) <..< gO,t(xn) <s< gO,t(xn-H)wS = 3}'
seD

From Lemma 4.5, conditionally to Es, there exists y € G such that Ko(zp11) = Ks4(y).
On Eg, we also have Vi(z1) = Vi(21), ..., Vi(zp) = Vi(zy) since (Vi(z;),7 > 704,) is con-
stant on the excursions of (Z,(x;),r > 794,). Consequently (Ko(z1), ..., Kot(@nt1), W)
will be a measurable function of (Vi(z1),...., Vs(an), Kst(y), W). Now since o(W) =
.7:(% Vo (W,ys —Ws,r > 0), by the independence of increments of the flow and the induc-
tion hypothesis, (4.12) holds conditionally to Es (resp. its analogous set for W') at the
left (resp. right). This completes the proof.

Remark 4.7. Suppose that K is a stochastic ﬂow of mappings then by the definition of
N

%
(m™*,m™), we necessarily have ( Z e 0,..,0,1,0,...0 Z —80...0.1,0...0)- This
i=p+1
shows that there is only one flow of mappmgs solmng (E).

4.5 The case o™ = %,N > 2.

Let K" be the flow given by (3.9), where Z ,(7) = e(z)|z| + Wi — Ws. It is easy to verify
that K" is a Wiener flow. Fix s € R,z € G. Then, by following ideas of Section 3.2, one
can construct a real white noise W and a process (X7, t > s) which is an W(ay,...,an)
started at = such that

o (i) forallt>s, fe€ D(ay,....,an),
[(X5,) = —|—/ (ef")( W(du) + = /f” Ldu a.s.

o (ii) for all t > s, K[ (2) = Eléxz, |lo(W)] as.

By conditioning with respect to o(W) in (i), this shows that K" solves (E).

Now, let (K, W) be any other solution of (E) and set P' = E [KS??] From the hypothesis
at =1, we see that h(z) = (x)|z| belongs to D(a,...,an) and by applying h in (E), we
get Ko h(x) = h(z)+W;. Denote by (X*1, X*2) the two-point motion started at (z1,z2) €
G? associated to P?. Since |X¥i| is a reflected Brownian motion started at |z;| (Theorem
2.6), we have E[|X]"|?] =t + |x;|%. From the preceding observation E[h(X]")h(X[?)] =
E[Koth(z1)Koth(z)] = h(x1)h(z2) + t and therefore

Bl(M(X{") — h(X{?) = h(z1) + h(z2))*] = 0.

This shows that h(X;?) — h(X;?) = h(z1) — h(xz2). Now we will check by induction on n
that P™ does not depend on K. For n = 1, this follows from Proposition 2.8. Suppose
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the result holds for n and let (z1,...,2n41) € G™"! such that h(z;) # h(x;),i # j. Let
Tp, = Inf{r > 0: X7 = 0} = inf{r > 0: h(X¥) = 0} and (z;,z;) € GT x G~ such that
h(z;) < h(xg), h(zy) < h(x;) for all (zg,xp) € GT x G~ (when (x;,2;) does not exist the
proof is simpler). Clearly 7,, is a function of X*» for all h,k € [1,n + 1] and so for all
measurable bounded f : G"t! — R,

FOXF L X

Wftcr,, infi<pans 7oy =rs;} 15 8 function of X

and
FX Xf”“)

. i i T
]1{t<sz Jnf) <1 Top =72, } 1S 8 function of X™7.

where ¢ > 0 is fixed. This shows that E[f(X}", ..., X;Bn+1)]1{t<inf1§k§n+l ka}] only depends
on P!. Consider the following stopping times
. . - xTj xTj
So = 191275“7'%,5;9“ =inf{r > Sy :Jj € [L,n+1,X;’ =0,Xg # 0}k > 0.

Remark that (Sg)r>o is a function of X*» for all h € [1,n + 1]. By summing over all
possible cases we need only check the unicity in law of (X', ..., X;"*") conditionally to
A= {S <t < Sgy1,Xg" = 0} where k > 0,h € [L,n + 1] are fixed. Write A =
BN{t— S, < T} where B = {S; < t,Xg" =0} = {S; <tXg #0ifi+# h}and
T =inf{r > 0,35 #h: Xfisk =0}. On A, X} is a function of (Xg', Xi"™) and therefore
for all measurable bounded f : G — R,

FIXTY o X )4 may be written as g((Xg! )izn, X;")1a

where ¢ is measurable bounded from G"*! into R. By the strong Markov property for
X = (X", ..., X" +1) we have

13BN g, <ryg(XS izn, X" F5 ) = 1ptp(t — Sk, (X§' )izn)

where
¢(u’ Y1y eeey yn) = E[]l{u<inf{r20:3j€[1,n],ij:O}}g(yl’ vy Yny XS)]

This shows that E[f(X;*, ..., X;""")14] only depends on the law of (X %), . As a result,
PPY((21, ooy 1), dy) is unique whenever h(z;) # h(x;),i # j and by an approximation
argument for all (21,..,2,41) € G""!. Since a stochastic flow of kernels is uniquely
determined by the compatible system of its n-point motions, this proves (2) of Theorem
1.5.

5 Appendix: Freidlin-Sheu formula.

In this section, we shall prove Theorem 2.6. We begin by

Preliminary remarks. We recall that if Y is a semimartingale satisfying (Y) = (|Y])
then Ly(Y) = L(]Y]). Let Ly(Y) be the (non symmetric) local time at 0 of ¥ and « € [0, 1].
If Y is a SBM(a), then Li(Y) = 2aL;(Y) by identifying Tanaka’s formulas for symmetric
and non symmetric local time for Y.

Let @ be the semigroup of the reflecting Brownian motion on R and define @(z) = |z|.
Then X; = &(Z;) and it can be easily checked that P;(f o @) = Q.f o @ for all bounded
measurable function f : R — R which proves (i). (ii) is an easy consequence of Tanaka’s
formula for local time.
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(iii) Set T, = inf{r > 0, Z, = 0}. For t < 7., (2.2) holds from It&’s formula applied to the
semimartingale X. By discussing the cases t < 7, and ¢ > 7., one can assume that z =0
and so in the sequel we take z = 0.

For all i € [1,N], define Z} = |Z/1zep, — |Z/1z¢p,- Then Zj = &'(Z;) where
P'(x) = |z|lzep, — |2[lygp,. Let Q' be the semigroup of the SBM (c;). Then the follow-
ing relation is easy to check: Pi(f o @) = Q}f o @* for all bounded measurable function
f: R — R which shows that Z¢ is a SBM («;) started at 0. We use the notation (P) to
denote the convergence in probability.

Let § > 0. Define 7§ = 63 = 0 and for n > 1

05 = inf{r >0 ,,|Z,| =6}, 75 =inf{r > 65,2, =0}.
Let f € CZ(G*) and t > 0. Then

F(Z) = F0) = D F(Zgs i) = F(Zosn) = Q1+ Q5+ Q3

n=0
where
0o N oo
Q? = Z(f(Zeé /\t) 1z, 5/\t Z Z 07 (0+) ]1{9‘S 1StZgs  €Di}
n;O N i=1n=0 . el
= Z Zoéf{(0+)]l{62+1§tvz » €D} Q5 = Z F(Zrsne) = (Zgs po)-
i=1n=

We first show that @} 50 0 (P) and for this erte Q = Q‘Sl T Q° (1,2) With
Q((Sl,l) = Z Z(f(Ze5 ) — f(ng) - 5fz‘/(0+))]l{eg+lgt,zeé IEDZ.},
; o

oo N
Q((Sl,g) = Z Z(f(Zt) - f(ngAt))]l{efLHx,Zea €D;}:
- n+1

1
(Vi€ 1N [ (i) = 5l0+))du = £(6) = £:(0) = 6£(0+).

(ii) There exists M > 0 such that Vi € [1, N], u > 0: |f/(u) — f/(0+)] < Mu.

Consequently
NM52 >
Qh 1)’ = ’Z Z fi(d —dff (O+))]1{06 St Zgs ep;}| < Z 05, <t
n=0i=1 n+1

It is known that ¢ Z ]195+1St o0 2Lt(X) (P) ([16]) and therefore Q‘(Sl’l) o0 0 (P).
n=0

Let C' > 0 such that Vi € [1,N], v >0:|f;(u) — fi(0)] < Cu. Then
o N
‘Q((sl,Z)‘ = | Z Z(f(Zt) - f(ZTgAt))]l{gfL+l>t7295+leDi}‘
n=01i=1 n

< ZZ’JCZ Xi) — )‘]l{fr 3<t<0 ,1,Z,5 €Di}
n+1

n=01i=1

o0
< OX Z ﬂ{rg<t<02+1} <G
n=0

31



which shows that Q‘(sl ) g 0 a.s and so Q9 = 0 (P).

Now define Q° (24) = 52 ]l{g

upcrossings of Z° from 0 to d before time ¢, we have Q(2 i 1L,(Z% (P). Using our

ince Z 1 is the number of
015t Z65+ €D;}- Si {6n+1<t’ZGZ+IEDi}

preliminary remarks, we see that Q2 Z i fI(04)) Ly (X) (P).
We now establish that Q —> / f(Zs)dBs + = / 'z (P). For this write
Q3 Q —i—Q (3.2) with
Q((Ss,n =3 (f(Zs) = [(Zos sy = Z Z N rs<t z ps €D}
n=0 n=01i=1
N
Qsa) = Y (F(Z) = fi(0)){n € N: 0 <t < 7], Zps € Dy}
i=1

It is clear that f{n € N: 0 <t < 12 ZQ(S € D;} —)]I{Z €D}asandsoQ32 converges
to f(Z;) — f(0) as § — 0 a.s. Define 7'0 = 982 =0 and
00" = inf{r > TS’_il, Z, =66}, i =inf{r>0% 27, =0,n>1

Using 32020 Lrg<t 2,5 D) = Sonco Lppsicyys weget QP 1y = 0o oy (F(0)—fi(0) L sy
On the other hand

o0 o0

D filX i) = fi(Xgsi ) = D2 (fi X sa) = fi(Xeg,i))H{Tg,@tﬁZOUZ-(X»—fi<0)>1l{eg,i<t<73,i}

n=0 n=0
and therefore
N

S S X ) — X)) — SO = F(0) % B € L0371 < 737}

i=1n=0 i=1

Since #{n € N,0%" < t < 704} —> a.s, we deduce that

{Zi€D;}

6—0
372 ZZ fi XTMM fi(ng,i/\t))—i—o(l) a.s.
i=1n=

e /

For all i € [1, N], let f; be C? on R such that f; = fyon R, f, =fi, f; = f; on R*
Now a.s:

S
Vs € [O,t],i S [1,N] ng ]l[ei,i/\tﬂ_g,i/\t[(S) —Wo ]l{ZSEf)i}'

By dominated convergence for stochastic integrals, we have:
[e.e]

- - - t -
Zfi(er;i/\t) _fi(Xef;i/\t) :/ Z]l[e‘“/\t oAt (s)d fi(Xs) m/o H{Zsef)i}dfi(Xs) (B).
n=0
Finally

[ rzaan g [z = Z/ ey X )ABL + 71X, ds)
_ z;/o Ly, epydfi(X0).
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by 1t6’s formula and using the fact that dﬂs(X ) is carried by {s; Zs = 0}. Now the proof
of Theorem 2.6 is complete.
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