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Abstract

We study the asymptotic behavior of multiscale stochastic gene networks using
weak limits of Markov jump processes. Depending on the time and concentration scales
of the system we distinguish four types of limits: continuous piecewise deterministic
processes (PDP) with switching, PDP with jumps in the continuous variables, averaged
PDP, and PDP with singular switching. We justify rigorously the convergence for the
four types of limits. The convergence results can be used to simplify the stochastic
dynamics of gene network models arising in molecular biology.

MSC: 60J25, 60J75, 92B05.

Keywords: Stochastic gene networks, piecewise deterministic processes, per-
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1 Introduction

Modern molecular biology emphasizes the important role of the gene regulatory net-
works in the functioning of living organisms. Recent experimental advances in molec-
ular biology show that many gene products do not follow deterministic dynamics and
should be modeled as random variables ([Kepler and Elston| (IZOO]I); [Kaufmann and van

Oudenaarden| (R007)).

Markov processes approaches to gene networks dynamics, originating from the
pioneering ideas of Delbriick (| M. Delbriick | ([1940))), capture diverse features of the
experimentally observed expression variability, such as bursting (K fai et al] (W)),
various types of steady-state distributions of RNA and protein numbers
(m)), noise amplification or reduction by network propagation (
[Warren et al] (006])), clock de-synchronization ([Barkai and Leible
transitions in cellular memory storage circuits ([Kaufmann et al .

However, the study of the full Markov dynamics of biochemical networks is a dif-
ficult task. Even the simplest Markovian model, such as the production module of a
single protein involves tens of variables and biochemical reactions and an equivalent
number of parameters ([Kierzek et al] (R001)); [Krishna et al] (R009)). The direct simu-
lation of such models by the Stochastic Simulation Algorithm (SSA) ([Gillespiq ([L97€)))

is extremely time consuming.




In order to increase computational efficiency, several accelerated simulation algo-
rithms are hybrid and treat fast biochemical reactions as continuous variables ([Hasel

tine and Rawlingd (2002); [Alfonsi et al] (R00F); [Alfonsi et al] (004)). Similar ap-
proaches reducing fast reactions can be justified by diffusion approximations for Markov
processes (Ball et al] (B00G)).

A different hybrid approach is to distinguish between molecular species according
to their abundances. Species in small amounts can be treated as discrete variables,
whereas species in large amounts can be considered continuous. It has been proposed
that, the dynamics of gene networks with well separated abundances, can be well
approximated by piecewise deterministic Markov processes (Radulescu et al] (R007);
[Crudu et al] (R00Y)). Piecewise deterministic processes (PDP) are used in operational

research in relation with optimal control and various technological applications (onma
et al] (R003); [Ghosh and Bagchi (R003); [Pola et al] (R003); Bujorianu and Lygeros

(2004)). Their popularity in physical, chemical and biological sciences is also steadily
increasing as they provide a natural framework to deal with intermittent phenomena
in many contexts (Radulescu et al] (R007); [Zeiser et al| (R00])).

By looking for the best PDP approximation of a stochastic network of biochem-
ical reactions, and depending on the time scales of the reaction mechanism, we can
distinguish several cases (Crudu et al] (R009)):

e Continuous PDP with switching: continuous variables evolve according to or-
dinary differential equations. The trajectories of the continuous variables are
continuous, but the differential equations depend on one or several discrete vari-
ables.

e PDP with jumps in the continuous variables: the same as the previous case, but
the continuous variables can jump as well as the discrete variables.

e Averaged PDP: some discrete variables have rapid transitions and can be aver-
aged. The resulting approximation is an averaged PDP.

e Discontinuous PDP with singular switching: the continuous variable has two
time scaling. The switch between the two regimes is commanded by a discrete
variable. The rapid parts of the trajectory of the continuous variable can be
approximated by discontinuities.

In this paper, we justify rigorously these approximations that were illustrated by
models of stochastic gene expression in [Crudu et al] (009). More precisely, we present
several theorems on the weak convergence of biochemical reactions processes towards
piecewise deterministic processes of the type specified above. The resulting piecewise
deterministic processes can be used for more efficient simulation algorithms, also, in
certain cases, can lead to analytic results for the stochastic behavior of gene networks.
Higher order approximations of multiscale stochastic chemical kinetics, corresponding
to stochastic differential equations with jumps, though not discussed in this paper,
represent straightforward extensions of our results.

The structure of this article is as follows. In section 2, we present the PDP, a useful
theorem on the uniqueness of the solution of a martingale problem and the Markov
jump model for stochastic regulatory networks. The four remaining sections discuss
the asymptotic behaviors of the models, corresponding to the four cases presented
above.

2 Piecewise Deterministic Processes

We begin with a brief description of Piecewise Deterministic Processes (PDP) and
collect useful results on these. We do not consider PDPs in their full generaliy. The

reader is refered to ([993) for further results.

Standard conditions:



In this article, a PDP taking values in £ = R™ x N% is a process x; = (y;, %),
determined by its three local characteristics :

1. For all v € N%, a Lipschitz continuous vector field in R™, denoted by F,,, which
determines a unique global flow ¢, (¢,y) in R™ such that, for ¢ > 0,

d
%gbl/(tvy) :Fu(¢u(t7y))a ¢U(an) =Y, Vy GR”

We also use the notation: F(y,v) = F,(y).

2. A jump rate X : E — R™T such that, for each x = (y,v) € E, there exists e(x) > 0
such that

e(x)
[ et < .
0

3. A transition measure Q : E — P(E), z — Q(;x), where P(E) denotes the set
of probability measures on E. We assume that Q({z}; ) =0 for each x € E.

From these standard conditions, a right-continuous sample path {z; : ¢ > 0} starting
at x = (y,v) € E may be constructed as follows. Define

xe(w) := du(t,y), for 0 <t < Th(w),

where T (w) is the realization of the first jump time T4, with the following distribution :

P,(Ty > t) = exp ( - /Ot /\(gbl,(s,y),y)ds) =: H(t,x), teRT.

We have then x_ )(w) = (¢u(T1(w),y),v), and the post-jump state zr, (,)(w) has

the distribution given by :

Px(le € A|T1 = t) = Q(Aa (¢V(ta y)v V))

on the Borel sets A of F.

We then restart the process at a7, (.)(w) and proceed recursively according to
the same procedure to obtain a sequence of jump-time realizations T} (w), T2 (w), . . ..
Between each of two consecutive jumps, z:(w) follows a deterministic motion, given
by the flow corresponding to the vector field F.

Such a process x; is called a PDP. The number of jumps that occurr between the
times 0 and ¢ is denoted by

Ne(w) =Y Uiz, (w).
k

It can be shown that x; is a strong Markov process with right-continuous, left-
limited sample paths (see ([[993)). The generator A of the process is formally
given by

Af(2) = Fo(2) - Vo f (2) + Az) / (f(2) — f(2)Q(dz: ) (1)

E

for each * = (y,v) € E, we have denoted by V, the gradient with respect to the
variable y € R™. The domain of A is described precisely in ([1993]). We do not
need such a precise description and just note that A is well defined for f € &, the set

of functions f : E — R such that :
E1l. f is bounded,
E2. for all v € N4, f(-,v) € C}(R"),

E3. its derivatives are bounded uniformly in F.



For f € £, we denote by

Ly = sup ||[Dyfllec = sup [|Dyf(y, V)], (2)
yEeR™ (y,v)EE

the Lipschitz constant of f with respect to the variable y.
The space £ is a Banach space when endowed with the norm

flle = 11 flloc + Ly (3)

If Z is a Banach space, By(Z) is the set of bounded Borel measurable functions
on Z ; CF(Z) is the set of C*-differentiable functions on Z, such that the derivatives,
until the k-th order, are bounded ; Cp(Z) is the set of bounded continuous functions
on Z. Also D(RT; Z) is the set of process defined on RT with right-continuous, left-
limited sample paths defined on R* and taking values in Z and C(R™; Z) is the set
of continuous process defined on R* and taking values in Z.

The PDPs considered in this paper will always satisfy the following property :

Hypothesis 2.1 The three local characteristics of the PDP satisfy the standard con-
ditions given above. The jump rate X is C*-differentiable with respect to the variable
y € R™. For every starting point x = (y,v) € E and t € RT, we suppose E(N;) < oo.

Remark 2.2 E(N;) < oo implies in particular that Ty(w) — oo almost surely. This
assumption is usually quite easy to check in applications, but it is hard to formulate
general conditions under which it holds, because of the complicated interaction between
F,\ and Q. It can be shown for instance that if X is bounded, then E(Ny) < oo (cf.

(993)).

For some results, we need the following stronger property :

Hypothesis 2.3 The functions F, X and x — Xx) [, f(2)Q(dz;x), with f € &,
are bounded on E, C'-differentiable with respect to the variable y € R™ and their
derivatives with respect to y are also bounded.

When Hypothesis E is satisfied, we set

Mp = |Flleos  Lr = sup [[DyF|lc,
yeR™
My = [[Moos Lx = sup [[DyAl|oo.
yeR™
and Lo a constant such that, for all f € £ and z = (y,v) € E :

2, (o) [ sz < Lalirle

Denote by (P;)¢>o the transition semigroup associated to the PDP constructed above
and by P, the law of the PDP starting from x € E. Then, P, is a solution of the
martingale problem associated to A in the following sense:

fa) - fz) - /0 Af(2,)ds

is a local martingale for any f € & (see ([993)). Moreover, if Hypothesis .3
holds, it is a bounded martingale. As usual, we have denoted by (z;);>0 the canonical

process on D(RT; E).

The following results gives a uniqueness property for this martingale problem. It
will enable us to characterize the asymptotic behavior of our stochastic regulatory
networks.



Theorem 2.4 [f Hypothesis @ is satisfied, then the law of the PDP determined by F,
A, and @ is the unique solution of the martingale problem associated to the generator

A.

The proof of the theorem is given in the appendix.

Markov jump model for stochastic regulatory networks: known results

We consider a set of chemical reactions R,., r € R; R is supposed to be finite. These
reactions involve species indexed by a set S = 1,..., M, the number of molecules of
the specie i is denoted by n; and X € NM is the vector consisting of the n;’s. Each
reaction R, has a rate A,.(X) which depends on the state of the system, described by
X and corresponds to a change X — X + ,, v, € ZM.

Mathematically, this evolution can be described by the following Markov jump
process. It is based on a sequence (7j)r>1 of random waiting times with exponential
distribution. Setting To =0, T; =7 +---+ 7, X is constant on [T;_1,7;) and has a
jump at T;. The parameter of 7; is given by >~ A (X (Ti-1)):

P(1; > t) —exp( ;)\ )

At time 77, a reaction r € R is chosen with probability A\ (X (Ti-1))/ >, cr Ar(X(Ti-1))
and the state changes according to X — X + ~,.:

X(Ty) = X(Ti—1) + -

This Markov process has the following generator (see Ethier and Kurt4 (1986)):

reR

We do not need a precise description of the domain of A, the above definition holds
for instance for functions in C,(RM).

In the applications we have in mind, the numbers of molecules have different scales.
Some of the molecules are in small numbers and some are in large numbers. Accord-
ingly, we split the set of species into two sets C' and D with cardinals M and Mp.
This induces the decomposition X = (X¢, Xp), v = (v¢,72). For i € D, n; is of
order 1 while for ¢ € C', n; is proportional to N where N is a large number. For i € C,
setting n; = n;/N, n; is of order 1. We define z¢ = NXC and = (x¢, Xp).

We also decompose the set of reactions according to the species involved. We set
R = RpURec URpe. A reaction in Rp (resp. R¢) produces or consumes only
species in D (resp. C). Also, the rate of a reaction in Rp (resp. R¢) depends only
on Xp (resp. z¢). A reaction in Rpc has a rate depending on both z¢ and Xp and
produces or consumes, among others, species from C or D.

The rate of a reaction in r € R¢ is also large and of order N and we set A, =
In general, reactions in Rp or Rpc have a rate of order 1.

Introducing the new scaled variables, the generator has the form:

2|ﬁ

Af(zc,Xp) = Z [f(wc—i—

1 -
Lc xp)— f(xc,xm} N (ze)
reRc

N

+ > { ro + %,XD+%) f(-TC,XD):| Ar(zc, Xp)

r€ERpc

+ Y [fxo, Xp +7P) = f(we, Xp)] Ar(XD).
T€ERD

Assuming that the scaled rates A, are C! with respect to x¢, it is not difficult to see
that if N — oo, the two sets of species decouple. Indeed, reactions in Rpc do not



happen sufficiently often and they do not change x¢ in a sufficiently large manner.
The limit would simply give a set of differential equations for the continuous variable
r¢, which evolves without influence of Xp. The discrete variable would have its own
dynamic made of jumps. These results have been shown by [Kurt4 ([1971) and [Kurt4
[o79).

In the following sections, we consider more general systems where other types of
reactions may happen and which yield different limiting systems

3 Continuous piecewise deterministic process

In this section, we assume that some of the reactions in a §ubset S1 of Rpc are such
that their rate is large and scales with N. We again set A\, = %)\T for r € S1. We
assume that these equations do not change Xp, in other words

VP =0,res. (4)

However, the rate A\, depends on Xp. Note that this is possible and even frequent in
molecular biology, meaning that reactions of the type S7 recover the reactant, like in
the reaction A — A + B, with A and B discrete and continuous species, respectively.
The more complicated case v # 0 is treated in section 5.

The scaled generator has now the form

1

Anf(zc,Xp) = Z [f(fﬂc-i-N

2C Xp) - f(wc,xw} N3, (ze)
reRoe

+ Z |:f($c + %’YTC,XD) — f(mc,XD)] N}\T(wc,XD)
resS

1
b S [Haot 5o X0+ 4)  ae, Xo) | (oo Xo)
reRpc\S1

+ > [flwe, Xp++P) = f(ze, Xp)] Ar(Xp).
T€ERD

For f € C}(E), we may let N — oo and obtain the limit generator

Aoof(meD) = ( Z S\T(zC)’YrC + Z S\r(vaXD)7§> 'Vch(vaXD)

reRc r€S1

+ Y [f@e, Xp +4P) — fwe, Xp)] Ar(ze, Xp)
reRpc\S1

+ 3 [fwe. Xp +9P) = f(we. Xp)] Ae(Xp).
r€Rp

This formal argument indicates that, as N — oo, the process converges to a continuous

PDP (see ([l)). The state is described by a continuous variable z¢ and a discrete

variable Xp. The discrete variable is a jump process and is piecewise constant. The

continuous variable evolves according to differential equations depending on X p. It is

continuous but the vector field describing its evolution changes when Xp jumps.
This is rigorously justified by the following theorem.

Theorem 3.1 Let 2V = (xg,Xg) be a jump Markov process as above, starting at
zN(0) = (zX(0), XN (0)). Assume that the jump rates A\, r € Rc U Sy and A,



r € Rpc \ S1 are C functions of xc € RMc. We define P,, the law of the PDP
starting at xo = (vc,0, Xp,o) whose jump intensities are:

Az) = Y M),

r€ERpURDc\S1

the transition measure is defined by:

fE (2)Q(dz; )
1
= o) Z fze, Xp + P\ (zc, Xp) + Z flze, Xp +vP)M(Xp) |
r€Rpc\S1 reRp

for x = (xc, Xp), and the vectors fields are given by:

Fx,(xzc) Z 'Yr Z %“ r(zc, Xp).

r€Rc resy

Assume that Hypothesis @ is satisfied and N (0) converges in distribution to xo,
then ™V converges in distribution to the PDP whose law is P, .

Proof:

In the following, we work only with scaled variables and simplify the notation by
omitting the tildes. In other words, we use A, to denote the rate of all reactions.

The proof is divided into three steps. We begin our proof by supposing that the
jump rates and their derivatives with respect to x¢ are bounded. Hypothesis E is
then satisfied. We then prove Theorem @ by a truncation argument.

Step 1: Tightness for bounded reaction rates.

We first assume that all rates A\, are bounded as well as their derivatives with
respect to z¢.

Let 2V be a Markov jump process whose generator is given by An.

Without loss of generality, we assume that the initial value of the process is deter-
ministic: 2V (0) = (¥ (0), XX (0)) and converges to z¢ = (v¢,0, Xp,0) in RM¢ x NMp,

Let (Y;)rer be a sequence of independent standard Poisson processes. By Propo-
sition 1.7, Part 4, and Theorem 4.1, Part 6, of [Ethier and Kurt7 ([198() we know that
there exists stochastic processes (ZV)yen in D(R™; E) such that

V(1) = 2N (0) + 3 Y, </ A (9)ds ) 120

rTeER

Moreover, for each N, £V and "V have the same distribution. Since we consider only
the distributions of the processes, we only consider #V in the following and use the
same notation for both processes.

Using the decomposition 2V = (23, XJ), we have

R0 =0+ Y i (v [ t e (o))

reRc



and

g =x§o+ 3 P /Otxrug(s),xf.ﬂ(s))ds)

reRpc\S1

+ D WY ( /0 ) <s>>ds.)

r€ERD

We easily prove tightness in D(R*; RM) of the laws of (X )yen by the same proof
as for Proposition 3.1 in chapter 6 of [Ethier and Kurt4 (IE%LGD and by using the fact
that the law of Y, is tight in D(R™;N), for every r € R, according to Theorem 1.4 of
[Billingsley] ([L999).

To prove that the laws of (zY) yey are tight in C(R*; RM¢), we adapt the argument
of section 2 chapter 11 in [Ethier and Kurt ([L986)).

Let Y, (u) = Y, (u) — u be the standard Poisson process centered at its expectation,
we have:

ZL'N :Z'N i Cy tN ZL'NS S
0 =0+ 3 % (¥ [ Aeles)

reRc

#3023 [ Ao X )05
+f F (), XD (5)ds

b ran ([ o)

reRpc\S1
Observe that 1
sup —Y,(Nu) = 0, a.s.
u€e[0,A] N

for any A > 0. Since A, are bounded, it follows that, for all T > 0,

> %%Cf’r (N /Ot L(wg(s))ds) + ) %wcfﬂ (N/Ot Xr(xg(s),xg(s))ds)

reRc resy

sup
t€[0,T]

— 0, a.s. when N — co.

Clearly

1 t
sup Z N%"CYT (/ )‘r(wg(s)an(S))dS) — 0, a.s.
0

t€[0,77] reRpc\S1

It follows that there exists a random constant K going to zero such that, for ¢,¢;,t5 €
[O,T], and ||FHoo = SUP,crMc xNMD |F(:C)|

28 ()] < 28 (0)] + | Flloot + K, a.s.
and
263 (t1) — a0 (t2)| < |[Fllolts — ta] + 2K N, a.s.

Tightness of (z2¥) yen in C(RT; RMe) follows by classical criteria (see for instance
PJacod and Shiryaey| ([L987), chapter 6, section 3b).

We conclude, from [Jacod and Shiryaey] ([1987) (chapter 6, section 3b), that {2V }y =
{(zX, X))} is tight in D(RT; E).

Step 2: Identification of limit points for bounded reaction rates.



Let @ = (74);>0 be the canonical process on D(R*; E), and Py the law of (z¥);>¢
on this space, for each N € N.
We know that for each V € N and ¢ € €£.

(@) — (o) / Anpla)ds

is a Py-martingale. Equivalently, for each n € N, ¢1,...,¢, € [0,7], t > r > 0,
P € (Co(E))™ and p € &

Epy <<<p(:ct) @(z0) / Any zs)ds) w(ztl,...,ztn)>
e, ((ston) -t [ Aot vz

Let (Py, ) be a subsequence which converges weakly to a measure P on D(RT; E).
We know that z is P almost surely continuous at every ¢ except for a countable set
Dp and that for ¢,...,t, outside Dp, PN,CW;}MM converges weakly to Pﬁ;}wtn
where 7y, ;. is the projection that carries the point z € D(RT; F) to the point
(ZEtl, . ,xtn) of R™.

Therefore, it is easy, using dominated convergence theorem and weak convergence
properties, to let k — oo in (H) and obtain for ¢, t1,...,t,,r outside Dp:

5, (((p(xt) (o) / A :I:s)ds) Y(xt, . :ctn)> -

=Ep <<<p( r) — @(xo) / Ascp zs)ds) (@, .. .,ztn)> .

If t € Dp, we choose a sequence (t*) outside Dp such that t* — ¢ with t* > ¢.
Then P7rt_,€1 converges weakly to Pm, ! since  is P-a.s. right continuous in ¢ and
converges almost surely to z;. Then, we use (ﬁ) with t* instead of ¢, let k — oo and
deduce that @) also holds for ¢ € Dp. Similarly, we show that ¢1,...,¢,,r may be
taken in Dp.

This shows that the measure P is a solution of the martingale problem associated
to the generator A, on the domain .

Hypothesis @ enables us to apply Theorem @ The martingale problem has then
a unique solution. It follows that the limit P is equal to P, the law of the PDP, and
that the whole sequence (Py)n converges weakly to P, .

Step 3: Conclusion
Now, we prove Theorem @ with a truncation argument.
Let § € C>°(R™) such that

and, for £k > 1 and r € R, define

2
Gk(x)ze(%) , v E€E,

and

Mo(z) = O (x) A ().
Then, the problem with A* instead of A, fulfills Hypothesis .. We define z¥ =
(xg,k, Xﬁk) the jump Markov process associated to the jump intensities ¥, starting

at ¥ (0). By the preceding result, we know that, for all k € N, () yen converges
weakly to the PDP zj in D(RT; E), whose characteristics are the jump intensities



Ak with corresponding transition measure, and vector fields (obvious definitions as in
Theorem B.1)).

Then, ((z))ren)nen converges weakly to (zx)ken in D(RT; E)N.

By Skorohod representation Theorem (see [Billingsley] ([971)), Theorem 3.3), up to
a change of probability space, we may assume that that for all k € N (2} )y converges
a.s. to zp in D(RT; E).

Let T > 0 and the stopping times

8 =inf{t € [0,T)], |zx(t)| > k},

with 78 = T if {t € [0, T), |2k (t)| > k} = 0.
Then, for k,l € N
zr(t) = 2y (t), t € 0,7 ATF], a.s.

so that 7% is a.s. non-decreasing.
Moreover, if 2 (resp. 2V) are the PDP associated to A, (resp. the Markov jump
process associated to Ay ), then

zi(t) = 24, t €[0,77), a.s.

and if
T~ = inf{t € [0, T, |z} (t)] > k},

with 78 = T if {t € [0, 7], |zX (t)| > k} = 0, then
oy (t) = 2N (t), t €[0,78), a.s.

Let 6 > 0. Observing that if 7%= > T — § and dr_s(z, 21) < €, where dr_s is
the distance on D([0,T — §]; E), then, for enough small e:

sup |zy (t)| <k, a.s.
te[0,T—6)

then a.s., 7% > T — § and 2l = 2V in [0,7 — §]. Since 7% > 7%=1 > T — §; we have
also, a.s., xp = « in [0, — 6] and

N

dr_s(z",x) < e.

We deduce that
Vo >0, P (dT_(;(:I:N,:I:) > e) <P (Tk_l <T-— 6) +P (dT_(;(x,iV,xk) > e) .
Finally, we have

P(r* ' <T—-6)=P( sup |zx(t) >k—1)<P( sup |z(t)]>k—1).
te[0,7¥] te[0,7—4]

By Hypothesis [1], the PDP z can not explode in finite time. Thus for k large, this
term is small. Then for large N, the second is small. We deduce that "V converges
in probability to x in the new probability space. Returning in the original probability
space, we obtain that z/V converges in distribution to .

4 Piecewise deterministic process with jumps

In this section, we assume that some of the reactions in a subset Sy of Rpc are
such that 7¢ is large and scales with N. We set ¢ = £~ for r € So. We define
S =5US,.

10



The scaled generator has now the form

Avf(zo,Xp) = [f($c+N

1 5
1.0 xp) - f(zc,XD)] N (ze)
reRc

+ 3 [fxe +37, Xp +4P) = flxe, Xp)] Mr(zc, Xp)
resSs

+ Z [ (xc + % ¢ Xp)— f(fEc,XD)} N (zc, Xp)
resS;

1
+ ) [f(»’cc + N%«CaXD +7P) - f(xc,XD)} Ar(zc, XD)
r€ERpc\S

+ Y [flee, Xp +4P) = f(ze, Xp)] A(Xp).
r€ERD

For f € C}(E), we may let N — oo and obtain the limit generator

Asof(we, Xp) = ( S Al@ent+ > S\T(xc,XD)%C> Ve f(ze, Xp)

reRc resSh

+ > [flwe +47, Xp +47) = flee, Xp)] Ar(zo, Xp)
rESs

+ Z [f(ze, Xp +7F) = flze, Xp)] Ar(zc, Xp)
reRpc\S

+ 3 [flee. Xp +9P) — f(we. Xp)] A(XD).
r€Rp

This formal argument indicates that if N — oo, the process is a piecewise deterministic
process with jumps both in xc and Xp. In fact, the proof of this can be done easily
thanks to the result of section 3.

Indeed, let us introduce the following auxiliary system of reactions involving the
variable (:clcN 2N XN) e RMc x RMo x NMb.

o If r € Re, (aclcN %N,Xg) (acc +N70,xc XD)

o Ifre S, (zlclN,xQClN,Xg) — (zéN xQCN Jr'yC,XN +95)

o Ifr € Rpc \ S, (ag™, 25 X]) = (ag” +N70a$c , XD +7b)

oIfrERD,(xlcN 2NXD) (1dN7 iy NOXN +h)

The rates of these reactions are A\, (zg" , 25", XN) = M (z5" + 25~ XN).

If we choose the initial data (zY(0),0, X7 (0)) then this system and the original
system are equivalent. Indeed, we recover the value of the original system by the
relation:

N N 1,N 2,N N
(zCaXD):(:CC +zC aXD)'
Conversely, notice that xg is a sum of a pure jump part and of a continuous one so
that given (xg,Xg) , (aclclN,x%lN,Xg) can be recovered by isolating from xg the
small jumps to obtain xlclN and the jump of order one (from Ss) to obtain xQClN
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The auxiliary system corresponds to the following generator:

Aaumf(wlcaxQCaXD)

1 -
- Z [-f(xlc + NVTC’Z%"XD) - f(xlcvxzchD):| N/\T(xlc + 1%‘)
reRc

+ 3 [f@b 2t +38 Xp +4P) - f@b, 2%, Xp)] Ar(at + 28, Xp)
reSs

1 -
+ Z |:f($1c + N’%‘Cax%aXD) - f(‘rlcaxQCaXD):| N)‘T(‘Tlc +$%’aXD)
resy

1
p> [f(wlc a8 Xp +97) - f<xlc,xé,xp>] A (ah +a%, Xp)
reRpc\S

r€Rp

This generator is of the form as in section 3 but the discrete variable is now (22, Xp).
Using the results proved in this section we thus obtain that this auxiliary system of
reaction converges in distribution to the piecewise continuous deterministic process
given by the generator

Aauz,oof(zlca 1‘%, XD)

= Y. M@t + 22, Xond + > Azt +wQC,XD)%C> Var f (26,38, Xp)
reRc reST

+ ) [f@bag +38, Xp +9P) = fab, 28, Xp)] A2 + 28, Xb)
r€Ss

+ Z [f(xéaxéaXD""’yrD)_f(xlcaw%‘aXD)] )‘T('Tlc'i_x%"XD)
reRpc\S

+ Z [f(xlc,x%,XD +'YTD) - f(xlcax%‘aXD)] )‘T(XD)'
rT€ERD

Going back to the original variables, i.e. setting ¢ = z{ + 2%, we deduce that the
original system converges in distributions to the piecewise deterministic process with
generator AOO.

To obtain this convergence, we suppose that the jump intensities are C!-differentiable
with respect to the variable z}, and that the limit PDP satisfies Hypothesis @

5 Averaging

In this section, we examine the case when (E) is not satisfied by all the discrete vari-
ables. In this case, the previous results are not valid. We introduce the decomposition
Xp = (X}, X3) e NMpa x NMp2 and 4P = (P11 4P:2) such that

T
’YTD’IZO, reS.

This replaces (E) The continuous variable ¢ follows the same characteristics as in
section E

In the set of the reactions Sy, the discrete variable X% has fast motion, its jumps
rates are of order N and its jumps are of order 1.

12



More precisely, for r € Sp, the state changes according to

1
(0, Xb: Xp) = (we + 57 Xy Xb +,77)
with the rate NA.(zc, X5, X2).
We now have the following generator for the process :

Anf(ze, X5, X3)

1 -
= Z |:f(SCC + NVS?X%NX%) - f(l'c,Xb,X%)] NAT(:EC)
reRc

1 ~
+y [f(xc + 0 XDy XD +97%) - f(:cc,X]B,X%)} N (zc, XD, XD)
resS

1
+ > {f(wc + 50 XD+ XD +97%) = flae, Xp, X%)} A(ze, XD, XP)
reRpc\S1

+ Y [f@o, Xp+21 Xp +4P7) = fee, Xb, Xp)] A(Xp, Xp).
r€ERD
(10)

This new model combines slow and fast motions. This leads to double time scale
evolution which can be further simplified. Contrary to the previous sections, we can
not take the formal limit of this generator. The idea is to average in fast discrete
variables X%, and focus on the slow variables (z¢, X},), in order to obtain a much
simpler averaged generator. We assume that X% takes only a finite number of values:
there exists a finite set K in N™»p.2 such that X% € K.

To this aim, we introduce the following generator depending on (z¢, X5):

Asexy h(XD) = Y [MXE +772) = h(XD)] Me(zc, X b, XD)-
resSy

We assume that for all (zc, X}), the process associated to the generator A, e
is uniquely ergodic, and we denote by v, X its unique invariant measure.
Then we define the averaged jump rates:

(oo Xh) = [

S‘T(zCaXbaX%>Vmc,Xb (dX%)>a r € S,

NMD,2
5\7"($05X%)) :/M )‘T($CaX%)aX%))Vmc,X1D(dX12))5 TGRDC\Sl’ (11)
NV D,2
Mo(zo, X1) = M(X D, XDWaw x1 (AXD), 7 € Rp.
NMD,2 D

We present now the main result of this section.

Theorem 5.1 Let V¥ = (zg,Xgl,ng) be a jump Markov process with generator
Ay, starting at N (0) = (28 (0), X[ 1(0), X[ 5(0)). Assume that the set of values
of Xpo is finite and that for all (xc,X1), the process associated to the generator
‘Amc,X}, is uniquely ergodic. Assume also that the jump rate :\T, re€ RcNSL, and Ay,

r € Rpc \ S1 and A, 7 € Rpc URp, are C' with respect to xc. Define Py, the law
of the PDP starting at xo = (HCC,O,X}),()) whose jump intensities are:

Moo Xb) = S Ao Xh)
r€(Rpc\S1)URD
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with transition measure:

/E fRQUz 0, Xh) = ——— Y e, Xb + AP A, Xb),

1
)\(:CC, XD) TG(RDc\Sl)URD

and vectors fields:

Fxy(wc)= Y v (o) + > v A (x0, Xp).

r€Rc resy

Assume that
1. N\, Q and F satisfy Hypothesis @
2. (x¥(0), X 5N (0)) converges in distribution to xo in RMc x NMp.1,

3. there exists K1 > 0 and Ky > 0 such that, for every s € RT (v¢, X}, X3) € E,
and for every bounded function g satisfying the centering condition

[y 8XB ) (0XB) = 0 (12)

we have o
PSP g(XE) < Kiem ™l

X1 . . .
where (Ps " P)4 is the semigroup associated to Ao x -

4. if g is a bounded function satisfying the centering condition (@), the Poisson
equation

> [Wae, Xb, Xb +97%) = Mze, Xp, X3)] Ar(ze, XD, Xp) = g(XD)
resS;

has a solution given by
h(ze, X5, X3) = / PP g(X2)ds

and this solution is Lipschitz with respect to xc, uniformly in X1,.

Then (xC,Xl’N) converges in distribution in D(RT;RMc x NMp.a) to the PDP
whose law is Py, .

Remark 5.2 Assumptions 1. and 2. are similar to those made previously. Assump-
tions 3. and 4. guaranty that it is possible to average with respect to the variable
X2, Assumption 3. states that the dynamic associated to the generator Azc,X}D 18
exponentially mizing, uniformly with respect to (xc, X}), assumption 4. then follows
if Amcij depends smoothly on xc.

Proof

The steps of the proof are similar to the proof of the Theorem @ We begin
by supposing that all the jump rates are bounded as well as their derivatives. This
Hypothesis will be removed at the end of the proof. We take E = RMc x NMp.1,

Step 1: Tightness.

The proof of the tightness of the laws of (2, Xg@) is similar as in section , and
is left to the reader.

Step 2: Identification of limit points.

Since we are interested by the evolution of (z¢, X3), it is natural to consider,
for the generator Ay, test functions f(zc, X L) depending only on those variables.
Unfortunately, it remains some terms of order 1 depending on the variable X3. To
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overcome this problem, we introduce "perturbed test functions’ (see [Papanicolaou et al]

([[974), [Kushneq ([[994), Fouque et al] (B007)) :

1
fN(Z'C,X%),X%)) = f(ZL'C,X%)) + Nfl(xCaX%)aX%))a

with f € £ and f independent of X%. We temporary need that f is also C? with
bounded second derivatives with respect to z¢. The function f! is chosen such that
the formal limit of Ay fx (zc, X}, X3) does not depend on X3.

This can be down by taking f! such that

Z [fl(‘mCaX%)aX%) +’Y’Y’D,2) - fl(‘mCaX%)aX%))] )‘T('TCaXll)aXZQ)) = Yzc, X} (XIQ))
resS
(13)
with

gzc,Xb (X%>

= <Z 'Yrcj‘?“(‘mC’X})) - 'YTCS‘T(‘mC’X})’X%))> ) Vmcf(l'c,X}))
resS;

+ Z [f(QCCaX%)"F%"D’l)_f(-TCaXll))} (j‘r($CaXll))_AT('TC’X11)’X12)))
reRpc\S1

+ > [flwe, Xp+421) = fee, XD)] (Ar(ze, Xp) = M(XD, XD))
r€RD
(14)
Since the jump rates are assumed to be bounded, g, X1 is clearly bounded. Also, the
function g, X1 Is zero mean with respect to the invariant distribution, i.e. g, X1

satisfy ([1).

Then, the function f! satisfying ) exists under our assumptions. Moreover, it
is not difficult to check that f! is Lipschitz with respect to z¢, uniformly with respect
to X}.

Limiting infinitesimal generator.

We now return to the analysis of the limiting problem. We denote by P, n the law
of (g, XD 1, X] 5), then

fn(ze®), X5H(t), Xp () — fn(zc(0), X5(0), X7(0))
- / A fn(wo(s), Xb(s), X3 (5))ds

is a P, y martingale. Equivalently, for each n € N, ¢1,...,t, € [0,7], t > r > 0,

Y€ (Co(B)"

B (1) = fnteo) = [ Awdv(ads) vtz o)

=Ep. y ((fN(-TT) — fn(zo) — /0 lefN(:Es)ds) (- ..,xtn)) =

Let us now consider a subsequence (P, v, )i of (Pp.n)n, the laws of (xg,Xg,l)
which weakly converges to a measure P, on D(RT;RMc x NMp.1),
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It is clear that fy converges to f, uniformly on E. Moreover, the continuity and
boundedness properties of f! ensure that Ay fx converges on F towards Ay f, where

leoof(zC; Xb)

( Z ’77" ‘TC + Z ’77" ‘TC’XD)> : vwcf(‘rC’X}j) (16)

reRc resi
+ > [f(xo, Xp+72") = flwo, Xp)] Ar(ze, Xp).
re€(Rpc\S1)URD

It is the generator of a PDP whose characteristics have been averaged in fast variable
X2,
Equation (1) gives, as N — oo:

t

Ep. ((f(fﬁt) — f(zo) — jloof(ws)ds) V(@ Jtn))

—Ejp, ((f(zr) ) | Aoof(xs>ds> b, .. x)) -

Recall that we have assumed that f is C? with respect to z¢. It is easy to prove that
) holds for any f € £ by choosing a sequence (f,,)in £ such that, for all n, f, is C?
with bounded second derivatives and f,, and V f,, are uniformly bounded and converge
pointwise to f and Vf .

The measure P, is then a solution of the martingale problem associated to the
generator A, on the domain of the functions in £ independent of X%

By the Theorem @ the martingale problem has then a unique solut1on We can
then deduce that (P, n)n converges weakly to Py, the law of the PDP defined in the
Theorem @

Step 8: Conclusion.

Since X% is assumed to live in a finite set, we can remove the boundedness assump-
tion on the jumps rates as in section 3. We then conclude as in section B I Theorem

is proved.

(17)

6 Discontinuous PDP and singular switching

In this section, our system has two time scales. The switching between fast and slow
dynamics is governed by the state of a discrete variable. For simplicity, we suppose
now that there is no other discrete variable and denote by 6, taking values in {0,1},
this unique discrete variable which governs the time scale of the continuous variables.

The number of molecules belonging to species C are again supposed to be of order
N, and we continue to write x¢c = %

When 6 = 0, the rates of all reactions from Rc URpc is of order N. When 6 = 1,
some reactions (inactive for = 0) become active with much faster rates of order %,
where € is a new parameter, supposed to be small. For simplicity we consider that
there are no R¢ type reactions. This would cause only slightly more complicated
notations. Then for » € Rpc, we introduce the rescaled reaction rates

~ 1
)\T(SCC, 0) = NAT(:C07 0)
~ €
Ar(zo,1) = N)\T(‘TCal)'

This system will not have a limit if 6 stays for too long time in the state 1. The
rate of the reaction changing 6 from state 1 to state 0 is supposed to be of order %
and we also set:

Xo(zc, 1) = edo(zc, 1).
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The opposite reaction changing 6 from state 0 to state 1 is written Agp(x¢,0).
In these conditions, the generator of the process has the following form:

ANef(zCU )
Z |:f o + 'YT 50)f(x070):| NXT(SCC,O)ﬂ’[f(l'c,l)*f(l'C,O)]A@(:L‘C,O),

r€Rpc

and

le,ef(iUC,l)
=1 3 [feet 1) = floe )| Ns(oes 1)+ 1 [fae,0) - fac, D] Rufoc. 1)

r€ERpc

At the limit (for high N and small €), we will show that the discrete process 6
inducing kicks in the continuous variable x¢ is almost surely equal to 0. We are
interested in the limit distribution of the process z¢.

We introduce the flow ¢1 (¢, z¢), associated to the vector fields

Z 'yTC:\T(:cc, 1).

r€ERpc
We now state the main result of this section.

Theorem 6.1 Let 2™V = (:I:C ,0N¢) be a jump Markov process with values in RM¢ x
{0,1}, with generator Ay ., starting at z™<(0) = (xg’e(O), HN‘(O)). Assume that the
following assumptions hold:

° xg’e(()) converges in distribution to xc(0) in RMc as N — co and € — 0.

o 0N:€(0) converges in distribution to 0 as N — oo and € — 0.

o The jump rates A, for r € Rpc, Mo(-,1) and Xg(-,0) are uniformly bounded, C*
with respect to xc, and their derivatives are uniformly bounded. Moreover, there
exrists a > 0, such that

M(zc, 1) >a,  Vac € RMe,

Then (z¢ E) converges in distribution in LP([0,T]; RMe), for any oo > p > 1, to
the PDP whose generator is given by

./Zt < Z 77“ SCC, )) VCEC@(ZEC)

r€Rpc

+Xo(zC, 0)/ (@(¢1(t, 20)) — p(x0)) Mo (b1 (t, w0), 1)e™ Jo o (@r(swe)Dds gy
0

for every ¢ € C}(RMc).

Remark 6.2 The PDP associated to the generator Ao has discontinuities which are
not present for the process zg’e. They only appear at the limit ¢ — 0. Therefore, the
convergence does not occur in D(RT;[0,T)), indeed creation of discontinuities can not
occur in D(RT;[0,T]). As shown below, it is possible to show tightness, then weak
convergence of the process zg’e in LP([0,T]). Unfortunately, this topology does not
imply a uniform bound on the processes and we cannot get rid of the boundedness
assumptions on the reaction rates as was done in the preceding sections.
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Proof: The proof is divided into four steps.
Step 1: Limit of 0™
We begin with the test-function
f(.’L'C,O) :Oa f(‘rCal) = 1a VZCC ERMC

Then, AN7€f($C, 9) = )\g(l'c, 0)]]9:0 — %5\9(,%0, 1)]]9:1, and

t
€ 1< €
Uon.e(ty=1 — Von.c(0)=1 —/ Ao (¢ (5),0)Ugm.c(g)=0 — E/\e(wg’ (8), D lgn.c(s)=1ds
0

is a martingale. We then deduce, for every T'> 0 and ¢ € [0, 7],

t
gE (/ ]J@N,e(s)_ld8> S M,\T+ 1 (18)
€ 0

where M), is the superior bound of A\g(+,0). Then, V¢ — 0 in L*(Q x [0,T];{0,1})
when € =+ 0 and N — oo.

Step 2: Tightness of xg’e

For all ¢t € [0, 7], we write

:Cgvﬁ(t = Z %" Y, </ N)\ 0)]J9Ne(s) 0+ /\ (:CC (S),l)]JgN,s(S):l dS)
TERDC
where (Y;)rerp. are independent standard Poisson processes. Then

c 1 (T
20| |+ X '?Q'lﬁ(NM (“z/o “96'N<S>—1ds>> "

r€ERpc

where M is the superior bound of A,.,7 € Rpc. Since SUD4e(0, 7] ~+Y,(Nt) is almost
surely bounded, using ([[§) and ([[), we have for all K > 0, for N large enough and €
small enough:
P(sup |25 (1)| = K) < e(K)
[0.77]

where e(K) — 0 if K — oc.

We introduce BV (0, T) the space of functions of bounded variations on [0, T, with
its norm, defined for f € BV (0,T) by

HfHBV(O,T) = ||f||L1([O,T])+Sup{Z |f(t1+1*f(tz)|, for (t»L)Z a finite subdivision of [O,T]}

Since the processes Y, are non decreasing, we obtain for a subdivision of [0, 7],
denoted by 0 =ty <t1 < --- <t =T,

Z 28" (tir) — 2 ()]

n—1 t;
|%"C| s 3 €, N - €,
<> ~ Y i N (28N (5),0)1gew (9)=0 + :AT(%N(S), 1)1gen ()=1ds

1=0 réeRpc

b 3 € N - €
_y, ( Nz (5),0)1gen (=0 + ?AT(%N(S), 1)1196,N(S)_1ds) ]
0

= |%“ (/ N)\ ,0) 1y, N()=0 T —)\ (xce, N(s), 1)]16€,N(S)_1d8>

TERDC
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It is then easy to prove that for all K > 0, for NV large enough and e small enough:

IEI)(||35g’€||3v(o,T) > K) <e(K)

where e(K) — 0 if K — oc.
The set {f € BV(0,T), such that || f| gy, < K} is relatively compact in

LY([0,T7]) (see for instance ([L984)), and the set
{f € BV(0,T), such that ||f||oc < K and || f||gv,r) < K}
is relatively compact in LP([0,T]) for 1 < p < co. We then conclude that the family
of processes (ch’e)N’E is tight in LP([0,71]), 1 < p < 0.
Step 3: Identification of the limit distribution of zg’é

Since we are interested by the limit distribution of zg’e, we introduce test-functions
depending only on the continuous variable zc € RM¢. We then define

f(zc,0) = p(zc), zc € RMe

where ¢ € C}(RMc).
We want to define f(-,1) such that

> {f(iﬂc-F N Co1) = flace, )} NXr(zo,1) = Ng(ze, 1) f(zo,1)
r€Rpc (20)
= —Xo(zc, Dp(ae).

Drawing inspiration from the preceding section, we introduce the process yn (-, x)
starting from x, and whose generator is

And(y) = [Wy + %%C) - w@)} N (y,1).
rERpc

Since F is Lipschitz on RM¢ | a result of () states that for all z € RMc,
T>0andd >0,

P (sup lyn(s,z) — p1(s, )| > 5) — 0. (21)
s<T N—o0

Remember that ¢; (-, ) is the flow associated to the vector field F1(z) = >, cr . AN (,1)
and starting at x.
We also introduce the semigroup (P )t>0 defined on By (RM<) by

PtN1/}(SC) =E (1/) (yn(t,z))e” I ie(yN(s,z)J)ds) .

It is classical that (P/V):>( satisfies the semigroup property and that
d

PN (@) = ANPN (@) = do(w, )P (), v €RYC, oy € C(RYC),t €RY.

Then we propose:
flac1)i= [ Y (Rl 1)) (we) ds.
0

Since Ag(-,1) is bounded below by a > 0, f(-,1) is well defined. Moreover f(-,1)
satisfies (R(). Indeed,

Axf(we.1) = do(we, D) f(xe, 1)
:/ ANPY (Ro( )9) (e) = Molwe, VBN (Mo 1)p) () dt

0

:/OOO 9P (3ol 1)) () e
= lim; o0 P, (:\ ) c) — (5\0('7 1)90) (zc)
1)) (20

= (Mt
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This test-function f satisfies: B
An.ef(zc,1) =0
and

Anef(ze,0)= > [f(:cc o) - f(zc,0>] N (zc,0)

N
r€Rpc

+ UOOO pY (:\9(', 1)@) (zc)dt — sﬂ(zc)} Ao(zc,0).

Since f € Cp(E), f is in the domain offlME, for all N,e. Then, forall 0 < ty,...,ty <t
and 1 € Cy(RMex¥)

E([f(w%t), ON<(1)) — 1Y <(0), 07<(0))
(22)

t
/0 AN,Cf(xg’e(s),0)]19N,e(s)_0ds]w(zg’ﬁ(tl),...,xg’e(tg))) =0.

We now are searching a possible formulation for the limit generator. For all €
RMe and uniformly in ¢ € [0, 7], for all T > 0, we have

PN (Xg(., 1)90) () —— (Xe(., 1)90) (61t 2))e— Jo Foor(s.2).)ds,

N—o00

Indeed,

BN (3o, 100) (@) — (Rl D)) (n (1, ) Ji et
—E ((5\0(.7 1)<p) (yn (£, 2))e Jo Mol (s,2) s _ (5\0(.7 1)<p) (61(t, z))e~ Jo Ae(un(s.2).Dds

E (Ko 1)p) (@n(t))e™ o 2o m DI (R 1)) (g (b)) Jo Ro(or(m 1))
=a-+b

and it can be shown that for all 6 > 0, and t < T,

la| < 5L5\9(.,1)<p +2 ||5‘9('a Delloo P (Supng lyn(s,z) — ¢1(s,z)| > 5)

and
b < 1o Dplloe (T8 Ls, 1) + 2P (sup,cr lyn(s,2) = 61(s,2)] > )

where L;\g(‘ Ve and L;\e(‘ 1) are the Lipschitz constants of the functions 5\9(-, 1) and
5‘9(3 1)
By (RT]) and the dominated convergence theorem, we deduce that

An f(2c,0) —— Ancip(z0).
N—o00

The tightness in LP([0, T])x L' (Q2x [0, T]; {0, 1}) of the family of processes (zg’e, 0NN e
and the Skorohod representation theorem imply the existence of a subsequence which
converges almost surely in LP([0,T]) x L (2x [0, T]; {0,1}) to (zc(t),0); € LP([0,T]) x
LY(Q2 x [0,T];{0,1}). This almost surely convergence implies that a new subsequence
can be extracted such that

(24 (1), 0%%-4) — (zc(1),0)

almost surely, and for almost all ¢ € [0,T]. To simplify notations, this subsequence is
still noted zg’e.
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Taking N — oo and € — 0 in (), we deduce by the dominated convergence
theorem, the boundedness of f and %, and the hypothesis on :I:g’ﬁ(O) and 0V¢(0):

E([f(wg‘(t), ON<(t)) — f(zg(0), HNvE(o))} PN (t), ... ,xg’ﬁ(tg)))
o B [t - steco)] stactt).... o)

for almost all ¢t € [0,T] and almost all 0 < ¢,...,¢ < t. We now prove that

A e f (@8 (5), 0)Ugn.e(5)=0 ———— Aucp(0(5)) (23)

N —00,e—0

almost surely, and for almost all s € [0, 7.
First, for s € [0,T], t € RT, we write

PN (Rafe 1) (229 — (Aol 1) (61 (s e(5) e i Mortwen i
= [ (B 1)) (st () e Ml )]

(3 00 ) s ctepem o )]

IE <xe<., w) (61(t,30(s)))e= o xe@N(uwz’wan)du}

_ (j\e(., 1)90) (61(t, zc(s))) e~ o Jo(@1(wrc () Ddu

=a;+b

Forall § >0,7) >0,and 0 <t < 1Ty,

arl < 0L,y + 21300 Dlloe B (b, o (.22 () = 1w,z ()] > )
and if ¢ Z Tl, B
laa] <2 X (-, Dol o™
Similarly, for 0 < ¢ < T7,

il < 0 Dlloe (Ta 8 L3, ) + 2P (supyer, lyn(s, 28 () = 61 (5,20 (s)] > 6))
and if ¢t > T, B
[b1] < 2 A6 Dpfloce™
We choose T; sufficiently large and then § small enough and have almost surely,

for all s € [0,7], t € R*:

PY (3o 100) @ (5)) - (Bl 1)0) (en (tme(s))) e o Roentusennm g

N —00,e—0

By the dominated convergence theorem, we have almost surely, for almost all s € [0, T,

oo

|2 (ot 0p) @ @)t [ (Ral )¢) (0n () e otertuze @i g,
0

N —00,e—0 0

Since ¢ € C}(RMe), we obtain (RJ).
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By the dominated convergence theorem, we conclude finally that

E( [@(xc(t)) - plac(O) - [ t Aoowc(s))ds} blao(t),... ,zc@m) ~0

for almost all ¢,¢1,...,¢ such that ¢t € [0,T] and 0 < ¢;...¢ < t.

Step 4: Uniqueness of the solution of the martingale problem

By Theorem @, proved in a weaker sense in the Appendix, we conclude that the
limit x¢, more exactly a version of x¢, is the PDP whose generator is given by Aso

A Appendix

Proof of theorem

Let = (2¢)¢>0 denote the canonical process on D(R™; E). Recall that we say that
a probability measure P on D(R™; E) is solution of the martingale problem associated
to the generator A if, for all f € &,

f(r) — flao) - / Af(22)ds

is a P-martingale.

Let (P)¢>0, P: and A denote the semigroup, the probability measure and the
infinitesimal generator associated to the PDP whose characteristics are F', A, @), and
starting from x € E.

We need the following

Proposition A.1 Assume that Hypothesis @ holds, then, for allt e RY, f € &, P.f
is also in € and

[P flloo < [ f]loo (24)

\Pif(y1,v) — Pef(ya,v)| < |l fllee™ yr —yal, w1, 92 €R™, v €N, (25)

for some constants ¢ and K depending only on the characteristics of the PDP.

Proof : Equation (R4) is clear. Let us define, for f € £ and ¢ € By(R* x E) :

Gip(t,z) =By (f(ze)licr, + 9t —T1, 27,)VisTy)

= f(¢u(tv y)a V)H(tv :C)

b 0 5,006,500, 0B s, s
for (t,2) € RT x E, with x = (y,v). Then, according to Lemma 27.3 of ([993),

Ghp(t, x) = By (f(x)Vi<r, +9(t = To, 21, ) Vi>T,)

and

lim G3i(t,z) = P f(x).

n—o0

We then deduce by dominated convergence and the strong Markov property:
Pf(z) = flou(t,y),v)H(, z)

//Pt S(2)Q(dz; du(s,v), V)N Dy (s,y),v)H (s, x)ds.  (26)

That is, P.f : t — P.f is a fixed point of G .
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For T > 0, we introduce the Banach space Er = L*°([0,T], ), with the norm

[¥ller = sup e ([lo(t,)lloo + Ly, )
te[0,T]

where a will be fixed hereafter.
For t € [0,T], (y,v) € E, we set ¢:(y,v) = f(d,(t,y),v)H(t,y,v). Then q: t — ¢
is in &p. Indeed,
|H(t,y,v)| <1, (y,v)€E, tel0,T].

Also, from the Gronwall Lemma, we have that ¢, is differentiable with respect to y
and
[Dyou(t,y)l < e, (y,v) € B, t €[0,T].

Then we have, for (y,v) € E, t € [0,T],

Ly
|DyH(t,y,v) / |Dy{ A (¢v(s,9),v)} ds < L)\/ |Dyou(s,y)| ds < - (Pt —1).

Hence if a > L

laller < (Lf T —|f|oo) .

If ¢ € £, we then easily show that Gy € Er. Moreover, if 1, 19 € £, we have

[Gra(t, ) = Griba(t,)lloo < MA/O [91(t = 5,-) = a(t = 5,°)lods.  (27)

Also, it is easy to see that

t
I1DyGs9r1(t,-) = DyGripa(t, -)lloo < H/O e[ n(t —s,) = alt = 5,-)l|eds

where £ is a constant depending only on the characteristics of the PDP.
Then we easily deduce that

t t
IG 1 — Crtaller <1 sup e ( / =) s / ea“—s)e“ds) 11— vnlen
0 0

te[0,T)

<x <1+—>||¢1 volles

where k1 is a constant depending only on the characteristics of the PDP. Wie now
choose «a sufficiently large and deduce from Picard theorem that G'¢ has a unique fixed
point in Ep. This fixed point is the limit G+ for any ¢ € Er. Thus P.f : i — P, f is
that fixed point, and is then in Ep.

The Lipschitz constant Lp, s of P, f can easily be found with the preceding results
and Gronwall Lemma.

O

The infinitesimal generator A of P; is characterized by (cf. for instance

Kurt7 ([1984), part 1, chapter 2):

(n—A)f = /000 e M P fdt, pn>0, feCy(E). (28)

Let f€& pu>K and ¢ = (u—A)~'f, then ¢ € D(A) and

Bip(r) — o(2)

" = Ap(z), z€E.

By Proposition @, it is easy to see that if Hypothesis E is satisfied, (u — A)~!
maps & into itself if ;4 > K. In particular, ¢ € £ and for all x € E:

o) — pla) - / Ap(,)ds (20)
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is a P,-martingale.
It follows that, for all x € E, and t € RT,

P — 1 [
t@(x) 90(50) _ _/ Ez(Aga(xs))ds
t tJ;
Since Agp(xs) is Py-a.s. bounded and continuous on [0, T1[, we deduce that

Pip(x) — p(x)
t t—0

It follows that ~
Ap(x) = Ap(z), =€ E.

Remark A.2 In fact, we do not need that (@) defines a P, martingale. This can be
weakened and replaced by the following:
Forallz € E, p € € and for t € T, where T is a dense subset of R™:

Pro(a) — pla) = / E, (Ag(z,)) ds (30)

In that case, we can define a sequence (t,), such thatt, € T for all n and t, — 0 as
n — oo. Taking n — oo in the equality

P (@) = p(z) _ 1 /O ’ E, (Ap(zs)) ds,

tn tn
we obtain, since Ap(xs) is Py-a.s. bounded and continuous on [0, Ty,
Ap(x) = Ap(x), =€ E.

We now use a classical argument (see for instance [Ethier and Kurt7 ([L986), part
4, chapter 4). Let P, be another solution of the martingale problem. By the same
reasoning as before, let f € &, > K and ¢ = (u — A)~1 f, then

o) — pla) - / Ap(,)ds

isa ]Sz-martingale.
Let us write

B, (o(a:) — / Ap(z,)ds) = ().

Multiply this identity by pe™#t and integrate on [0, 00) to obtain

B, ([ e uplen) - Apta) ) = (o)

Since Ap = Ay, we deduce, from (Rg)

B ([ erstwoi) = pte) = [T e ns@an ws K
0 0
By injectivity of the Laplace transform, this implies
E, (f(z:)) = P,f(x), for almost all t > 0, for all z € E.

We have proved that the law of a solution of the martingale problem at a fixed time ¢ in
a dense set of R, is uniquely determined. This implies uniqueness for the martingale
problem (see Billingsley| ([1999) section 14).

Remark A.3 Again, the hypothesis that P, is a solution of the martingale problem
can be weakened and replaced by the following:

E, (so(fct) —¢(x) - /Ot Agp (:cs)ds) =0,

for x € E and almost all t € RT. The previous calculus are similar, since the Lebesque
integral is null over a negligeable set.
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