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THE RELATIVISTIC MEAN-FIELD EQUATIONS OF THE
ATOMIC NUCLEUS

SIMONA ROTA NODARI

ABSTRACT. In nuclear physics, the relativistic mean-field theory describes the
nucleus as a system of Dirac nucleons which interact via meson fields. In a
static case and without nonlinear self-coupling of the o meson, the relativistic
mean-field equations become a system of Dirac equations where the potential
is given by the meson and photon fields. The aim of this work is to prove the
existence of solutions of these equations. We consider a minimization problem
with constraints that involve negative spectral projectors and we apply the
concentration-compactness lemma to find a minimizer of this problem. We
show that this minimizer is a solution of the relativistic mean-field equations
considered.

1. INTRODUCTION

In this paper, we present the first mathematically rigorous result concerning the
existence of solutions of the relativistic mean-field equations of the atomic nucleus
in a static case and without nonlinear self-coupling of the ¢ meson.

Though often used in practice, the models of nuclear physics have rarely been
considered from a mathematical point of view: some nonrelativistic models (of
Hartree-Fock type) were studied by D. Gogny and P.L. Lions in 1986 ([1]), but, to
our knowledge, there are no rigorous mathematical studies of relativistic models,
which are however extremely important in nuclear physics.

In nuclear physics, the relativistic mean-field RMF theory describes the nucleus
as a system of Dirac nucleons which interact in a relativistic covariant manner via
meson fields. During the last years, the relativistic mean-field theory has received
wide attention due to its successful description of lots of nuclear phenomena. The
relativistic mean-field model is considered to be the relativistic generalization of the
nonrelativistic models such as the Skyrme force or the Gogny force Hartree-Fock
theory, using effective mesonic degrees of freedom rather than instantaneous forces.
The relativistic model describes successfully the single-particle structure of nuclei
as the nonrelativistic ones and provides a natural explanation of some relativistic
effects as the spin-orbit force (see [2],[3],[4],[5])-

The model is formulated on the basis of two approximations, the mean-field and
the no-sea approximation. Thanks to the mean-field approximation, the fields for
the mesons and the photons are treated as classical fields and the nucleons behave as
noninteracting particles moving in these mean fields. This implies that the nucleon
field operator can be expanded in single-particle states VP, (z*),

P = le)a (2") aa (1.1)
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where G, is the annihilation operator for a nucleon in the state «, while the
densities become simple bilinear sums over the 1,. The no-sea approximation
corresponds to neglecting the vacuum polarization, that means that we have a
number of occupied single-particle orbitals V., a = 1,...,€, which determines
the densities. We remind that when the isospin® of the particles is not fixed,
Py (7#) € C? @ C*. Moreover, the single-particle wave functions have to satisfy
the constraint [, V5 (¢, 2)Wa(t, ) d*x = dap.
The Lagrangian density of the RMF theory can be written as

L= Knucleons + Emesons + Ecoupling- (12)

The free Lagrangian for the nucleons is

Q
Knucleons = Z woﬂl’a(i (]12 ® ’7“) au - mb)ll)oz (13)
a=1

where my denotes the nucleon mass, v* are the Dirac matrices, w,, are occupation
. - . 1

weights, 0 < w, < 1, and P, = P, (]12 ®70) with 1y = ( 0 (1) )
The Lagrangian for the free meson fields is

Limesons = %(8“08H0 - m<2702)
7§(Wap,wu —m2whw,)
%(W -0, Ry, —myR" - Ry)
,%W(’?#AV (1.4)

where o, w” and R* describe respectively the o, w and p meson field, and A* stands
for the photon field. Moreover, an antisymmetrized derivative is defined via

OHAY = M AY — 9V AM.

We remind that the o meson is an isoscalar scalar meson which provides a medium
range attractive interaction, the w meson is an isoscalar vector meson leading to a
short range repulsive interaction, the p meson is an isovector vector meson needed
for a better description of isospin-dependent effects in the nuclei, and the photon
describes the electromagnetic interaction.

Finally, the Lagrangian for the coupling is

Ecoupling = —Goc0pPs — gww“pu - ng# Pu — eA#pZ -U (U) (15)

where U (o) = $b20® 4 1b3o* represents a nonlinear self-coupling of the ¢ meson.
Note that in Reinhard’s paper [2] the coupling constant for the p meson is 2g,.

8Tsospin (contraction of isotopic spin) is a quantum number related to the strong interaction.
Isospin was introduced by Heisenberg in 1932; he observed that the neutron is almost identical to
the proton, apart from the fact that it carries no charge. In particular, their masses are close and
they are indistinguishable under the strong interactions. So, the proton and the neutron appear
to be two states of the same particle, the nucleon, associated with different isospin projections

([61,[3])-
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The densities are

Q

Ps = Zwoﬂ-'_)al-')aa (16)
agl ]

Pu = Z wa‘q)a (]]-2 X 7#) 11)015 (17)
a=1
Q —

pp. = Z wa‘q)a (‘f- 02y FY,U‘) ll)(lv (18)
a=1
S|

g = S (5124 ) 9 ) b (19)
a=1

We remind that R and p are vectors in isospin space and - denotes the vector
product therein, and 7 is the vector of the Pauli matrices which occurs in the
definition of the isospin operator. More precisely, the three components of the
isospin operator are defined by t = %f' and, in particular, the third component is
given by

1 . . . .
the proton state, represented by the vector < 0 > , is the eigenstate of 7y associated

. . 0
with the eigenvalue 7y = 1 and the neutron state, represented by the vector < 1 > ,

is the eigenstate of 7y associated with the eigenvalue 7 = —1.

The model contains as free parameters the meson masses my, m,, and m,, as
well as the coupling constants g,, gw, gp, b2 and bs. For the nucleon mass my; the
free value is usually employed.

Most applications of the relativistic mean-field model are concerned with station-
ary states; then, like in [2], we want to derive the field equations for the static case.
Moreover, we remark that it is generally true that proton and neutron states do
not mix, that means that the single-particle states are eingenstates of the operator
79- As a consequence, only the components with isospin projection 0 appear, i.e.
Ro,, and poy.

Stationarity implies that all time derivatives and also the spatial components of
densities and fields vanish; only the fields o, wg, Rgp and Ay remain and they are
independent of time.

Furthermore, the single-particle wave functions can be written as {,, = ( (1) ) ®
1o for protons, and ¥, = < (1) ) ® 1, for neutrons. Each function v, may be

separated as
Vo (t, ) = e Fatep, () (1.10)

where the ¢, are the single-particle energies and ¢, > 0.
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Varying the action integral S = [ £ d*z with respect to the wave functions and
to the fields with all the above simplifications inserted yields

caYoa = [—i7 -V +my+ 9,0 + guworo
1
+9,R00v070 + 5614070(1 +70)| Yo,  (1.11)
(_A‘f'm?,)a"f'Ul(U) = —YoPs, (1'12)
(—A+md)wo = gupo, (1.13)
(=A+m2)Roo = gppoo, (1.14)
—AAy = epg, (1.15)

with v = (v',72,73). This set of equations, together with the definition of the
densities, constitutes a self-consistent field problem that can be solved numerically
using an iterative scheme (see [2], [7]). We observe that there is no proof of con-
vergence of this algorithm.

In this paper, we consider the case without nonlinear self-coupling of the ¢ meson,
i.e. b = bs = 0, and we choose a fixed occupation, that means that the occupation

weights w, are defined as
1 a=1,...,A
Wo = (1.16)

0 otherwise

where A is the nucleon number. In this case, the equations (1.12-1.15) can be solved
explicitly and we obtain

_ma'l'l
o = -2 (e *ps>, (1.17)

4r |-
_mwll
Juw [ €
= = —- 1.1
wo Ar ( | ] | *p0> ) ( 8)
—mp||
Go (€ °
R = = —- 1.19
00 an ( ] *Poo) ) ( )
A = (1 (1.20)
0 - Ar || Po | - :

Hence, the equation (1.11) becomes

2 —me || 2 —my||
€aVa = |Ho— o ei*ps + ei*po
|- | dm \ ||

2 m| | 2

gp e 4 1 e 1 N

LN — ~( ) v, (121
+To47r( */)00)+2( +7'0)47T(|.|*P0>]1/1 (1.21)

where Hy = —iax - V + 8my is the free Dirac operator,

1 0 0 o
(0 B) e (a )
0 —i 1 0
Joore (D) (0 )

for £k =1,2,3, with

-

_ O
O =
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The operator Hp acts on 4-spinors, i.e. functions ¢ € H = L?(R3 C%). Tt is
self-adjoint on H, with domain H*(R*, C*) and form-domain E := HY?(R3,C*).
Moreover, it is defined to ensure

Hg = —A—l—mg.

The spectrum of Hy is (—oo, —mp] U [my, +00), and the projector associated with
the negative (resp. positive) part of the spectrum of Hy will be denoted by A~
(resp. AT). Finally, we endow the space E with the norm ||¢||% := (¢, |[Ho|9) 2.

Using the convention 79 = 1 for the protons and 79 = —1 for the neutrons, the
densities can be written as

A

ps = Y Uk, (1.22)
k=
Al

po = > Uitk (1.23)
k=
Z1 A

poo = szwk— Z Vrr, (1.24)
k=1 k=Z+1
zZ

Py = D it (1.25)

=
Il

1

with Z the number of protons, N = A — Z the number of neutrons and 1); = 9} 3;
furthermore, the nonlinear Dirac equations are given by

2 —me || 2 —m ||
95 (€ 9o (€

(L 2 () e 0
o || Poo An || Po i = i .

if 1 <i<Z, and

2 —Me || 2 —my ||
Hn,‘ll"/)i = HO - g_a c * Ps + g_w c * Po
4T |- 4T [
2 —mpl|
g (e
/) ;= ety 1.27
% (- *poo)]w " (127)

fZ+1<i<A with¥ = (¢1,...,%z,%z4+1,...,%4) and under the constraints
Jgs ¥y =655 for 1 <i,j < Z and for Z+1 <1,j < A.

In what follows, V,, v and V;, v denote the potentials of the nonlinear Dirac equa-
tions, namely V,, v = H,, v — Ho for pp = p,n.
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Note that the scalars €; can be seen as Lagrange multipliers; indeed, the nonlinear
Dirac equations are the Euler-Lagrange equations of the energy functional

Z [ vt - % / R e
R3 xR3 |:c—y|

+gw // pO ) —mw\m—y\ dl‘d’y
87 ) Jrsxws Iw - yl
95 poo(@)poo ()

+_p// Poo () poo (y e~melT=yl drdy
87 R3 xR3 |9C - y|

e’ // /)0 )
+— dxdy 1.28
8w R3 xR3 |$ - ZJ| ( )

under the constraints fR3 Yip; =6 for 1 <4,j < Z and for Z+1 < 4,57 < A
Here we can suppose that the matrix of Lagrange multipliers is diagonal because
of the fact that £(¥) is invariant under the transformations of (1, ...,14) of the

form
_ (U O
v=(T o)

where U, (resp. U,) is a Z x Z (resp. N x N) unitary matrix. In the energy
functional, we remark that only the o meson provides an attractive interaction.
Indeed, if f is a real function,

f(x)f(y) —Alz—y| _ ¢ 2#
[ Lo T ety = [ F0F gy

with C' a positive constant and f the Fourier transform of f. As a consequence,

the term
// 7% = y)e_m"‘m_y‘dxdy
R3 xR3 |9C - y|

is negative and describes an attractive interaction.

Since the functional (1.28) is not bounded from below under the constraints
Jas Wiy = b5, as in [8] (see also [9]), we introduce the following minimization
problem

I = inf{ﬁ(\l/);\l/e(H”Q)A,/ by =045,1<i,j < Z,Z+1<4,j< A,
RS

Ay @ty 2) = 0, M) 4 (Wza1, - ) = o} (1.29)
together with its extension
I(Ai,.. ha) = inf{S(\Il);\Il € (Hl/Q)A,/RS Vi = Nidij, 1 <i,5 < Z,
Z+1<i,j<A A, g(W1,...,92) =0,
A g (0741, 0a) =0} (1.30)

where, for p=p,n, A, ¢ = X(—o0,0)(Hy,w) is the negative spectral projector of the
operator H,, v,

A;\D(T/flv--w?/}Z) = (A;¢¢1a---aA;@¢Z) = A;\D\I’p
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and
A;,\Il(wz-i-la s awA) = (A;,\I/wz-l-l’ tee 7A7:,\I/1/JA) = A;,\Ilq/n

The idea of using a constraint of the form A;‘I,\Il# = 0, for p = p,n, is due
to M.J. Esteban and E. Séré in the case of the Dirac-Fock equations (voir [8]).
This constraint has a physical meaning; more precisely, if we neglect the vacuum
polarization, the Dirac sea is represented by the negative spectral projector A;,\y
Indeed, according to Dirac’s original ideas, the vacuum is composed of infinitely
many particles, which completely fill up the negative spectral subspace of H,, y:
these particles form the Dirac sea. So, by Pauli exclusion principle, the single-
particle energies ¢; should be strictly positive and, as a consequence, ¥, should
be in the positive spectral subspace of H, ¢ for ;t = p,n. On the one hand, the
use of the constraint A oY, = 0 is very helpful since it transforms a strongly
indefinite problem into a minimization problem; on the other hand, dealing with
this constraint is the main difficulty of the proof of our results.

In this paper, we prove that, for g, g, 9o and e sufficiently small, a solution of
the equations (1.26) and (1.27) can be obtained as a solution of the minimization
problem (1.29).

Theorem 1.1. If o, g, g, and e are sufficiently small, a minimizer of (1.29) is a
solution of the equations (1.26) and (1.27).

Moreover, the application of the concentration-compactness method ([10], [11])
to the minimization problem (1.29) yields the following theorem which is our main
result.

Theorem 1.2. If g5, 9., g, and e are sufficiently small, any minimizing sequence of
(1.29) is relatively compact up to a translation if and only if the following condition
holds

I<I()\1,.. )\A)+I(1—)\1,.. 1—)\A) (1.31)

for all A\, €0,1], k= ., A, such that Z Ak € (0,4).

In particular, if (1. 31) holds, there exists a minimum of (1.29).

This result is relevant both from mathematical and physical point of view since
it provides a condition that ensures the existence of a ground state solution of
the equations (1.26) and (1.27). Furthermore, this is the first result relating the
existence of critical points of a strongly indefinite energy functional to strict con-
centration-compactness inequalities.

The condition gs, 9w, g, and e sufficiently small means that we are in a weakly
relativistic regime. In our proof of theorems 1.1 and 1.2, this condition is required
for several reasons. First of all, if g,, g, g, and e are sufficiently small, we can
show that H, y is a self-adjoint isomorphism between H'/2? and its dual H~1/2,
whose inverse is bounded independently of ¥. Moreover, we need this condition to

prove that a minimizing sequence of (1.29) is bounded in (H*/? (R?’))A. We remark
that the estimates on gs, g.,, g, and e are explicit up to this point. Finally, in both
theorems, we have to apply the implicit function theorem with g,, g.,, 9, and e as
parameters.

This result is different from that obtained by Esteban—Séré on the Dirac—Fock
equations (see [12], [8]). In [12], by a more sophisticated variational method,
Esteban—Séré found a infinite sequence of solutions of the Dirac-Fock equations
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and, in [8], they showed that, in a weakly relativistic regime, the “ first ” solution
of the Dirac—Fock equations found in [12] can be viewed as an electronic ground
state in the sense that it minimizes the Dirac-Fock energy among all electronic
configurations which are orthogonal to the Dirac sea. Their variational method
takes advantage of the fact that the Dirac—Fock energy functional is not transla-
tion invariant: it contains an attractive interaction term, due to the nucleus, which
confines the electrons. The nonlinear interaction is rather purely repulsive so that
the use of concentration-compactness is not necessary. On the contrary, the energy
functional that we consider is invariant under translations and one of the nonlin-
ear interaction terms is attractive; because of the translation invariance, we are
naturally led to use the concentration-compactness argument.

In section 2, we introduce some useful properties of the potential V), ¢ and of
the operator H, ¢ for u = p,n. In section 3, we show how we can apply the
concentration-compactness argument to the minimization problem (1.29). Finally,
in section 4, we prove theorem 1.1.

2. PROPERTIES OF THE POTENTIAL V, ¢

In this section, we describe some useful properties of the potential V,, ¢ and we
give a condition on the parameters (¢, gu, 9p, €, N, Z) which implies that H,, ¢ is
a self-adjoint isomorphism and its inverse is bounded independently of W.

Lemma 2.1. For any ¥ € (Hl/Q(R?’))A,

Vo, € L"(R3), 3<r<oo
Vow € LT(R3), 1<7r < oo.

Proof. The proof of this lemma is an application of Young’s inequality : if f €
LP(R3), g € L4(R?), then

I1f*gllr < [[fllzellgllLa
WithlJr%:%Jr%,lgp,q,rgoo.
We remark that if U € (H1/2(R3))A, then ps, po, poo and p§ are in LP(R?) for
1<p< 3.
Furthermore, using the definition of the Gamma function, we can show that, for
any A > 0, %;I‘GL‘?(R?) for1 <q<3.
Finally, we observe that ﬁ can be written as ‘—i‘ = hy(x) +ho(x) with by € L*(R?)
for 1 < a < 3 and hy € LA(R?) for 3 < 8 < 0o, where hy(x) = ﬁ for |z| < 1,
hi(xz) = 0 otherwise.

Hence,
2/ =mol 2/ ommul| 2/ g=ml|
ga’ € gw € gp € i
Vow = —pi o)+ % /3
Py %r( B *p)+4w( B *”")UW( B p)
€L (R3) N L7 (R)
62 62
+ — (ha(@) % p§) + — (ha(x) % p§) € L"(R?)

47 47
ELI(R3) N L7e(R3)  €L™(R3), 3<r<re
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9—3e
€

2/ e—mol| 2/ o—mul] 2/ g=myl|
[ep e g, [ € gp € s r(m3
Vow = —p== * Pg == * - — * e L"(R
v %( B p)*m( B ”0) 4w< B ”‘”) &)

for1 <r <r..

for 3 < r <r. with r. =

for any € > 0, and

For reader’s convenience, let us remind the following lemma which lists some
properties of Hy and coulombic potential V(x) = ‘71‘

Lemma 2.2 ([12]). The coulombic potential V(z) = ﬁ satisfies the following
Hardy-type inequalities:
1 (m 2
(0 V)00 < 5 (5 +2) (ool e.1)
i
for all p € AT (HY?)U A~ (H?) and for all probability measures p on R3. More-
over,

™
(@: (x V@) 2 < 5 (s [Holg) 2, Vo € HY?2, (2.2)

[(xV)ellpe <211Vl Yo € H. (2.3)

In the particular case where p is equal to the Dirac mass at the origin &g, we
refer to Burenkov—Evans ([13]) and Tix ([14], [15]) for the inequality (2.1), to Herbst
([16]) and Kato ([17]) for (2.2) and to Thaller’s book ([18]) for the standard Hardy
inequality (2.3). The extension of (2.1), (2.2) and (2.3) to a general probability
measure p is immediate.

Then, using lemma 2.2 and proceeding like in [12] (Lemma 3.1), we obtain the
following estimates.

Lemma 2.3. Assume that

2A + g?max(Z, N 2
9o A+ g;max(Z, N) - , (2.4)
4 w/2+2/m
GeA+ LA+ g7+ e 2
< , (2.5)
4 w/2+2/m
2A+ g2A+ ¢2N 2
g g I < : (2.6)
4w /24 2/
There is a constant h,, > 0, such that for any ¥ € (Hl/Q(R3))A such that
Gramp2(¥) < 1,
and v € H'/2(R?),
bl < 1 Hpwllg-1/2 (2.7)

with p = p,n. In other words, H, v is a self-adjoint isomorphism between H'/?
and its dual H=Y/2, whose inverse is bounded independently of U.

Finally, a straightforward application of the inequality (2.3) yields the following
lemma.
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Lemma 2.4. Assume that

2 2 2 2
St gl +9)A+eZ
d, = (9, +9 29”) <1, (2.8)
7T

2 2 2
+g2+gH)A
g, = YerTaA (2.9)

For any ¥ € (Hl/Q(Rg))A such that Gramp2(¥) < 1,

Viw
(1~ dy)'/?|Hol

IN

d'/? | Ho| (2.10)
|Hy ] (2.11)

A

for p=mp,n.

Remark 2.5. Our estimates are far from optimal. In particular, we do not give any
condition on m,, m,, and m,. We can expect that taking into account the meson
masses, one can obtain better estimates.

3. PROOF OF THEOREM 1.2

This theorem is an application of the concentration-compactness argument (see
[10], [11]). Like in [1], if (¢¥,...,¥k) is a minimizing sequence of (1.29), then we
apply the lemma below (proved in [10]) with the probability Py in R whose density

A
is & p* and p* = 21 [k 2.
1=

Lemma 3.1. Let (Py)i be a sequence of probability measures on RY. Then there
erists a subsequence that we still denote by Py, such that one of the following prop-
erties holds:

i. (compactness up to a translation) Jy* € RV, Ve > 0, IR < o
Py (B(y",R)) 21—¢
ii. (vanishing) YR < oo

sup Py (B (y,R)) — 0;
yERN k
ii. (dichotomy) 3o € (0,1), Ve > 0, YM < oo, 3Ry > M, Jy* € RV, IR, -
+00 such that

P (B (y",Ro)) —a| <e, |Pe(B(y*,Ri))—(1—-a)<e.

In the following subsections, we prove that if the condition (1.31) holds, then we
can rule out dichotomy and vanishing.

First, we make a few preliminary observations; let ¥* = (w’f, . ,1/11131) be a
minimizing sequence and g, gu,, g, and e such that d, < % for p1 = p,n, then ¥ is

A
bounded in (H 1/2 (Rg)) . Indeed, since ¥* is a minimizing sequence, there exists
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a constant C' such that

A Z
C2 W) = 37 (0 H) o b5 D (04, V)
j=1

1

<.
Il

A
1
+§ Z (’l/)fa Vn,\Pkw?)Lz
j=Z+1
Z A
= Z ( ;‘Ca Hp,‘llkw?)lg + Z (Q/Jfa Hn,\Pkw;'c)Lz
j=1 j=Z+1
A

1< 1
_Z ja p\Pkwk _5 Z (;‘Cavn,‘llkw;c)Lz
j=1

J=Z+1

l\D

Then, using the fact that, for any k£ € N, wf = A:\Pkw;? for1 < j < Z, Q/J;-“ =
AT wz/);-“ for Z +1 < j < A and the inequalities (2.10) and (2.11), we obtain

Z A
>3 (0, HpuelF) o+ Y (0, [Howr[0F)
j=1 j=Z+1
1 Z
=5 2 &7 (V) [Holu)) Z d,/* (0 | HolW7)
J=1 J Z+1

z d? A d?
>3- PT] Wi+ > Jo-an - S i
j=1 J=Z+1
As a conclusion, if 2(1 —d,,)'/2 — d1/2 > 0, that means d,, < %, then ||¥*|? (H1/2)4
is bounded independently of k and I is bounded from below.

3.1. Dichotomy does not occur. If dichotomy occurs (case iii.), then, roughly
speaking, Uk = (yk ..., 1/15?1) can be split into two parts that we denote by U =
(W, ... ,’L/JAJ) and U§ = (¢f,, ... ,1/122). More precisely, let £, ¢ be cut-off func-
tions: 0 <E<1,0< (<1, &@x)=1if |z| <1, &x)=0if || > 2, {(x) =0 if
2| <1, C(a) = 1if 2] > 2, £,¢ € D(R?) and let &,, ¢, denote & (ﬁ) ¢ (;)

set

o= (- =yt
1#5,2 = C%&( -y )wi
with Rj ? +00. We remind that dist (supp 7/’517 supp 1/)52) > 0,
ok = (0 + ), 70 3.1
for 2 <p < 3, and
[9F = (¥ +952) [ /e -0 (3.2)

(see [10], [19]).
Next, we may assume that

Jos VEI0E L = Nibij, fpa ¥F20K s = (1= Xo)dyy, (3.3)
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A
for 1 <i,5 < Z, Z+1<14,j <A, with \; € [0,1] such that > \; € (0, A).
=1

In fact, suppose that ©F = (6F,...,0%) is a minimizing sequence for which the
dichotomy case occurs. We remind that £(¥) is invariant under the transformations

of (¢1,...,1a4) of the form
_ (U O
(% 0.)

where U, (resp. U,) is a Z x Z (resp. N x N) unitary matrix; then, using this

kind of transformations and writing ©f = (©F ,0% ), it is clear that we may

diagonalize GramLz((%’;yl) and Gramp: (@’;11). In particular, we have

Gramy2(0) ;) = diag(A}, ..., A\}),
Gram2(OF |) = diag(\54,...,\})

with 0 < A¥ < 1 for all kK € N. Since {\F} is a bounded sequence in R, up to a
subsequence )\f ;) A; with 0 < \; <1, and

Gram2(0) ) — Ay =0 Ay =diag(hr,...,Az),

i (3.4)
GramLz(Gn,ﬁ*AnJ ?0 An,l :diag(/\ZJrl,...,)\A).
Moreover, as a consequence of the definition of ©F and ©%, we have
GramLz (@];’2) — Ap,g 7 0 Ap,g = dlag(l — )\1, ceey 1-— )\2),
(3.5)

GramLz (@,1272) — An,Q 7 0 Amg = diag(l — )\2_;,_1, R )\A)

So, to obtain (3.3), we proceed as follows.

First of all, we define the sets Z, = {i e N: 1 <i < Z}, I,1 ={i € Z, : \; = 0},
Tpo={i€Ty: N\ =1}, Tp1 =T, Tp1 and T2 = T, \ I, ».

Second, if i € Z,, 1, we replace 951 with 1/)?11 = 0 and, in the same way, if i € Z,, 5,
we replace 911-“,2 with 1/152 =0.

Next, we denote

ég,l == (eﬁl)ieip,l 5 ézlj,l == GramL2 (6271),
6272 == (922)i€ip,2 5 6212 == GramL2 (6272),
APJ = dlag (Ai)ieip,l y Ap,? = dlag (1 — Al)

i€y

and we remark that A, ; and A, 5 are invertible matrices. Furthermore, using (3.4)
and (3.5), we can write, for k — o0,

él;,l = Ap,l +o(1), él;z = A19,2 +o(1);
then C:";’l and C:";’Q are invertible matrices and

(G )TV = A2 4 0(1),  (GE,)TV2=ASY? 4o1).

P,
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To conclude, it is enough to consider a small perturbation of (:)’; 1 and (:)’;12. More
precisely, we take

= Ak Ak \—1/2X1/2
Bk = (), = O51(Gh) V27l

= Ak Ak \—1/2X1/2
Vo= (Vi2) ez, , = Opa(Gha) AL

By a straightforward calculation, we obtain

GramLz(\II’;J) = Ap 1 and GramLz(\Il;Q) = Ao

hence, writing W% | = (¢ |, ... ,1/)21) and Uk, = (¢F,, ... ,1/)22), we have

Gramp2(U) ) = diag(A1, ..., Az) and Gramp2(¥) ) = diag(l — A1,...,1— Az).

Finally, with the same arguments, we can construct ‘1’51,1 = (1/@4_1’1, ey z/;ffm)
and \Ilfl’2 = (1/J§+172, e ,1/122) such that GramLz(\I/fhl) = diag(Az41,...,Aa) and
Gramp2(9F ,) = diag(1 — Azy41,...,1 — Aa).

We remark that W§ = (¢F 1, ..., 0% |) and W§ = (¢F 5, ..., 9% ,) do not necessar-
ily satisfy the constraints of I (A1,...,A4) and I (1 — Aq,...,1 — A4) respectively,
then we proceed as follows.

First, we show that

_ . Z
Ap,qj,f(wfl,...,ngl) - 0in (HY2(R?))",

- k k : 1/2(m3\\ Y (3.6)
An7\1],1€(1/12+171,...,1/)1471) ?Oln (HY2(R?)) ™,
and 2
A;qﬂ; (Wf,m et 1/1572) ? 0 in (H1/2(R3)) ’ (3 7)
— . N .
Am\pl; (¢§+1,2a e awi,z) ? 0in (Hl/Q(R3)) :
Second, using the implicit function theorem, we construct
z N
Of = (@F ), B 1), 0% = (@5, 0% y) € (H'2RY) x (H2(RY)
small perturbations of U¥, Wk in (H1/2 (Rg))A, such that
A;q>’;q)]z§,1 =0, A;qﬂf@ﬁJ =0, (3.8)
- ko - E o _
Ap@,; Pp0 =0, An1¢,§¢n,2 =0 (3.9)
and
Gramyp: (@f”) = Gramp: (\Ilﬁz) (3.10)

for y=p,nand i =1, 2.
In conclusion, thanks to the continuity of £ in H'/2(R?), we obtain

I = lim &%) > lim £(T}) + lim £(TE)
k—o0 k—o00 k—o00
= lim £(PF) + lim E(PF)
k— o0 k— o0

> I()\l,...,AA>+I(17)\1,...,17/\,4)

that clearly contradicts (1.31). We remind that the first inequality is obtained by
using the properties of localization of W¥ W VW# and V5.
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We start by showing that

A
Ay gu W1 vh ) — 0 (HYA(RY))

Using the formula (see [17])

+oo
Ap—Aa = %[ [(A—in)~' = (B —in)~'] dn
+oo
- %/,m (A—in)~ (B = A)(B —in) " dn, (3.11)

we can write

S -k
Ap,'ll’fwial — A tin =

1 [* o o
= % (Hp,\Ilk - ”7) 1(Hp,\I/’f - Hp,‘I’k)(Hp,\I/’f - ”7) ! zk,l d77 (312)
—o0
fori=1,...,Z. Hence, if we prove that
- k
‘ Ay wr i ’Hl/Z W
and
—+o0
. N—1 - N—1_ 1k
[m H(Hp,\w —in) (Hp,\lﬂf - Hp,\l/k)(Hp,\Iﬂf —in) 1/%',1 ’H1/2 dn 7 0,
we can conclude that
- k
[t
First of all, we consider
FH) = |y = im) ™ (Hy g — Hya) (Hyp g — i) ™ |

and we prove that, Vi € R,
FHm) - 0.
We decompose the proof of this fact into two lemmas.

Lemma 3.2. Assume that gs, 9w, 9, and e are sufficiently small and let U* be q
sequence in (HI/Q(R3))A such that Gramp2(¥*) < 1, Vk € N, and H\I/kH(LP)A 18
bounded independently of k f07: 2 < p < 3. Then for any ¢ € L*(R3) and for any
1 € R, there exists a constant h, such that

1 C
H( p, Tk “7) 1’ ||H1/2 < 2 2\1 <||¢||L2 ~ ||¢||Z2> (313)
) /4
(mb +n ) (h2 772)1/3
with C a constant that does not depend on k.

Proof. First of all, we write

(Hyge —in) "' = x
o = (Hpgr —in)x
¢ = (Ho—in)x + Vpurx
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where V, yr = H,, y+—Hy. It is easy to show that if ¢ € L*(R?), then y € H'/2(R3);
indeed, there exists a constant h, > 0 such that

2 . . 2 2
lelz: = ((Hpwr —in)x, (Hy e —in)x) > = |[Hpwrx|| + 07 IxII72
> mph2 X3z + 07 IxllZ2 > mih2 [Ixll7z +0* Ixll

thanks to Sobolev embeddings and lemma 2.3.
Next, to have a good estimate of the H 1/2_norm, we use its definition and we obtain

CN— 2
Xz = [[(Ho = im)™ (e = VownX) || /e
— 2
R Vo
_ / (mi I |p|2)1/2 @(p)A p,‘IIK'X(p)
R Ho(p) —in

m2 + |p|2)/2 [ 9
/R 7(;(1))'2 |+)772 <|<P(p)|2+ Vp,wx(p)‘ ) dp
3 0

= [ LB (g

s mp + [pl* + 7

dp

o — 2
Vp,wx(p)‘ ) dp

(mj + [p)'/2 ( o ‘ . 2)
+ |V, ‘ d
/]Rs (m2 + [p[2)72(m2 + %)/ [6(p)l o wrX (D) p
1 0 )
oy Uelis + Vwdl.)-
To conclude, we have to find an estimate for HVpﬁg,kquQ. In particular, we have
2/3 1/3
HVp,‘I/kquz < H‘/;O,\I/kHLls HX||L9/4 < HV}”V‘I’kHLls HXHL/? HX||L/3
1/3 o 2/3 C
< Ol |y — i)l < el

(i +p) /3

where pr = mph, and C is a constant that does not depend on k. Hence,

1 C
|
H(Hp,‘ll’“ —in) ‘PHHW < W (H‘PHL? + W ||90||L2>
p

vn € R.
O

Lemma 3.3. Assume that g5, 9w, 9, and e are sufficiently small; let Uk be a min-
imizing sequence of (1.29) and V%, WX defined as above. Then, fori=1,...,7,

LN L?
(Hpwr — Hpwr)(Hy gr —in) " '9F, —0 ek (3.14)

Proof. First of all, we study the behavior of
(Hp,‘lﬂf - iﬁ)fl zk,l
in R® \ B (y*, &), Writing £r, () =Eme (- — y*), we obtain
8 7 8

(Hywp = i) 05y = (Hy g — i) €ry U = €y o (H, gy —in) 7 0+ 7°
(3.15)
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with 7% defined by

™ = {(Hp,‘lﬂf - iﬁ)_l,é%&,yk

} k. (3.16)

As a consequence, we have

L N—1.k
H(Hp,\p’f —in) ! i,l’

ng k( p\IJ"_Zn) 11#5

L2(s3 B (sF Br)) — ’ C G )

+ HTkHLZ(RS)

k
<C ‘ Ere Loe (0 (o B +|| HLZ(]RS)
T
= HLZ(RS) (3.17)
since supp 5_& =B (y ,T’“) Then, to prove that (H, pouk — in)” 11/)k1 converges
to 0 in L2 (R ( k, %)) it is enough to show that the norm of the commutator

|:(Hp,\I/’f - Z‘77)717 5%&,yk:|

converges to 0. We remark that

k= (Hp,\lf’f — in) [ka vy (H. bk — m)} (Hp,\p’f — i”)_lwf
= (Hp,\l,;f —in)” Lia - Vka k( pUk — in)” 11%“.

Hence, using lemma 3.2, we obtain
7 l172s5) = O(REY): (3.18)

Finally, using the fact that Ry ? 00,

-0 (3.19)

[, 05 =~ ok 2 (25 (v 5))

and

|CF = i)~

Lo (BB (4, 50)) =0 (3.20)

for 2 < p < 3 thanks to interpolation inequality and Sobolev embeddings. Indeed,
we remind that (H, gr — in)_li/Jl’fl is bounded in H/?(R?).
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Second, we consider the potential

A —Mme || _ _
eme 2 2
e (1l = i)

2 —mp||
2SS (S e (1 - 3 P))

j=1
79_,% i <e—mp|'| . (‘1/)k ‘2 7 |7/1k‘2)>
4 Pl |- g1 J
S (e (en P wE)| e
4 = |- g1 J '

and we estimate the L™-norm of W* in By, := B(y*, £&). Using (3.1) and the
definitions of 7,/1;?71 and ;?72, we obtain, for 1 <p < %,

[95 150 = 055 | oy < N300 — (050 + 052) (50 + ¢52) | Lo s,
+C Wfl + w;c2 - w?HLZP(RL") ? 0

and, in the same way,

<[l = 1@ + )|

+C Hd’;‘il + 7/’;‘6,2 o 1/’;‘CHsz(R?») ? 0.

[l = fwi1?]

Lr(By) LP(By)

Next, we remark that this potential contains three types of terms; for the first one,
we have

e_ma'l‘l

* (DF10F 1 — Oy

L7(By)

195050 = ¥595)]

L35/12(Bk)

vy 7O

Similarly, for the second type of terms, we obtain

el 2 2
B Gl A

e

L7(Bk)
—mu|
)

For the last term, we remind that ﬁ can be written as ‘—i‘ = hy(x) + ha(z) with
hy € L%/'2(R3) and hy € L7(R?), where hi(z) = ‘71‘ for |[z| < 1, hi(x) = 0

_>
L3/4(By) k

L35/12(By,)
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otherwise. Then

H|_1| * (Wf’lf - WﬂQ) L7(By)
(= wt )|
|(wal* = w51

HWkHy(B(yk,%&)) r 0. (3.22)

<Pl pssnz g, L5/4(By)

— 0.

+ 1h2ll e s, LB b

Finally,

In conclusion, using (3.20) and (3.22), we obtain

2 2
H(Hpv‘l’f - Hpq‘l”“)(Hp,‘I”f —in)”! 51 L2(R3) - HWIC(HP"I’f i) Zkl‘

L2(R?)

2

< || W CH, 05 — im0k
N ’ L2<B(yk7£4&))
5 . N—1k 2
+ HW (Hp, gt — i) wi’l‘ L2 (R B (yh,5))
-1,k ‘2
iy 1 L14/5(R3)

2 .
< WA (5 (e ) | CHy s = im)
2
+HWkH L14/5<R3\B<yk7%)) ?0

‘(Hp,\lﬂf - i77)71 5,1

L7(R3)

O

Hence, if we apply lemma 3.2 to ¢ = (H,, g — Hy, gt )(H, g1 —in) "0}

use the result of lemma 3.3, we can conclude that

H(Hpﬂlfk - in)il(Hp,‘If’f — Hyun)(Hpup — m)illﬁvl

for all n € R.
Finally, to prove that f_Jr;o fF(m)dn — 0 as k — oo, we use the Lebesgue’s

dominated convergence theorem. Indeed, the sequence f* converges to f = 0 for
all n € R and is dominated by an integrable function g. In particular, using lemma
3.2 and its proof, we remark that, Vk € N,

c
k 1,k
75 |_ (m} +77)1/4 <1+(h2+n 1/3>H (Hy oy =m0

> C
) Ikl = ot

i1 and we

’ =0 (3.23)
H/2 k

L2

< - 14+ —
(g + )R+ )3\ (3 +

- ¢ <1+ c ) = o)
> (m§+n2)1/4(h%+772)1/3 (h%+772)1/3
and g(n) € L'(R). Then

+oo
| o
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Now, to prove that A;q,kz/}l’fl = A;wf%(- — yF)pF converges to 0 in H'/2(R3),
we give an estimate on the commutator {A;w,fﬁ (-— yk)} Writing € &, yk() =
’ 3 8

¢, (- —y*) and using Cauchy’s formula, we infer
8

Ao } Y 1 ¢ 1
PR ST o oo Hpwr +1in oyt Tk Hp gr +1in
I 1 1
= [ e o Hpu i ———
2w | o Hp, g +1in [g%kﬂyk pows T Hy, g1 + i1 g
T 1 1
| e Ven
21 J_oo Hp wr er g y" Hy g1 +in
Hence,
k oo vaﬂ v L 1
, = = dn=0(R;").
H{ Wk ERk }1/’ H1/2 = /_OO (m2 + )4 (m2 + n2)1/2 n (R;,")
Then, as Ry ? 400, we obtain
k
H[ ‘I’k’ER’“ }w ek

and, since A;\pszk,l = [Ap \I,k,f_& }1/) +§_& ;\I,kz/}f and A;‘pki/)f =0, we
conclude that

- k k
Ap1g1f (1/)1,15 s ,1/12,1) ? 0
z
n (H 1/2 (R?’)) . Moreover, with the same arguments used above, we prove that
- k k
An,\I/’f (wZ+1,15 s awA,l) ? 0

in (H1/2(R3))"™
Furthermore, to show that

A;qﬂ; (1/1{6,2, e 77/’22) o 0 and A;g,rze (7/@4-1,27 ceey 7/’51,2) w 0

in (H1/2(R3))Z and (H'/? (Rg))N respectively, we can proceed as before; only the
proof of
(Hp g — Hyor)(H, g — i) "'k L-> 0, VneR, (3.24)

p p,

is slightly different. In this case,
1H, 9x — wHU(Rs\B(yk my) 0,

thanks to the localization property of 1/11 1, and (H Wk —in)~t
to zero in LP (B (yk, B:’l’“ )) for 2 < p < 3. In conclusion,

2
cN—1.k
H(Hp,\lﬂ; - Hp,w)(Hp,\pg —in) i,Q‘ L2(R9)

k 7o converges strongly

2
<y H(prg —in)~! 52‘

(o))

— 0.

L7 (R3\B<yk,%)) k

2
+ Cq H(Hp’\yé — Hpﬁ‘l/k)
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1> p2’q)']r€1,2) € (Hl/Q(R3))Z
(H1/? (Rg))N, small perturbations of U¥ W% in (H1/2(R3)) , that satisfy the con-
straints of I (A1,...,A4) and I (1 — Aq,...,1 — A4) respectively. For this purpose,
we use the following lemma and its corollary. The proofs of the lemma and the
corollary are given in the appendix.

Now, we want to construct <I>’f = (<I>k (I)ful)’ @’5 = ((IDk

Lemma 3.4. Take ¥ = (¥,,,7,) € (Hl/Q(R?’)) (H1/2(R3))N such that

i. Gramy2 (¥,) := Gp < 1z and Gramp: (U,,) := G,, < 1y are invertible
matrices;
‘ A;‘I’\PPH(HI/Z)Z S0
_ < =
‘ n, ¥ *n (H1/2)N _5

for 6 >0 small enough.
If 9o, 90, 9o and e are sufficiently small, there exists ® = (®p, ®,,) € (Hl/2 (Rg))z
(Hl/Q(Rg))N such that

A;(PCIDP 0, (3.25)
n,oPn =0. 3.26)
Moreover,
Gramp: (®,) = G,, (3.27)
Gramjz (®,) = G,. (3.28)

Corollary 3.5. Take W% = (¥ W) e (Hl/Q(IRg))Z X (Hl/z(]Rg))N a sequence of
functions bounded in (HI/Q(R?’))A such that

7. Gramp:2 (\P’;) = Gp < 1z and Grampe (\Ilfl) = G, < 1y are invertible
matrices that do not depend on k for any k € N;

J:

0

il

p, Uk (H/2)Z ?
— 0.
k

m, ‘Ilk (H1/2)N

If 95,94, 9, and e are sufficiently small, there is a constant ko € N such that, for
any k > ko, there exists ®F = (OF, OF) € (Hl/Q(Rg))Z X (Hl/Q(Rg))N with the
following properties:

a.
AL 1@y =0, (3.29
A @5 =0 (3.30)
b.
125 = W3| 4g1/2y2 2 O (3.31)

Hq)']rczf\II'IrCLH(Hlﬂ)N ?O (332)
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C.
Gramp: (®)) = Gy, (3.33)
Gramp: (®F) = G,,. (3.34)

So, using the corollary 3.5, we can conclude that if g5, g.,, g, and e are sufficiently
small, there is a constant kg € N such that, for any k > ko, there exists ®¥ =

(®F,,®F ) € (Hl/Q(IRg))Z X (H1/2(R3))N with the following properties:
i.
AL g1 @y =0, (3.35)
AL @y =0, (3.36)
ii.
k k
||(I)p71 - \Pp,lu(H1/2)z ? 07 (3.37)
||(I)fl,1 - \Ij’lrcl,l||(Hl/2)N ? 0. (3.38)

iii. For 1<4,j< Z,Z+1<i,j <A,

/ ¢f1 K= Aidij. (3.39)
RS
In particular, if

Gramp: (UF ) = diag(A1, ..., Az) and Gramp: (¥}, ) = diag(Az41,...,Aa)
are invertible matrices, we apply the corollary 3.5 to \I/]f
On the other hand, if Gramyz (‘1115,1) or Gramy,2 (\Ilﬁl) is not an invertible matrix;
then there exists i € {1,..., A} such that A\; = 0. As a consequence, ¥}, = 0 for

any k € N.
We assume, without loss of generality, that A\; =0for 1 <i<r,, Z+1<i<r,

and \; #0 forr, <i < Z, r, <i< A, and we denote \i/];,l = ( a’qu,---,w%ﬂ and
Uk = (F ,...,0% ). Since

Gram;. (\iﬂ;,l) = diag(\r,, ..., Az) and Gramo (\11531) = diag(Mr.., ..., A4)

n,l n,l

are invertible matrices, we can apply the corollary 3.5 to U% = (ﬁl’;’l,\flﬁ’l) to
obtain, for any k > ko, ®F = (@;1, @,’21) such that
i
Y.
A é,fcbp,l 0,
- &k
A 7@{‘1)71,1 =0,
ii.
2k ik
Y
&k, — @ 0,

H v
(HY/2)N=rn+1 k
iii. Grampe (ﬁl’;l) = Gramye (@’;1) and Gramy, (A 511) = Gramj2 (Cﬁﬁl)
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To conclude, it is enough to take

ok =(0,...,0,0 1,....05,)
and
‘1)5,1 = (0, .0, (igfn,la SRR QB,]ZJ)
and remark that H, o1 = Hu,i’f for p = p,n.
In the same way, if ¢, 0.,9, and e are sufficiently small, there is a constant
ko € N such that, for any k > ko, there exists ®§ = (®F ,, ®F ,) € (H1/2(R3))Z X
(H'/? (Rs))N with the following properties:

1.

A, g @0 =0, (3.40)
AL 4@ o =0 (3.41)
i.
1252 = Upoll sra/2)2 7 0 (3.42)
192 = Tall /29w 370 (3.43)

iii. For 1<i,j<Z, Z+1<i,j<A,
/}R3 ¢f2 ?,2 = (1= Xi)dij. (3.44)

Using (3.37), (3.38), (3.42), (3.43) and the continuity of £, we remark that
lim £(¥}) = lim £(F),

k— o0 k—o0
lim £(V5) = lim £(®F),
k—o0 k—o0

and then, if dichotomy occurs, we have

I = lim &%) > lim £(TF) + lim £(VE)
k—o0 k—o0 k—o0
= lim &(®7) + lim E(®5)
k—o0 k—o0
> T(Ap,.. 0 da) FT(1=Xp, .0, 1= Xa). (3.45)

It is now clear that (3.45) contradicts (1.31).

3.2. Vanishing does not occur. If vanishing occurs (case ii.), then VR < oo

2
sup / ’wﬂ —0
y€eR? JB(y,R) k
for j=1,...,Aand ¢f,..., 9% converge strongly in LP(R?) to 0 for 2 < p < 3 (see
lemma 7.2 of [20]). As a consequence,

A
lim £(TF) =" i N Hoyk
Jim 00 =32 i [ o o,

and
A

T, da) =mp > A

Jj=1
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thanks to the constraints of the problem.
This contradicts (1.31) because we have

I=mpA= me)\ +me1— =T, )+ T (1= Ap,...,1—\a).

At this point, we have shown that any minimizing sequence satisfies the following
compactness criterion: Iy* € R?, Ve > 0, IR < oo

k —
AZ/B(kRW} >1—c¢.

We denote W* = W¥(- 4 4/*) and we remark that the energy functional £ is invariant
by translations and T* is in the minimizing set; then ¥* is a minimizing sequence of

(1.29). Since U* is bounded in (Hl/2 (Rg))A, U* converges weakly in (Hl/Q(RB))A,
almost everywhere on R? and in (LfOC(Rg))A for 2 < p < 3 to some ¥; moreover,
thanks to the concentration-compactness argument, U* converges strongly to ¥ in
(L2(R3))* and in (LP(R?))" for 2 < p < 3.
As ||ih; — ’l/N)fHIg — 0 for k — 400, it is clear that
/ 1/;;*1/;] = lim T/Zf ~§€ = 0ij
- .

k—+oo R3

for1 <i,j< Zand Z+1 <14,j < A. Furthermore, A;@\ilu =0 for u =p,n
Indeed, as before, 1

U S T e - a7
Au,ﬁ/wj - AM7@kwj = _/ (Hy,\i/k - ’”7) 1(V,u.,‘il - V,u.,‘ilk)(H,u,\i/ - ’”7) 11/1] dn

2 J_ o

and

H(szk — i) (Vg — Vo) (H, g — i)

since [|¢; — 1/;;“||Lp 2 0 for 2 < p < 3. Then, applying the Lebesgue’s dominated

N
HY/2 k

convergence theorem as above, we obtain
A - —
H m‘lfw] 1y ‘If’“wj

foru=pifl<j<Zandpu=nif Z+1<j<A. As a consequence,

H1/2 k

|8 mas = As g, 70
and
— 7 _ . — ~_ _ . — Tk .
HAH,@%’ Lz kgl}rloo HAuv‘i”‘% 2 kEI}}oo HAM,@’“% 2

thanks to the properties of the spectral projection A~ -, and using the fact that

\I/k
Hq/)j — 1/)j Iz ? 0. So we can conclude that W sat1sﬁes the constraints of the

minimization problem (1.29).
Finally, we have to prove that

E(T) < liminf E(TF).

k— o0
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It is clear that if [|¢b; — 1/;;“||Lp - 0 for 2 < p < 3, then

(ﬁj’ V‘“‘i’iﬁj) = Jm (@’Vuv\f/“ﬁf) (3.46)

—+oo
forpy=pif1<j<Zand p=nif Z+1<j < A. Moreover, we observe that

Tk - 7 Tk - -\
e RS IITER | IV (W WALl e
and, with the same arguments used above, we obtain
HA ijHlﬂ - kgl}rloo HA /2 (3.47)

Then, using (3.46), (3.47) and the weak lower semicontinuity of the H'/2-norm, we
get

.Mb
M=

) = 3 (9 lHoldy) |, —2 ) (A7 [HoAY;) |
T Fll )
Jri;(d}j’vp*@wj) 5 :zz: (1/)]7 )L2

< liminf E(UF) < E(D).

As a conclusion, ¥ is a minimizer of (1.29) and the minimizing sequence ¥¥ is
relatively compact in (H'/2)4 up to a translation.

3.3. The subadditivity condition. To conclude the proof of theorem 1.2, it re-
mains to show that the strict subadditivity condition (1.31) is a necessary condition
for the compactness of all minimizing sequences (see [10], [11]).

First of all, we prove that we always have

T<I(,.oda)+T(1=A1,...,1—An) (3.48)
A
for all A\, € [0,1], k=1,..., A, such that > \; € (0, A).
k=1
Let € > 0 and ¥§, ¥§ be satisfy
I()\l,.. <5(‘I’i) ()\1,...,)\,4)4-6,
GramLz(\IIE 1) = diag (M
57 (3.49)
Grampz(V7, 1) = diag (Az41, - - .,/\A),
Ay g1 =0, Ay 407, =0
and
IT(1=X,. ., 1=24)<E@) <T(A—=XA,...,1—Xa)+e
Grampz(V;, o) = diag (1 — A1,..., 1= Az),
7 (3.50)

Gramp: (V5 ,) = diag (1 — Az41,...,1 = Aa),
A;q}g‘l’;,z =0, A;,q/g‘l’fm =0.
By a density argument, we may assume that U{ and ¥§ have compact support and
we denote by \IlglC = U5(- + kn) where 7 is some given unit vector in R3. Since for
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k large enough the distance between the supports of ¥§ and \Ifg’k is strictly positive
and goes to +00 as k goes to 400, we deduce

s(weh)  [o(w) + 205 -0
/ YRS 8 1<ij<Z, Z+41<ij<A
- k (3.51)
— e,k ) =
HAP\I'E’kwj HH1/2 ?0 J= e
ek | =
HA \P”w HHl/Z?O JE LA

with \Ile’k = \IlijL\P;k' Indeed’ A;,\Ilsykw?k - s \I/s kwj 1 ,u \IIE +A7\Ds k"/’

A_\Pa,kwjf and, by arguments similar to those used above, we obtaln
TR SRR

AT cL—=A"
‘ e s Vi s e K

- k - e,k
A ok A= o H -0
H eVl #7‘P§’kw3’2 H1/2 k

)

for 1 = p,n. Then, as before, we can construct ®**, small perturbation of ¥=* in
A
(H'2(R3))", such that

T, )+ T (1= A1, 1=2a) < lim €(@F) = lim € (¥=F)

k——+oo k——+oo
=EW)+EWS) < T, )+ T (1 —=A,...,1—Aa) + 2,
Gramyp,z (<I)E’k) =1z, Gram2(®5%) = 1y,
A e ®F =0, A~ 05F =0

pq)ak <I>ak

(3.52)
and, by definition of I, we conclude

IT<IT(A,...;20)+T(1—=X,...,1—=X4)+ 2.
In fact, this argument prove also that if
I:I()\l,...,)\A>+I(17)\1,...,17/\A>,

then there exists a minimizing sequence that is not relatively compact. Indeed,
let % and U4 be minimizing sequences of I (A1,..., 4) and I (1 —Ay,...,1—X4)
respectively, with compact support and such that dlst (supp 1/)1 1,Supp 1/)52) ? 400

fori=1,..., A If we take ¢) = ¢, +1f5, we can show that [p, ¥F(z)x(z) dx - 0

for all y € D(R?); then U* converges weakly to 0 in (H'/?)4. Now, as before, we
can construct ®F, small perturbation of ¥* in (H'/2)4, which is in the minimizing
set of I and such that

lim (@) =T(A\1,..., a) + 1 (1= A1y, 1= Xa) =

k—+oo

As a conclusion, ®F is a minimizing sequence that cannot be relatively compact.

4. SOLUTIONS OF THE RELATIVISTIC MEAN-FIELD EQUATIONS

In this section, we prove that, in a weakly relativistic regime, a minimizer of
(1.29) is a solution of the equations (1.26) and (1.27).
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Let
X = {'y € B(H);y =~ (m2 — A)V4iy(mE — AV e 01(7-[)} (4.1)

where B(#H) is the space of bounded linear maps from H to H and oq(H) is the
space of trace-class operators on H.
Now, to each P € N, we associate

I'p={yeX;y’=9tr(y) = P}. (4.2)
Given v = (Vp, vn) € X x X, we define
2 —mel|| 2 —m ||
g € g €
H = Hy—pde ()4 (L 43
pa'Y’YP |: 0 647_{_ ( |.| *p ) + 47_(_ ( |.| *pO) ( )
NGRS
An || £oo At || pp 7?
2 —me|| 2 —mg |
g € g €
H, v = |Ho—p2 ([ ). + 9= 44
= s () 4 B () )

where

with pp(2) = tr(Bvp(z, @), pn(@) = tr(Byn (@, ), pp(z)
tr(yn (z, ).
Finally, we define

tr(yp(x, 2)) and p, () =

A;t,'y = Xrx(Hpy),
A’rﬂl:,’y = XR+ (Hnﬁ).

Let ¥ = (\i/p, ¥,,) be a minimizer of the problem (1.29); to prove that ¥y is a
solution of (1.26) for 1 <4 < Z and of (1.27) for Z + 1 < i < A, we proceed as
follow: first, we consider 7, and ¥, the orthogonal projectors defined by

Z
o = D_ 1) (Wl (4.5)
and
A ~ ~
i=Z+1

and we denote ¥ = (3p,9n); then, we show that
(Hu5: 9] =0
for 4 = p,n. This implies
Hp,@@ =eiy for1<i<Z,
Hn\pl/;z = Ei’l;i for Z+1<i<A.
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First of all, we observe that if ¥ is a minimizer of (1.29), then the vector ¥ =
(Ap, n) is a minimizer of the energy

E(Vpm) = tr(Hovwp) + tr(Hovn) — 9_0 //]RS R3 W

// pO y) —mw|z—y| dxdy

R3 xR3 |$ - y|

// pOO pOO( ) 7mp|ac7y| d.dey
R3 xRR3 |51C —yl

// po(@)pp(y >dzdy (4.7)
R3 xR3 |51C - y|

+ 1t 7t
on FZ,N =17, x I'y; where

e~ Melz=yl dxdy

Ty = {welzm=A5mA,},

F-i]\_f = {771 eln;ym = Anﬂ’)’nA:;’y} .
Next, we remind that

H,,= HJr +H,,
with Hf =AY H, At and H, . =A, H,.A,_ for p=p,n. Then
[H#KY”V#] = [Hu,w’y#} + [H;:'w’y#} :
It is clear that FJZry N is a subset of
1:‘Z,N = {’7 = ('Ypa'Yn) €el'z xI'n; [Hp_,»ya'Yp] =0, [H{,w%] = 0}

and, since § € F;N, we obtain [H;;Y,’y#} = 0 for u = p,n. Thus, to conclude, we

have to prove that [HI;Y, ’yﬂ} = 0 for u = p,n. We proceed by contradiction.

We suppose that [H;r P ﬁp} and [ nA vn} are different from zero and we define

o =USA, (US) ™ = exp (fs [H;ﬁ, %D Ap exp (5 [pra, %D . (4.8)
=UAn (U,i)_l = exp (—5 {H:;Y,'%D An €Xp (5 [HT';;Y,'%D . (4.9)

In particular,

MN

% = [W5) (V5] (4.10)
=1
A ~ ~

o= > U5 (] (4.11)
i=Z+1

with ¢§ = Uy, for 1 <i < Z and §f = Uty for Z+1<i < A.
Using lemma 3.4, we construct 7° = (7;,7;,), small perturbation of 5° = (35,7;,)
such that

+ +
A e ;Ap’r
A+ €A+

vE Intin,yE"
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We remark that v¢ € 1"2 N and

Z
PR (4.12)

=1

A
S A RCH (4.13)

i=Z+1
where

(67,...,0%) = @5 = ;T + 7~ + 0(?) (4.14)
(0% 11:---00) = O, = L7 + 077 +0(e?) (4.15)

- . q1-1/2
with <I)Z+ = A: P A [GramLz (A: Fe \I/Z)} for p = p,n. Finally, we remind
that
Uy, =05+ A Wy e B+ O(e?) (4.16)

_ 11/2
with B, = {GramLz (A;r §e \Ili)} for 1t = p,n (see the proof of lemma 3.4).
Then, to show that we have a contradiction, we want to prove that
5(7;2’ V) < EFps Yn)-

For this purpose, we calculate £(v;,75,) — E(3p, n); since (v,,7y;,) is a small per-
turbation of (%, %»), we can write

E(pr ) = G Tn) = tr (Hp (v, = Ap)) + 01 (Hn 5 (v, = An)) +0(e)- (4.17)

To study the sign of (4.17), we remind that given an operator T' and an orthogonal
projector P, we can consider the block decomposition of T defined by

PTP | PT(1-P) Tyt | Ty-
T = = . (4.18)
((1P>TP\(1P>T<1P>> <T+\T>

Moreover, let R be another orthogonal projector and consider Q = R — P; then
P + @ is a projector and

P+Q = (P+Q)
P+Q = P+PQ+QP+Q?
Q" = 1-P)Q-QP
Q@ = (1-P)QU-P)-QP+(1-P)QP
Q* = Q- Q. (4.19)

As a consequence, if Q = O(g), then Q4 = O(e?) and Q__ = O(&?).
Since

Jr
- 0
ey
Huﬁ = _
0 H

7351
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for 4 = p,n, then we have

E0a) = ) = tr (B A (05 = )AL )
e (Hyo A (5 = )y )+t (B A5 (s = )AT )
For (Hn A8 =G 5) +ole)

— + -
=T, +T, +T, +T, +o(e). (4.20)

First of all, we analyze the relation between Auv’ Aiag and Ai,yg for p = p,n
Using (3.11), we obtain

+ _ at

Auy’y - Au,’vs + O(E)’
+ _ At

Aro =AML . +0(e),
+ +

Ao =AE L +0().

: _ At _ At + :
Then, if we take P = A -, @ = A[ - — A - and we apply (4.18)-(4.19), we obtain

o (owu0@> (owu o) )
A 5 = A e + =
(28] By 0(e) ‘ 1+ 0(e2)

for u=p,n
. £ + .
Moreover, since 7¢ € I' , we can write

. Vot+ | O
VG =
0 0

O(e*) | O(?)
Ao s = :
7 ( O(e®) | O(?) )

So we can conclude that T, = o(¢) and T, = o(e).
Next, we remark that

and

+ + A+ % 5 5 VAT
T, tr (Hu ’YAH 'y( ;i ’YZ + 72 a Vﬂ)Aufv)

tr (H+ A ﬁZ)A:[ﬂ) +tr (H+ ARG - %)A:ﬁ).

WA A A

+ A+ SeVA+ : "
To calculate tr (Hu AL 'v( € ’yZ)A#ﬁ), we consider the block decomposition of

+ At +
A%;Y Au,’vs for P = A%,YE. As before, we have

0O(g?) ‘ O(e) 1+0(e?) ‘ O(e)
Aps=A5e+ o )
o) | o) 06 | o)
for p=p,n
Now, we observe that, in general, v, — 7, = O(e) and, more precisely, A:ﬁf (WZ —
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ﬁﬁ)AZﬁE = O(£?). Indeed, using the definitions from (4.10) to (4.16), we have
A (E =AML = ZA (169 (051 = 195) (B21) A e

Z (1657) (6571 = 165 7) (5 1) + 0(%) = O(?).

%

Then

and

T =tr (H:’YA:’Y(~E YA ) +o(e).

Next , we consider 7, — 7,. By definition,
ﬁz T = UZ@H(UZ)A ~ Y
(= sl 1< [53])

- _¢ HH:;;Y,%} ,%} + o(e).

Then
T = —etr (H,fﬁ Hﬂjﬂ,ﬂ ,%D +o(e)
for p = p,n and

0508 ~ 80 ) = < 3 (E5t [ [Hs 3] ] ) + 0(2)
~ 9 Z tr ((H;mf - (H;ﬁ)%j) +o(e)

= 2 Z <(H:,:f~>’u)*, H:,:ﬂﬁ - <H:,:f~7uv H:[ﬁ’y#)
n=p,n
+o(e) (4.21)
where (A4, B) = tr(A*B) is the Hilbert—Schmidt inner product.
Then, using the Cauchy-Schwarz inequality, we obtain
(Hy 53" B <0 (H 530" (53 Y2 H A B 570
= <HI:Y'~Y;~ H:,fy;?#>
and
EMprn) — €, ) < 0;
furthermore, the equality holds if and only if (HI’ﬂH)* = iHI;ﬂM.
First, we consider the case (Hlt;fy#)* = H:[ﬁ’y#; this implies :Y#H:ﬁ = H:[ﬁ’y# that
means [HI»;, ’y#} = 0. Then we have a contradiction.
Second, if (HI:Y’y#)* = fHI;Y’y#, then
VuH 5+ Hy 5 =0
Vi yy & FuH 33 = 0

5 o+ + 5 —
VuH 5 — Hy57, =0
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that contradicts the hypothesis [HI;Y, :Yu} %0 for p = p,n.
Finally, we can conclude that if [H:ﬁy’ ﬁu} # 0 for 4 = p, n, then we can construct
Ve € FJZF,N such that

EVpr ) = E(p: ) <0,

and thus we have a contradiction with the fact that 4 minimizes the energy on
T ..

This implies that [H:’W ’yﬂ} must be equal to zero and, as a consequence,
[(Hy 53] =0
for u = p,n. 5
As a conclusion, if go, gu, g, and e are sufficiently small, ¥ is a solution of the
equations (1.26) and (1.27).
APPENDIX A. PROOFS OF LEMMA 3.4 AND COROLLARY 3.5

In this section we give the proofs of lemma 3.4 and corollary 3.5.

Proof of lemma 3.4. Given an M x M matrix B = (b;;), we denote ® o B the right
action of B on ® = (p1,...,00:) € (LQ(R3))M. More precisely,

M M
(PeB):= (Z biai, ..., Z bi]bﬂpi)
i=1 i=1
and, by straightforward calculation, we obtain
Gramp2(® ¢ B) = B*Gram2(®)B

where B* denotes the conjugate transpose of B.
First of all, for u = p,n, we consider

U, =V,eG,'? (A1)
and we observe that
Gramp,: (\ifp) =1y,
Gramyz (\fln) =1y.
Second, we define
+ + g g )12 + g71/2 z
Of = Ay Upe |Gramps (A, 0)] € (AL H2)T, (A2)

1/

O = AfyTne |[Gramp (Af,0,)] “e (A:,\I,Hlﬂ)N. (A.3)

Remark that Gramj: (A;‘y\ilp) and Gramp2 (A:{\P\Iln) are invertible matrices
thanks to the hypothesis ii. of the lemma.

L. z N
Next, we look for (tb;, (ID,:) € (A;\I,Hl/Q) X A;\I,Hl/Q) such that, taking
oy
P, = l(i)+((i);)0Gl/2,
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we have
A g, 4@ = 0, (A.4)
AL oAy s®n = 0, (A.5)
with ® = (9,,®,,) and l(i,;, lg+ defined by
- - - - - —-1/2
s (B) = (B + 8, ) o [Gramys (8] + &, )]
for u = p,n.
z
We observe that [+ and I3 are smooth maps from (A;\I,Hl/Q) to (Hl/z)Z and
N
from (A;\PHUQ) to (Hl/Q)N respectively; furthermore,
Gramp: (®,) = G,,
Gramy: (®,) = G,,.
Now, to prove the existence of i); and é; , we apply the implicit function theorem.

We remark that the equations (A.4) and (A.5) can be written as F(g, é;, d-)=0
where F' is a nonlinear C' operator and g = (g, g, gp, €). In particular,

A;,\IIA;:,¢(I)H =
- - I L \—1 L \—1
Au,\yq)u + Au,\y o (Hyw —in)~ (Hye — Hyw)(Hye —in)~ @, dn
and
- — N =\ 1/2
AMI,(I)M = A#,'I/ (@# + (I)u) ° []l + Gramyp,2 ((I)u)} oG,
55— z\17Y/? 1/2
= O e {]1 + Gramyp: ((I)u)} oG,
Hence, we define o
~ Fy(g, %, &>
F(g,®,,0,) = < 9By 2 )
Fn(ga ;a (I);)

where

~ ~ ~ ~ -1/2 ~ ~

Fy(g,®;,8,) = 3 o {]1 + Gram; (@;)} ¢ G2+ Kyg, d,,8;), (A6)
~ ~ ~ ~ —1/2 ~ ~
Fulg, ®;,8;) = By, {]1 + Gram; (cb;)} ¢ G+ K,(g,8,, ;) (A7)

and

~ o~ _ 1 Foo L oN—1 - \—1

Ku(g, @, @) = Au,\y% (Hyw —in)~ (Hyo — Hyw)(Hye —in)” @, dn

for u = p,n.

Using the definitions (1.26) and (1.27), we obtain
Kp(0,®,,8,) = K,(0,®,,®,) =0,
and then F'(0,0,0) = 0.

Now, to apply the implicit function theorem, we have to check that

F:RYx (A;@HU?)Z x (A;\I,Hl/Q)N — (A;@HU?)Z x (A;QHU?)N
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is a C! operator and D2 F'(0,0,0) := Fo- o= (0,0,0) is an isomorphism. We remark

that
X Gy
F(0,0,0)(x.7) = ‘] (A8)
7o Gy

. . . . 1/2 1/2 . . .
and then it is an isomorphism, since Gp/ and Gn/ are invertible matrices. Pro-

z
ceeding as above, we can easily show that F' is well defined in (A;‘I,H 1 2) X

N
(A0077)
Next, we have to prove that F(g, ég , &); ) is C; by classical arguments, it is enough
z N
to show that for (y,7) € (A;‘I,Hl/Q) X (A;‘I,Hl/z)

—“”%’i < (o)
P ()
P e ()
Uolo by B), (i)

and we leave the details of this part to the reader.
Then, applying the implicit function theorem, we conclude that there exist U C R?,

z N
V, C (A;‘I,Hl/Q) and V,, C (A;‘yHl/Q) neighborhoods of 0, and a unique
continuously differentiable function f : U — V,, x V,, such that F'(g, f(g)) = 0; that

means that for gs, g, g,, € sufficiently small, there exists (i);, é;) €V, x Vj, such
that

A;\PA;(I)(I),, = 0,

AL oA, 4P = 0.
In particular, U = B(0,7), V, = B(0,n) and V,, = B(0,n) with 7,17 > 0 and from
the proof of the implicit function theorem, we know that, fixed 7, we can choose

v such that f : U — V,, x V;,. Then we take n and v such that DyF(g,x,7) is
invertible V(g, x,7) € U x V,, X V,,.

1/2
Now, we denote B, := [GramLz (A;‘I,\I/p)} and we remark that

U, = AV, +A 0,

So we may write

As a consequence,

. - . —1/2
l&)+(A;‘I/\I/p.B71> = (\IlpoBgl)o {Gramy (\IlpoBgl)} .

; P
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We can easily compute
Grampz (¥, e B, ') = (B}) 'Gramp:(¥,) B, = (B,B}) ™"
where B denotes the conjugate transpose of B,,. Since B, is hermitian
Gramp2 (\ilp ° Bp_l) = (B;)_1 = (Bp_l)Q,
lgs (N, g Upe ByY) = (U, e B Y) e (B7) /2 =0,

AT \i/pon_l)oG;/Q:\I/p.

and
lti;( p, ¥
Hence
125 = ol oy = | [l (@) — L (B @ B;Y)] o 1/2H(Hu2>z (A.9)
with \il; = A;\I,\ilp. In the same way,
Callgrrsay = | [lag (@) — lag (¥ 0 B 1/2H<H1/2>N (A.10)

[©rn — ¥
. 1/2

with \il; = A;\I,\fln and B, := [GramLz (AI‘I,\IJH
We remind that the maps I3+ and lé; are smooth; then, to have an estimation of

the norms (A.9) and (A.10), it is enough to estimate
U~ e B!

- . -
H@p — 05 e B, ’(HI/Z)Z and H@n — 0> e B ’(HI/Z)N
Indeed, Ve > 0, 39, 6,, > 0 such that
~_ ~ _1 ~ =~ 1
H@p ~Yr By (H/2)2 S0 = Hl‘i’ﬁ@ )= la;(¥y o By )H(Hl/Q)Z :
and
. - -1 &Y 7. (G- -1
H@n U eB; ‘(HW)N <oy = Hz@ By) —lgs (F; @ By )H(HW)N <
Now, for 6 small enough, (\il; B, \fJ;oB ) € V, x Vy; then F(g, U on’l, U-e
B;1) is differentiable and DyF (g, U o B1, U e Bl) i= Q is 1nvert1ble VgeU.
Using this fact, we can write
E— &—\ _ T — -1 §- -1 - -1 S &—
F(g’q)p’q)n)_F(g’lI/p.Bp ’\I/n.Bn )—i—Q((I) o B )+u(gaq)p’q)n)
with
S S B, 0
¢ :((I)paq)n):f(g)v\p :(\Ilpv\ljn)vB: 0 B,
and
u\g,y
R U0 P, )
y—V-eB-1 y— U— e B—1 ‘
(H/2)A
and this implies
N =-Q7'F(g, ¥, ¢ B, ¥, e B ") —Q 'u(g, @, ,P,).

((i)_ — 0~ eB~
Moreover, thanks to (A.11), we know that there exists 6 > 0, such that
1
< s v =¥+
||U(gay)||(Hl/2)A = 21Q- 1] Hy v B (H1/2)A
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if

‘y—\il_oB_lH <.
(H}/Q)A

Then, choosing 1 < g, we have

S - -1 -1 T — -1 §— —1
H(I) ~V B H(HI/Z)A < el HF(g,\IIp *B, Ve By )H(Hl/z)A
1= ~
+5||e - e
2 (H1/2)A
and
H(f‘ —~U e B‘IH <C H( Ay Wy )H < C5. (A.12)
(H/2)4 An,\ll\p" (H/2)A
Finally, choosing § < %, we obtain
H(I);D - \I/P||(Hl/2)z <e (A.13)
and
H(I)n - lI/nH(Hl/z)z\l <e. (A.14)

To conclude the proof of the lemma, we have to show that
A;‘y : ImA];(I> — ImA;q}
ALy i ImAT o — ImA-
are one-to-one operators. We remark that
25085 = o] =[50 (50 = 454

As a consequence, Ap,<I>Ap,‘I/ is an invertible operator and ApAP is one-to-one from

HA;q)A;\I, y

ImA;q,

IN

Mo~ Ay < |

A = A < 1.

ImA 4 into ImA . In the same way, we can prove that A,  is one-to-one from
ImA;’(I> into ImA;,\I,.
In conclusion,

O

Proof of corollary 3.5. To prove this corollary, we apply lemma 3.4 to U* for any
k € N and, to obtain (3.31) and (3.32), we use the inequalities (A.9), (A.10) and
(A.12).

O
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