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THE RELATIVISTIC MEAN-FIELD EQUATIONS OF THE
ATOMIC NUCLEUS

SIMONA ROTA NODARI

ABSTRACT. In nuclear physics, the relativistic mean-field theory describes the
nucleus as a system of Dirac nucleons which interact via meson fields. In a
static case and without nonlinear self-coupling of the o meson, the relativistic
mean-field equations become a system of Dirac equations where the potential
is given by the meson and photon fields. The aim of this work is to prove the
existence of solutions of these equations. We consider a minimization problem
with constraints that involve negative spectral projectors and we apply the
concentration-compactness lemma to find a minimizer of this problem. We
show that this minimizer is a solution of the relativistic mean-field equations
considered.

1. INTRODUCTION

In this paper, we present the first mathematically rigorous result concerning the
existence of solutions of the relativistic mean-field equations of the atomic nucleus
in a static case and without nonlinear self-coupling of the ¢ meson.

In nuclear physics, the relativistic mean-field RMF theory describes the nucleus
as a system of Dirac nucleons which interact in a relativistic covariant manner via
meson fields. During the last years, the relativistic mean-field theory has received
wide attention due to its successful description of lots of nuclear phenomena. The
relativistic mean-field model is considered to be the relativistic generalization of the
nonrelativistic models such as the Skyrme force or the Gogny force Hartree-Fock
theory, using effective mesonic degrees of freedom rather than instantaneous forces.
The relativistic model describes successfully the single-particle structure of nuclei
as the nonrelativistic ones and provides a natural explanation of some relativistic
effects as the spin-orbit force (see [, H)-

The model is formulated on the basis of two approximations, the mean-field and
the no-sea approximation. Thanks to the mean-field approximation, the fields for
the mesons and the photons are treated as classical fields and the nucleons behave as
noninteracting particles moving in these mean fields. This implies that the nucleon
field operator can be expanded in single-particles states ¥, (z#),

Y= o (@) dn (1.1)

where G, is the annihilation operator for a nucleon in the state a;, while the densities
become simple bilinear sums over the 1,. The no-sea approximation corresponds to
neglecting the vacuum polarization, that means that we have a number of occupied
single-particle orbitals 1o, a = 1,..., £, which determines the densities.
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The Lagrangian density of the RMF theory can be written as
L= £nucleons + Emesons + Ecoupling- (12)

The free Lagrangian for the nucleons is

Q
Enucleons = Z wo/lﬁoz (i’)ﬂuau - mb)wa (13)
a=1

where my, denotes the nucleon mass, v* are the Dirac matrices and w, are occupa-
tion weights, 0 < w, < 1. The Lagrangian for the free meson fields is

1
Lomesons 5(8“08#0 —m2o?)

1 —
—§(G”w”auwu —miw'w,)
1 —
~5("R” - O, R, — m2R" - R,,)

1—
—STAO,A, (1.4)

where o, w” and R* describe respectively the o, w and p meson field, and A* stands
for the photon field. Moreover, an antisymmetrized derivative is defined via

OrAY = OFAY — 9V AF.

We remind that the o meson is an isoscalar scalar meson which provides a medium
range attractive interaction, the w meson is an isoscalar vector meson leading to a
short range repulsive interaction, the p meson is an isovector vector meson needed
for a better description of isospin-dependent effects in the nuclei, and the photon
describes the electromagnetic interaction.
Finally, the Lagrangian for the coupling is

Ecoupling = —0oc0pPs — gww“pu - ng# Pu— eAﬂpZ -U (U) (15)

where U (o) = %b203 + ib30’4 represents a nonlinear self-coupling of the ¢ meson.

Note that in Reinhard’s paper [ﬂ] the coupling constant for the p meson is 2g,,.
The densities are

Q
Ps Z wai/;a"/)aa (16)
a=1
Q —
Pu Z wad)a')/u"/)m (1'7)
a=1
Q —
Pu = Z wal/JaT’Yuwaa (18)
aal .
pz = Z woﬂ/}a§(1 + 7'0)7“1%- (19)
a=1

We remind that R, p and 7 are vectors in isospin space and - denotes the vector
product therein.

The model contains as free parameters the meson masses my, my, and m,, as well
as the coupling constants go, gu, gp, b2 and bs. For the nucleon mass m; the free
value is usually employed.



THE RELATIVISTIC MEAN-FIELD EQUATIONS OF THE ATOMIC NUCLEUS 3

Most applications of the relativistic mean-field model are concerned with sta-

tionary states; then, like in [m], we want to derive the field equations for the static
case. Moreover, we remark that it is generally true that proton and neutron states
do not mix, that means that the single-particle states are eingenstates of 79. As a
consequence, only the components with isospin projection 0 appear, i.e. Rg, and
Pop-
Stationarity implies that all time derivatives and also the spatial components of
densities and fields vanish; only the fields o, wg, Rgg and Ay remain and they
are independent of time. Furthermore, the single-particle wave functions may be
separated as

VYo, t) = e oty (x) (1.10)

where the ¢, are the single-particle energies and ¢, > 0.
Varying the action integral S = [ £ dz* with respect to the wave functions and to
the fields with all the above simplifications inserted yields

EaVoa = [—iv-V4+my+ go0 + guwoo (1.11)

1
+9,Ro0v070 + 5614070(1 +70) | Ya,

(CA+m2)r +U(0) = —gope (112)
CAtm2n = guo (1.13)
(—A+m2)Roo = gppoo, (1.14)

—AAy = epg. (1.15)

This set of equations, together with the definition of the densities, constitutes a self-
consistent field problem that can be solved numerically using an iterative scheme
(see 1], @)

In this paper, we consider the case without nonlinear self-coupling of the ¢ meson,
i.e. b = by = 0, and we choose a fixed occupation, that means that the occupation
weights w, are defined as

1 a=1,...,A
Wo = (1.16)
0 otherwise

where A is the nucleon number.

In this case, the equations (@») can be solved explicitly and we obtain

7m0|'|
go [ €
= —— ) 1.1
- 47T( - p> (1.17)
7mw|'|
gu [ €
= —= | —- 1.1
w = (). (1.18)
9p

Roo = ==

emeH
*Poo) 5 (1.19)

(
Ay = (ﬁ*pg). (1.20)
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Hence, the equation () becomes

2 7m0|| 7me
9o (€ 9s (€
otbe = |Hy—p2e ([ Jo (2 1.21
oo = [ nf (T en) e (Sem) a2
2 —mpl| e2
gy (e ™M 1 1 .
L —x 1 — % o
+T047r< H Poo) ( +70)47T <|| Poﬂlﬁ
where Hy = —ia - V + Smy, is the free Dirac operator,

ﬂ* 1 0 . — 0 O
Lo —-1) "\ o o0
for k =1,2,3, with

(01 (0 i /10
7= 1o0) 27 i o) P70 1)
The operator Hp acts on 4-spinors, i.e. functions v € H = L?(R3 C*). Tt is

self-adjoint on H, with domain H'(R3 C*) and form-domain E := HY?(R3,C*).
Moreover, it is defined to ensure

HE = —-A+mj.

The spectrum of Hy is (—oo, —mp| U [my, +00), and the projector associated with
the negative (resp. positive) part of the spectrum of Hy will be denoted by A~
(resp. AT). Finally, we endow the space E with the norm |[¢||% := (¢, |Ho|¥) 2.

Using the convention 79 = 1 for the protons and 79 = —1 for the neutrons, the
densities can be written as

A

ps = Yk, (1.22)
k=1
A

po = Y Uitw, (1.23)
k=1
A

poo = Y Uitk — Z Ytk (1.24)
k=1 k=Z+1
A

Py = D vitn (1.25)
k=1

with Z the number of protons, N = A — Z the number of neutrons and 1; = BT
furthermore, the nonlinear Dirac equations are given by

2 7mg|| 2 —my, ||
g € 9, [ €
H ;= |Hy—pBZ= | ——— Zw 1.26

2 —m H 2
9y (e ™ e 1 . .
(7 “m>+m<rﬁ%ﬂw1€”1
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if1<i<Z, and

2 efmgH 2 €7m“’H
Hn,\llwi = |:HO — ﬁg—a ( *ps) + Z—; ( | : | *po) (1.27)

—myp ||
gp S *poo | | ¥i = ey
A7 [

fZ+1<i<A with¥ = (¢1,...,0z,%741,...,%4) and under the constraints
Jgs ¥y =635 for 1 <i,j < Z and for Z+1 <i,j < A.
In what follows, V,, v and V;, v denote the potentials of the nonlinear Dirac equa-
tions, namely V,, v = H, v — Ho for p =p,n

Note that the scalars ¢; can be seen as Lagrange multipliers; indeed, the nonlinear
Dirac equations are the Euler-Lagrange equations of the energy functional

Z/ Vi Ho; — I // pa(@)paly) eme 2=l dady (1.28)
R3 xR3 |:c—y|

+gw // pO ) 7mw\zfy\ dl‘d’y
iy R3 xR3 |9U - y|
9, P00 () poo (y)

+_p// Poo () poo (y e~mol7=Yl drdy
87 R3 xRR3 |9C - y|

2
+e— // /)0 (v) dxdy
87 R3 xR3 |$ - ZJ|

under the constraints [p, ¥ 1p; = 6;; for 1 <4,j < Z and for Z +1 < i,j < A
Since this functional is not bounded from below under the constraints [ps ¥;1; =
8ij, as in [[ (see also [[]), we introduce the following minimization problem

I inf{S(\Il);\Ile(Hl/Q)A,/ Wi =iy 1< i j <22 +1<ij< A,
R3

A g (@t 2) = 0, Ay (W1, ) = o} (1.29)

together with its extension
LA da) = inf{g(\lf);\lf € (H”Q)A,/ Vi = Nidij, 1 < i, j < Z,
R3
Z+1<ij<A N G(Wr,...,07) =0,
AL oz, 0a) = 0} (1.30)

where, for u = p,n, A,:,\p = X(—o00,0)(H,,w) is the negative spectral projector of the
operator H, v,
Ao (0, hz) = (A g, A 4 ¥z)
and
A;,\I/(¢Z+1a ha) = (A;,\IJQ/’Z-Ha s aA;,\IﬂPA)-
In this paper, we prove that, for go, g.,, g, and e sufficiently small, a solution of
the equations ([.26) and ([.27) can be obtained as a solution of the minimization

problem ([L.29).
Theorem 1.1. If g5, 9., 9, and e are sufficiently small, a minimizer of ) 1

a solution of the equations ) and (-)
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Moreover, the application of the concentration-compactness method ([§],[{]) to
the minimization problem ([1.29) yields the following theorem that is our main
result.

Theorem 1.2. If g5, gu,, g, and e are sufficiently small, any minimizing sequence of
is relatively compact up to a translation if and only if the following condition
holds

I<I(A,... AA)JrI(l—)\l,.. 1 —Xa) (1.31)

for all \p € 10,1], k=1,..., A, such that Z A, € (0,A4).
In particular, if (-) holds, there ezists a minimum of (-)

This result is relevant both from mathematical and physical point of view since
it provides a condition that ensures the existence of a ground state solution of
the equations ([L.24) and (L.27). Furthermore, this is the first result relating
the existence of critical points of a strongly indefinite energy functional to strict
concentration-compactness inequalities.

The condition ¢,, 9w, g, and e sufficiently small means that we are in a weakly
relativistic regime. In our proof of the theorems D and @, this condition is
required for several reasons. First of all, if g,, g, g, and e are sufficiently small, we
can show that H,, g is a self-adjoint isomorphism between H'/? and its dual H~1/2,
whose inverse is bounded independently of ¥. Moreover, we need this condition to
prove that a minimizing sequence of ([.29)) is bounded in (H*/? (Rg))A. Finally, in
both theorems, we have to apply the implicit function theorem with g, g.,, g, and
e as parameters.

In section E, we introduce some useful properties of the potential V), ¢ and of
the operator H, ¢ for u = p,n. In section E, we show how we can apply the
concentration-compactness argument to the minimization problem ([.29). Finally,
in the last section, we prove the theorem [L.1].

2. PROPERTIES OF THE POTENTIAL V, ¢

In this section, we describe some useful properties of the potential V), ¢ and we
give a condition on the parameters (¢, gu, gp, €, N, Z) which implies that H,, ¢ is
a self-adjoint isomorphism and its inverse is bounded independently of W.

Lemma 2.1. For any ¥ € (Hl/Q(IRg))A

Vow € L"(R3), 3<r<oo

Vow € LT(R3), 1 <7 < oo.
Proof. The proof of this lemma is an application of Young’s inequality : if f €
LP(R3), g € LI(R3?), then

If > gller < 1 fllzellgllza

withl—i—%:%-ﬁ-%, 1< p,q,r<oo.
We remark that if U € (H1/2(R3))A, then ps, po, poo and p§ are in LP(R?) for
1<p<i.
Furthermore using the definition of the Gamma function, we can show that, for
any A >0, &— | eLq(R3)for1<q<3
Finally, we observe that | ; can be written as | = h1(x) +ha(z) with by € L*(R?)
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for 1 < a < 3 and hy € LA(R?) for 3 < 8 < 0o, where hy(x) L for |z| <1,

= Tal
hi(xz) = 0 otherwise.
Hence,

2 g=mal| 2 /=l 2 =l
ga’ € gw € gp € i
V. = —p=ZZ s == * =
by %r( ] *p)+4w( ] p°)+4w( ] p)

€L1(R3) ( L7e (R?)

2 2

e ey, €
= (@) pf) +

ELI®S) N L7e(RS) LT (R3), 3<r<r

+ (ha(x) % p§) € L™ (R?)

9—3e
€

y i [e-mol g2 [e—mal g2 (el i
oy = —fB-Z [ ——— % pg 2w * -z * eL”
v 47r< ] p)*m( H ”0) 4w< N ”O°> &)

for 3 <r <7, with r. =

for any € > 0, and

for 1 <r<r..
O

Lemma 2.2 ([[[l)). The coulombic potential V(x) = ‘—;‘ satisfies the following
Hardy-type inequalities:
1 /m 2
(@, (pxV)p)pa < 5 | 5+ — ) (0, [Holw) 2, (2.1)

for all o € AT(HY2)U A~ (H'/?) and for all probability measures i on R>. More-
over,

s
(@, (xV)@) 12 < 5 (@ [Holo) 2, Vi € HY?, (2.2)
(e *x V)l <2(Vell 2, Vo € H. (2.3)

Then, using this lemma and proceeding like in (Lemma 3.1) , we obtain the
following estimates.

Lemma 2.3. Assume that

2A+ ¢?>max(Z, N 2
9oA + g, max(Z, N) - _ | (2.4)
4w /24 2/
ZA+ g2A+ g2 Z 4+ 27 2
9o 2 T 92 T 9p < , (2.5)
4w /24 2/
2A+ 2A+ 2N 9
992 T 92 T 9p < . (2.6)
4 w/2+2/m
There is a constant h, > 0, such that for any ¥ & (Hl/Q(RB))A such that
Gramyp: (V) < 1,
and ¢ € HY?(R?),
hulll e < [Hpwibllg-1/2 (2.7)

with ;1 = p,n. In other words, H, v is a self-adjoint isomorphism between H'/?
and its dual H='/2, whose inverse is bounded independently of V.

Finally, a straightforward application of the inequality (E) yields the following
lemma.
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Lemma 2.4. Assume that

2 2 2 2
St gl +9)A+e*Z
d, = (9, + 9 29”) <1, (2.8)
™

2 2 2
+ g2+ g2)A
d, = 90 + 90 +9,)4 g;ﬂ A (2.9)

For any ¥ € (Hl/Q(Rg))A such that Gramyp2(¥) < 1,

Viw < d,l/2|H0| (2.10)
(1—du)'?[Ho| < |Huwl (2.11)

for p=p,n.

Remark. Our estimates are far from optimal. In particular, we do not give any
condition on m, m,, and m,. We can expect that taking into account the meson
masses, one can obtain better estimates.

3. PROOF OF THE THEOREM

This theorem is an application of the concentration-compactness argument (see

BIL.IA). Like in [T}, if (¢4,...,¢%) is a minimizing sequence of ([.29), then we
apply the lemma below (proved in [f]) with the probability P} in R? whose density

A
is 4 p* and p" = 21 k|2,
1=

Lemma 3.1. Let (Py)i be a sequence of probability measures on R™. Then there
exrists a subsequence that we still denote by Py such that one of the following prop-
erties holds:

i. (compactness up to a translation) Iy* € RN, Ve > 0, IR < o
Py (B(y*,R)) >1-¢
ii. (vanishing) VR < oo

sup Py (B (y, R)) — 0;
yERN k
iii. (dichotomy) Ja € (0,1), Ve > 0, VM < oo, ARy > M, Fy* € RN, IR, -
400 such that

|Py (B (y*,Ro)) —a| <e, |Pe(B(WRe))—(1—a)|<e.

In the following subsections, we prove that if the condition ([L.31]) holds, then we
can rule out dichotomy and vanishing.

First, we make a few preliminary observations; let W% = (w’f, . ,1/11131) be a
minimizing sequence and g, gu, g, and e such that d, < % for ;1 = p,n, then ¥ is

A
bounded in (H 1/2 (Rg)) . Indeed, since ¥* is a minimizing sequence, there exists
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a constant C' such that

A Z
C>EW) = > (vf, Hovt) +%Z V5, Vo ur )

Jj=1 j=1
1 A
+5 D (U Vawdd)
J=Z+1
Z A
= > (W5 Hygeth) o+ > (0F, Hygetth)
j=1 j=Z+1
1Z 1 &
52 YRl p,\Ilk’L/] _5 Z (Q/J;Cavn,\llkwf)Lg
j=1 J=Z+1

Then, using the fact that, for any k& € N, 1/1k = A;rwi/)’? forl <j < Z, 1/);? =
AT \I,kz/ﬂ? for Z +1 < j < A and the inequalities (P.10)) and (P-11]), we obtain

A

j=Z+1
1 1
—§;d;/2(w MHolV3) 2 =5 2, A (W Halv])

d 1/2 1 ° k 1 2 d'}/Q k2
ZZ (1= dp)"/? = L= [ @5[[3/2 + Z 2 — 5 197 1 7r1/2-
=1

j=Z+1

As a conclusion, if 2(1 — d,,)/2 — d}/* > 0, that means d,, < 2, then ||\Ilk|\?H1/2)A

is bounded independently of k and I is bounded from below.

3.1. Dichotomy does not occur. If dichotomy occurs (case iii.), then, roughly
speaking, W* = (¥, ... %) can be split into two parts that we denote by W =
(W, ... ,’L/JAJ) and U§ = (¢f,, ... 7¢Z,2)- More precisely, let £, ¢ be cut-off func-
tions: 0 <E<1,0< (<1, ¢&x)=1if|z| <1, &x)=01if |x| > 2, {(x) =0 if
2] <1, ¢(z) = 1if 2] > 2, £,¢ € D(R?) and let &,, ¢, denote (ﬁ) ¢ (;) We
set
Ui = Ere(— )l
5,2 = (r,(-— yk>7/’zk

with Ry ? +00. We remind that dist (supp 7,/151, supp ¢§2) ? 400 and

[of = (Wi + i) 2 0 (3.1)
for 2 < p <3 (see [{]).

Next, we may assume that

fR3 7/’ 1 =X\ 51]7 fR3 i 27/@ 2 = ( - )\i)(sij (3-2)

for1 <i,j<Z, Z+1<i,j<Aand0 <)\ <1. In fact, suppose that Uk is a
minimizing sequence for which the dichotomy case occurs. We remind that £(¥) is
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invariant under the transformations of (11, ...,14) of the form

_ (U O
o= )
where U, (resp. U,) is a Z x Z (resp. N x N) unitary matrix; then, using

this kind of transformations, it is clear that we may diagonalize Gram:(¥¥) into
diag(AF,...,A\%) and Gramp:(¥5%) into diag(l — A¥,...,1 — AK). In particular,

writing Wk = (W, \flf“) and U§ = (@572, Wk ,), we have

=diag(1 — AF,...,1 = )\5),

(¥5.1) (
LR k k
Gramp2(Vy 1) = diag(AZq1,..., AA),
(95.2) (
£ 3) = ding(1— Ny, o1 A)

Gramy (¥ 1

with 0 < )\f < 1 for all ¥ € N. Since {)\f}k is a bounded sequence in R, up to a
subsequence )\f ? A; with 0 < \; < 1; so, to obtain (@)7 it is enough to consider

a small perturbation of \i/’f and \i/é“ More precisely, if 0 < \; < 1, we take

ko [Tk ko 1o 7k .
i1 = A_;“/’i,la 2 = 14&%,2:
i\ =0,
ko ko Tk .
i1 =0, Vi = /15F¥iz;
i =1,

ko 1.7k ko_
i1 = \/ XYL 1/%’,2*0-

We remark that W§ = (¢F |, ..., 0% |) and W5 = (¢F 5, ..., 9% ,) do not necessar-
ily satisfy the constraints of I (A1,...,A4) and I (1 —MAq,...,1 — A4) respectively,
then we proceed as follows.

First, we show that

— . Z
J¥WWh,ww%)70m(mﬂ®ﬂ),

Ai\pk(q/}ngl e Phg) = 0in (Hl/Q(R3))Na 53
1 ' ok
and
Ay g (Vo) = 0 (HY2(R)” o
A s (V10 Bho) = 0 (HV2(®)". |
Second, using the implicit function theorem, we construct ®f = (®F |, @) ), &5 =

(@’;72,4)4312) € (Hl/Q(R?’))Z X (HI/Q(R3))N, small perturbations of ¥ Wk in
(Hl/Q(Rg))A, such that
A;qﬂ;@g,l =0, A;@f@gl =0, (3.5)
- - - kK _
Ap,@’; (I)P,Q - 0’ An1q>72fq)n,2 =0 (36)
and
Gramyp2 (@Zﬂ-) = Gramp: (\Ifﬁl) (3.7)
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for y=p,nandi=1,2.
In conclusion, thanks to the continuity of £ in H'/?(R?), we obtain
I = lim &%) > lim £(T}) + lim £(VE)
k=00 k—o0 k—o0

= lim &(®7) + lim E(®5)

k—o0 k—o0

> I(}\l,...,)\A)+I(17>\1,...,17AA)

that clearly contradicts ([.31)). We remind that the first inequality is obtained by
using the properties of localization of W, W5 VU4 and V5.
We start by showing that

z
A;q,llc(i/}fp e 77/’21) ? 0in (HI/Q(RB)) .

Using the formula (see [id])
[t

Ap—A, = o [(A—in)~' = (B—in) '] dn (3.8)
1o[ree S \—1 S \—1
= 5 (A—in)” (B —A)(B—in)"" dn,
we can write
A prtin = A gt = (3.9)
1 Foo . 1 . 1 .k
= o (Hp,\pk —in)” (Hp,\p’f - Hp,\I/k)(Hp,\Iﬂ; - “7)_ i,1 dn.
fori=1,...,Z. Hence, if we prove that
- k
‘ Apv‘I’kwivl ’Hl/z ?
and
oo 1 1,k
|t = i) g Hp) 0y = im0k | dn 0

we can conclude that

A k —
P7‘I’)f1/}171 HY/2 k

First of all, we consider

fk(n) = H(Hp,\I/k - in)_l(Hp,\Il’f - Hp,\I/k)(Hp,\I/’f - “7)_1 zk,l

and we prove that, Vn € R,

’Hl/Z

FH ) —0.
In particular, we decompose the proof of this fact into two lemmas.

Lemma 3.2. Assume that g5, 9., 9, and e are sufficiently small and let Uk be a
sequence in (Hl/Q(Rg))A such that Gramp2(9*) < 1, Vk € N, and ||\IlkH(LP)A is
bounded independently of k fm: 2 < p < 3. Then for any ¢ € L*(R3) and for any
1 € R, there exists a constant h, such that

o 1 C
H(Hp,\lfk —in) 150HH1/2 < W <|<P|L2 + W |<P|L2> (3.10)
p
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with C a constant that does not depend on k.

Proof. First of all, we write

(Hpur —in) "9 = X
¢ = (Hpgr —in)x
o = (Ho—in)x + Vpurx
(Ho—in) (e = Vouex) = X

where V, g1 = H,, g1 —Hy. It is easy to show that if ¢ € L?(R3), then y € H'/2(R3);
indeed, there exists a constant h, > 0 such that

2 . . 2 2
||</0HL2 = ((Hp,\llk - ZT])X) (Hp,\Ilk - ZT])X)L2 = HH ,\IlkXHLz + 772 HXHL2
2 2 2 2
> mphiy X2 + 07 Ixl72 = mihy [z +0* X[l

thanks to Sobolev embeddings and lemma @
Next, to have a good estimate of the H'/2-norm, we use its definition and we obtain

2

X3 = ||(Ho —in) " (o = VoowrX) || /o
— 2
/ (m2 + [p)? ¢(p) = Vpwrx(p)
RS Hy(p) —in

(m3 + [p|?)!/2 ol
o T o (0[] )
0

(mg + [p*)*/? ( 2 ‘/\ 2)
/RS m127+|p|2+772 |90(P)| + p,\I/kX(P) P
/ (mf + [p[*)*/? 16(p) 2
re (M + [p|2)1/2(mg + n?)1/2

1
< (CET DR (H@Hi2‘F’“GkaXHiz)-

dp

IN

Vo)) dr

To conclude, we have to find an estimate for ||‘/p7\1,k)(||L2. In particular, we have

2/3 1/3

IN

[Vowrx|[ 2 Vo || pas Xl pors < ([Vowr [l s IZ2" IS

c
Clli s || (Hp e — i) w\!m_wuwnm

IN

where izp = mph, and C is a constant that does not depend on k. Hence,

1 C
| (Hpwx —in) "0l jije < —5—773 | loll2 + =———=—= el
P, H/ (m52,+772)1/4 (h2+772)1/3
P

vn e R.
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Lemma 3.3. Assume that gg,gw,gp and e are sufficiently small; let ¥* be a min-
imizing sequence of (|1.24 (-) and W%, Uk defined as above. Then, fori=1,...,7,

. L?
(i = Hywi) (Hy gy —im) "y =0 Vp€R. (3.11)

Proof. First of all, we study the behavior of
(Hp,\lﬂf - “7)711#5,1

far from y*. In particular, we consider a translation by 2* such that |z% — y¥| - o0,

and we analyze

(Hp Uk (z4ak) — ) 1"/)1 1($+1‘ ):: Tk(j+zk);

k

hence 7% is a solution of

(Hp,\I/’f(:Eerk) - in)Tk(j + xk) = zkl(‘r +a )

We remark that Ve € C2°(R?)
/ vhi(o+ )o@ ds = [ (o4 (@ = )t + a)e@)do o,
RS

then ¢, (- + 2*) converges weakly to zero in H'/?(R%) and, thanks to compact
Sobolev embeddings, there exists a subsequence that convergesin Lj  for2 < p < 3.
We still denote by zbﬁ 1 (- + 2%) this subsequence.

LP
In the same way, we find that (H,, gr(4r) — in)T* (- 4 zF) % (Ho — in)T°°(").
Then (Hp —in)7>° = 0, that implies 7°° = 0.
Hence, we have that Ve > 0, 3A > 0 such that VR > 0

sup ”Tk”LP(B(z,R)\B(y",A)) <e (3.12)
T€R3

for k sufficiently large and 2 < p < 3.
Now, using (B.12), we can estimate the norm of 7% in L? (R3\ B(y*,A)) for 2 <
p < 3. If we denote by @Q; the cube in R3, then

k k
|7 ||Z£p(R3\B(yk,A)) = Z I HiP(Qz\B(y’“,A))
lez?
k k| p(1—0)
< Y I I o s an 1T s e
lez?
1—6 1-6
< opo Z |‘Tk|‘i(3(Q) < P op(1-9) ||7'k||1;1(1/2(]3g3)
lez3
S Ep@ép(l—G)

for 0 < 6 < 1 such that % = g + 1%9 thanks to the interpolation inequality and
Sobolev embeddings.
Hence, Ve > 0, 3A > 0, such that

HTkHLP(RS\B(yk,A)) <e (3.13)
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for k sufficiently large and 2 < p < 3.
Second, we consider the potential

A .
wk .= Hy,gw—H,gr = _59_2 <€ || * (%’1 w ¥j )>

Z(—*(w fwff)) @11

and we estimate the L7-norm of W* in BX := B(y*,A). Using (B.1) and the
definitions of 1/);“’1 and 1/1;?72, we obtain, for 1 < p < %
1950950 = |y < 950950 — (5 + 952) W + 452 | o
O[5 + 95 = U] esy 2 O

and, in the same way,

1l = k|

2 2
HWH —‘( f,1+ 7o)l ‘LP(BZ)

+C |[v5a + 452 = U Lanas) 72 O

L»(BX)

Next, we remark that this potential contains three types of terms; for the first one,
we have

e_mf!H

|| *(’JJ,I Q/ka)

,ma‘.‘
|-
Similarly, for the second type of terms, we obtain
el 2 2
= (W = i)

L7(BX)
e_mwl"l

SR [CARB]

For the last term, we remind that ﬁ can be written as ‘—i‘ = hi(x) + ha(z) with
hy € L%/'2(R3) and hy € L7(R?), where hi(z) = ‘71‘ for |[z| < 1, hy(x) = 0

L7(BX)

H (1%6,11#?,1 - @cw;c) HL5/4(BZ) 7 0-

e

L35/12(BZ)

%
L35/12(BK) L3/4(BX) k
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otherwise. Then

| = (etal? = 1ot?)

L7(BY)
< \n k|2 k|2
< Wallgssrsziogy || (195" = 15) o
k|2 k|2
+ “hQHU(BZ) H (’7/’]‘,1’ - ’7/)]’ )’ LBk ?
Finally,
W L7 (By*.a)) = 0. (3.15)
In conclusion, using (B.13) and (B.15), we obtain
2
N1,k _ k k|2
H(Hp,\I/’f - Hp,‘I”‘)(Hp,‘I/’f - ”7) i,l‘ L2(R%) = ||W T HLZ(]R3)
k_k||? k_k||?
< |t ||L2(B(yk,A)) +|[whr HL2(R3\B(yk,A))
k|2 k12 k|2 k(|2
< |w ||L7(B(yk,A)) ks ||L14/5(]R3) +{[w ||L7(]R3) [s HL14/5(]R3\B(yk,A)) o 0.
O
Hence, if we apply the lemma 3.9 to ¢ = (H, g1 — Hy i) (H,, gt — 1)~ "bf; and
we use the result of lemma @, we can conclude that
|y = im) ™ (g = Hya )y = i) k| =0 (3.16)

for all n € R.

Finally, to prove that fj:oo fE(m)dn — 0 as k — oo, we use the Lebesgue’s domi-
nated convergence theorem.

Indeed, the sequence f* converges to f = 0 for all n € R and is dominated by an
integrable function g. In particular, using 1emma@ and its proof, we remark that,
Vk € N,

1 C
k k =1,k
\fF)| < CERDIE <1+ (fz,%+n2)1/3> HW (H, gx —in) " 5y Lo
> C
S 7 1 + = ’l/)zk 2 = g\n
(m127+772)1/4(h12)+772)1/3 < (h’127+772)1/3> || ,1||L ( )
< _ 14— 9 = g(n)
(mg +n?)V4(h2 +n?)1/3 (h2 +n?)1/3

and g(n) € L'(R). Then

—+o0
| fwmdnpo

Now, to prove that A;\pkwfl = A, gn€ro (- — y*)F converges to 0 in H'/?(R3),

we give an estimate on the commutator [A;w,&go( - yk)} Writing £g, ,+(-) =
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€Rr, (- — y¥) and using Cauchy’s formula, we infer

[A, ¢ } 7 1 [t 1 ¢ ¢ 1 g
R R 7 B - A e A
I 1 1
- = S — S Hy g +in)] ————d
2r J_o H,gr +in (€t Hp v+ 1) Hy, yr +1in K
. 400
7 1 1
= —— —— -V ———d
21 ) _oo Hpwr +1in €R07kap,\I/k +1in "
Hence,
H[Af &R k}wk CI/+°O VR [l 15
k> s ] — 7
PR SROYE T [ —oo (M} +n?2)/4(h2 4 n?)t/3
ven [ [V
oo (M2 PYTA(R2 + ) (R + )
C
S -
Ry

with 6 > 0. Then, choosing Ry large enough, we obtain

<e

[ g ]

H1/2

and, since A;\yk"/}zk,l = [A;@k,§R07yk} PF + §Ro7ykA;\sz/Jf and A;g,ﬁ/)f =0, we
conclude that

A;qﬂf(wllc,la' c ,1/1%1) ? 0

in (H'/2(R%))”,
Moreover, with the same arguments used above, we prove that

A.,;\plle(wngl,la e awi,l) ? 0
in (HV/2(R3))".
Furthermore, to show that
AWy E ) =0 and AT, (WE YR =0
p,UE\V1,2 ' V7,2 k n,WE\VYZ+1,2 » VA2 k

in (Hl/Q(R3))Z and (H1/2(R3))N respectively, we can proceed as before; only the
proof of
- L?
(Hp,\llé' - Hp,\Pk)(Hp,\Ilg - ’”7) ! zk,l 7) Oa V77 € Ra (317)

is slightly different. In this case,

1 Hp v — Hp w27 R B(y* 2R0)) - 0
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thanks to the localization property of wf,l and (Hp,\p’; —in)‘lwﬁ2 converges strongly
to zero in LP(B(y*,2Ry)) for 2 < p < 3. In conclusion,

2
o N—1.k
H(Hp,\l/g - Hp,\l/k)(Hp,\Iﬂ; —in) i,2’ L2(RS)

2
N1k
< O H(Hp,\yg —in)” i L1475 (B (g 2Ro))

2

o H H o —H ‘ N
+C ||( p, Wk p,\w) LT(R3B(y* 2Ro)) K

z
1> p,?’(I)fl,Q) € (Hl/Q(R3)) X

(H1/? (Rg))N, small perturbations of U¥ W% in (H1/2(R3))A, that satisfy the con-
straints of I (A1,...,A4) and I (1 — A1,...,1 — A\4) respectively. For this purpose,
we use the following lemma and his corollary.

Now, we want to construct @’f = (<I>k (IDZJ), @’5 = ((IDk

Lemma 3.4. Take U = (U, 0,)) € (HY2(R?))” x (HV2(R*))" such that
i. Gramy2 (V) = Gp < 1z and Gramg: (V,,) := G, < 1y are invertible
matrices;
[455%]

— < T
"A”"I’\p""(ﬂl/Z)N =

ii.
<0

A;,\I/\IIP

for & >0 small enough.
If 9o, 9, 9p and e are sufficiently small, there exists ® = (@), ®,,) € (Hl/Q(RB))Z X
(Hl/Q(Rg))N such that

A;(PCIDP , (3.18)
A;ﬁq)tl)n = (3.19)
Moreover,
Gramp: (®)) = G, (3.20)
Gramyz (®,) = G,,. (3.21)

Corollary 3.5. Take U* = (¥}, 0F) e (Hl/Q(IRg))Z X (H1/2(R3))N a sequence of
functions bounded in (H1/2(R3))A such that
i. Gramye (\Pk) = Gp < 1z and Grampe (\Ilfl) = G, < 1y are invertible

P
matrices that do not depend on k for any k € N;

ii.

- k
45088 e 0
- k
HAn,‘I/k\Ijn (H1/2)N ? 0.

If 9o, 9w, 9, and e are sufficiently small, there is a constant kg € N such that, for
any k > ko, there exists ®F = (Ok OF) € (H1/2(R3))Z X (H1/2(R3))N with the
following properties:
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a.
AL o ®p =0, (3.22)
A ® =0, (3.23)

b.
125 = B3| 4g1/2y2 2 0, (3.24)
@5 = T3l sy 2 O (3.25)

C.
Gramp: (®)) = Gy, (3.26)
Grampe (@ﬁ) =Gy. (3.27)

Proof of lemma [3.]. Given an M x M matrix B = (b;;), we denote ® @ B the right
action of B on ® = (¢1,...,0Mm) € (L2 (R?’)) . More precisely,

M M
) = (Z bi1 iy s Z bmf%)
i=1 i=1
and, by straightforward calculation, we obtain
Gramp2(® e B) = B*Gram2(®)B

where B* denotes the conjugate transpose of B.
First of all, for u = p,n, we consider

U, =T,eG, !> (3.28)
and we observe that

Gramp,: (\i/p) =1y,
Gramyz (\fln) =1y.
Second, we define
+ + g + g )72 + g12\?
b = AfyU,e|Gramp (Ap,q,\l/p)} e (M HY?) (3.29)

At T, e [GramL2( ¥, } (A+ HW)N. (3.30)

thanks to the hypothesis fii] of the lemma.

Remark that Gramj: (A+ T ) and Gramp: (A \I,\I/n) are invertible matrices
Next, we look for (i);,cf);) (A H1/2) X (A H1/2) such that, taking

O, = I (®,)e G

we have
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with @ = (9,, ®,,) and l(i,;, lg+ defined by

lg+(®,) == ((i)j + (ir) o [GramLz ((f* N (i)*)} ~1/2

P 1 1 n
for p = p,n.
z
We observe that lg+ and I3+ are smooth maps from (A;‘I,Hl/z) to (H1/2)Z and
N

from (A;\I,Hl/Q) to (H1/2)N respectively; furthermore,

Gramyp: (®,) = Gy,

Grampz (P,,) = G,,.

Now, to prove the existence of ® and ®,, we apply the implicit function theorem.

We remark that the equations (B.31)) and (B.39) can be written as F(g, é;, d)=0
where F is a nonlinear C! operator and g = (g, gu, gp, €). In particular,

A;,WA;@@# -

— 00

_ (1 [T o o
AL g®u+ Ay (%/ (Hyw —in) " (Hyo — Hyw)(H, e —in) 1<I>Hdn)

and
_ — =S =\ 2 1/2
Au,\l,il)u = Au,\l, (@u + (I)u) ° []l + Gramp2 (@M)} oG
5 5 —1/2 1/2
= $, 0 {]l + Gramy,2 (@;)} ° Gu/
Hence, we define
X _ Fp(g7(i7,§);)
F(gv(pp? n) = < "p_ —
Fo(g9,®,,®,)
where
~ ~ ~ ~ —-1/2 ~
Fy(g,®;,8,) = & o []1 + Gramy (@;)} ¢ GY2 1 K, (9,5, 8;), (3.33)

F— &— 5 = \17Y2 e 5 &—
Fulg, &, , ;) = &y, o []1+GramL2 (cpn)} ¢ G’ 4 K, (g,;, ;) (3.34)

and
5— & _ 1 -1 -1
Ku(gaq)paq)n) :A#,\y% (Hu,\ll _“7) (Hu,<1> _HM,W)(HM,‘P _”7) (I)u dn
for p = p,n.
Using the definitions ([L.26) and ([.27), we obtain

Kp(0,®,,®,) = K,(0,®,,®,) =0,

and then F'(0,0,0) = 0.
Now, to apply the implicit function theorem, we have to check that

F iR x (A;@HU?)Z x (A;\I,Hl/Q)N — (A;@HU?)Z x (A;QHU?)N
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is a C! operator and D2 F(0,0,0) := Fo- o= (0,0,0) is an isomorphism. We remark

that
X oGy
D3F(0,0,0)(x,7) = ) (3.35)
7o Gy

and then it is an isomorphism, since G,l,/ * and G,l/ * are invertible matrices.
Proceeding as above, we can easily show that F' is well defined in (A;q} HY 2)Z X
(Aar)
Next, we have to prove that F(g, é; , é; ) is C!; by classical arguments, it is enough
to show that for (y,7) € (A;\PHUQ)Z X (A;\PHUQ)N

0F, (g, <i> z
8&)*

)
aon(g ( Q)Z
e (A

2)N
)

(A HY/?

aqr
OF,(g,®; ,<1>‘)
b

and we leave the details of this part to the reader.
Then, applying the implicit function theorem, we conclude that there exist U C R*,

z N
V, C (A;\I,Hl/Q) and V,, C (A;’\I,Hl/Q) neighborhoods of 0, and a unique
continuously differentiable function f : U — V,, x V,, such that F(g, f(g)) = 0; that

means that for g,, g, 9,, € sufficiently small, there exists (®,, ;) € V}, x V}, such
that

oF, (g, ,
N

(A /2

Ajgh, ePp = 0,

AL oA, 5P = 0.
In particular, U = B(0,7), V, = B(0,7) and V,, = B(0,n) with 7,7 > 0 and from
the proof of the implicit functlon theorem, we know that, fixed 1, we can choose

v such that f : U — V, x V,,. Then we take n and v such that DyF(g,x,7) is
invertible V(g, x,7) € U x V,, X V.

_oN11/2
Now, we denote B, := {GramLz (A;\I,\Ilp)} and we remark that

U, = AU, +A,7,

So we may write

As a consequence,

. - . —1/2
l&)+(A;‘I/\I/p.B71) = (\I/poBgl)o {Gramy (\IlpoBgl)} .

B P
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We can easily compute

Gramp: (U, e B;l) = (B}

p

)" 'Gramp: (V) B, = (B,B;)~"
where B, denotes the conjugate transpose of B;,. Since B, is hermitian,

GramLz(\ilp ° Bp_l) = (B;)_1 = (Bp_l)Q,

lé;(A;\Ij\in ° Bp_l) = (\i;p ° Bp_1> ° (Bi)l/Q _ \'I'Ip

and
los (A, g Wpe B, ) e G2 =0,
Hence
- T — -1 1/2
190~ Wyl e = || fa (8) L (B e B 02| o (336)
with \fJ; = A;\I,\flp. In the same way,
1@ = Call oz = ||[lag (B2) — oy (U 0 B @ G1/2H e (337

1/2

with \fJ; = A;\I,\iln and B, := [GramLz (AI‘I,\IJH
We remind that the maps [+ and lg+ are smooth; then, to have an estimation of

the norms (B.34) and (B.37), it is enough to estimate
H<i>; — VU eB! and H<i>; ~U-eB!

n n

’(Hl/Z)Z ’(H1/2)N'

Indeed, Ve > 0, 36,,d,, > 0 such that

Hi); — \i/; eB ! < 5p = Hlé;((i);) — l&);(\i/; .B;;l)H

p

(H1/2)2 (H1/2)Z

and
H&); ~ ¥ e B!

n

< - T — _ . T — _1

gy <00 = 1 (@) — oy (e B
Now, for § small enough, ( S eB! U oB’ ) € V,y x Vyy; then F(g, ¥ s B, 1L U-e
B; 1) is differentiable and D2 (9, \i/; B, 1L U-eB1):=Qis 1nvert1ble Vg eU.

Using this fact, we can write

F(g,®,,®,)=F(9,%, B, ', ¥, B, ")+ Q(®™ — ¥~ e B ") +u(g,®,,®;)

porEn
with

= P S S~ s B, 0

@ :(¢p5®n):f(g)7\p :(\IIZ)?\IIW,)?B: 0 B’n,
and

ulg,y
. lustg: s .
y=T-eB1 ||y - ,371’
(H1/2)A

and this implies
(@~ — U~ eB)=—-Q 'F(g, ¥, e B,' U, e B ) —Q u(g,®,, P,).
Moreover, thanks to (), we know that there exists 0 > 0, such that

1 ~
< s [y - ¥ e B
||u(gay)||(Hl/2)A = 21Q 1] Hy ° (H1/2)A
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if

‘y—\il_oB_lH <é.
(H}/Q)A

Then, choosing n < g, we have

. - -1 -1 T — -1 §— -1
|o—wemt| o< 1Py e B e B |
| -1
+= ’CI) — U~ eB H
2 (H1/2)A
and
. . A=W .
qu - .B—1H e < C‘ ( Wy )H < C5. (3.39)
(H1/2) n,w =n (H/2)A
Finally, choosing 6 < %, we obtain
[P — Upll grr/eyz <€ (3.40)
( )
and
10— Bl g2y < 2. (3.41)

To conclude the proof of the lemma, we have to show that
A;‘y : ImA];(I> — ImA;q}
ALy i ImAT o — ImA-

are one-to-one operators. We remark that

‘ - ‘ Aoy — A

[

A;sz;\p - I

Mo (M = Aya) |

L A;(bH <

mA, 4 p7(bH a ‘

IN

< 1.

Apﬂ/ - Ap,<1>

As a consequence, Ap,<I>Ap,‘I/ is an invertible operator and ApAP is one-to-one from
ImA 4 into ImA_ . In the same way, we can prove that A,  is one-to-one from
ImAmq> into ImAn,\I,.

In conclusion,

O

Proof of corollary . To prove this corollary, we apply the lemma to U¥ for
any k € N and, to obtain (B.24) and (B.29), we use the inequalities (B.3), (B.37)
and (.39).

O

Now, using the corollary @, we can conclude that if gs, g.,, g, and e are suf-
ficiently small, there is a constant kg € N such that, for any k& > kg, there exists

oF = (Bk | Ok ) e (HY/2(R?)? x (HY2(R?))"™ with the following properties:

1.
A;q),f@’;l =0, (3.42)

A;@,fq)j;,l =0. (3.43)
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ii.

k k
1251 = Yol ra/2y2 22 0 (3.44)
||(I)fl,1 - \IIZJH(HUQ)N ? 0. (345)
i For 1<i,j<Z,Z+1<i,j<A,
R (3.46)
R3

In particular, if

Grampe (V) ) = diag(A1,...,Az) and Gramg: (U} ) = diag(Az41,...,Aa)

n,l

are invertible matrices, we apply the corollary E to Wh.

On the other hand, if Gramj2 (\I/’;,l) or Gramp2 (\Ilf“) is not an invertible matrix;
then there exists i € {1,..., A} such that A\; = 0. As a consequence, ¢}, = 0 for
any k € N.

We assume, without loss of generality, that \; =0for 1 <i<rp, Z+1<i<r,
and \; # 0 forr, <i < Z, r, <i< A, and we denote Uk = ( k ...,wgl) and

p,1 — rp, 12
\I/Z,l = ( alfn,p B 71%271). Since
Gramp:2 (\ilgl) = diag(A,,,...,Az) and Gramp: (\ilfll) = diag(\r,, ..., Aa)

are invertible matrices, we can apply the corollary @ to \i/]f = (\i/k

p,L
obtain, for any k > ko, ®} = (5 |, ®F |) such that

‘i’fu) to

1.

_ 2k o
Ap &f@pql =0,

_ Y
An,liﬂfq)"vl - Oa
ii.
5k Tk
H(I)ZDJ \IlpylH(Hl/g)zfrp+1 ? ’
FOL
H n,1 n,1 (H1/2)N=rn+1 70’

iii. Grampe (\iﬂgl) = Gramye (Cﬁlgl) and Gramy: (‘i’ﬁl) = Gramp. (Cﬁfﬂ)

To conclude, it is enough to take @’;,1 = (0,...,0,95’,;71,...,45’},1) and (I)ful =
0,...,0, qﬁ’jml, . ,qﬁlju), and remark that H,, g1 = H%@f for p = p,n.

In the same way, if ¢,,9.,9, and e are sufficiently small, there is a constant
ko € N such that, for any k > ko, there exists ®§ = (®F ,, ®F ,) € (H1/2(R3))Z X
(H'/? (Rs))N with the following properties:

1.

Ak ®F =0, (3.47)

p, Pk

AL g ®F, =0. (3.48)
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ii.

H(I)I;;Q - \111;372"(;11/2)2 ? 0, (3.49)
||(I)fl,2 - \IIZ,QH(HUQ)N ? 0. (350)

iii. For 1<i,j<Z,Z+1<i,j<A,
/ ¢z 2¢j2 - - z) ij (351)

Using (B.44), B-49), (B-49), (B.50) and the continuity of £, we remark that
lim £(¥F) = lim E(PY),

k—o00 k—o0
lim £(V5) = lim £(®F),
k—o0 k—ro0

and then, if dichotomy occurs, we have

I = lim £(U*) > lim £(VF) + lim £(U5)
k—o0 k— o0 k— o0
= lim £(PF) + lim E(PF)
k— o0 k—o0
> T, da) +1(1=Xp, .., 1—Xa). (3.52)

It is now clear that (B.59) contradicts ([.31).

3.2. Vanishing does not occur. If vanishing occurs (case ii.), then VR < co

2
sup / ’wﬂ —0
y€ER® JB(y,R) k
for j=1,...,Aand ¢f,..., ¢k converge strongly in LP(R?) to 0 for 2 < p < 3 (see
lemma 7.2 of [[J]). As a consequence,

k k*
i £(V) Z&H;o/ i Ho

and
A
T, da) =mp > A
j=1
thanks to the constraints of the problem.
This contradicts () because we have
I=mpA= me)\ —l—mbz (T=X) =T\, )+ T (1= Xp,..., 1= X)),

At this point, we have shown that any minimizing sequence satisfies the following
compactness criterion: Iy* € R3, Ve > 0, IR < oo

>1—e.
AZ/B(ykR)

We denote W* = W (-4 »*) and we remark that the energy functional £ is invariant
by translations and T* is in the minimizing set; then ¥* is a minimizing sequence of

(L:29). Since ¥* is bounded in (H'/? (Rg))A, ¥ converges weakly in (H1/2(R3))A,
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almost everywhere on R? and in (LfOC(R3))A for 2 < p < 3 to some ¥; moreover,
thanks to the concentration-compactness argument, U* converges strongly to ¥ in
(L2(R3))” and in (LP(R3))™ for 2 < p < 3.
As ||Y); — ’l;fHL2 — 0 for k — 400, it is clear that
b = i PRk =6

RS wz Q/J] k—ir—ir-loo RS 1/11 J )
for1 <i,j<Zand Z+1<14,j < A. Furthermore, A;@\ilu =0 for u = p,n.
Indeed, as before, 1

_ _ - 1o[ree o 1
Mgl = A g = 5 [ Hyg =)V, = Vg g — i) d

and

| = )7 V5 = V) H = i) 7] >0

since ||1h; — zﬁfHLp - 0 for 2 < p < 3. Then, applying the Lebesgue’s dominated

convergence theorem as above, we obtain

HA;‘iﬂ;j - A;q,kq;j

—
H/?2 k

forpy=pif1l<j<Zand p=nif Z+1<j<A. As a consequence,

— 0
L? k

A0 = A ]

and

= O7
2

ool

T
L2 k—+oo %‘Pkd)j

~ A ]
L2 k—+oo m‘lfkw]

thanks to the properties of the spectral projection A; & and using the fact that
lleh; — ’l;fHL2 - 0. So we can conclude that U satisfies the constraints of the
minimization problem ([L.29).

Finally, we have to prove that

E(T) < liminf E(TF).

k— o0

It is clear that if ||¢b; — 1/3f|\Lp . 0 for 2 < p < 3, then

(1/%, V#,gw/?j) = lm (1/3?, V#,W/?f) (3.53)
forpy=pif1<j<Zand p=nif Z+1<j < A. Moreover, we observe that

HAV/;J' — Ak

e Sl 0w - )

‘Hm + H(A;@k - AE,@)%HHW

and, with the same arguments used above, we obtain

R

H/2 k—+o00

o (3.54)
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Then, using (B.53), (B.54) and the weak lower semicontinuity of the H'/?-norm, we
get

E(W) i (s 1Hol4;) , - 2i (A, 1HoIA05)
Fi Z - . j:11 A .
) ; (%" Vp,‘i/wj)L2 +3 j:zZ:H ( i Vn,@%‘)LQ
< liminf E(UF) < E(D).

As a conclusion, ¥ is a minimizer of ([.29) and the minimizing sequence ¥* is
relatively compact in (H'/2)4 up to a translation.

4. SOLUTIONS OF THE RELATIVISTIC MEAN-FIELD EQUATIONS

In this section, we prove that, in a weakly relativistic regime, a minimizer of

(I.29) is a solution of the equations ([.24) and ([.27).
Let

X = {'y € B(H);y =~ (m2 — A)V4iy(mE — A)YV* e 01(7-[)} (4.1)

where B(#H) is the space of bounded linear maps from H to H and oq(H) is the
space of trace-class operators on H.
Now, to each P € N, we associate

Ip={ye Xy =n,tr(y) = P}. (4.2)
Given v = (Vp,n) € X x X, we define
2 —mo || 2 —mu |
9o (¢ 9 (¢
H = |Hy— B22 s ) + 2 4.3
p,Y Vp |: 0 /847'(( || *p>+4ﬂ_< || *Po) ( )
+g§ el (L,
An | . | P00 A | . | pp 7?
H 1y — gl (1 g (e 1.4
= [z () 2 (Sem) )

where
ps(x) = pp(x) + pn(w)
po() pp(sc) + pn()
poo(x) = pp(x) = pn()

with pp(z) = tr(Byp(x, x)), pn(x) = tr(Byn(z, 2)), pp(z) = tr(yp(z, z)) and p,(z) =
tr(yn (z, 7)).
Finally, we define

A;t,—y = Xrx(Hpy),
Avﬁz:,y = Xr+(Hp,y)-
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Let U = (U, ¥,) be a minimizer of the problem ([.29); to prove that 1; is a
solution of (@) for 1 <i < Z and of (.27) for Z +1 < i < A, we proceed as
follow: first, we consider 7, and 7, the orthogonal projectors defined by

Z
o = D_ 1) (Wl (4.5)

and
A

Y = Z i) (@il (4.6)
i=Z+1
and we denote ¥ = (Jp,%x); then, we show that the commutator of the operator
H,, 5 and of the projector 7, is zero for u = p,n. This implies

Hp,‘il’lz)’i =eqy; for1<i<Z,
H, g0i=enl; for Z+1<i<A.

First of all, we observe that if ¥ is a minimizer of ([.29), then the vector =
(Ap, An) is a minimizer of the energy

EVpyyn) = tr(Hovp) + tr(Hovn) ——// ue_m“‘m_y‘dxdy
R3xRS [T — Yl

// pO ) 7mw|x7y| d.’L'dy
R3 xR3 |$ - y|
// pOO pOO( ) 7mp|x7y|dxdy
R3 xR3 |$ —yl
Pp(2)pp(y)
dxdy 4.7
SW//]RJXRJ |$_y| 4.7

on FJZryN = F} X F} where
+
Iy
Jr
'y

{w €Tz =AM whis b
{'YnEFNQ'Yn— n'y'Vn ’Y}

Next, we remind that
— g+ -
HHW - Huﬂ + Hu,v
with Hf =AY H, At and H, =A, H,.A,_ for u=p,n. Then
(Hpuys Yl = [H:[,w%} + [H;Zw%} :
It is clear that 1"2 N is a subset of
f‘Z,N = {fy = (’yp,’yn) & FZ X FN; [HP_KY”YP] = 0, [H;,Y”yn] = 0}
and, since § € F'Z" N> We obtain [H!z;y,’y#} =0 for u = p,n. Thus, to conclude, we
have to prove that [H:’v’ ’yﬂ} =0 for 4 = p,n. We proceed by contradiction.

We suppose that [ A ’yp} and [ AP 'yn} are different from zero and we define
- -1 - - -
= Uy (Uy) = exp (—6 [H,,f@, %D Fp exp (6 [H,,f@, %D , (4.8)

e =UAn (L{fl)fl ‘= exp (*5 {H:{:W:YnD Yn €XP (5 [H:{,»;a:}’p]) - (49)
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In particular,

|95 (] (4.10)

M~

5o =

~.

i

[95) (5] (4.11)

1

Y =
i
with ¢ = Use; for 1 <i < Z and 4§ = Uy for Z+1<i < A.
Using the lemma @, we construct v = (715,, ~%), small perturbation of 4 = (ﬁf,, JE)
such that

e _ AT AT
'Y;D_Azms A

PP
e _ AT g A+
Yo = Ao eV A e

We remark that ¢ € FJZF7N and

7
o= ) 169 (4], (4.12)

=1

A
veo= > 165) (¢ (4.13)

1=Z-+1
where

(¢5,...,0%) =05 =Bt + @5~ +0(e?) (4.14)
(¢Z41s---r00) = B = 05T + 77 + O(c?) (4.15)

- _ 1-1/2
with @ZJF = A: -V e {Gramy (A: @E\IIZ)} for p = p,n. Finally, we remind
that
W =0T+ AL UL e B+ O(E?) (4.16)

_ q1/2
with B, = {GramLz (A:,‘ils \Ili)} for = p,n (see the proof of lemma B.4).
Then, to show that we have a contradiction, we want to prove that
Epr1m) < €y )

For this purpose, we calculate £(v;,7;,) — (3, Vn); since (v5,75,) is a small per-
turbation of (%, ), we can write

E(ps ) = s An) = tr (Hp5(7; — 3p)) + 1t (Hn 5 (v — An)) +0(e). (4.17)

To study the sign of ({.17), we remind that given an operator 7' and an orthogonal
projector P, we can consider the block decomposition of T" defined by

PTP | PI(1-P) Tyt | Te
T = = . (4.18)
<<1P>TP\(1P>T<1P>> <T+\T>
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Moreover, let R be another orthogonal projector and consider Q = R — P; then
P + @ is a projector and
P+Q = (P+Q)?
P+Q = P+PQ+QP+Q’
Q= (1-P)Q-QP
Q* = (1-P)Q(1—P)—QP+(1—-P)QP
Q= Q@ —Quy. (4.19)

As a consequence, if Q = O(¢), then Q44 = O(¢?) and Q__ = O(£?).
Since

JF
Huﬁ 0
H, 5=

0 | H.5

for u = p,n, then we have
E05 ) = ECipAn) = tr (B As (0 — F)A;)
+tr (Hp 855 %)A;a) +1ir (Hrt—}A:’z_ﬁ(sz - %)A:{,a)
+tr (Hn A5 (vn — A, ~) + o(e)
=T +T, +T,) +T, +o(e). (4.20)

First of all, we analyze the relation between A* Aff 5 and Apiwf for p = p,n

Wy
Using (B.g), we obtain
+ _AE
Ny = A 1 06),
£ _at
Auﬁy B Auﬂvs +0(e),
Ay se =AM - +0(e).
Then, if we take P = A} ., Q = AJr —Af . and we apply (E19)-([E19), we obtain

- (0@2)‘0@) (0(52)‘ 0(e) )
Ay =40+ =

O(e) ‘ 0O(g?) O(e) ‘ 1+ 0(g?)

for u=p,n
. £ + .
Moreover, since v* € I' 7 N> We can write

( Vit+ | O )
Y =
0 0

o ( O(e") | O(?) )
Aarids = :
’ O(e?) | O(e?)

So we can conclude that 7)) = o(e) and T}, = o(e).
Next, we remark that

+ + A+ ~ 5 5 +
Th = tr(H A (VZ—ViJFVZ—%)Au,a)

and

[ 2%

=t (B0 (0 = AAL 5 )+t (H AL Gl = A s ) -

A A T
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To calculate tr (H : WA:[V( € ’?ﬁ)Ajﬁ), we consider the block decomposition of

+ + +
Auﬁy — Aﬂﬁg for P = Auﬁf‘ As before, we have
O(g?) ‘ O(e) ) ( 1+ 0(g?) ‘ O(e) )
O(e) ‘ 0O(g?) - O(e) ‘ 0O(g?)

+ A+
Au,’v - Auﬁf + (

for p=p,n
Now, we observe that, in general, v, — 7, = O(e) and, more precisely, Ajﬁa (WZ —
’yﬁ)AZﬁE = O(£?). Indeed, using the definitions from (f.10) to (.16), we have
Miae O =AML = DDA o (15) (651 = 105) (51 ) Ak
= Z (165 7) (071 = 165 ) (65 T1) + O(e%) = O(?).

%

0(?) | O(e?
Ajs (=35 = ( o) )
O(%) | O(eY)

Then

and

e _tr(H:'vA:'v(~€ WM)A ’?)+O()

Next , we consider y;, —7,. By definition,
?Z T = UZ@H(UZ)_l ~ Y
= (1= B Au]) A (1 [ 0] ) = 3+ o)
= —¢€ HHI:,KNY#} ’:Yu} + o(e).
Then
T = et (85 [[H5. 5] 3] ) + o)

for u = p,n and

(575 — ECpan) = —= St (B [[Hs5u] 3] ) + o)

n=pn
= 2 Z tr( ) = (H5)%A 2)—i—o( )
p=p;n
= 2 Y (H 50" HE A — (A H A7)
pA T s My T oA T 5T
p=p,n
+o(e) (4.21)

where (A, B) = tr(A*B) is the Hilbert—Schmidt inner product.
Then, using the Cauchy-Schwarz inequality, we obtain

(H 30 H A | <0 (H A (L s3) )Y H A, HE 40
= (5T Hyp 3 )
and
Epr1n) — E(Ap,An) <05
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furthermore, the equality holds if and only if (H:Lr aﬁu)* = iH:[, -
First, we consider the case (H;;Y'?#)* =H"

31
means [H:ﬁy’ ﬁu} = 0. Then we have a contradiction.

Second, if (H:ﬁﬂu)* = —Hi:ﬂu, then

u; this implies 3, H - = H .7, that

VuH s+ Hy 5 =0
VuH s + A, 55 = 0
T + 5

Vol 5 = Hy 5% =0

that contradicts the hypothesis {HI:Y, ’y#} # 0 for p = p,n.

Finally, we can conclude that if [H;;W ’yﬂ} # 0 for = p,n, then we can construct
vE € F;N such that

EVpr ) = E(p: ) <0,
and thus we have a contradiction with the fact that 4 minimize the energy on FJZF7 N

This implies that {H:[ﬁ, :Yu} must be equal to zero and, as a consequence,

[H;L,’ya :Yu] =0
for p =p,n. }
As a conclusion, if go, g.,g, and e are sufficiently small, ¥ is a solution of the

equations ([[.26) and ([[.27).
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