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ZERO FREE REGIONS FOR DIRICHLET SERIES

CHRISTOPHE DELAUNAY, EMMANUEL FRICAIN, ELIE MOSAKI,
AND OLIVIER ROBERT

ABSTRACT. In this paper, we are interested in explicit zero-free discs for some
Dirichlet series and we also study a general Beurling-Nyman criterion for L-
functions. Our results generalize and improve previous results obtained by N. Nikol-
ski and by A. de Roton. As a concrete application, we get, for example, a Beurling-
Nyman type criterion for the Siegel zero problem.

1. INTRODUCTION

In this article, we are interested in zero-free regions for functions that are obtained
as meromorphic continuation of Dirichlet series s — ), a,n~°. Such study arises
naturally in various fields of mathematics such as functional analysis and number
theory.

The particular case of the Riemann zeta function has been most studied, and is
related to the Riemann Hypothesis, asserting that the zeta function does not vanish
on the half-plane R(s) > 1/2. Several attempts have been made in the direction of
solving or reformulating this conjecture.

In his thesis B. Nyman [Nym5(] gave a reformulation of the Riemann Hypothesis
by means of functional analysis. More precisely let {-} denotes the fractional part
and let A be the set of functions

fo =36 {2},
where 0 < 6; <1, ¢; € C and

(11) ZC]HJ' =0.
j=1

Then Nyman proved that the Riemann Hypothesis holds if and only if the character-
istic function x(o 1) of the interval (0, 1) belongs to the closure of A" in L?(0, 1). Later
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on A. Beurling [BeubH| extended this result by proving that if 1 < p < 400, then
the Riemann zeta function has no zeros in R(s) > 1/p if and only if x(o1) belongs
to the closure of A in LP(0,1). The case p = 1 has been investigated in [BF34].
After the works of Beurling and Nyman, several results occur in this direction, see
for example [N1k9F], [BS9g], [BDBLS00]], [BD0J] and [dR074].

In particular, N. Nikolski [Nik9F] gave, in a way, an effective version of the
Beurling-Nyman criterion and produces explicit zero-free regions for the Riemann
zeta function: let 7 > 0 and A € C with R()\) > 0 be fixed parameters and let K,
be the subspace of L?*((0, 1), dz/x) spanned by functions

Ew@gzaf({%}—a{%}>, 0<a<l,

where 0 < a < 1. Then the zero-free regions obtained by Nikolski are domains of
the form

2

= A
1.2 + eC:|——
(12) : {u [

<1-— 2%(A)JT(>\)2} :

where d,(\) = dist(2*, K,) is the distance in L2((0,1),dz/z) between z* and the
subspace K,. In the case A = r = 1/2, if d.(\) = 0 the region ([ZJ) corresponds to
the half-plane R(p) > 1/2 and Nikolski recovers Nyman’s result (note that in this
case, d1/2(1/2) = 0 if and only if x(o,1) belongs to the closure of N in L?(0, 1); see
Proposition [[.3).

More recently, A. de Roton [dRO7d| generalized Nyman’s work to the Selberg
class of Dirichlet functions and reformulated the Generalized Riemann Hypothesis.
Finally let us mention that in [BDBLS0(] and [Bur0Z] interesting lower bounds are
obtained. First the authors proved in that if 0 < A < 1 and N7 is the

closed span in L?*(0, +00) of functions

n

f(@) :ch{%}, x>0,

j=1

where A < 0; < 1, ¢; € C, then the Riemann Hypothesis holds if and only if
limy o d(\) = 0, where d(\) = dist(x(0,1), V). In other words, we can drop the
condition (1)) in the Nyman’s theorem. Furthermore they proved that

o 1
llglljélf d(A)y [log o > 0.

Then this lower bound was improved by J.F. Burnol in [Bur0g] and generalized by

de Roton in [HR0M] and [{ROJ] for the Selberg class.
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The aim of our article is to make a further investigation of Nikolski’s work in a
more general situation including, in particular, the Selberg class. Associated to some
auxiliary function ¢: [0,00) — C, we introduce a class of spaces K, (in particular,
in the case of the Riemann zeta function, K, contains f(r for a special choice of
©). Then, for a large class of Dirichlet series, we obtain explicit zero-free regions
that are larger than Nikolski’s regions in the case of zeta. For some well chosen
parameters, if dist(z*, K,) = 0 our zero-free regions correspond to R(u) > r and we
recover (and in fact improve a little bit) the results of de Roton concerning the re-
formulation of the Generalized Riemann Hypothesis. Finally, we investigate several
explicit applications. In particular, we give zero-free regions for the zeta function
and Dirichlet L-functions ; it should be pointed out that the domains obtained have
the property of being explicit, but they do not have the ambition of competing with
the classical non-zero regions that are involved, for instance, in the prime number
theorem. An other application we obtain is somehow a Beurling-Nyman’s criterion
for the Siegel’s zero problem of Dirichlet L-functions. As far as we know, it seems
to be a new criterion concerning this question.

2. NOTATIONS AND STATEMENTS OF THE MAIN RESULTS

For a generic s € C, we denote by o (respectively t) its real (respectively imagi-
nary) part so that we have s = o 4+ it. For s € C, we denote by Il the half-plane
defined by

I, =1, ={z € C : R(z) >c}.
For the sequel, we fix a Dirichlet series
L(s) =

n>1

Qn,

S

satisfying the following conditions:

e For every € > 0, we have a, <. n°.

e There exists 0yp < 1 such that the function s — L(s) admits a meromorphic
continuation to $(s) > oy with a unique pole of order my, at s = 1.

e The function s — (s — 1)™~ L(s) is analytic with finite order in II,,.

The growth condition on the coefficients (a,), implies that L(s) is an absolutely
convergent Dirichlet series for R(s) > 1. The second condition tells us that the
function (s — 1)L L(s) can be analytically continued in some half-plane I1,, which
contains II;. Note that we do not require neither an Euler product nor a functional
equation for L(s).

We also consider an auxiliary function ¢ : [0, +o00[— C satisfying the following
conditions:
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¢ is supported on [0, 1].

¢ is locally bounded on (0, 1).

o(x) = O(z~) when = — 0.

o(x) =0((1 —x)~") when x — 17, for some o7 < 1/2.
The fact that oy < 1 is sufficient for the integral

! dt
/ @(t)t87
0

to be absolutely convergent for R(s) > oy. Hence, the Mellin transform ¢ of ¢
is analytic on II,,. The condition o; < 1/2 will become clearer in Lemma B.3.
Recall that the (unnormalized) Mellin transform of a Lebesgue-measurable function
¢ : [0, +oo[— C is the function  defined by

fo= [ erf Geo),

whenever the integral is absolutely convergent. Let H?(II,) be the Hardy space of
analytic functions f : II, — C such that || f||2 < oo where

+oo %
1£]l2 = sup ( / e +z’t)|2dt) |

x>0 o0

Then the (normalized) Mellin transform

M L2((0,1), 7%) — H*(I,)
@ — =0
is a unitary operator (use the Paley-Wiener’s theorem and the change of vari-
ables going from the Fourier transform to the Mellin transform, for instance see
[Nik03, p. 166]). Here, we write L? ((0,1), z%) for the subspace of functions in
L2 ((0,+00), 725 ) that vanish almost everywhere on (1, +00). We define
Sl s n
V) = res (L()@()u' s = 1) = D anp (Z)  (weRy),
n<u

where res(F(s),s = 1) denotes the residue of the meromorphic function F at s = 1.
The method that is going to be explored depends on the fact that the function
belongs to L*((1,4+00), ) for a certain real number r > oo. The following gives
a criterion for this property.

Theorem 2.1. Let r > o¢. If mp > 1, we assume furthermore that v # 1. The
following are equivalent:

(i) The function ¢ belongs to L*((1,+00), -4 ).

(ii) The function t — L(r 4 it)p(r + it) belongs to L*(R).
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We will see in Corollary B4 that the conditions (i) and (ii) above are satisfied
whenever 7 > 1. Furthermore, Theorem P.1] is a generalization of [dR07d, Proposi-
tion 3.3] when ¢ = x(0,1) and r = 1/2.

We see that the second condition of the theorem above depends on some growth
estimates of L in vertical strip which is, in its turn, linked with questions related to
the convexity bound and to the Lindelof hypothesis. In particular, if L is a function
in the Selberg class, then one can prove that L satisfies the generalized Lindelof
hypothesis if and only if for every £ € N, we have
L*(1 Jr.zt) .

1
§+Zt

(2.1) t—s L*(R).

Note that with the special choice of ¢ = x(01), then ¢(s) = 1/s and the con-
dition (ii) above for r = 1/2 means exactly that (B.) is satisfied for k& = 1.
Moreover, in [HR07d] using the functional equation, it is shown that the condition
¥ € L*((1,400), %) (in the case when ¢ = x(o,1)) is necessary for the generalized
Riemann Hypothesis for L-functions in the Selberg class. In [ARO7H], it is also
shown that the condition on 1 (still with ¢ = x(o,1)) is satisfied for L-functions in
the Selberg class of degree less than 4.

Fix an integer m > 0 and let W =, -, (0, 1]". We say that a € W is of length n if
a belongs to (0,1]". For each a in W, its length is denoted by ¢(a). Now let o € W
and ¢ € CU9 we say that A = (o, ¢) is an m-admissible sequence if

(o)
(2.2) chaj(log a)f =0foral 0 <k<m—1.

j=1
Furthermore, A is said to be non-trivial if ¢ € CH®)\ {(0,...,0)}.

It is easy to prove (see Lemma [£.9 and Lemma [L.1]) that for any fixed ¢ > m, there
are infinitely many non-trivial m-admissible sequences of length ¢. We also easily see
that every A = (a, ¢) is 0-admissible. Note that the notion of admissible sequences
had been introduced in [dR074] and it is a generalization of condition ([[.1]) which
appears in Nyman’s theorem and which corresponds to m = 1.

From now on, we assume that r is chosen such that ¢ € L*((1, 4+00), {3%).
Then we associate to each mp-admissible sequence A = («,c¢) the function fa,
defined by

()

farlt) =177 e (%) . t>0.
j=1

We will show that fa, € L%((0,1), +%-) and we let

) t1—2<70

K, =span{fa, : A amg-admissible sequence}



6 CHRISTOPHE DELAUNAY, EMMANUEL FRICAIN, ELIE MOSAKI, AND OLIVIER ROBERT

and )
d,(\) = dist (tA_Q(’OX(OJ), KT> (\el,,),

where the (closed) span and the distance are taken with respect to the space
L2((0,1), 7%). Let us remark that we trivially have d2(\) < 1/(2R()\) — 200).

One of our main theorems is the following which gives zero-free discs for the
function L.

Theorem 2.2. Let A € I1,,. Then L does not vanish on r — oo+ D,(\), where
D,(\) := {,uEC ‘ p=A <V1-2R —oo)dg()\)}.

+ )\ — 20'0
Note that the zero-free regions which appear in Theorem are discs (empty
if d2(\) = 1/(2R(\) — 20p)) or half-planes. More precisely, for A\ = a + ib € II,,
(a > 0g,b € R) and R € [0,1], then the set
< R}

- A
peC:|—H -2
1% + A= 20'0
is the open (euclidean) disc whose center is Q = (%ﬁ;‘m),b

QRI(GR;T“) if R € [0,1[;if R =1 this set is the half-plane II,,. In both cases, we easily

see that this set is contained in the half-plane II,,.
As a corollary of the proof of Theorem .9, we obtain an other explicit version.

) and radius is

Corollary 2.3. Let A € II,,. Then L does not vanish on the disc

¢—|f,4r }

—|—)\—20'0

r—og+ eC:
" {M ’ [ farll2

for any my,-admissible sequence A.

Note that taking L(s) = ((s), (o) = 2 and ¢ = x(o,1) (so that og = 01 =
0) we recover exactly the results of Nikolski ([Nik95]). Now, taking ¢(t) = (1 —
t)"7' x(0,1)(t), we obtain larger zero-free discs whenever 3(X) is large enough. We
refer the reader to Section [] for further discussions about the Rieman zeta function

and other examples.
We will see in Theorem .3 that

fAr( )=LA+r—o00)@pA+1r—09) (ch At "°>, A€ .

Hence Corollary can be understood as follows: let A € Il such that L(A +r —
09) # 0; then there is a small neighborhood of A + r — gy free of zeros for L. Of
course, this is an obvious consequence of the continuity of the function L but the
interest of Corollary is that it gives an explicit neighborhood where the function
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L does not vanish; moreover, this explicit neighborhood is expressed in terms of the
values of L and in particular it does not use any estimates of the derivatives.
Finally, we obtain a general Beurling-Nyman type theorem.

Theorem 2.4. Suppose that the function ¢ does not vanish on the half-plane 11,
that limsup,_, , w = 0 and that ay # 0. Then the following assertions
are equivalent:

(1) The function L does not vanish on the half-plane II,.
(2) There exists A € I, such that d.(\) = 0.

(3) For all X € ,,, we have d.(\) = 0.

(4) We have K, = L2((0,1), dt/t'=20).

Taking L(s) = ((s), {(a) =2, r = X =1/2 and ¢ = X(o,1) (so that we can take
o9 = 01 = 0), we obtain Nyman’s theorem. Now, taking ¢(t) = (1 — )™ x(0,1)()
we extend the results of [AR074d| (see also Section [ for more details).

An other consequence of Theorem is, in a way, a Beurling-Nyman criterion for
Dirichlet L-functions. More precisely, let x be a Dirichlet character with conductor
q and L(y,s) its L-function. Then, for 1/2 <r < 1, we define d, by

2\ 2
! - dt
d, = mi =1y e ) —
min /0 ¢ x(n) ;

Jj=1 n<aj/t

where the minimum is taken over all £ > 0, ¢ = (¢;) € C* and a = (o) € (0, 1]
One can show (see Proposition [[.f) that d*> < 1/(2 — 2r). We have

Theorem 2.5. If
1 C?

d? < —~
"T2-2r 2(ogq)*(1—-r)

for some (absolute) constant C' and some 1/2 < r < 1, then L(x, o) does not vanish
in the real-interval o > 1 — C/logq.

In order to obtain the criterion for the Siegel zero problem, then we consider all
Dirichlet characters y and an absolute constant C' independant of .

The next section is devoted to the proof of Theorem P.]] and to the study of the
function . Section ] will focus on the admissible sequences and the functions fa,.
Theorem 2.9 and Corollary B.3 will be proven in Section ] and Theorem P.4] will be
proven in Section [f. Some explicit examples will be studied in Section [ in which
we will prove Theorem P.3.
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3. THE FUNCTION ¢ AND PROOF OF THEOREM
We define the functions ¢y and 5 by

hiw) = res(L)p()u's=1)  (ueR.),
baw) = Yaw(Z)  (weR),

n<u
so that ¥ (u) = 11 (u) — ¥y (u) by definition.
The function s — ¢(s) is analytic in II,, and the meromorphic continuation of
L(s) has a pole (of order my) only at s = 1, hence we can write

mr

(3.1) L(s)p(s) = Y (f_";)k —~ H{(s).

k=1

with A analytic in II,,.

Lemma 3.1. We have
1 1 A

(3.2) H(s) :/ ) (—) Tt = o(t),  R(s) > 1,
0 t

where ¢(t) = P (1/t)x(0,1)(t).

Proof of Lemma [3.]. On the one hand, we have

400
(3.3) L(s)p(s) = Yo (u)u™* " du, R(s) > 1.

1
Indeed, this equality comes from the following computation and Fubini’s theorem:

L(s)p(s) = (Z %) /Olw(t)tsldt =Y a, /Olgo(t) (%)S%

n>1 n>1

= Zan /;OO % (%) u 5 du

n>1

— /1+Oo > ane (g) u* " du

n<u
+oo
= Yo (u)u™* " du.

1

Note that Fubini’s theorem can be applied here because o = R(s) > 1 and then

‘an‘ ! o—1
> — | L@ dt < +oo.
0

n>1
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On the other hand, for each 1 < k < m, we have

u® u(logu)F1
(3.4) res <m, s = 1) = W,

and an easy induction argument gives

1 oo k—1 —s _
m/l (logu)* " u du—<8_1)k.

Hence, with the notation of (B.1), the equality

+00 mr

(3.5) Py du =Y (81’_—’“1 -

1 k=1

follows by linearity.
Equations (B.3) and (B.5) imply

H) =30 P tpt = [ v tan= [ (3o

Remark 3.2. From (B.1]) and (B.4), we easily see that we can write ¢ (t) = tP(logt)
where P is a polynomial of degree < my (P = 0 if my, = 0). More precisely we have

mr,

nt) =ty ﬁaogw“.

Lemma 3.3. The function s — H(s) is of finite order on Il,.. Moreover, for all
o > 1, the function t — H(o + it) belongs to L*(R) and

1
/|H(U+it)|2dt20(m> for o — +o0.
R

Proof of Lemma [3.3. The function s — H(s) is bounded on some neighborhood V;
of s = 1. The functions s — (f_’f)j and (by assumption) s — L(s) are of finite
order on Il,, \ Vi. Moreover, s — ¢(s) is bounded on the closure of II, since

P61 < [ el R =

and the last integral is convergent because r > o and p(z) = O(z77°(1 — )~ 7).
Hence we can conclude that H is of finite order on II,, which proves the first part
of the lemma.
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Let 0 > 1 be a fixed real number. We easily check that, for every 1 < j < my, the
function ¢ — (0 — 1 +it) ™ belongs to L*(R) and we have

(3.6) /R !

(o0 +it —1)7
On the other hand, using Plancherel’s formula and the fact that oy < 1/2 and
o> 1> oy, we have

1
(3.7) /\@(a+it)|2dt:27r/ W@)ﬁﬁo‘i—x <
R 0

More precisely

(38) / |90 ‘2 20 =0 (0-1 201) ) 0 — +00.
Indeed, we have ¢(x) = O(x~ "0(1 —x)” (’1) and
/|as (1= ) = 52— o), 1~ 200)

where (s, z) is the beta function. Using St1rhng s formula, we have
F(]_ — 20’1)
(20)1-201

2 1

o<)

B(2(0 —09),1 —207) ~

So we get the estimate (B.§).
Therefore t — @(o + it) belongs to L*(R) and we have

(3.9) / |Q(o + it)[2dt = (crl 201) ) o — +00.

It remains to notice that s — L(s) is bounded in II, (since by hypothesis o > 1)
and then the second part of the lemma follows immediately from (B.f), (B-9) and
U

(B.1).

Now we can prove Theorem P.1].

Assume that (i) is satisfied. Then the function ¢(t) = v (1) x(0,1)(t) belongs to
L2((0,1), 7%;) and thus the function G := ¢ belongs to H?(II,). The analytic
continuation principle implies that the equality (B.2) is satisfied for every s € II,,
that is H(s) = ¢(s) = G(s), s € II,. Since G € H2(II,), we know that the function
G*, defined by

o — +0o0.

G*(t) := lim G(o +it),

a—T
>
exists almost everywhere on R and belongs to L*(R). But
G*(t) = lim H(o +it) = H(r +it),
a—T
>
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because H is continuous on the closed half-plane R(s) > r. Therefore t — H (r+it)
belongs to L?(R). It remains to notice that for every 1 < k < my, the function
t — (r — 1 +it)~* belongs to L?(R) (this is where we have to assume that r # 1
whenever m; > 1). Thus according to (B.]), we get that ¢ — L(r + it)p(r + it)
belongs to L*(R).

Conversely assume that (ii) is satisfied. Then the function ¢t — H(r + it) belongs
to L*(R).

Let 09 > max(1,r). The function H is analytic on Q := {s: r < R(s) < 03} and
continuous on the closure of (2. Using the Hardy, Littlewood and Ingham’s theorem

[HIP27, Theorem 7], we deduce from Lemma that

sup /|H(a+it)\2dt < 400.
R

r<o<osz

Hence, the second part of Lemma B.J gives that H belongs to H*(II,). Since we
have HQKHT) = M(L?((0,1), 7%:) ), there exists ¢; € L2 ((0,1), t;f—tw) such that
H(s) = ¢1(s), for every s € II,.. Thus for R(s) > max(1,r), we have ¢;(s) = H(s) =

¢(s).
By injectivity of the Mellin transform, we get that

v (1) Yo (£) = (1) = én 1)

t

Thus t — @ (%) X(0,1)(t) belongs to L? ((0, 1), tl‘f—gr), which implies that 1) belongs
to L? ((1,400), -4 ) and that concludes the proof of Theorem PI].
O]

Corollary 3.4. Let r > 1. Then ¢ € L? ((1, +00), %) and we have

||l = O (7"’1’1/2) , as T — +00.

Proof. Let r > 1 be a fixed real number. By Lemma B.3, the function t — H (r+1it)
belongs to L?(R) and for every 1 < j < my, the function ¢t — (r —1+it)~7 belongs
also to L?(R). Therefore it follows from (B1) that ¢ — L(r + it)$(r + it) belongs
to L*(R) and Theorem B implies that ¢ € L?((1, +00), {44 ). Moreover, if we let
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as before ¢(t) = ¥(1/t)x(,1)(t), we have by Plancherel’s formula

o0 1 2
i = [ worss = [ (3)] i
= 192 0.1, 22
= %/R\qb('r#—it)ﬁdt
= %/R|H(r+it)|2dt,
and Lemma .3 gives the result. U

Remark 3.5. In fact, if L(s) has some nice arithmetical properties (e.g. satisfying
a Wiener-Tkehara type theorem), one can expect that the main contributions of
will be compensated by the main contributions of 1, and so that the function
will belong to the space L? ((1, +00), = +2T) for smaller value of r. For example, if
L(s) = ((s) and if ¢(t) = x0.1(t) for all £ € (0,1), then ¥(u) = u — [u] + 1 (so
Y(u) = {u} for almost all u € (1,00)) and ¢ € L? (1, +00), -&%-) for all 7 > 0. In
this case $(s) = 1/s and t — |((r +it)|/|r + it] € L*(R) for all r > 0 as expected
by Theorem P.1 We will discuss about other examples in Section .

Remark 3.6. Assume that ¢ is bounded at ¢ = 1 (which corresponds to o7 = 0).
Thus, for every a > 1, we have ¢(t) = 11(t) — 12(t) = O(t¥), t — 400. Indeed, on
the one hand, as we have seen 9 (t) = tP(logt), where P is a polynomial of degree
< myp. On the other hand, let a > 1 be a fixed real number. Then there exists a
constant C' > 0 such that

) <t te(0,1).

(Dl (z)
< oy b

n<t

Hence we get

Bl < 3 lanl i

which gives that ¥, (t) = O(t*) as t — +o0. It is now easy to check that ) belongs
to L2((1, 400), =), for every r > 1 and |||l = O(r™"/2), r — +o00. We recover
Corollary B.4.

4. ADMISSIBLE SEQUENCES AND THE FUNCTIONS fA,r

The following results will be useful in the sequel.
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Lemma 4.1. Let (a,c) be an m-admissible sequence.

(1) For any polynomial P of degree d < m, we have
£(a)
Z cja;P(logaj) = 0.
j=1

(2) For any positive real number A\ and for any real number Ay > max;(c;),
both ((a?‘l)j, (cja}*’\l)j) and ((oj/A2)j,¢) are m-admissible sequences.
The proof is easy and follows immediately from the definition and so we omit it.
For an m-admissible sequence A = (a, ¢) we define the entire function

ga(s) = i (s € C).

Using (B.9), we notice that these functions satisfy
(4.1) =0 (0<k<m-1).

Lemma 4.2. Let m be a nonnegative integer. Then we have the followings

(1) For every integer £ > m + 1 and every 0 < a; < ag < -+ < oy < 1,
there exists ¢ € C' such that A = (a, ¢) is an m-admissible sequence and
gﬁlm)(l) % 0. Furthermore we can choose ¢, # 0.

(2) For every s; € C~ {1}, there exists an m-admissible sequence A such that
ga(s1) # 0.

Proof. (1) Let £ > m + 1, then there is a unit vector (by, by, ..., by, be) € C™! such
that

1 AU 1 1 b 0
log v log a,y, log o : .
o | e ogam) — (log ) = ,
: : : by 0
(loga))™ ... ... (logam,)™ (logay)™ by 1

since the corresponding van der Monde matrix is invertible. Setting

b .
a—’j, I<j<m

;=140 m+1<j<l-1
be 5=

ayp’?
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Then A = (a,c¢) is an m-admissible sequence and ggm)(l) = 1. Furthermore we
easily see that b, # 0. Indeed if b, = 0 then we have

1 e 1 by 0

(logay) ... ... (logay) : ]

(log )™~ (log at )™ b 0
and using once more that the corresponding van der Monde matrix is invertible, we
get by = by = -+- = b,, = by = 0, which contradicts (£.3). Therefore b, # 0 and

then ¢, # 0.

(2) Let A = (a,¢) be a non trivial m-admissible sequence. For 0 < A < 1, consider
g, (8) = ga(1 — A+ As). Note that

4
ga(s) = cjai M a})",

,_. <.
I
—_

and, by Lemma [T, Ay = ((o));, (¢jo; ~*);) is an m-admissible sequence. Now let
s1 # 1; then there necessarily exists 0 < A < 1 such that ga,(s1) # 0, since g4 is
analytic and non identically zero. U

Theorem 4.3. Let r > oo such that ¢ € L*((1,+00), ) and let A = (a,c) be
an mp-admissible sequence. We define

far(t) =t~ oozcjw( >0

Then we have:
(1) fa,(t)=0,ift > maxj aj.

(2) far(t) € L2((0,1), %)
(3) For R(s) > o9, we have

(4.3) f;(s) =—L(s+r—00)p(s+1r—o09)gals+r—op).

Proof. (1) As before, we write ¢ = 1)1 — 1)5. From the remark B.2, we have ¢ (u) =
uP(logu) where P is a polynomial of degree < my. Then

Sew(3) = Lo (3)-Tow ()
= Yo %r () - Y 3 aw ().

S
~

Q
=

~
~

Q
=
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If ¢ > max;(«;) the second sum is 0 because «;/t < 1. Furthermore, by Lemma [L.1],
(a/t, c) is an my-admissible sequence and the first sum is also zero.

(2) Each of the terms "¢ (5£) belongs to the space L?((0,1), r%-). Indeed, if

||| == max; o, we have
%>‘2dt
v (5

e $2r=200 | (&) ‘2 at e f2r-1
0 t t1—200 0

+oo du
— 2 2
- ajr /a_ |77Z)(u)| w2

llexll

1 +o00
du du
2r 2 2r 2
@ /a_ |9 (u)] w2 Q5 /1 |9 (u)] ETE

J

)

du oo du
2 2r 2
= o [, Il | P,

since ¥(u) = ¥ (u) for u < 1. Now, by hypothesis, the second integral is finite and
the first integral is also finite because 11 (u) = uP(logu) and ﬁ > 0. Furthermore,

we see that
(4.4)
() 1 ) du 1/2
||fAT +1 d;o' < Z |Cja | /mln aj |w1( )| 1+2T + ||w||L2((17+00)7u1ﬁt2r)
(3) For R(s) > 1, we have by (B.3)
“+o0
L(s)a(s) = | " du.

Hence

L)) Y] = Zc] [7(E) e

e a;\ dt

= Do ()i
=1 70
(o) 1

the last equality follows from v (a;/t) =0if a; <t < 1.
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Using once more Lemma [, we have

£(c) o £(c) o
2w (%)=~ 2 v (%)
whence
() e

)

v (%) dt
: Cﬂ/’(t ti=s
7=1

L(s)@(s)chaj- = —/0
dt

1
= [
0 t
1
— _/ far@)tstoor=1qt
0

= —ﬁ;’r(s + o9 —1), R(s) > 1.

So, for R(s) > 14+o0¢—r, we have fa,(s) = —L(s+r—o00)p(s+1r—00)ga(s+r—00).
By the analytic continuation principle, the equality holds for R(s) > 0. (Note that
from (1)) the pole of L(s + r — o0¢) is killed by the zero of ga(s + r — o9) at
s=1—r-+o0.) O

5. ZEROS FREE REGIONS FOR DIRICHLET SERIES

Before proving Theorem P.J we need some well known tools concerning the Hardy
space H?(Il,,). For these we refer to [Hol63, Chapter 8]. Actually, in [Hol67],
the following facts are stated for the space H?(IIy) but it is easy to obtain the
corresponding results for H?*(II,,), for instance using the unitary map h(z)
h(z — 0¢) from H?*(II,,) onto H*(T).

Recall that if h € H?(Il,,), then

W (0 +it) = lim h(o +it)
>

exists for almost every ¢ € R (with respect to the Lebesgue measure). Moreover
we have h* € L*(0o + iR) and ||h]|s = ||h*||2. We can therefore identify (unitarely)
H?(1,,) with a (closed) subspace of L?(oq+iR). In the following we use the symbol
h not only for the function in H?(II,,) but also for its "radial ” limit (in other words
we forget the star). This identification enables us to consider H?(Il,,) as an Hilbert
space, with scalar product given by

(5.1) (h,g)s = /+OO h(oy + it)g(oo + it) dt, h,g € H*(Il,,).

o
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Now for A € I1,,, we have the following integral representation
1 [T h it
By = - / oo +it) 4
21 J_ oo A—og — it

so that we can write, using (B.1)),

(52) h()\) = <h7 k:)\>27
where k) is the function in H?(II,,) defined by
1 1
5.3 k = e ll,,.
(5:3) \(2) 21z — 200 + A y °
The function ky is called the reproducing kernel of H*(II,,) and we have
1
(5.4) 1Exll3 = (k. ke = Ba(X) =

A (R(N) — 09)
Recall now a useful property of factorization for functions in the Hardy space.

Lemma 5.1. Let h € H*(Il,,) and p € I, such that h(n) = 0. Then there erists
g € H*(I1,,) such that ||h||2 = ||g|l2 and

Z—p
h(z) = ——— e Il,,.
=g, e,
Proof. See the results in [Hof62, Chapter 8, pp. 132] and apply the transform
h(z) — h(z — 09).
]

Proof of Theorem R.3 Denote by E, = MK,. Since the Mellin transform is a

unitary map from L2((0,1), ;%) onto H*(I,,), we have

E, = span H2(11,,) (ha, : A amg-admissible sequence) ,

where ha,(s) = Mfa.(s), for R(s) > op. It follows from Theorem f.3 that

har(s) = _\/% L(s+1r—o00)p(s+1—00)gals +1 —0p), R(s)> op.
Now assume that there is u € Il,, such that L(y +r — o) = 0. Since p € Il,,, we
get that hy () = 0, for every my-admissible sequence A. Thus, for all h € E, with
|||z = 1, we have h(u) = 0. Since h € H?*(Il,,), we know from Lemma [.]] that
there is g € H*(Il,,) such that ||g||s = |||l = 1 and

Z—
hiz) = ——— 11,.).
B =) ey
Hence with Cauchy-Schwarz inequality and (5.9), we deduce that
A— U A— A—
)] = [ o0 < 52 Mol = |5t sl
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SO
= A
sup |[h(N)| < |———| ||k
|ﬁg|<>mﬂM+A_ZmMAm
hlla=1

By contraposition, we have proved that L does not vanish on

sup rem, |h(A)]

p—A [hl2=1
r— o9+ eC: —
" ‘M+A—2% [l
It remains to prove that
sup nep, |R(A)[?
e = 1-2(R(Y) — o0)d ().

1%A113
To show this equality, first remark that
sup [h(A)] = sup [(h, k2| = || Pe.kall2,
heE, heE,
l[Rlla=1 l[Rlla=1

where Pg denotes the orthogonal projection onto the closed subspace E of H*(I,,).
Then Pythagoras’ Theorem implies that

sup [h(N)]* = [|Pg, kallz = Bl — | Peskallz-
heE,

Ill2=1
Hence
su h(\)|? .
P M) _ ., dist’ (ks E)
[NIE %A 13
But for R(s) > o0y, we have
O V21 Jo V2 A =200 +s ’

according to (B.3). Since the Mellin transform is an isometry from L2((0,1), %)

onto H*(I1,,), we obtain

1 < d, (A
dist(k)\’ ET) = \/%diSt<tA72UOX(O,1)<t>’ KT') = L

Vor
We conclude the proof of Theorem P2 using ||ky[|3 = m.

U
Proof of Corollary 2.3 It follows from the proof of Theorem P.9 and (f.4) that L
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does not vanish on

—A
r—og+pueC: ’ ah < \V/Ar(R(\) — 00) sup |h(N)]
pA e
e

So in particular (with h = hy,), we get that L does not vanish on

p+ =200 IIhArllz

r—cro+{,uE(C

which proves corollary .3 because ha, = M fa, = \/%? f A

The following could be interesting in applications.

Corollary 5.2. Let M be a subspace of K, and \ € 11,,. Then L does not vanish
on the disc

- A
T‘_O-O+{M€C:’m

2

<1-— 2(%()\) - O'Q)diStQ(tS\izyOX(Ql), M)} .

Proof. 1t is sufficient to note that dist(t;\’Q"OX(OJ),M) > dist(t;\*Q"OX(OJ),K,,) =
d.(\) and then apply Theorem P.3. O

Adapting the proof of Theorem P.g, we could obtain immediately the following
generalization.

Theorem 5.3. Let k € N and X\ € Il,,. The function L does not have any zero of
order greater or equal to k on

= A
12 + ;\ — 20’0

r—ao+{u€C: < (1_2@%@)—0—0)43@))#}.

6. A BEURLING-NYMAN TYPE THEOREM FOR DIRICHLET SERIES

One of the main steps for proving Theorem P.4 is to prove that the space E, is a
closed subspace of H*(Il,,) that is invariant under multiplication operator 7,, v > 0,
and then to apply Lax—Beurling’s theorem. Before recalling this theorem, we give
some notations and results. We refer to [Nik0Z2, Part A, Chap. 2 & 6] for more
details.

For v € R, let 7, be the operator of multiplication on L?(cy + iR) defined by

(7of) (00 +it) = e ™ f(og + it) (f € L*(op +iR)).

We also denote by H>°(I1,,) the Hardy space of bounded analytic functions on IL,,;
as in H*(Il,,), functions in H*°(Il,,) admit "radial” limits at almost every points
of the boundary R(s) = 0p and if f € H*(Il,,) and f* is its boundary limits, then
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fr e L*(oo+iR) and || f*||oc = || flloo (= Sup.emn,, |f(2)]). A function © in H>(Ily,)
is said to be inner if |©(og + it)| = 1 for almost every point ¢ € R.

It is easy to see that if © is inner and F = © H?*(I1,,), then F is a closed subspace
of H?(Il,,) invariant by 7,, v > 0. Lax-Beurling’s theorem gives the converse.

Theorem 6.1 (Lax Beurling). Let E be a closed subspace of H*(Il,,) such that
B C E, Yv > 0. Then there is an inner function © € H*®(Il,,) unique (up to a
constant of modulus one) such that E = ©H?*(Il,,).

Remark 6.2. When F is spanned by a family of functions, we can precise a little bit
more the conclusion of Theorem B.1]. Indeed, let E be a closed subspace of H%(Il,,)
spanned by a family of functions (f;)ies, fi € H?*(Il,,) and let f; = h;g; be the
factorization of f; in inner factor h; and outer factor g;. If 7, C E, Vv > 0, then
E = ©H*(I1,,), where © = ged(h; : i € I) is the greatest common inner divisor of
the famﬂy (h'l>lel

Proof of Theorem P.4 First of all, note that
(6.1) () »'({0}) = {s € Iy, : L(s + 7 — 00) = 0},
heE,

where we recall that
E, = MK, = span H2(IL,,) (ha, : A a mg-admissible sequence) ,

and

1
har(s)=——=L(s+1—00)p(s+ 1 —09)ga(s +1—09), R(s) > 0.

V2r

Indeed, the first inclusion

{s €My : L(s+7r—09) =0} C (] h~'({0})

heE,

is trivial. For the converse inclusion, it is sufficient to notice that according to
Lemma [£.9, the only common zeros to functions ga(s+r —0g) is s = 1 —r+ 0o but
this zero is compensated by the singularities of L(s + r — o) at this point.

The proofs of (4) = (3) and (3) = (2) are trivial.

(2) = (1): let A € Il,, such that d,(A\) = 0. Then according to Theorem P.32,
the function L does not vanish on

= A
r 0'0+{M€C.’,u+5\_20_0 1},

and it follows from the paragraph after Theorem that this region is precisely the
half-plane II,.
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(1) => (4): denote by Sz the ”shift” on L2((0,1), %) defined by

(Spf)(t) :=B7f (3) ,  0<p<10<t<1.

It is clear that Sz is a unitary operator on L2((0, 1), r%=5). We will show that
(6.2) SpK, C K, (0<p <.

If A= (a,c)is amp-admissible sequence and 0 < ¢ < 1, we have

(Ssfar)(t) =877 fa, (3)

B
£(a)
oo U7 ;3
_6 67’ oo chk (T)
=87 far . (t )>

where A" = (o, ¢) is the mp-admissible sequence with o/ = (a}); = (Ba;); and so
farr € K,. Hence for every admissible sequence A, we have proved that Szfa, € K,.
Since S is a bounded operator and the functions f4, span the subspace K,, we
deduce (B.2). Therefore we obtain that E, = MK, is a closed subspace of H*(I,,)
which is invariant under the semi-group of operators MSsM™, 0 < 8 < 1. Now
let us show that

(6.3) MSM™t =1,

with v = —log 8. If h € H*(Il,,) and if f € L2((0,1), ;7% ) is such that M~'h = f,
we have for R(s) > oy,

(MSsMth)(s \/_/ (Sgf)(t)ttat

+o0o
:E/O y °f(5)t a

+oo
:BSUO\/%/O fu)ut du
=" (MS)(s) = B h(s).
Hence we have
(MSsM™h)(0g + it) = Bh(og + it) = e8P h(ay + it) = (1,h) (oo + it),

with v = —log 3, which proves (B.3). We therefore obtain that 7, E,. C E,, for all
v > 0 and then Lax—Beurling’s Theorem (see Theorem [6.1) implies that there is an
inner function © in the half-plane II,, such that E, = © H*(Il,,). Moreover we know
that © = BS, where B is a Blaschke product and S is a singular inner function
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([Nik0Z]). But according to Remark .9, the zeros of B coincide with the set of
common zeros of functions h € E,.. Hence it follows from (f.1]) and the hypothesis
that B has no zeros. In other words, B = 1. We will now show that S = 1. First
note that since ha, is analytic on R(s) > 209 — r and since S is a common inner
divisor of all functions in F,., it follows that S can be continued analytically through
the axis oy + iR. In particular, this forces S to be of the form S(s) = e~*s=70),
for some a > 0 (see for instance [Nik0J, Part A, Chap. 4 & 6]). Now let hy, be a
function in E, and write ha, = Sh, with h € H*(I,,).

Lemma 6.3. Let h € H*(Il,,). Then

<0.

log |h
lim sup 7og| ()]

o—r+00 o

Proof of lemma [p.3. Using (5.3) and (b.4), we get

h
h(@)] < hllalkolle = 5 2

V(o — oo

for every o > 0y. Hence

log |h(0)| < O(1) 1llog(o — o)
o ~ 0 2 o ’
which gives the result letting o — +o0. U

On the one hand, according to the previous lemma, we have

log |ha, log |S
(6.4) lim sup log [har ()] < lim sup log | 5(z)] =—a<0.
T—+00 T T—-+00 €
And on the other hand, writing
£(a)
har(x) =Lz +1r—09)p(z+ 1 — 0p) Z cjaf”_(’o,
j=1

we can assume, by Lemma .3, that 0 < a; < -+ < aye) = 1 and that ¢yq) # 0.
Then we have

|har(2)| ~ lai]|p(x + 7 — O-O)Cﬁ(a)|7 T — +00.
Hence we can find xy > 1 such that
a «
|hay(x)| > % |o(x + 1 — 00)cuw], (x > x),
which gives

log|ha,(z)] > —log2 +log|a;| + log |cya)| + log |p(x + 1 — 00|, (x> x0).
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Therefore we obtain that

log |ha, log | —
lim sup M > lim sup og Pl +r =00l = 0.
T—+00 X r—+00 i
Using (f-4), we conclude that a = 0. Hence S = 1, which gives E, = H?*(Il,,), that
is K, = L2((0,1), ;7% ). O

Remark 6.4. In fact, with the hypothesis on ¢, one can easily show that we always
have limsup,_, . M < 0. Note that there exists some ¢ for which the
lim sup is negative.

7. SOME EXAMPLES AND APPLICATIONS
7.1. The Riemann zeta function. Let
1
()= —  (R(s)>1),
n>1

be the Riemann zeta function. Then it is well known that ¢ can be meromorphically
continued in the whole plane C, with a unique pole of order 1 at the point s =
1 ([Tit8q]). Thus, the function ¢ satisfies our hypothesis with m; = 1 (and for
instance, op = 0). Now let us consider the function ¢ defined on [0, +oo[ by

1—t) ™ if0<t<1
ply= {70 ,
0 ift>1
where oy < 1/2 is fixed.
Then an elementary computation shows that ¢(s) = %, R(s) > 0. Hence,
N F(]_ — 0'1)
(7.1) |P(s)] ~ N ] = [S(s)] = oo.

We now illustrateﬂ the use of Theorem P.1] in order to determine the values of r such
that

d
be L? <(1,oo),ul—i;).

An obvious computation shows that

P(u) = . —Z% u > 0.

_1_01 n<u (1_u)al’

¢ is an illustration since here Theorem @ is useless as it can be seen in Theorem E
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Let p = p(1/2) be a convexity bound for ¢(1/2 + it) ([Ten0g]), so that we have for
all e > 0,

0. <\t|%*(1*2ﬂ)r+€> if0<r<1/2,
O (|t[r0=rrte) if1/2<r<1.

[C(r +it)| = {

We know that p < 1/4. We get from ([T.1))

Clr+ it)p(r + ity = 4 Oe (HT078r2n™e) i 0 <r <12,
Oz—: (|t‘—2+201+4u(1—7")+5) if 1/2 <r<l.

So a direct application of Theorem P.]] gives:

Proposition 7.1. With the notation above, then ¢ € L? ((1 00), UHQT) if one the
following holds:

e max(0,01/(1 —2u)) <r <1/2;
e max(1/2,1—(1—20y)/(4p)) <r < 1;
o7 >1.

By a result of Huxley ([Hux0H]), we can take u = 5= . In particular, one may
have r = 1/2 if oy is chosen such that oy < }141% ~0.343....
If we assume the Lindel6f Hypothesis, we have p(1/2) = 0 and a similar compu-

tation as above implies that if » # 1 and r > max(0, 0y), then

d
b e L? ((1,%),ul—g).

In fact, the work above is useless for the Riemann zeta function since we can prove
directly the following:

Theorem 7.2. Let r # 1. Then ¢ € L*((1,00), ) if and only if r > max(0,0y).
Moreover, if the condition holds we have

1112 (1,00, a2y < Cla1)C(1+2(r — 01)),

+2’r )

. 923—2071 92—01
where C(o1) = Go2o 0o T Gz T 1= 201.

Proof. In the case of the zeta function and for the previous choice of ¢, we have
o1

o) = == (1) (u> 0).

n<u
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Hence
- 2
i L Sl (R
F— _ _
L 1=y u u2r+1
n<u
[ee) 1 2
u o ( ) du
pr— - u - TL
1 1— o u1+2r—201
n<u
> k+1 l-o k 2
[ SR e
1—o ult+2r—201
—17Fk L=

Now, if u € (k,k + 1] and n < k, we have

n n+1
/ (u—1)""dt < (u—n)"t < / (u—t)~7tdt,
n—1

n

and so
1 (u _ k)l—al ul—o1 k-1 . (u — k4 1)1—01
7.2 < — — 1< .
( ) uct 1—0'1 _1—0'1 Zl<u n) - 1—0'1
In particular, one has
ul=o i 1
— —n) ' =————+40,(1 € (k,k+1],k>1
1oy ;(“ ") @ T 0a) (welhk+1] k1)
so for each k, the integral
k+1 1—01 k 2
u _
— u—n) " du
= > (=)

converges if and only if 20y < 1.
Moreover, if 20; < 1 these integrals are uniformly bounded with respect to k
because using ([(.2), we have

/*k—f—l
k

2

k+1
du < /
k

g/l (w1
0

2

du

1—01 k

u —o1
1— 01 ; (U n)

(u—k+1)- N 1
1—0y (U-k)gl
2

du = C(01)

1—0r  uwm
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From this, we deduce that for r > oy

2
(o) _ k
||17Z)||2 /k+1 ul o1 oy du
2= Z 1 Z u—n) 142r—20
— u 1
k=1"Fk R S,
2
0 k+1 1-o01 k
< L Y — E (u—n)""" du
= fl+er=201 |, 1—oy
k=1 n=1

~ > 1
S C(O’l) Z 7k31+27’*2‘71 < 4o00.
k=1
As far as C (01) is concerned, we have the following bound

. 1 1 2—201 ) 1 1 1—0q 1 d
C’(crl):/ udu+ / ( +U) du+/ u
0

(1 —01)? 1—o0; 0 u
S /1 (U,"‘ 1)2—201 22 o1 /‘ /‘
o (1—o0y)? 1 — 0 ! ©201
237201 22 o1

: (3= 201)(1 —01)? i (1—0y)? 1o 201 = Olo),

which proves the first part of the theorem.

On the other hand, suppose that o3 > 0. (If 07 < 0 there is nothing to prove
since by hypothesis r > gy and 0y = 0 in our case).

It sufficies to find U(oq) > 0 such that

/*k—f—l
k

uniformely in k. In that case, we shall have

2

du > U(oy)

k

u1—0'1 Y
s —Z(u—n) !

n=1

© k1|, 1-01 k ? d
2 _ u —o1 u
WiE=3 [ = - L e
2

0 1 /k—l—l ul—o k

> - (u—n)""" du
Lo (+ 1)z f, 1—oy ;

> 1
Z U(O'l)

1+2r—20
—~ (k+1) 1

hence r» > 0.
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It now remains to prove

k1
[k
uniformely in k.
From (@) we see that we have in fact

2

k
Z u—n)""" du>U(oy)
=1

1—01

]_—0'1

—E:u—n “:—( LN ) (ue (hk+1], k> 1, 0y < 1/2),

1—01 — u—=Fk)r 1—o

where 0 < k(u) < (u—k+ 1) for all u € (k, k + 1].
We deduce that for any 0 < 6 < 1

k+1
/k

- / <<u —1k:>2m B 2<§u—_a]f><+u 2@) d“

k+0 1—01

2/ ( 1 . (1+49) )du
k (w—=k)>r (1 —o1)(u— k)"
51—201 2(1 _'_5)1—0151—01

> _

- 1- 20’1 (1 - 0'1)2

g (L2048

- 1-— 20’1 (1 — 0'1)2 .

We have the expected result by choosing

e (1 20148
Ulor) =29 (1—2m 1—0)?

with ¢ > 0 small enough so that
2140 1
(1—0’1)2 ]_—20'1.

O

7.1.1. Zero-free discs for (. Let r > max(0,07), r # 1. Then according to The-
orem [, the function ¢ € L? ((1,00), ). Let A = (a,c) be a l-admissible
sequence, which means that

()

Zc]a] =0,



28 CHRISTOPHE DELAUNAY, EMMANUEL FRICAIN, ELIE MOSAKI, AND OLIVIER ROBERT

with 0 < a; <1, ¢; € C. Take XA € C, R(A\) > 0. It follows from Theorem .9 that
the Riemann zeta function s — ((s) does not vanish in the disc

r—i—{uE(C ’MH < /1= 27N ()},

where d,.(\) = dist(tj‘x(o,l), K,), with K, = span(fa, : A a 1l-admissible sequence).
If we take only admissible sequences of length 2, we can easily prove the following.

Proposition 7.3. We have

Kr:Span( (01@/)( )+02@/}< )), cla1+02a2:(),0<aj§1>:

smm(ﬂ@(%)—a¢(%»,0<a§1).

In particular, taking ¢ = x(o,1) (that is oy = 0), we recover the subspace K, (see
the Introduction) and the result of Nikolski [Nik99, Theorem 0.1].

We will now try to give more explicit zero free discs for the Riemann zeta function.
Applying Corollary B.3 gives that s — ((s) does not vanish in the disc

r+quecC: ‘ _)\‘<\/M‘C()‘JFT)@()\JFT)Z(O‘)CM”T

+ X 1 Farl2200,0).010
But the estimate ([.4)) gives
Jaget r 1
21D el (v + 1o H0<r <1,
[ fallz20,1),a00) <
Zé(a |C ol | ( (min; (a;)/ max; (e;))'~ + ||,¢)|| d ) ifr>1
J (1 01)\/27' 2 L2 (1 Oo)vul-er) ’

and thus we deduce (note that the case r > 1 is less useful):

Proposition 7.4. Let max(0,01) < r < 1 and let A = («a,c) be a I-admissible
sequence. If R(X\) > 0, then s — ((s) does not vanish in the disc

= A | Zf(:af CJ'O‘;‘\H‘ .
e [E0] < Rt GO+ I+ 7))
ot 251 el + g=n7a==)

In particular, if we consider only admissible sequences of length 2, we obtain
zero-free discs of the form
(7.3)

@w—A
r+epeC: |——=
{M 'u+A

A+

@™ — o

2R (A
D Py 7 P ey

\@(AH’)HC(MLT)I}-
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Since |p(A+7)| = O(1/|S(A)|}77") we obtain larger disc than in ([Nik9F]) whenever
J(A) is large enough and o7 > 0. We emphasize on the fact that our zero-free discs
are explicit.

For example, if we take @ = 1/4 in ([[:3), we obtain the following zero-free region

for zeta which can be improved but has the merit to be quite explicit:

Corollary 7.5. Let max(0,01) < r < 1 and let A\ € C such that R(\) > 0. Then
the Riemann zeta function does not vanish in the disc

r+ {u eC: M—_i < F(A,r,al)},
where
F(\r o) =
2ROV ()M = L IP(A 4+ 1)T(1 = o)

[CA+7)]-

(1) + 1) (VE@NT+20 = o0) + g ) PO+ 7+ 1= )

Recall that the discs in Corollary [ are euclidean discs of center (x,y) and radius
R where:

1+ F(\r o)

- _
r = 7’+§R()\)1_F<)\’T701)2, y=(N)
p _ ZROFOra)
1—F(\ro.)?"

Taking, for example, A = 0.01 + 507, r = 0.49 and o; = 0.4 then a simple evaluation
of F(A\,r,01) implies that ¢ has no zero in the disc of center % + 507 and radius
3.75 x 1075, Note that ¢ has a zero at s = %+49.773 ...t and at s = %+52.970 colt

7.2. Dirichlet L-functions. Let y be a non trivial Dirichlet character of conductor
cond(x) = q and L(x,s) = >_,-; x(n)n™° be the (degree 1) associated Dirichlet
function. This function has an analytic continuation to the whole complex plane.
For simplicity, we take 0, = 09 = 0 and

{1 if0<t<l,

t:
PD=90 ite>1.

So we have 1(u) = — Y, _ x(n). Since 1 is bounded, it belongs to L?((1, 00), —%-)
for all » > 0. The admissibility condition for the sequence A is empty and we may

take ,
Far® =3¢ 3 xin)

j= n<a;/t
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for all A = (a,c) where £ >0, a € (0,1]° and ¢ € C’. Let 7 such that 1/2 <r < 1
and A\ = 1 — r. For simplicity, we write d, = d,(\) so that
2
& = min / for - t"Zc S )| &
T iy 0 J t
n<ay/t
Furthermore, we will write d, , if we need to specify the dependance on x. Remark

that we have trivially d? < 1/(2 — 2r) (just take all the ¢; to be 0). In fact, we can
be a little bit more precise.

Proposition 7.6. We have d> < 1/(2 — 2r).

Proof. Let ¢ € C and 0 < a < 1. A short calculation gives
2

al2</1 L Z x(n) @:
r = 0 t

n<o/t

1

3o 2a(cL(x, 1)) + \C\Qawﬂ/

> x(n)

n<u

u1+27"

Since we know that L(x,1) # 1 (see for example [[K04, p. 37]), one can choose a
suitable ¢ such that the right hand side of the equation above is less than 1/(2 —
2r). O

Theorem R.9 asserts that L(x, s) does not vanish on the disc

ptr—1
—— | <V1-201—-1r)d?;.
| < vimmna)

Note that the proposition above implies that the disc is not empty. We deduce, in
particular, that L(x, o) does not vanish on the real-interval

V1I=2(1—r)d2— (1 —-2(1—r)d?)

d? '
(We can easily check that the disc ([[.4) contains o = 1 and it is known that L(x, o) #
0 for o > 1.) Hence, L(x, o) does not vanish on

(7.5) o>1—(1-7r)/1-2(1-r)a.
We expect (by the Riemann hypothesis for Dirichlet functions) that d, = 0 which
would imply that L(x,s) does not vanish on II,.. If we had “only”
P L Cc?
T2 -9 2(logq)?*(1 —1r)3

(7.4) r+{u€©:

o>1-—
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for some (absolute) constant C, it would imply (using ([.§)) that L(y, o) does not
vanish in the real-interval o > 1 — C/logq. That proves Theorem P.J and we also
get immediately the following.

Theorem 7.7. If there exists an absolute constant C' such that for all (real) char-
acter x there exists r € [1/2,1) with

02
2—2r  2(logcond(x))2(1 —1r)3’

then there is no Siegel’s zero for Dirichlet L-functions.

2
dnx <

The previous theorem can be seen as a Beurling-Nyman criterion for Siegel’s
conjecture.

7.2.1. Explicit zero-free discs for L(x,s). We now apply Corollary P.J. Note that
for the special choice of ¢ we have done (¢ = x(0,1)), we have ¢(s) = 1/s. Moreover,
since the function v is bounded, say ||| < B, we have

”wHLQ((l,oo),du/ul-ﬂr) < B/\/ r.
Then Corollary P asserts that s — L(x, s) does not vanish in the disc

7’+{MEC:‘ ‘ \/7|LX’)‘+T|\/_}

A+ 7| B

Let us remark that the Pdlya-Vinogradov’s theorem implies that B < 2,/glogq
where ¢ = cond(x) is the conductor of x. Note also that there are some improve-
ments of the Pdlya-Vinogradov’s inequality for some characters (see for example

[GS07).

7.3. The Selberg class. Let L(s) = }_ ., a,n"* be a L-function in the Selberg

class S ([dRO7d]). We denote by d its degree and by my, the order of its pole at
s=1.
As for the Riemann zeta function, we take

(1—t)" fo<i<l
£ —
w(t) {0 if1>1

where 07 < 1/2. By the Phragmen-Lindel6f principle, we have that L(r + it) =
O.(t20-7+¢) for 0 < r < 1/2. Then we deduce from Theorem -] and ([7I]) that

du
2
ver* (oo ity )
if the following inequality holds

<1 1—r
G577,
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In particular, for r = 1/2, this gives 07 < 1/2 — d/4 which is better than oy < —d/4
obtained in [AR074]. Nevertheless, we should mention that for d < 4, we can in fact

take o1 = 0 (see [HROTH]).
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