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Abstract Several papers in the last decade have studied the Caledonian symmetric
four-body problem (CSFBP), a restricted four-body system with a symmetrically reduced
phase space. During these studies, difficulties have arisen when the system approaches a close
encounter. These are due to collision singularities causing numerical integration algorithms
to fail. In this paper, we give the full details of a regularisation approach that now enables
us to study these close encounters and collision events. The resulting equations of motion
can be efficiently integrated by a high-order integrator. The results from numerical testing of
the algorithm verify that the regularisation is advantageous in preserving numerical stabil-
ity. The effectiveness of the approach is illustrated for a range of CSFBP orbits. Numerical
experiments show that the newly developed regularisation algorithm has excellent energy
conservation properties.

Keywords Regularisation · Close encounters · Restricted four-body problem ·
Caledonian symmetrical four-body problem

1 Introduction

This paper discusses the design and verification of an efficient regularisation scheme to study
the close encounters that appear in the Caledonian symmetrical four-body problem (CSFBP),
a special restricted four-body problem with a symmetrically reduced phase space. This
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158 A. Sivasankaran et al.

four-body problem has been widely studied in the past, with the help of symmetrical restric-
tion methods which reduce the mathematical complexity of the general few-body problem
by reducing the phase space dimensions. Symmetrical restricted four-body problems have
been studied recently in Sweatman (2002, 2006), and Sekiguchi and Tanikawa (2004).

The c2 H stability criterion proposed in Zare (1976, 1977), and Marchal and Saari (1975),
provides a hierarchical stability criterion for the three-body problem. It shows that when
the angular momentum c combined with the energy H reaches a critical value [c2 H ]cri t ,
the phase space of possible motions can have disconnected topological regions. Loks and
Sergysels (1985) and Sergysels and Loks (1987) extended this criterion to the case of the
general four-body problem.

Roy and Steves (1998, 2001) and Steves and Roy (1998, 2001) developed the CSFBP and
derived an analytical stability criterion. These authors showed that the global stability of the
system depends on a parameter they called the Szebehely constant C0, which is similar to the

c2 H stability criterion in the three-body problem. The Szebehely constant C0 = − c2 E
G2 M5 is a

function of the total energy (E) and the magnitude of the angular momentum of the system
(c), where G is the gravitational constant, and M is the total mass. The Szebehely constant
can be determined by the initial conditions of the system.

One of the main difficulties in the study of the CSFBP is the existence of collision singu-
larities which may cause numerical-integration algorithms to fail during a close encounter.
It is also important to be able to compute the trajectories of the CSFBP orbits with a high
order of accuracy, especially when studying the hierarchical evolution of systems (Széll et al.
2004a). Regularisation of two-body collisions by the Kustaanheimo-Stiefel method is an effi-
cient mathematical tool for handling these kinds of singularities. Celletti (2002), Waldvogel
(2008), and Aarseth (2003) provide detailed overviews of standard regularisation techniques
in the N-body problem.

In this paper, we develop a suitable regularisation scheme for the collision singularities in
the CSFBP and examine its performance. An outline of this regularisation scheme was briefly
sketched in Sivasankaran et al. (2009). Here we provide complete details of the regularisation
approach and present results from numerical testing of the algorithm.

In Sect. 2, we describe the important features of the CSFBP and derive its equations
of motion. In Sect. 3, numerical investigations illustrate the unstable energy profile of the
non-regularised equations at close encounters as well as indicate the rich structure of the
binary interactions in the CSFBP. In Sect. 4, we develop the new regularisation scheme
for the CSFBP and describe a method for the practical implementation of the regularisation
algorithm. Section 5 presents numerical results comparing integration with and without regu-
larisation. We illustrate the effectiveness of the new algorithm with different types of CSFBP
orbits. We conclude in Sect. 6.

2 An overview of the Caledonian symmetrical four-body problem

In this section, we discuss the main features of the CSFBP [cf. Steves and Roy (2001)]. The
coplanar CSFBP involves two pairs of distinct masses moving in coplanar, initially circular
orbits, starting in a collinear arrangement. There are two types of symmetrical restrictions:
past-future symmetry so that the dynamical evolution of the system after time t = 0 is a mir-
ror image of that before t = 0; and dynamical symmetry for which the dynamical evolution
of two bodies on one side of the system’s centre of mass is a rotational image of that of the
two bodies on the other side of the centre of mass.
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Fig. 1 a The initial configuration
of the CSFBP (t = 0).
b The CSFBP configuration
at a later time (t > 0) P
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The initial configuration of the CSFBP is shown in Fig. 1. The four masses in the model
m1, m2, m3, m4 are, respectively, at positions P1, P2, P3, P4 and interact under their mutual
Newtonian gravitational attraction. We let ri and ṙi be the radius and velocity vectors of the
bodies with respect to the centre of mass of the four-body system, where i = 1, 2, 3, 4. The
centre of mass itself is denoted by O . The CSFBP symmetrical restriction can be characterised
by the following conditions:

1. The bodies at positions P1 and P3 have the same mass and likewise those at P2 and P4

have the same mass

m1 = m3, m2 = m4. (1)

2. The bodies initially at P1 and P3 move symmetrically with respect to each other about
the centre of mass of the system. There is a similar symmetry for those initially at P2

and P4. Thus

r1 = −r3, r2 = −r4, V1 = ṙ1 = −ṙ3, V2 = ṙ2 = −ṙ4. (2)

This ensures dynamical symmetry for all time t . The resulting configuration is always
a parallelogram. See Fig. 1b.

3. Initially, at time t = 0, the bodies are collinear and have velocity vectors perpendicular
to this line. Thus the past-future symmetry is obtained and

r1 × r2 = 0, r1 · ṙ1 = 0, r2 · ṙ2 = 0. (3)

We redefine the masses in terms of ratios to total mass: the total mass of the system M is

M = 2(m1 + m2),

and we set

μ1 = m1

M
, μ2 = m2

M
, μ = μ1

μ2

so that

2(μ1 + μ2) = 1.
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160 A. Sivasankaran et al.

Taking the centre of mass to be at rest at the origin and the motion to lie in the
xy-plane, the position coordinates of the four bodies can be taken to be r1 = (x1, x2), r2 =
(x3, x4), r3 = (−x1,−x2), r4 = (−x3,−x4), with corresponding momenta (ω1, ω2) =
μ1 M(ẋ1, ẋ2), (ω3, ω4) = μ2 M(ẋ3, ẋ4), (−ω1,−ω2), (−ω3,−ω4). With the symmetries
present in the model, the Hamiltonian is

H = 1

μ1 M

(
ω2

1 + ω2
2

) + 1

μ2 M

(
ω2

3 + ω2
4

)

−2Gμ1μ2 M2
(

1

r12
+ 1

r14

)
− Gμ2

1 M2

r13
− Gμ2

2 M2

r24
, (4)

where the inter-body distances are

r12 = (
(x1 − x3)

2 + (x2 − x4)
2)1/2 = r34,

r14 = (
(x1 + x3)

2 + (x2 + x4)
2)1/2 = r23,

(5)
r13 = (

(2x1)
2 + (2x2)

2)1/2
,

r24 = (
(2x3)

2 + (2x4)
2)1/2

.

Henceforth, for simplicity, we will set the gravitational constant G and total mass M to be
equal to unity.

For initial conditions, we assume that the bodies start at t = 0 on the x-axis, with velocities
in the y-direction. So the initial coordinates are of the form P1(x1, 0), P2(x3, 0), P3(−x1, 0),

P4(−x3, 0), with momenta (0, ω2), (0, ω4), (0,−ω2), (0,−ω4).
Four types of two-body close encounters can occur in the CSFBP. Figure 2 illustrates

these

1. “12”-type double-binary collision: collisions occurring in the binary formed between
P1 and P2 and the symmetrical binary formed between P3 and P4 (Fig. 2a).

2. “14”-type double-binary collision: collisions occurring in the binary formed between
P1 and P4 and the symmetrical binary formed between P2 and P3 (Fig. 2b).

3. “13”-type single-binary collision: collision occurring in the binary formed between P1

and P3 (Fig. 2c).
4. “24”-type single-binary collision: collision occurring in the binary formed between P2

and P4 (Fig. 2d).

Fig. 2 The possible types of
collisions present in the CSFBP;
a “12”-type double binary,
b “14”-type double binary,
c “13”-type single binary,
d “24”-type single binary
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3 Numerical investigations using the non-regularised equations of motion

Hamilton’s equations corresponding to the Hamiltonian (4),

dxi

dt
= ∂ H

∂ωi
,

dωi

dt
= −∂ H

∂xi
, i = 1, 2, 3, 4, (6)

can be directly integrated using a high-order numerical integrator. A variable step-size solver
is advantageous as it adjusts the time steps automatically to maintain desired numerical accu-
racy, and thus it can handle moderately-close encounters efficiently. The Radau method of
Everhart (1985) has been used, which is a 15th-order method with an adaptive step-size con-
trol and makes use of Gauss–Radau spacing. The Microsoft Visual Studio 2005 environment
has been used for conducting the experiments. We set the error tolerance of the integrator to
10−12 and computations were performed in double precision.

As with earlier studies (Széll et al. 2004a,b), we consider systems with fixed values of
the mass ratio μ, initial energy E and Szebehely constant C0, and study the family of orbits
arising from a grid of initial positions (r1, r2), where (r1 = x1, r2 = x3). The initial veloc-
ities are determined by these quantities. The orbital evolution is followed until either time
t = 105 integration time units is reached or else a close encounter has forced the termination
of the trial. In the latter case the final type of two-body close encounter due to a breakdown
in conservation of energy is recorded. Termination occurs whenever the numerical error in
total energy from the initial energy becomes �E ≥ 10−4.

Results from these simulations are shown in the form of an outcome chart, where each
point in the grid of initial conditions is colour coded according to the nature of the final
system. The outcome charts shown in Fig. 3 indicate that the majority of the regions of real
motion are dominated by close encounters. In Széll et al. (2004b) fast-chaos detection meth-
ods were used to study the stable and chaotic behaviour of the CSFBP. Széll et al. (2004b)
also recorded patterns of close encounters in the regions of real motion that are the same as
those found in Fig. 3.

In the presence of close encounters, large energy errors occur in the non-regularised numer-
ical integration and energy does not return to its pre-collision value after the encounter.
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Fig. 3 Outcome charts, for μ = 1, E = −7, integration time t = 105; a C0 = 10, b C0 = 40. Close
encounters with break down of energy conservation are colour coded as follows: red “12” type, green “14”
type, yellow “13” type, blue “24” type, or all grey shaded in the printed version. The black regions represent
orbits where the systems were not terminated by close encounters
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Fig. 4 Energy profiles of two
CSFBP close-encounter orbits
integrated to time t = 20 using
the non-regularised equations of
motion (μ = 1, E = −7 and
C0 = 40 as in Fig. 3b); solid line
a “12”-type double-binary
collision (initial r1 = 0.61 and
r2 = 0.30); dotted line a
“24”-type single-binary collision
(initial r1 = 0.75 and r2 = 0.01)
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Figure 4 illustrates this behaviour in the numerical energy error for two individual close-
encounter orbits. For both orbits, the energy fluctuation is mild until the close encounter.
At that point, there is a rapid increase in energy error from which there is no return to the
original energy.

In the next section, we present a global regularisation method for the two-body close
encounters of the CSFBP.

4 Regularisation procedure

The regularisation scheme is an adaptation of the global regularisation scheme developed by
D. C. Heggie (1974). The new scheme incorporates the symmetries of the CSFBP. All the
distinct inter-body position vectors (r12, r14, r13, r24) are regularised by the use of a Levi–
Civita type transformation. As a result of the process, the number of coordinates is doubled
from four to eight. With a fixed centre of mass, the system is determined by the positions in
the plane of just two bodies m1 and m2; however, there are four distinct inter-body vectors.
A previous approach of this kind has been used for the simpler collinear symmetrical four-
body problem where only “12” and “13”-type binary collisions can occur (Sweatman 2002,
2006).

We introduce inter-body coordinates qi , i = 1, 2, . . . , 8:

(q1, q2) = (x1, x2) − (x3, x4), (7)

(q3, q4) = (x1, x2) + (x3, x4), (8)

(q5, q6) = 2(x1, x2), (9)

(q7, q8) = 2(x3, x4). (10)

The corresponding conjugate momenta pk can be related to the original momenta (ωi ) by
means of a generating function, F(pk, xi ) which is a function of two vectors pk and xi where
i =1–4 and k =1–8. Thus,

ωi = ∂ F

∂xi
, F(pk, xi ) =

8∑

j=1

p j q j (xi ). (11)

However, a further four relations are required to determine the pi and so, analogous to the
degeneracy found in the coordinates,

(q5, q6) = (q1, q2) + (q3, q4), (q7, q8) = (q3, q4) − (q1, q2); (12)
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we set

(p5, p6) = (p1, p2) + (p3, p4), (p7, p8) = (p3, p4) − (p1, p2). (13)

Using Eqs. (11) and (13), we deduce

p1 = 1

6
(ω1 − ω3), p2 = 1

6
(ω2 − ω4),

p3 = 1

6
(ω1 + ω3), p4 = 1

6
(ω2 + ω4),

(14)
p5 = 1

3
ω1, p6 = 1

3
ω2,

p7 = 1

3
ω3, p8 = 1

3
ω4.

The system is transformed to Levi–Civita-type coordinates (Qk, Pk), k = 1, 2, . . . , 8 by
setting

q j = Q2
j − Q2

j+1, q j+1 = 2Q j Q j+1, (15)

for j = 1, 3, 5, 7. The corresponding conjugate momenta Pk are

Pk = ∂ F2

∂ Qk
, F2(pk , Qk) =

8∑

j=1

p j q j (Qk), k = 1, . . . , 8 (16)

that is

Pj = 2p j Q j + 2p j+1 Q j+1, Pj+1 = 2p j+1 Q j − 2p j Q j+1, (17)

for j = 1, 3, 5, 7. Following the method of Heggie (1974), we additionally introduce a
rescaled time τ modified to best suit the CSFBP with symmetrical inter-body distances. We
also choose, different from Heggie (1974), an exponent power of 5/2 which we found to
produce the best performance in conserving energy.

dt

dτ
= g = r12r13r14r24

(r12 + r13 + r14 + r24)
5/2

=
(
Q2

1 + Q2
2

) (
Q2

3 + Q2
4

) (
Q2

5 + Q2
6

) (
Q2

7 + Q2
8

)

(
Q2

1 + Q2
2 + Q2

3 + Q2
4 + Q2

5 + Q2
6 + Q2

7 + Q2
8

)5/2
. (18)

The final transformed Hamiltonian takes the form

�(Qk, Pk) = g
(

H̃ − h0

)
, (19)

where H̃(Qk, Pk) is the original Hamiltonian (H) considered as a function of the Qk and
Pk , and h0 is the initial (constant) value of H̃ . The new regularised equations of motion are

d Qi

dτ
= ∂�

∂ Pi
, (20)

d Pi

dτ
= − ∂�

∂ Qi
. (21)

Equations (18), (20) and (21) are integrated with respect to τ to find the trajectories.
The symbolic differentiation to derive the gradient of �(Qi , Pi ) produces a large number

of additive and multiplicative terms. To make the integrator efficient, we have optimised the
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regularised equations using a technique discussed in Gruntz and Waldvogel (1998), ie. we
have used the reverse-mode algorithmic differentiation to reduce the total number of multi-
plicative operations (multiplication and addition). This technique enables the derivation of
the partial derivatives of the regularised Hamiltonian �(Qi , Pi ) using MAPLE.

There is still a singularity should all four bodies simultaneously collide. This is impossible
for a CSFBP system with non-zero angular momentum. In general such four-body collisions
cannot be regularised.

In the next section, we study the effectiveness of this global regularisation method for
a range of CSFBP orbits and compare the performance with that of the non-regularised
equations of motion.

5 The performance of the regularisation method

The numerical experiments as described in Sect. 3 were repeated using the regularised equa-
tions. The accuracy of the floating-point arithmetic and the user-defined error tolerance of
the integration will also have an effect on the accuracy of the integration. We therefore keep
these identical for both the regularised and non-regularised integrations to show the effect of
regularisation on the accuracy. All the orbits shown in Fig. 3 which resulted in termination
due to close encounters can now be successfully integrated through close encounters to the
end of the simulation (t = 105) without breaching the energy error bound (�E ≥ 10−5).

We now further illustrate the numerical results with individual orbital trajectories of the
CSFBP of the types: regular, irregular and escape.

5.1 Regular orbit

The first orbit selected is regular and quasi-periodic. This orbit does not contain any extreme
close encounters as the masses remain well separated. Results from the (a) non-regularised
and (b) regularised simulations are shown in Fig. 5.

The orbital trajectories in the xy-plane of motion are shown in Fig. 5I. Only the positions
of masses m1(x1, x2) (green) and m2(x3, x4) (blue) are shown. The other two masses mirror
their motion. The regularised and non-regularised numerical trajectories are similar.

Figure 5II compares the numerical energy errors over 50 time units. In both cases the
energy profile appears stable with no large spikes, however, the regularised energy error is
better on average by a factor of order 10.

Figure 5III shows the step-sizes used during the integrations as a function of time. The
Radau15 variable step-size solver automatically adjusts the step-sizes to maintain the pre-
scribed tolerance level during integration. We set the error tolerance of the integrator to
10−12, for both the regularised and non-regularised orbits. The step-sizes with the regularisa-
tion procedure are less variable in both the relative magnitude of the variation compared with
step-size and also in the frequency of the variation. The lower variability makes it easier for
the regularised equations to be integrated, as fewer integration steps will fail and need to be
repeated. Overall, aside from repeated steps, the time steps moved forward in physical time
were larger for the regularised scheme and so the number of integration steps was reduced
by a factor of 1.6.

The main motivation for the regularisation scheme described in this paper was to be able
to determine the orbits that the integrator had previously failed on; however, even for the
present orbit there are numerical advantages. For the same tolerance in the Radau integrator,
there is both an improvement in energy conservation but also an improvement in CPU time
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Fig. 5 A quasi-periodic orbit over the time [0, 50] (μ = 1, E = −7, C0 = 10 initial r1 = 0.52121 and
r2 = 0.31082); with a non-regularised; b regularised equations. I Trajectories of m1 (green) and m2 (blue)
in the xy-plane of motion. In the printed version, green is light grey and blue is dark grey; II energy error; III
time step variations (Note the ordinates have a different range)
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Fig. 6 Irregular orbits starting
with the same initial conditions
over the time period [0,100]
(μ = 1, E = −1.2, C0 = 0.6,
initial r1 = 1.00001 and
r2 = 0.50001); with a
non-regularised; b regularised
equations. I Trajectories of m1
(green) and m2 (blue) in the
xy-plane of motion. In the printed
version, green is light grey and
blue is dark grey; II energy error
over the time period [0,400]
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by a factor of 1.12. The latter improvement occurs despite the regularised scheme requiring
more than twice as many equations to be integrated and extra calculation being needed for
the coordinate transformations back to physical coordinates.

5.2 Irregular orbit

The next orbit to be studied is irregular with several close encounters which test the capability
of the regularised method to handle collisional events. We reduce the error tolerance of the
integrator to 10−14 for both the regularised and non-regularised orbits in order to have an
example where the non-regularised orbit has a chance of being accurate through the first
few near-collision events. The two different realisations of the orbit in the xy-plane using
non-regularised and regularised equations are contained in Fig. 6I. Both orbits begin the same
with an interplay of “12”-type close encounters. (These are mirrored by the “34” symmetrical
pair on the other side of the centre of mass, which is not shown in the figure.) Close-encounter
events exist from the beginning of the CSFBP orbital evolution in both non-regularised and
regularised cases. We can see that the first few close encounters (at t = 0.572, 1.336 and
3.366) have an important influence in deciding the trajectory of the CSFBP orbit. Figure 6II
shows the energy error observed on the time interval [0, 400]. The conservation of energy
breaks down for the non-regularised integrator at the seccond close encounter at t ≈ 1.366,
with a corresponding energy error of the order 10−2. The numerically derived orbit is not
reliable after this point; although the two orbits remain similar in appearance until the 22nd
close encounter at t ≈ 37.313. At this time, the orbit becomes highly irregular with an energy
error of the order 10−1 (See Fig. 6I.a, II.a). The numerical orbit computed with regularisation
is well behaved with an energy error of the order of maximum 10−6 and survives the interplay
of close two-body encounters between the “12” binaries efficiently.
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Fig. 7 An escape orbit to
t = 103; μ = 1, E = −1
and C0 = 0.3 with
r1 = 45, r2 = 42.9, initially. The
initial velocities are ±0.0009 in
the transverse direction
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Fig. 8 Energy profile of the
escape orbit shown in Fig. 7 until
time t = 104
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5.3 Escape orbit

The third orbit to be studied illustrates the energy-conserving capability of our regularisa-
tion scheme in the presence of extreme close-encounter events leading to escape. The four
masses are initially far from the origin with very small initial velocities. Only the regularised
integration of the orbit is shown. The corresponding non-regularised integration of these
initial conditions is unreliable with the energy error growing exponentially with time from
the first close encounter at t ≈ 0. Figure 7, shows the escape orbit over 103 time units.
The positions of all the masses are shown in the xy-plane of motion. Masses m1, m2, m3

and m4 are denoted by green, blue, black and red lines, respectively. This CSFBP system
starts as two binary-subsystems (“12” and “34”), followed by a series of close-encounter
events before the final escape of two binary-subsystems (“14” and “23”). Figure 8 shows the
corresponding well-controlled energy profile for t = 104 integration time and illustrates the
long-term reliability of the regularised scheme.

6 Concluding remarks

A global regularisation scheme for numerically integrating a symmetrically restricted four-
body problem, the Caledonian symmetric four-body problem (CSFBP), has been presented.
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This regularisation consists of several Levi-Civita-type coordinate transformations together
with a time transformation that will remove the singularities due to colliding pairs of masses.
The new approach has been tested upon a range of CSFBP orbits and demonstrates a good
performance with close encounters.
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