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MULTI-OPERATOR SCALING RANDOM FIELDS
HERMINE BIERME, CELINE LACAUX, AND HANS-PETER SCHEFFLER

ABSTRACT. In this paper, we define and study a new class of random fields called harmonizable
multi-operator scaling stable random fields. These fields satisfy a local asymptotic operator scal-
ing property which generalizes both the local asymptotic self-similarity property and the operator
scaling property. Actually, they locally look like operator scaling random fields whose order is
allowed to vary along the sample paths. We also give an upper bound of their modulus of conti-
nuity. Their pointwise Holder exponents may also vary with the position x and their anisotropic
behavior is driven by a matrix which may also depend on z.

1. INTRODUCTION

Self-similar random processes and fields are required to model numerous natural phenomena,
e.g. in internet traffic, hydrology, geophysics or financial markets, see for instance [27, 18, 1].
A very important class of such fields is given by fractional stable random fields (see [25]). In
particular, the well-known fractional Brownian field By is a Gaussian H-self-similar random field
with stationary increments. It is an isotropic generalization of the famous fractional Brownian
motion ([19, 12]). Self-similar isotropic a-stable fields have been extensively used to propose
an alternative to Gaussian modeling (see [21, 27] for instance) to mimic heavy-tailed persistent
phenomena.

However, isotropy property is a serious drawback for many applications in medicin [8], in
geophysics [22, 9] and in hydrology [5], just to mention a few. Recently, an important class of
anisotropic random fields has been studied in [7]. These fields are anisotropic generalizations of
self-similar stable random fields. They satisfy an operator scaling property which generalizes the
classical self-similarity property. More precisely, for F a real d x d matrix with positive real parts
of the eigenvalues, a scalar valued random field (X (x)), pa is called operator scaling of order E

and H > 0 if for every ¢ > 0
(X(Fa)ixw e RY 20 (HX (2);0 € RY), (1)

dd . o . o
where %Y means equality of finite dimensional distributions and as usual ¢ = exp(Elogc). Let
us recall that the self-similarity property corresponds to the case where F is the identity matrix.
Let us also remark that up to consider the matrix F/H, we may and will assume, without

loss of generality, that H = 1. The anisotropic behavior of operator scaling random fields with
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stationary increments is then driven by a matrix. In particular, when 6; is an eigenvector of £
associated with the eigenvalue \;, any operator scaling random field for £ is 1/\;-self-similar in
direction ;. Furthermore, the critical global and directional Holder exponents of harmonizable
operator scaling stable random fields are given by the eigenvalues of E (see [6]). Let us empha-

size that these exponents and the directions of self-similarity do not vary according to the position.

Moreover, the self-similarity is a global property which can be too restrictive for applications.
Actually, numerous phenomena exhibit scale invariance that may vary according to the scale
or to the position and are usually called multifractal (see [10, 24, 22] for examples). To allow
more flexibility, [4] has introduced the local asymptotic self-similarity property. This property
characterizes random fields that locally seem self-similar but whose local regularity properties
evolve. Since then, many examples of locally asymptotically self-similar random fields have been
introduced and studied, e.g. in [4, 23, 3, 2, 15, 26].

In this paper, we introduce the local asymptotic operator scaling property which generalizes
both the local asymptotic self-similarity property and the operator scaling property. A scalar
valued random field X is locally asymptotically operator scaling at point x of order A(x) if

(X(x + eA®@y) — X(a;))

- N (Zaw) e 2)

ucRd

lim

e—0+
with Z, a non degenerate random field. Let us first remark that the local asymptotic self-
similarity property of exponent h(x) corresponds to the local asymptotic operator self-similarity
of order A(x) = I;/h(x) with I; the identity matrix of order d. Moreover, operator scaling
random fields of order E are locally asymptotically operator scaling at point 0 of order E. Of
course, if they have also stationary increments, they are locally asymptotically operator scaling
at any point z. In addition, if (2) is fulfilled, the random field Z, is operator scaling of order
A(x). In other words, a local asymptotic multi-operator random field locally looks like an

operator scaling random field whose order is allowed to vary along the sample paths.

Then, we focus on harmonizable multi-operator scaling stable random fields, which generalize
harmonizable operator scaling stable random fields. A harmonizable multi-operator scaling stable
random field X satisfies the local asymptotic self-similarity property (2) with Z, a harmonizable
operator scaling stable random field of order A(x). Moreover, its local sample path properties
at point x are the same as those of Z, which have been established in [7, 6]. Hence, its local
regularity varies with the position x and its anisotropic behavior is driven by a matrix which
depends on z. In particular, for any eigenvector 0;(z) of A(x) associated with the real eigenvalue
Aj(z), the random field X admits H;(xz) = 1/)\;(x) as pointwise Holder exponent in direction
6;(z) at point z. Let us point out that we establish an accurrate upper bound for the modulus

of continuity. Such upper bound has already been given for real harmonizable fractional stable
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motions in [14], for some Gaussian random processes in [13] and for harmonizable operator scaling
stable random fields in [6]. Then, in this paper, we generalize these results to harmonizable
multi-operator scaling stable random fields. To study the sample paths in the case of a-stable
random fields with a € (0,2), we use a LePage series representation (see [17, 16] for details on

such series) which is chosen to be conditionnally Gaussian as in [14, 6].

Harmonizable multi-operator scaling stable random fields are defined in Section 2. In this
section, we also state all the assumptions we will need and present many examples that fulfill
them. Section 3 is devoted to the properties of the polar coordinates: these coordinates are one
of the main tools we use to study the sample paths as in [7, 6]. In Section 4, we state the sample
path properties of the class of random fields under study (modulus of continuity and pointwise
directional Holder exponents). Section 5 is devoted to the local asymptotic operator self-similar
property. Some technical proofs are postponed to the Appendix.

Throughout this paper, B(x,) denotes the closed Euclidean ball of center z and radius ~.

2. HARMONIZABLE REPRESENTATION

Harmonizable stable random fields are defined as stochastic integrals of deterministic kernels
with respect to a stable random measure. In this paper we will always assume that the following

assumption holds:

Assumption 1. Let a € (0,2] and W, be a complex isotropic a-stable random measure with
Lebesque control measure (see [25] p.281 for details on such measures). Note that Wy is an

isotropic compler Gaussian random measure.
Let us recall (see [25]) that the stochastic integral
Walh)i= [ FOWalde
is well-defined if and only if f € L*(R?). Furthermore, for f € L*(R?), W,(f) is a stable
complexed-valued random variable whose characteristic function is given by
Vz € C, E(exp (i Re (ZWa(f)))) = exp (=salWa(f)ll5 [217)

where

1/a T
WOl = ([ 1r@ra)  and s, = o [ eos ede

Note that if & = 2, for each square integrable function f, the stochastic integral Wy(f) is a

centered Gaussian random variable.

According to [7], a harmonizable operator scaling stable random field X = (X (7)), ga is defined
by

X(a) = Re [ (e = 1) () 1w ), 3
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with Ey a d x d real matrix whose eigenvalues have real parts greater than 1 and 1 : R? — [0, co)
is a continuous Ey-homogeneous function, that is ¢(c¥0&) = cyp(€) for all ¢ > 0 and x € R?, such
that

VE# 0, ¥(E) #0.

In order to obtain a field whose local behavior is given by a harmonizable operator scaling stable
random field, we replace in (3) the matrix Ej (respectively the function ) by a matrix F(z)
(respectively a function 1),) which depends on the position z. In this approach, the function 1,
is E(z)-homogeneous. This leads us to consider

Xos(x) = Re /

d <ei<m,§) - 1) ¢m(§)—1—trace(E(x))/a W (de).

R

This approach has already been used to define the multifractional Brownian field in [4, 23].
To ensure that the field X, , is well-defined, we only have to assume that (E(z),1),) satisfies
the assumptions of [7] for any z. Before we state these assumptions, let us introduce several

notations we will use throughout the paper.

Notations. We denote M>? (Rd) the space of all d x d real matrix whose eigenvalues have
positive real parts. In the following, for any z € R, E(z) € M>° (Rd). The eigenvalues of E(x)
are denoted by A\;(x),..., \g(z). For each j = 1,...,d and each x € R?, we set

aj(z) = Re(\;(x)), H;(z) = , H(z) = max H;(r) and H(x)= min H;(z).  (4)

a;(z) 1<i<d 1<i<d

The multi-operator scaling random field X, , is well-defined as soon as the two following
assumptions are fulfilled. These assumptions come from [7] when E and ¢ do not vary with the

position x.

Assumption 2. Assume that

Vr € RY, min aj(z) > 1
1<j<d

with a; defined by (4).

Assumption 3. For every v € R?, let ¥, : R? — [0,+00) be a continuous function, E(x)-

homogeneous which means according to Definition 2.6 of [7] that
Vo (POE) = capy (&) for all ¢ > 0 and € € R

Let us also assume that 1,.(§) # 0 for & # 0.

Following ideas of [2], let us now define generalized multi-operator scaling stable random fields.
These fields will be useful in the study the sample paths of harmonizable multi-operator scaling

stable random fields.
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Theorem 2.1. Assume that Assumptions 1, 2 and 3 are fulfilled. Then, the random field
Voolwpi2) = Re [ (6609 = 1)u (€)1 W, (de), w0,z € R (5)
Rd
where
o, az) _
Balz) =1+ —= with q(z) = trace(E(z)) (6)

o
i1s well-defined on the non empty set

U= {(a;,y,z) ER™: 0< 1+ (q(2) —q(y))/a< lrgjinge (Ni(y) = ﬁ}

The random field Y, 1s called generalized multi-operator scaling stable random field.

Proof. Let x,y,z € R and H = 1+ (q(z) — q(y))/. Since B.(z) = H + q(y)/«, according to
Theorem 4.1 of [7] (applied with ¢ = 1,,), the random variable Y, ,(x,y, z) is well-defined as soon

as

. 1
0 <H < min Re(X;(y)) = )

which holds for any (z,y,2) € U. O

We now introduce the class of harmonizable multi-operator scaling random fields which will

study in this paper.
Definition 2.1. Assume that Assumptions 1, 2 and 3 are fulfilled. Then, the random field

Xoy(x) =Youlr,z,z) = Re/

]Rd

(79 = 1)) Wa(d) . € B, (7)

with B, defined by (6), is well-defined and is called harmonizable multi-operator scaling stable
random field.

Remark 2.1. If o =2, X, 4 is a real-valued centered Gaussian random field.
Remark 2.2. Assume that Assumptions 1, 2 and 3 are fulfilled. Let
~ 1
Vo € RY VE € RY, (6) = 5(4a(6) + Ual—0)).

Then, for each x € R?, zzx is an even function. Since Assumption 3 is also fulfilled by (x,&) — Jx,
the harmonizable multi-operator scaling stable random fields X, and X J are well-defined by (7).

Moreover, one can easily see that

{Xa,w(:v); x € Rd} () {Xaﬂ;(x); x € Rd}.

Therefore, the function 1, will be chosen even for any x € R in all the examples we will give.

Let us emphasize that to study the sample paths of X, ,, we need the functions ¢» and E to

be sufficiently regular. We introduce now all the assumptions we will use in sequel.



6 HERMINE BIERME, CELINE LACAUX, AND HANS-PETER SCHEFFLER

d

Assumption 4. Let T = [][b;, d;]| with b; < d; for 1 < i < d. Let us assume that the function
i=1

(2, &) — 1,(€) is locally Lipschitz on T x RN\{0}, that is for every compact set K C T x R\{0},

there exists a finite positive constant c,, = c,,(K) such that

D2y (§1) = Van (§2)| < €y ([[21 — 22| + (|61 — &2])
Jor every (z1,&1), (22,&) € K.

d

Assumption 5. Let T' = [][b;,d;] with b; < d; for 1 < i < d. Let us assume that the map
i=1

E :x+— E(x) is a Lipschilz function on T': there exists a finite positive constant c,, = c,,(T)

such that, for x1,xo € T

|E(21) — E(x2)]] < c,, |71 — 22|

d

Assumption 6. Let T = [][b;,d;] with b; < d; for 1 < i < d. Let us assume that for any
i=1
x,y €T, E(x) and E(y) are commuting matrices:

We now conclude this section by several examples. We first give two straightforward classes
of examples. The first one is given by harmonizable operator scaling stable random fields. The

second one includes the classical multifractional Brownian field as defined in [4].

Example 2.1 (Operator scaling random fields). Let Ey be a d x d real matriz whose eigenval-
ues have real parts greater than 1. Let us consider a function v : R? — [0,00) Ey-homogeneous,
locally Lipschitz on RN\{0} and such that

vE # 0, (&) # 0.

For all x,& € RY, let
E(z) =Ey and 1, = 1.

Then, Assumptions 2-6 are fulfilled and under Assumption 1, X, is a harmonizable operator
scaling stable random field for E§ with stationary increments, see [7]. In particular, X, satisfies

the operator-scaling property (1) for Ef (and H =1).

Example 2.2 (Multifractional operator scaling random fields). Let Ey and ¢ be as in
Ezample 2.1 and let h : R? — (0, 1) be a locally Lipschitz function. For all x € R?, let us define
E(z) = ﬁEO and ¢, = Y@,

Then, Assumptions 2-6 are fulfilled and under Assumption 1, the random field X, given by (7)
is well-defined. In particular, if Ey = 1 is the identity matriz and if 1 = ||-||, is the Euclidean
norm onRY, then X, is a multifractional harmonizable stable random field, called multifractional

Brownian field if o = 2 (see [4]).
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Remark 2.3. Let us focus on the special case d = 1. If we assume that 1), is an even function

for any x € RY, Assumption 3 implies that there exists a positive function ¢ such that

U, (€) = e(@)[E["D, for any x,& € R,

where h = 1/E. Hence, if d = 1, under Assumptions 1-3, the random process X, is a multi-

fractional harmonizable stable random motion, up to a deterministic multiplicative function.

Example 2.3. For every 1 < j < d, assume that H; is a locally Lipschitz function on R with
values in (0,1). Assume also that

inf min H;(z) > 0.

zeR4 1<j<d
Consider the map

E = diag(1/Hy,...,1/Hy)

defined on R? with values in the space of diagonal matrices. Let p € (0, inf 1121216[ H;(x)] and
zeR® 15y<

2H, 2H 4(x) > /2
Y

(@)

(= (el * -+l
for every x,& € R Then, Assumptions 2-6 are fulfilled such that, under Assumption 1, the
random field X, given by (7) is well-defined.

Example 2.4. Let E and v, as in Example 2.3. Let P € GLg4(R) be an invertible matriz. Then
the map

z+— P'E(x)P
satisfies Assumptions 2, 5 and 6. Moreover, the function
¢ (2,8) = ha(PY)
satisfies Assumptions 3 and 4. Then, the harmonizable multi-operator scaling stable random field

Xo,p is well defined by (7).

Example 2.5. Let d = 2. Let us consider the map

B — ol cos(f(x)) sin(f(x))
z+— E(z) = a( )< —sin(A(x)) cos(f(z)) )

where a and 0 are locally Lipschitz functions on R?. Assume that
Vo € R a(x)cos (0(z)) > 1.
For every © € R? and ¢ € R?, let
al€) = /.

Then Assumptions 2-6 are fulfilled such that, under Assumption 1, the random field X, given
by (7) is well-defined.
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Example 2.6. Let E; : R? — M>°(R?) satisfy Assumption 2 fori € {1,2} and let v satisfying
Assumption 8 with respect to E; fori € {1,2}. Consider the map

E - El]-[O,l]d + Eled\[OJ]d.

and for any x € R?, the function

V. (§) = wi” (&)1 pa(w) + w;(f) (&) 1papo13a().

Then ) satisfies Assumption 3 with respect to E. The random fields X, ), X,

ap@ and X are
well defined by (7) and

KXoy = Xopmlpye + Xo @ Irao,1)e-
The approach proposed in this example allows to define harmonizable stable random fields which

are piecewise operator scaling.

In the next section we recall one of the main tools needed to study operator scaling random
fields, in particular a change of variables formula with respect to adapted polar coordinates.
3. POLAR COORDINATES

Let us recall the main properties of polar coordinates adapted to a single matrix as introduced
in [20]. Let M € M>°(R?). As in Chapter 6 of [20], let us consider the norm | - [|5; defined by

! dt
lell = [ 4] 5. v <R (®)

where || - || is the Euclidean norm on R?. Then, according to Chapter 6 of [20], || - [|as is a norm
on R? such that the map

Wy (0,400) x Sy — RN {0}

(r,0) — Mg
is a homeomorphism, where
Su={6 e R ||¢]ln = 1} (9)
is the unit sphere for || - ||5;. Hence we can write any ¢ € R?\{0} uniquely as
&= (€)"lu(€) (10)

with 73/(€) > 0 and £,(€) € Sy. Here, for any € € RN\{0}, 7/(€) should be interpreted as the
radial part of & with respect to M and ¢);(§) € Sy as its directional part with respect to M.

Let us now recall the formula of integration in polar coordinates established in [7].

Proposition 3.1. There exists a unique finite Radon measure oy; on the unit sphere Sy defined
by (9) such that for all f € LY(R?, d¢),

+o00
f(&)dg = / M) o (do) riace®D =L gp,
Re 0 Smr
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The main difficulty in our setting is that we do not consider a single matrix but a family
(E(x)),cpa of matrices. Hence we need uniform controls on the polar coordinates. These will
follow from the next Lemmas.

Lemma 3.2. Let T = ﬁ[bi,di] with by < d; for 1 <i < d. Assume that E : T — M>%(R?) is
continuous on T' and sal;;ﬁes Assumption 6 onT'. Then the map
P [0,400) x T — M(R?)
(t,x) —  tP@)

is continuous on [0, +00) x T (with convention 0¥(*) =0).

Proof. According to Proposition 2.2.11 of [20], since E : T — M>" (]Rd) is continuous on T,
the map P is continuous on (0,+00) x T'. Therefore, the main problem is to prove that P is
continuous at (0, z) for any x € T
Let us fix # € T. Then, let § > 0 such that the real parts of all the eigenvalues of F(x) are greater
than 20, that is such that

H(z) = min H;(x) > 20.

1<j<d
It follows from Theorem 2.2.4 of [20] that

sup t2[[t~F@g| —— 0.
16]=1 t—-+o0

Then, by continuity of ¢ — ¢~#(*) on [1, 400, one can find a finite positive constant ¢ such that

Vt € [1,+00), [|[t7E@]| == sup |[t7F@H|| <t~
llol1=1

Now, since E' is continuous on 7', there exists r5 € (0,400) such that
Vy € B(x,rs) NT, |E(z) — E(y)|| <0,

where B(x,rs) is the Euclidean closed ball centered at point = with radius r;s.

Therefore for any s € (0,1] and any y € B(z,rs5) N T, according to Assumption 6
|sE@|| = ||sPW-E@E@)|| < ||sFW-E@)|)||sE@)|| < 57 1EW-E@II 20,
Hence, for any s € (0,1] and any y € B(z,75) N T,
s"@| < es’,

which also holds for s = 0 by convention and concludes the proof. U

Let us remark that one can establish the continuity of P on [0, +00) x T" without Assumption 6.
However, without Assumption 6, the proof is very long and this assumption will be needed in

sequel.
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Lemma 3.2 leads to an uniform control of HtE (@) H with respect to the eigenvalues of F(z), which
proof is postponed to the Appendix.

d _
Lemma 3.3. Let T = [][[b;, di] with b; < d; for 1 < i < d. Let H and H be defined by (4).
=1

Assume that E : T — M>%(RY) is continuous on T and satisfies Assumption 6. Then, for any
§ >0 and ro > 0, there exist some finite constants c,, = ¢, (T,0,r9) > 0 and c,, = ¢, ,(T,6,70)
such that for any v € T,

(i) for allt € [0,

Y

HVHE@) < |1$P@)|| < ¢ | /A0,

(ii) for allt € [rg, +00),
H/HE@) < HtE(w)H <c,, $1/H(z)+5

Moreover, Lemma 3.2 leads also to an uniform control of ||||E( : with respect to the Euclidean
norm, stated in the next lemma, which proof is again postponed to the Appendix.

d
Lemma 3.4. Let T = [][bi,d;] with b; < d; for 1 < i < d. Assume that E : T — M>°(R?)
i=1
1s continuous on T and satisfies Assumption 6. Then there exist two finite positive constants

Cys = Cy4(T) and c,, = c, ,(T) such that
Vo € T,VE € R ¢, gl < llEll < e i€l

E(xz) — E(z)
and such that
Ve eT, ¢,y <oy, <SE(I)) <ecy,

with o gy the measure introduced in Proposition 3.1.

Using Lemmas 3.3 and 3.4 we can compare uniformly the radial parts with the Euclidean norm.
The following proposition, which proof is postponed to the Appendix, is one of the main tools to
obtain Holder regularity of multi-operator scaling stable random fields.

d _
Proposition 3.5. Let T' = [][b;, d;] with b; < d; for 1 <i <d. Let H and H be defined by (4).
i=1
Assume that E : T — M>°(RY) is continuous on T and satisfies Assumption 6. Then, for any
J € (0, mi%lﬂ(%)), there exist two finite positive constants ¢, , = ¢, . (T,0) and ¢, , = ¢, (T, 9) such
ze ’ ’ ’ ’
that for all z € T and [|£]| <1,

A 1 A N (3 I [ (11)

and, for all [[€]| > 1, B
C ™0 < ) (6) < g g €I (12)

Let us mention that for any fixed x € R?, the inequality (11), respectively (12), holds true

with |log(]|€]])| instead of ||€]|7°, respectively instead of ||£]|°, with constants c, , ¢, , depending
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on x (see [6] for a proof).

We end this section by comparing the radial parts 7, (§) and 7, (), uniformly in &, if x
and y are closed enough. This result will be useful to obtain an upper bound for the modulus of

continuity of multi-operator scaling stable random fields. Its proof is postponed to the Appendix.

d

Proposition 3.6. Let T = [][b;, d;] with b; < d; for 1 <i < d. Assume that E : T — M>°(R?)
i=1

is continuous on T and satisfies Assumption 6. Then, for any ¢ € (0, 1), there exists v > 0 such

that for all z,y € T with ||z —y| < 7,

Cor Ty (€)' < T (€) < €457, (O, VI < 1 (13)
and,
Cor Ty (€)' 75 < Ty (€) < €457, (O, VIl > 1 (14)

where c,, = ¢, ,(T) and c,, = c, (T) are two finite positive constants that only depend on T

Let us emphasize that all these results depend only on the eigenvalues of the matrices. Therefore
they also hold when the map E is replaced by E* : z — FE(z)", where E(x)" is the transpose matrix
of E(x).

4. SAMPLE PATHS REGULARITY OF MULTI-OPERATOR SCALING STABLE RANDOM FIELDS

4.1. Preliminary result on the scale parameter. In order to study the regularity of the
sample paths of X, 4 defined by (7), we consider the increments

Xop () = Xou®) = You(u, u,u) — Yo u(v,0,0), Vu,v € R?
with Y, , defined by (5). Observe that

Xow() = Xoyp(0) =Y 00w, 0) + Yo qulu,v) + Ys o (u,v),

with
Yiae (u,v) = Ya,d)( ) W
Youu(u,v) = Yyu(z,u,v) =Y,y
Y30, (u, U) = Ya,w( ) P

r € R? and
lg(v) — q(u)| < amin (1/H(u) — 1,1/H(v) — 1,1). (15)
Note that for every x,u,v € R Yi,.(u,v) is also well-defined and is an increment of a

harmonizable operator scaling stable random field with exponent F = F(v)" and kernel function

P(&) = Yu(§) (see [T]).

In this section, we compare the scale parameter

[ Xaws (1) = Xaw(V)ll4,
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with 7 (u—v) uniformly in u, v. In order to obtain our estimates, we study the scale parameters
of V1 4.2 (u,v), Ya 4.4 (u,v) and Y3 4 . (u, v). The controls of these parameters are stated in the three

following lemmas, whose proofs are postponed to the Appendix.

Lemma 4.1. Assume that Assumptions 1-6 are fulfilled and let K C R? be a compact set of R.
Then, for v > 0 small enough, there exists c,, = c, ,(K,T,7) a finite positive constant such that,
for every x € K, u,v € T with ||u—v| <7, Y1a:(u,v) is well-defined and

Yiaw(uv)lly < e llu—of®
Lemma 4.2. Assume that Assumptions 1-6 are fulfilled and let K C R? be a compact set of R.
Then, for v > 0 small enough, there exists c,, = c,,(K,T,7) a finite positive constant such that,

for every v € K, u,v € T with ||[u—v| <7, Ya4.(u,v) is well-defined and

V200w, 0)g < €, llu— ol

Lemma 4.3. Assume that Assumptions 1-6 are fulfilled and let K C R? be a compact set of R.
Then, there exist two finite positive constants c,, = ¢, ,(K) and c,, = c, ,(K) such that for every
r € K and every u,v € R,

C4,3TE<I)t (u - U)a < ||Y257Oé7x(uv U)HZ < 64,4TE(I)t (u - U)a'

From the three previous lemmas, an uniform control of the scale parameter of

Xap(u) = Xay(v)
can be stated. The local behavior of this scale parameter is closely linked to the Holder regularity
of the sample paths of the multi-operator stable random field X, ,. Actually, in the Gaussian
case the Holder regularity is characterized by the local behavior of this scale parameter; in the

a-stable case (o < 2), the next theorem leads to an upper bound for the Holder regularity.

Theorem 4.4. Assume that Assumptions 1-6 are fulfilled. Then, for v > 0 small enough there
exist two finite positive constants c,; = c, (T,v) and ¢, = c, (T, ) such that
¢, 5 max <TE(v)t (U =), Ty (U — U))

>
(0%
< ¢, min <7’E(v)t (u—w),7_ ,(u— v)) ;

’ E(u)t

| Xap(uw) = Xaw(@)|l5

for every u,v € T such that ||u —v| < 7.

Proof of Theorem 4.4. Let u,v € T such that ||u—v| <~ with v € (0,1) . Then, for v small
enough, by Lemmas 4.1 and 4.2, Y] , ., (u, v) and Y5, (u, v) are well-defined. Note that Y3, ,(u,v)

is also well-defined. Then, we can write
Xa,zﬂ(“) - Xom/)(v) = Yl,a,u(ua U) + }/Q,a,u(ua 'U) + YT?),Oc,U(Q% U)-

Hence, for v small enough,

[ Xaw (1) = Xap ()] {

> 2 Va0 — Wiaal 0 — [Yaaulu )l

« « «

< 2(|[Yiaw(w, )l + [Yaau(uw, )5 + 1¥s00(u0)l7)

«
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By applying Lemmas 4.1, 4.2 and 4.3, for v small enough,

{Z 2—2ac4,3TE(v)t (U - U>a - (64,1 + C4,2) HU - UHa

Xow() — Xop@)]¢ o o
sl = HoslMa | < g (om0 00"+ ey + g0l =)

Since H := majgcﬁ(z) < 1, we can choose 0 € (0, min,c7 H(z)) such that
zE

VeeT, Hz)+6<H+0<1.

By Proposition 3.5, there exists a finite constant ¢, ; = ¢, (7', 6), such that

U”a(lf(ﬁ#ﬂs))T (U . U)Oz'

= oll* < ;2w — »

Then, one can choose v small enough such that

<C4,1 + C4,2) Hu - UHa S 2720{7164,37};@)1& (u - U)a

— 272a71

for every u,v € T such that [[u —wv|| < . Therefore we can choose c, c,, and

4,3
— 92a —2a—1
Cpg = 2%, +2 Cos U

From the previous theorem, we easily deduce the stochastic continuity of a harmonizable multi-

operator scaling stable random field.

Corollary 4.5. Assume that Assumptions 1-6 are fulfilled. Then the harmonizable multi-operator

scaling stable random field X, ., defined by (7) is stochastically continuous on T

Proof. By Theorem 4.4, there exists v € (0,1) and a finite positive constant c, ; such that

HXo"w <u> — Xaw (7}) ||Z < Ca6 Tyt (u - U>a-

for any w,v € T satisfying ||[u — v|| < 7.

Let 0 € min,er H(x). By Proposition 3.5, there exists a finite positive constant ¢, = ¢, ;(7',0)
such that
o o a(H(v)—6
X (1) = Xaw (05 < 4 ¢, llu = v HO
for any u,v € T satisfying ||u — v|| <. In particular, since a(H (v) —J) > 0,
Vo e T, lim || Xo(u) — Xau(0)|2 =0,
which implies the stochastic continuity of X, on T' (see Proposition 3.5.1 of [25]). O

Let us also mention that in a special case, when the field X, ,, has stationary increments, Yimin
Xiao proves in Theorem 3.6 of [29] a strong local non-determinism property that enables him to

study their local times.
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4.2. Modulus of continuity. In this section, we give an upper bound on the modulus of con-
tinuity of a harmonizable multi-operator scaling stable random field X, , around the position x.

Let us emphasize that we control the behavior of an increment
Xow(x+u) — Xop(x +0)

using the polar coordinate 7g () with respect to the matrix E(x)", which takes into account the
anisotropic behavior of X, , around x. As in [14, 6], one of the main tools we use is a LePage
series representation (see [17, 16] for details on such series) which is a conditionally Gaussian
series. Since F may vary with the position z, the main difference to [6] is that we need some
uniform controls of the polar coordinates and an uniform comparison of the radial parts with
respect to E(x)" and E(y)" (see Section 3). This leads to an upper bound less accurate than the
upper bound given in [6] in the case of operator scaling harmonizable stable random fields. The
difference is a log term but our upper bound is sufficient to obtain the pointwise Holder exponents.

Let us also point out that our modulus of continuity is local and not uniform in contrast to [28].

Theorem 4.6. Assume that Assumptions 1-6 are fulfilled onT'. There exists a modification X,
of Xap on T such that almost surely, for all v € T, for all € > 0,

‘X;yw(x +u) — X7 (z+ v)|

lim  sup = 0.
YO juf <o llofi < Ty (U — 1)1 °
z4u,z+veT
Proof. For every k € N\{0} and j = (ji,...,Jja) € Z* we set
Tpj = ;—k and Dy = {ap;:j € yAe 2kT}.
Let us remark that the sequence (Dy), is increasing and set D = U Dy, which is dense in 7.
k=1

First Step: In this step, we assume that « € (0, 2).
Let us fix o € T'ND. Following [14, 6], we consider a Lepage series representation of X, , which
is a conditionally Gaussian series. This series depends on the position zy we have fixed.

Let (13),515 (9n)p>1 and (§,),,>, be independent sequences of random variables.

e T}, is the nth arrival time of a Poisson process with intensity 1.

® (gn),>, is a sequence of i.i.d. Gaussian complex isotropic random variables so that g, 9
eq, for any 6 € R.

® (§u),>; 1s a sequence of ii.d. random variables with common law i, (d§) = my,(§)dS.

with

Mo () =
Totony (€)1 log 7, (€)

(z0)

where a > 0, ¢ is defined by (6) and ¢, 4, is chosen such that [ my,(§)d¢ = 1.
Rd
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d, = E(|Re (g1)|° 1/a< / os (2)° dx) (/0+oo SiI;iJ:)dx)l/a

fal@,€) = (459 — 1) (§) 71, va € € R (16)
According to Proposition 4.1 of [6], for every x € R?

Let

and

+oo
Zo(7) = do Re (Z Tn_l/amaco (fn)_l/afa(x7 §n>gn> )

n=1

converges almost surely and Z, (D Xa,p. Then, conditionally to (7},,&,),,, Za(u) — Za(v) is a

real centered Gaussian random variable with variance
2

d 2 - -2 —2/a 2
Ui((uav)’ (ngn)n) = ?QE(|91| )ZTn /amxo(fn) / |fa(u7€n> - fa@?fn)‘ . (17)

Second Step: Let us now assume that a € (0,2] and set Zy = X5,. For k € N\{0,1} and
(i,7) € Z%, we consider the set

v e 1 Zalens) = Za(wrg) | > val(@h; wag) | (T, 6n)) len: — angl))} if o€ (0,2)
s {1 Za(wri) = Zalawy)| > [ Zo(wri) = Zo(wwg)lly o(lloni — wnsl) ) ifa=2

where, as in [13],
1
o(t) = \/leogz, t>0.

P(EL;) =B(N| > p(llor; — zis])),
where N is a real centered Gaussian random variable with variance 1. Let us choose 6 € (0,1/3)
and set for k € N\{0,1}, &, = 2=(1=9% and

Then, for every (k,1, j),

For every (i,7) € I7, since ¢ is a decreasing function
9 67@2(26@/2 2d27(175)kd
P(EF) <P(IN| > ¢(26 g\/j = :
(E5) S BUN > ¢(260) T 9(20r)  \/2d((1 = d)k — 1)log2
Note that card I;, < ¢2%%¢ with cp a finite positive constant which only depends on 7. Hence,
since 0 < 1/3

2d o
9~ (1=0)kd 4 [2 < 4o00.
; (”)Zelk \/Zd §) log 2 ;

Therefore, by the Borel-Cantelli Lemma, almost surely there exists an integer k*(w) such that for
every k > k*(w),
|1 Za(u) = Za(0)] < va((u,0) | (Tn; &n),,) ([l = v]]) (18)

as soon as u, v € Dy with |Ju — x| < dx and ||v — x| < .
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Third Step: We now give an upper bound of the conditional variance v, when « € (0,2) and of
the variogram of Z,. For the sake of clearness, the proof of the following lemma is postponed to

the Appendix.

Lemma 4.7. Let ¢ € (0,1).
(1) If a € (0,2), almost surely there exists v > 0, such that for all u,v € B(xy,7),

al(0) | (T 0),) < 7= )
(2) If a =2, for all u,v € B(xo,7),
1Z5(u) = Zo(v)|l2 < 7, (w—v)' "

— E(xq)?

Let € € (0,1). Let us apply the previous lemma with ¢ = £/2 and choose 7 = 7(¢) small enough
such that

TE(wO)t (u - /0)1_5/2SD(||U - UH) S TE(acO)t (U - U>1_6

for all u,v € B(z, ). Moreover, let us choose k*(w) = k*(w, €) such that 0+, < . Hence, for
all a € (0,2], by equation (18), almost surely, for every k > k*(w),

1—
’Za(u) - Za<v)| S TE(zo)t (u - U) )
as soon as u, v € Dy, with ||u — x| < 0k and ||v — x| < 6. Then, let

= ﬂ U ﬂ ﬂ {|Xa7¢(u) — Xaw()| <7, 0 (u— U)lfs}'

ge(@m 0 1) n=1k>n u,v€Dy
u,v€B(zq,d))

Since X, and Z, have the same finite dimensional margins, we have proved that P(Qj()) =1
Therefore, P(Q2*) = 1 with Q" = ﬂ .

xro€D

Similar arguments as in Step 4 of [6] lead to the existence of a finite positive constant C' =
C(T) > 0 such that almost surely, for all o € D, for all ¢ € QN (0,1), there exists k* =
k*(w, e, 20) > 0 such that for all u,v € D with u,v € B(xq, o),

Xapl) = Xaw ()] < O7, (=)', (19)

Fourth Step: We now define a modification of X, . Let w € (2. First, we set
XowW)(w) = Xay(y)(w),Vy e DNT.
Let e € QN (0,1) and « € T". Then, one can find zy € D and v = y(z,e,w) € (0,1) such that
B(x,7v) C B(0, Ok (w,e,00))-

Let us now consider y € B(xz,7) and ™ € D such that lim, ., y™ = y. In view of (19), for
all n,m such that y™, y™ € B(z,7),

{X;,w (y(’ﬂ)) (w) - X:m/) (y(m)) (w)‘ S CTE(zO)t (y(n) - y(m)) 1_67
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such that (X o (y(”)) (w))n is a Cauchy sequence and hence converges. We set
Xop@(w) = Tim X7, (y™)(w).

Remark that this limit does not depend on the choice of (y™), nor of the choice of e € QN (0, 1).
Observe that X7, is then well defined on B(z,v). Then, by (19) and continuity of 7

0)t’

Vu,v € B(x,7), | X - X:,(0)(w)| <Cr (u—v)te. (20)

BE(zq)?

By Proposition 3.6, up to change 7,
Yu,v € B(x,7), }X;¢(u)(w) - X;7¢(v)(w)| < Ceyr, (U — v) %,

where ¢, ; does not depend on (u,v).
To conclude the proof, let us emphasize that X7 , is a modification of X, 4 since X, is stochas-

tically continuous (by Corollary 4.5). O

4.3. Holder exponents. In this section, we are interested in the global and directional Holder
regularity of the sample paths of a harmonizable multi-operator scaling stable random field X, ;.
We first prove that X, , admits a modification whose sample paths are “globally” Holder on 7.
This is a consequence of Theorem 4.6 and of the comparison of the radial part 7g:(,) with the

Euclidean norm.

Corollary 4.8. Assume that Assumptions 1-6 are fulfilled and let X, be the harmonizable multi-
operator scaling stable random field defined by (7). Then, there exists a modification of X, which
has H-Hélder sample paths on the compact set T' for any H € (0, minger H(y)).

Proof. 1t is sufficient to prove that for every x € T and every H € (0, min,er H(y)), there exists
a modification of X, , which has H-Holder sample paths on B(x,~,)NT for a well chosen radius
~z. Then, let us fix x € T and € € (0,1). By Theorem 4.6, there exists a modification X}  of
XoponT,v=r(z,e) € (0,1/2) and a finite positive constant ¢= ¢(z, T, ) such that

‘X;,w(u) - X; ( )‘ < cT (u _ ,U)l—a

B(2)t
for any u,v € T such that ||z —u|| <7 and ||z —v|| < 7.
By Proposition 3.5, for any § € (0, min,er H(v)), there exists a finite positive constant c,, =
Cy(T,0) such that
|X;,¢(U) — Xou(v )| < ceygllu— UH ot
for any u,v € T such that ||z — u|| < and ||z —v]| < 7.
Therefore, for any u,v € T such that ||z — u| <~ and ||z —v| <7,

* * min H(y)—6)(1—e
X 0l0) = X2 (0)] < = of e B0

since ||u —wv| < 1. Hence, X}, has H-Hélder sample paths on B(z,y(z,¢)) NT for any H <
minger H(y)(1 —¢). This leads to the conclusion. g
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As already mentioned, the Holder sample paths regularity of a continuous modification of X, 4
may vary both with the position and with the direction. At position x, the dependence on the
directions is characterized by the Jordan decomposition of E(z).

Notation Let # € RY. Let us consider the Jordan decomposition of F(z) as in [6]. Hence,

E(z) = P(z)"! 0 J?@ O oorw (21)
0 ... 0 J.(2)

We can assume that each J;(z) is associated with a;(z) = 1/H;(x), the real part of the eigenvalue
Aj(z). Observe that

H(z) = min H;(z) and H(r) = max H;(x).

1<j<pz 1<j<pz

We denote by (ey, . .., e4) the canonical basis of R? and set f;(z) = P(z) 'e; forevery j =1,...,d.
Hence, (fi(x),..., fa(z)) is a basis of RY. For all j = 1,...,p,, let

W;(z) = span (fk(x) ; idi +1<k< Zdl> (22)

Pa

where d; is the size of J;(x). Then, R? = @W;(x). Moreover each W;(z) is an F(y)-invariant
j=1

set when y € R? is such that E(z)E(y) = E(y)E(x).

When v varies in W;(x), [6] proved that the behavior of the radial part 75, (v) around v =0
is characterized by H;(z). Then, if we only consider X , on a straight line driven by u € Wj(x),
Corollary 4.8 can be strenghtened.

Corollary 4.9. Let x € RY. Assume that Assumptions 1-6 are fulfilled with T = [x — n,z +
nl = H?Zl[xj —n,x; + 1] forn > 0. Let w € W;(x)\{0} where W;(z) is defined by (22) and
1 < j < px. Then, there exists a modification X, of Xoy on T such that the random process

(X2 (x+ tu))tEIR has H-Hdélder sample paths in a neighborhood of t = 0 for any H € (0, H;(x)).

Proof. Let ¢ € (0,1). By Theorem 4.6, we can consider a modification X7, of X, on T which
has continuous sample paths on T'. Moreover, by Theorem 4.6, there exists v = v(x,¢) € (0,1/2)

and a finite positive constant ¢; = ¢;(x, T, ) such that
| X2 (4 tu) — Xoplz+ su)| < 1T (E— s)u)' e

for any s,t € R such that [t| < v/[|ul| and |s| < v/||u]].
Then by Corollary 3.4 of [6], applied to E(z)" and r = 2, there exists a finite positive constant
co = co(x,7y) and I; = [;(z) € N* such that

| X+ tu) = X5 (2 + su)| < eqealul] 7O — 5|1 log (1t — s [lu])| BTV
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for any s,t € R such that [t| < 7/||u|]| and |s| < ~v/||u||. Therefore, for 6 > 0 small enough,
(X7 (x+ tu))te]R has (H;(x) — eH;(z) — §)-Holder sample paths in a neighborhood of ¢ = 0,
which concludes the proof. O

We now focus on Hélder directional and global pointwise exponents. Let us first define these

exponents.

Definition 4.1. Let z € RY, (X(Y))yera be a real-valued random field and Se1 be the Buclidean
unit sphere of R, Assume that X* is a modification of X which has continuous sample paths in

a neighborhood of x.
(1) The Hdélder pointwise exponent of X at point x is

X* - X
Hx(x) = sup {H > 0, lin% ($+”y)HH (z) = 0}.
Yy— Y

(2) Moreover, the directional Hélder pointwise exponent Hx(x,u) of the random field X at
point x in direction u € St is the Holder pointwise exponent at point x of the process
(X (x4 tu)),cp, that is

X* tu) — X*
Hx(x,u) :sup{H > 0, %ir% (z +tu) (z) :()}.

1"
Note that Corollaries 4.8 and 4.9 give lower bounds of these exponents. Moreover, since the

harmonizable random field X, 4 is a stable random field, an upper bound can be deduced from

the behavior of the scale parameter

[ Xa (1) = Xy (v)]

when u and v are close to x. More precisely, we use the lower bound stated in Theorem 4.4 and

la

the comparison of the radial part 7z, with the Euclidean norm.

Corollary 4.10. Let x € RY. Assume that Assumptions 1-6 are fulfilled with T = [x —n, z+n] =
H?Zl[xj —n,x5+n] forn > 0. Let us consider X}, a continuous modification of Xoy on T
(1) Let w € W;(x) N ST where W;(z) is defined by (22), 1 < j < p,. Then the directional
pointwise Holder exponent of the random field X}, at point x in direction u is almost
surely H;(x), that is

Xo (@ + Au) — X3
ad,(m u) a w(m) } = H;(x) almost surely.

Hx- (x,u zsup{H>O, lim — : =0
) o YN
(2) Moreover, the pointwise Hélder exponent of the random field Xoy at point x is almost

surely H(x), that is

= H(x) = nin, Hj(x)  almost surely.

X: (r+y)— X (x
Hx: (z) =sup{ H >0, lim a y)H a(®) _ 0
v=s Iyl

Proof. Let X, be a modification of X, which has continuous sample paths on 7' (see Theo-
rem 4.6).
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(1) Let € T and u € W;(z) N S4~1. By Corollary 4.9, it is clear that almost surely,
Hx, ,(z,u) > Hj(x).

By Theorem 4.4, there exists v € (0,1) and ¢,, = ¢, (T, ) a finite positive constant such
that

Can Ty ()" < ([ Xaw(@ + tu) — Xay (@) = || X5 (x + tu) (@)]|”
for any ¢ € R such that [t| <. Hence, by Corollary 3.4 of [6], for any H > H;(x), there
exists a finite positive constant ¢ such that
™ < [ + tu) = X2y (@)
for any ¢ € R such that [¢t| < 7. Therefore, for any H > H;(z),
X+ tu) = X3, (@) °
jt"

lim

t—0 ’

[0}

X u)—X* ) ,
which implies that D“w(ﬁrﬂi] 2@ is almost surely unbounded as ¢t — 0 since X ; Is an

a-stable random field. This leads to

Hx, ,(v,u) = Hj(z) almost surely.
(2) Let z € T. By Corollary 4.8 and continuity of H, it is clear that almost surely,
> — min H,
Hx,, () 2 H(z) = min H(z).
Moreover, by definition of the directional exponents Hx, , (z,u), u € =1
Hx, ,(z) < uIe%iﬁlrll Hx, ,(z,u).
Then, since for any 1 < j < p,, W; NS4 =£ (), assertion (i) implies
Hx,,(r) < min Hj(z)=H(z)

almost surely, which concludes the proof.

Let us now illustrate the previous results.

Example 4.1. Let Ey be a matrixz of size d X d whose eigenvalues have real parts greater than 1.
We denote by Hfo), e ,H(go) the inverse of the real parts of the eigenvalues of Ey. Let Wy, ..., W),
the subspaces associated to the Jordan’s decomposition of Eq as (22) and let h, E and v be as in
Example 2.2. Observe that for any v € RY,

Wi(z) = W;
since E(x) = Ey/h(z). Then, according to Corollary 4.10, if u € W; N S, for any x € R?,
Hx: (z,u) = h(x)H;O) almost surely.

Note that the map

s € R Hx: (¢4 su,u) = h(x+5u)H](0)
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is positive and continuous on R. Therefore, according to Corollary 3.15 of [11], for the Gaussian
process (X3 ,(z + su))seR,

almost surely,Vs € R, Hx; | (z + su,u) = h(z + su)H](O).
Similarly, for all x € R?,

Hx: (x) = h(z) min H](»O) almost surely

1<j<d

such that, still according to Corollary 3.15 of [11],

almost surely, Yo € R, Hx; () = h(z) min HJ(

Example 4.2. Assume that for every 1 < j < d, H; is a locally Lipschitz function on R with

values in (0,1). We assume moreover that infdﬂ(:z:) > 1. Let us consider
z€eR

E = P diag(1/H,,...,1/Hy) P,

with P € GLq(R) an invertible matriz, and X, , as in Example 2.4. Let (e;)1<j<a be the canonical
basis of R and f; = P~'e; for all1 < j < d. Then, according to Corollary 4.10, for all1 < j < d,
for any x € RY,

HX:Y,w(iU, fj/”fj”) = Hj(x) almost surely.

Once again we get in the Gaussian case that almost surely,
Vs € R, Hx; (z+sf;, fi/I1fil) = Hj(z + sf;).
Similarly, for all x € R, almost surely Hx: (x) = H(x) and almost surely

Ve eR?, Hy; (v)=H().

Example 4.3. Let d = 2. Let us consider as in Example 2.5 the map

) — al cos(f(x)) sin(0(z))
z— E(z) = af )< —sin(f(z)) cos(0(z)) )

where a and 0 are locally Lipschitz functions on RY such that Vo € RY, a(x)cos (0(x)) > 1, and
X the associated random field. Then, for every x € R and u € ST, almost surely

1
a(x) cos (0(x))

with almost surely Yz € RY, Hx; () =1/(a(z) cos (6(2))).

Hx: (v,u) = Hx: (z)=

5. LocAL OPERATOR SCALING PROPERTY

In general, harmonizable multi-operator scaling random fields are not operator scaling: they do
not satisfy the global property (1) for any fix matrix £. However, they satisfy a weak property

we call local asymptotic operator scaling property, which we introduce in the next definition.
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Definition 5.1. Let x € R? and A(x) be a d x d real matriz. A random field (X (Y))yepa is locally

asympotically operator scaling of order A(x) at point x if

(X (z +e2@y) — X (:v)) (fdd) (

lim
e—0t

Zo(1)) e » (23)

€ ucRd

with Z, a non degenerate random field. Moreover a random field X which satisfies (23) is called

multi-operator random field of order A.

As mentioned in the introduction, the local asymptotic operator scaling property generalizes
both the operator scaling property and the local asymptotic self-similarity property. On the one
hand, an operator scaling random field X with stationary increments is locally asymptotically
operator scaling at any point . On the other hand, a locally asymptotically self-similar random
field at point x with order h(x) is locally asymptotically operator scaling at point z of order
I;/h(x).

Note also that the local asymptotic self-similarity property can not capture the operator scal-
ing property since it only reveals local self-similarity which is not sufficient to characterize the
anisotropy. Actually, let X be an operator scaling random field of order E,. Assume that the

Jordan’s decomposition of Ej is given by (21) with H = 11r<r11£1 H; = H, such that J; = H%Jd1 and
<j<p

p

let W, be the corresponding eigenvector space (see (22)). Then, writing for u € RY = W,
=1

u = uy + v with uy € Wy, it is clear that, for any € > 0, gl/Hiy = ko (u1 + El/Hleov) with

gi/t=Foy

e—04

p
since v € W, with 2r<nj£1 H; > H;. Then, by operator scaling property, if X is stochastically
j=2 SJ)Sp
continuous,

. X(eu (fdd)
i () ) e
u€ER4

with 7y, the projection on Wj. In other words, if X is non degenerated on Wi, X is locally

asymptotically self-similar of order H; at point 0 with tangent field (X (mw,u)),cpa -

The following remark gives some properties of the random field Z,, which are immediate con-

sequences of (23).

Remark 5.1. Assume that (23) is fulfilled. Then Z, is operator scaling of order A(x), that is

(fdd)
= ¢(Ze(u)) epa -

Moreover, if § € R? is an eigenvector of A(x) associated with a real eigenvalue \, then

<X(:c + 5;31_ X(z) ) . I Z,(10)) e -

Ve > 0, (Zm (cA(I)u))

ucRd

lim

e—0t
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The main result of this section is stated in the next theorem. As expected, a harmonizable
multi-operator scaling stable random field X, , locally looks like a harmonizable operator scaling
stable random field.

Theorem 5.1. Let v € R Assume that Assumptions 1-6 are fulfilled on T = [x —n,x + 1] =

H?Zl[xj —n,xz; + ). Then, the random field X, is locally asymptotically operator scaling at

point x of order E(x)" in the sense that
1m1(X@Mw+aﬂ@w>—x;¢w>
e—0t

(fdd)
g ) 9 (X 0) e 21
u€ER4

where X, is a harmonizable a-stable operator scaling field with respect to E(x)" and 1, in the

sense of Theorem 4.1 in [7].

Remark 5.2. In the case where o = 2, one can prove that (24) holds in distribution on the space
of continuous functions endowed with the topology of the uniform convergence on compact sets.
Actually, in this case, one can applied the classical criterion of tightness based on second moments

of increments. However, if a € (0,2), proving tightness is much harder and an open problem.

Proof. Let € R?Y and u € RY.  Then, for ¢ > 0 small enough, the random variables
K’a7x+EE(x)tu(x+€E(z)tu, w) and Y, (x—i—eE(m)tu,x) are well-defined. Then, for ¢ > 0

small enough, using the notation of section 4.1, we get

¢
Jo,w+el @)y

Xa7¢(ZL‘ + 5E(x)tu) - XOMJJ (ZL’) - le,oz,xﬂ-:E(z)tu <$ + 6E(m)tu’ J}) + }/2,oz,x+z-:E(z)tu <$ + 6E(m)tu’ l’)

+Y23,a,a: (17 + EE(m)tlh l’) . (25)
By Lemma 4.1, for € > 0 small enough,
‘ Y] aateB@ty (x + eP@y, x)

where the finite positive constant ¢, , does not depend on . Therefore, by Lemma 3.3, for € > 0

(0%
< Cyn
«

P
6E'(ar:) u

small enough and ¢ > 0 small enough

|

where the finite positive constant c,, does not depend on e. Since Y, .

an stable random variable and since H(x) < 1, the previous inequality leads to

e —
E(x) o o _a/H(x)—ad
Viawseronn (2 + 67w z) | < e, Julle
e

t .
ity (T +eP@u, x) is

lim (I + ey, x)

e—0t £

Yl,a,ersE(z)tu

=0 in probability. (26)
Using Lemma 4.2 and Proposition 3.3, the same arguments yield that

BE(z)'
Yé,a,x—i—aE(I)tu (.Z’ te u, ‘T)

lim =0 in probability. (27)
e—07T €

Observe that the random field

(sz (U))veRd = (Yavw(vvx>$))ueRd
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is well-defined and is is a harmonizable a-stable operator scaling field with respect to E(x)" and
¥, in the sense of Theorem 4.1 in [7]. Moreover,
\V//U € Rd? %7a7$(v, x) = Xd)x (U) - wa (x)
Then, by stationarity of the increments of X, and the operator scaling property (see Corollary
4.2 of [7]),
<Y3,a7$ <x + eB@'y, x>> (dd) £(Xy, (V) yepa- (28)

vERT

From Equations (25), (26), (27) and (28), one easily deduces that

. <Xa,¢(x + eP@’y) — X%"/J(x)) (fdd)
u€ER4

Tim, - D (X (1)) ez

6. PROOFS

6.1. Polar coordinates.
Proof of Lemma 3.3. Let 6 > 0 and ro > 0. Let us recall that t(*) 1 < j < d are eigenvalues of
tE®)  Then, for every j =1,...,d,

)| = ROy < B

Y

which leads to the lower bounds since 1/H(zx) = maxj<j<qRe()\;(z)) and 1/H(z) =

ming<j<4 Re (A\;(x)). Let us now prove the upper bounds.

(7) Since 0 > 0 and since E is continuous on 7" and satisfies Assumption 6, the map = +—
E(z) — (1/H(z) — 6)I, is also continuous on T, satisfies Assumption 6 and takes values in
M0 (Rd). Then, by Lemma 3.2, the function

(t,2) — tE(z)—(l/ﬁ(m)—E)Id

is continuous on [0, 400) x T" and thus bounded on the compact set [0, o] x T. Therefore,
there exists a finite constant ¢, , = ¢, (7', 0,7r9) > 0 which only depends on d, T and 7y such
that

V(t,z) € [0,70] x T, HtE(g”)*(l/ﬁ("”)*‘”Id

<c

3,1°
Since for ¢ > 0, tF@-/H@)=0)la — to-1/H@)1E(@)  the last inequality leads to
v<t,.1:) E]O,T’O] X T7 HtE(w)H S CS’ltl/ﬁ(:p)fts.

This inequality is obviously fulfilled for ¢t = 0 since 0¥(*) = 0 by convention.

(77) Since § > 0 and since F is continuous on 7' and satisfies Assumption 6, the map = —
—FE(x)+ (1/H(x) 4 §)1, is also continuous on 7', satisfies Assumption 6 and takes values in
M0 (Rd). Then, using the same arguments as in the proof of assertion (), there exists a

finite constant c,, = ¢, , (7', 0,79) > 0 which only depends on ¢, 7" and 7 such that

V(u,z) € [0,1/ro) x T ||ju~ P+ HEEI| | < ¢



MULTI-OPERATOR SCALING RANDOM FIELDS 25

Hence,
V(t,z) € [ro, +00) x T, HtE(x)*(l/ﬂ(w)Jr&IdH <e,,,
that is
V(t,z) € [ro, +00) x T, [[tP@]| < ¢, ,tH/H®F,
The proof is then complete.

U

Proof of Lemma 3.4. Since E is continuous on T and satisfies Assumption 6, one can easily see

that the map
N : TxRY — [0,+00)
(#,&) — &l

where ||-||,, is defined by (8), is continuous using Lemma 3.2, Lemma 3.3 and dominated conver-

)
= |||V |z, — |.
L (14

Since N is continuous and positive on the compact set T x S !, we have

E(z)’

gence. Furthermore,

va € T, ve e RAQ), lel,,, = el 5

0<mr= inf N(y,0)<Mr= sup N(y,0) < +oc.
TxSd-1 TxSd—1

Hence for every x € T and every ¢ € R4\ {0},

€11, €]l
_P@) < < _EBE@ 29

22 < g < — = (29)
This inequality is obviously fulfilled for £ = 0 since ||0[| = [|0]| () = 0.

Let us now focus on op(y) (SE(x)). Applying Proposition 3.1, one obtains that
Ve €T 0y (S0 = [ 0u(@®) =a(@) [ 1, 0ede
E(x)

where ¢ is defined by (6). By definition of || - ||, (see (8)), for any y € T and £ € R?,

€]l 5, < 1ifand onlyif 7, () <1,

which leads to
Ve eT, O-E(m)(SE(x)) = q(a:) /Rd 1||§HE(I)§1d§‘

Then, using (29) and the continuity of the positive function ¢ on the compact set T, one easily

finds two positive finite constants ¢, C' such that

VreT, c< /S 0o (d0) =y, (Sp,) S C.

E(x)

Therefore Lemma 3.4 holds with ¢, , = min(1/Mr,c) and ¢, , = max(1/mgp,C). 0
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Proof of Proposition 3.5. Let ro = infjg)>1 infrer Tpw)(§). First, let us prove that 7, (§) is
uniformly bounded below for z € T and [|£]| > 1, that is 79 > 0. Otherwise, for any ¢ € (0,1),
one could find x € T and £ € R? such that ||| > 1 and

Tow(§) <e < 1.

Since E is continuous, H is also continuous and we can choose 7 > 0 such that 21 < mingep ﬁ

Then, according to Lemma 3.3 there would exist ¢, , (7,6, 1) such that

||TE(z) (g)E(y)H S C3,ITE(I) (5)77 S 03,1677'

However, this would imply that

L< €l = 175, (O, (O] < €y165e"

according to Lemma 3.4, which is impossible for € small enough. Hence ry > 0.
Let z € T and ¢ € R? such that [|£]] > 1. Let § € (O,I;lei%lﬂ(x)) and §; = Iggm. Using
again Lemma 3.3, there exists a finite positive constant c,, = ¢,, (7, d1,79) which only depends

on T, § and ry such that

11 = 117000y ()l (O] < €40654Tg,y (E)VHEH

where the finite positive constant c, , is given by Lemma 3.4 and only depends on T". Therefore,
) 1/(1/H(x)+d1)

the lower bound of equation (12) holds with ¢, ; = min (

z€T \ 3,234

Moreover, by Lemma 3.3, for §, = min——-2 there exists ¢,, = ¢,, (K, d,75") such that

zeT H(z)(H(x)+0)

Cag S Mlpy (O = Ty (OFDEN < €7, ()T HDH2 ¢

where the finite positive constant c, , is given by Lemma 3.4 and only depends on T". Therefore,

.\ L/(1/H(x)=62)
the upper bound of equation (12) holds with c, ; = max (ﬂ) "

zeT \%,3

The proof of equation (11), that is the case where [|£]| < 1, is similar. O

Proof of Proposition 3.6. Let ¢ € (0,1). Then, since E is continuous on 7', there exists v =
v(g) > 0 such that

[E(z) - EQy)| <e (30)

for x,y € T with ||z — y|| <.
Let 2,y € T such that ||z —y|| < v and let £ € R? such that 0 < [|£]| < 1. Let us write
=T (f)E(y)ﬁE(y) (£). Then, Assumption 6 implies that

€ = Ty ()77, (O FDE, (8),
which leads to
o€ = Ta O7p00 (7o) (P71, () (31)
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by definition of 7, (see (10)).
Let us first assume that 7, (£) < 1. Then

E(y)

E(y)—E(x B —E(x
7, (©)FWFE 0, (O] < 7, (6) T IFWZE@

E(y)

NGI
Hence, by (30) and by Lemma 3.4,
175, () ™F D, (O] < €407, ()7

where c,, is a finite positive constant which only depends on T". Note that we can assume that
¢y, > 1. Let us now choose 6 € (0, min,er H(v)) such that

max H(v) +6 < 1.

veT
Since ¢,,7,,(§)7° > 1 and since H(x) — 4§ < H(x) + 6, using Proposition 3.5, we obtain that
b N\ H@)+
oo (To PV FO (€)) < e (4475, ()
where c, ; is a finite positive constant which only depends on 7" and 0. Then, since H(z)+6<1

and since ¢, , T (£) 7" > 1,

TB() (TE(y) <€>E(y)7E(x)£E(y) (E)) < C36C34Tp(y) (5) L
Hence, by Equation (31),
o) (5) < C36C3.4Tp(y) (6)1_6‘

Let us now assume that 7, (£§) > 1. Since [|¢]| <1 and 7, (§)'™° > 1,

E(y)
TE(I> (5) < Cag < CB,GTE(y) (6)1_8'

Therefore, for any z,y € T such that ||z — y|| <, for any ¢ € R? such that 0 < [[¢]| < 1,

Totw (§) < €57y, () F

where the finite positive constant c,, = max(c, ¢, ,, ¢, ) = ¢;4¢,, does not depend on z,y € T,
nor on ,7. Note that the last inequality also holds for £ = 0 since 7, (0) = 7, (0) = 0.

E(z)

Moreover, by symmetry in 7, (§) and 7, (), one can easily find a finite positive constant c,

which only depends on 7" such that

C37TEw) (£)1+E < Te() (f)

for any z,y € T such that ||z — y|| < v, for any £ € R? such that ||£]| < 1. The proof of (13) is
then complete. The proof of (14) is similar. O

6.2. Results on the scale parameter. This section is devoted to the proof of Lemmas 4.1, 4.2

and 4.3. We begin with two auxiliary lemmas:

d

Lemma 6.1. Let T = [][bi,d;] with b; < d; for 1 < i < d. Assume that E : T — M>°(R%)
i=1

is continuous on T and satisfies Assumptions 2 and 6. Let o € (0,2]. Then, for all ¢ €
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(0,&2&1(1/?(@0) — 1) there exist two finite positive constants v = v1(e) and c¢;, = c,,(T,¢)
such that
[ el g, 7% <

TE(w) (©)<n
for everyn € (0,1] andu € T.

Proof. Let € € (O,mig(l/ﬁ(w) —1),u €T and n € (0,1]. We set
we

L= [ min e 1, (6 e
TE(u) &)<n

(see (10)) and of 3, (see (6)), Proposition 3.1 (applied with M = E(u))

/ / Iy

Let § € (0, minger(1/H(w) — 1) — Applymg Lemma 3.3 (with 7o = 1) and Lemma 3.4, one
obtains that for any w € T, any r € (0, n] and any 0 € S

By definition of 7

leads to

E()

E(w)’

[ E ]| < (10 < eyl FO = e ey /0

where the finite positive constants c,, = ¢, (7,0) and ¢,, = ¢, ,(T) do not depend on (w,r,0).

Therefore,
n _
Le(n,u) < (03,103,4)QUE<u> <SE<u>)/ pe(t/Hw)—1=e=0)=17,.
0

Since 0 < mir}l(l/ﬁ(w) —1) — ¢ and since u € T, we get 1/H(u) —1 —e — & > 0. Then, applying
we
again Lemma 3.4, one easily sees that

- Ca;l—lna(l/ﬁ(u)—l—e—&
3,1 3

ol/H(u) —1—¢—0)

IE (777 U) S

Since n € (0, 1],
L(n,u) < ¢ 0™

with .
Co1Caa
Coi = - € (0, +o0
' aminger(1/H(w) — 1 —¢& —6) ( )
and
T = rnir?(l/ﬁ(w) —1—e—90)€(0,+00).
we

Note that ¢,, and v, are well-defined by continuity of H on the compact set 7. O

Lemma 6.2. Let T = H[bz,d] with b; < d; for 1 <i < d. Assume that E : T — M>°(R?) is
continuous on T" and satzsﬁes Assumptions 2 and 6. Let o € (0,2]. Then, for all € € (0,1) there

exist two finite positive constants v, = Ya(c) and ¢y, = ¢;, (T, ¢) such that

/ min (||$||O¢7 1)7_E<u) (g)*aﬂa(u)+a5d€ S 0672 A—Oé’YQ

TB(w) (&)>A

forevery A>1andueT.
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Proof. Let A € [1,00),u €T, e € (0,1) and
FAw= [ i, 17, (O e
B () (&>A
Let us first observe that
L(Au) < / T () e,
TB(w) (&)>A
Then, applying as in the proof of Lemma 6.1 Proposition 3.1 with M = E(u) and Lemma 3.4,

one obtains that

I(Au) < 03‘4/ pro=a=1gy

A
with ¢,, = ¢, ,(T) a finite positive constant which only depends on T". Then since € < 1,

~ c
Ie A < 3,4 A—a(l—s)

which concludes the proof. O
Proof of Lemma 4.1. Since Assumption 5 is fulfilled, ¢ and H are uniformly continuous on the
compact set 7. Then we can consider ¢ € (0, min (minger 1/H(w) —1,1)) and there exists
v =(e) € (0,1) such that

|g(u) — q(v)] < ag,
for any u,v € T with ||u — v|| < 7. Henceforth, by continuity of H on the compact set T, for any
u,v € T with ||ju — v|| <, (15) holds and then Y;, .(u,v) is well-defined for any = € R

Let us now consider z € K and u,v € T such that |ju — v|| <. Then,

}/l,a,m(uav) flam(u v é—) (d&)
where
Fraa(t,0,€) = (99 = 1) (4 (€)™ = u(6)™). (32)
Therefore, by definition of || - ||,
Wi o)l = [ |l € (3)

Moreover, for any & € R\{0}, by Assumption 3, ¥,,(€) # 0 and then by the Mean Value Theorem,
()7 = (&) = (&) |Ba(u) = Ba(v)u(€) I [u(€)]] (34)
for some |Be.u| € [0, Ba(v) — Ba(u)|]. Furthermore, since 8, = 1 + g/a,
[Ba(w) = Bal(w')| <

for any w,w’ € T with ||w — w’|| <. Then, since T is a compact set, one can easily find a finite

positive constant ¢; = ¢;(T,(g)) such that
D€ In [ (€)1 | < 1 max (v (€)™, l©))° (35)
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for any ¢ € RN\ {0} and any w,w’ € T with [|jw — w'[| < 7.

Moreover, for any w € T', since 1), is F(w)-homogeneous,

Ve € RN{0}, ¢u(€) = Ty (€)u (Iaw) (€))-
By Assumptions 3 and 4, the function ¢ is positive and continuous on the compact set
d.
{(w,e) eT xR )|, = 1}.
Then, there exists two finite positive constants co = co(T), c3 = ¢3(T") such that

Yw € T, ¥¢ € R\{0}, cary, (€) < u(€) < ea7y,(€)- (36)

Let us also remark that since K is a compact set, there exists a finite positive constant ¢, = c4(K)
such that

Yy € K, V¢ € RY, '@ — 1| < ¢ymin(||¢][, 1), (37)
Therefore, by (32), (34), (35), (36) and (37), for any £ € R4\ {0}
[frae(,v,6)] < ¢slBa(u) = Ba(v)| min([[€]], 1)7,, (€)W max(r,, (€)', 75, (€))7 (38)

where the finite positive constant ¢; does not depend on (z,u,v,£).
Then, by (33),

Y1,00(u v) 5 < 516a(u) — Balv)[® /Rd min([[¢]|%, 1)7,,, ()% max(r,,, (€) ", 7, ())*dE.

Since £ < min(minger 1/H(w) — 1,1), Lemma 6.1 applied with n = 1 and Lemma 6.2 applied
with A =1 lead to

V1o, )5 < 5 () +2)18a(u) — Balv)*

where ¢, and ¢, , does not depend on (x,u,v). One easily concludes the proof since by Assump-

tion 5, ¢ and then 3, = 1 + ¢/« is Lipschitz on the compact set T 0

Proof of Lemma /.2. From the proof of Lemma 4.1, we can choose 7 small enough such that (15)
holds for any u,v € T with ||u —v|| <. Hence, Y5 4. (u,v) is well-defined for any = € R, and
u,v €T with |Ju —v|| < 7.
Let us now consider z € K and u,v € T with ||u — v|| <. Then,
Yo 00U, v) = anz(u v, §)Wa(dE),
where

Foaa(1t,0,€) = (45 = 1) (4,(6) ) = (€)™ ). (39)
Therefore, by definition of || - ||4,
HY'ZLyxu’U / ‘f2axuvg)‘ df
Let € # 0 and let us split

9olu,v,§) = ¢u(€)_ﬁa(v) _wv(£>_ﬁa(v)
= gl,a,n(uavag) + 92704,77(11'72}75)
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with
Iram(u,v,€) = (1%) ©<n + 1, (£)>1/77) go(u,0,§)
and

92.a.n (U, v, f) = 1n§TE(v) (f)gl/nga<u7 v, £>a
where 1 € (0, 1).

First Step: Study of ¢, ,, and choice of 7.

By Assumption 5, 3, = 1 + ¢/« is continuous on 7" and we can consider
E = mea%( ﬁa(w) € (L +OO)

Let us choose ¢ = ¢(a, T) > 0 such that ¢ < 3, min(min,er 1/H(w) — 1,1). Then, according to
Proposition 3.6, up to change 7, we can assume v = y(¢) > 0 and for all £ # 0 and w,w’ € T
such that [|[w —w'|| <,

Tt (€) = €orTp, (O min(ry ()71 7, ()7,
where the finite positive constant ¢,, = ¢,,(7T,¢) does not depend on w,w’ and . Then, by
(36) (see the proof of Lemma 4.1) and continuity of /3,, there exists a finite positive constant
Cy = Cy(T,¢), which does not depend on (z,u,v,§), such that

Gran(,0.6) < C1 (L, @2+ Lry ©51/0) To () max(r,, ()77, (O (40)
Then, combining Equations (40) and (37), according to Lemma 6.1 and Lemma 6.2, there exist
two finite positive constants v = v(eg) and Cy = Co( K, T, ), which do not depend on (u,v, z),
such that for all n € (0, 1] one has

L gz, u,v) = ‘e”x’g) — 1’aglya,n(u, v,§)%dE < Con™.
Rd

1/v

Choosing n = n(e, u,v) = ||lu —v||"’", one gets that I o ,(z,u,v) < Col|u — v

Second Step: Study of g, .

Now let us focus on g 4, for this particular choice of 1. By homogeneity of v, and .,

—Ba(v)
~Pa(v) Yy (TE(U) (f)_E(U)TE(u) (g)E(U)EE(w (£)>

9270577] (u’ U7 6) = 177§TE(U) (E)SI/WTE(U) (5)

T (3) B

By Lemma 3.4, there exist two finite positive constants ¢, , = ¢, ,(T') and ¢,, = ¢, ,(7T') such that

Con (6)

VweT, c,, < <,

Then, since £ #0 and v € T,
Lo () = T (O (O, O)]| <
By Assumption 6, E(u)E(v) = E(v)E(u) and then

HI ~ e (5)_E(U)TE(U> &)W = HI -

I—71,, 7", ©|.

TEw)



32 HERMINE BIERME, CELINE LACAUX, AND HANS-PETER SCHEFFLER
Therefore,
—E(u E _
|1 =7 @797, ©7 < 1B() = Bl () max (7,0, (€, 7, (€)
since ||e™ — eM/H < || M — M ||elMIHM  for any M, M’ € M(R?) such that MM’ = M'M.
Then, since n <7, (§) < 1/n,
—E(u E v U
HI Tt O, (7| < IE@) = E(@) gl 12O-E,
Hence, according to Assumption 5, there exists ¢,, = ¢, ,(7") such that

|7~ ru (O, 07

since n < 1. Finally, since 5 = |ju — ||/, one can choose  small enough such that

1) 1E(v)—E(u)]

Y

—Co9 [lu—v]

< Coo Hu - U||| 1I17]|77

—E(u) E(v) Cs, 1
|7 = 7e @ @7 < g2 < 5
which implies that
_E(u v C i C 4
Lo (€) = T (7 (97t (0)| < B2 < 2
Then,
c — u v 3C
% T (€775, (O™ )£E<v>(§)H = %

Using the Mean Value Theorem for t — ¢=%+(*) the continuity of (8, and Assumption 4 with

b

one can find two finite positive constants C5 and C; that only depend on 7" and 7 such that

Y ( Tew (g)E(v)_E(U)KEm (§)> R Yy (%m (5)) o ‘

s [ (T (077, (©)) = (€00 ()]
Cillu = o] (14 7y, (€| max(ry, (6)" 7, (€))221 1)

To conclude let us recall that we have chosen ¢ € (0, min(min,er 1/H(w)—1,1)). Up to choose v

IC:Tx{yeRd

IA

IN

smaller we may assume that ¢, ,y < . Then, one can find a finite positive constant C5 = C5(T, ¢)
such that

G20, 0,€) < Csllu = w7y, ()77 max(r, , (6)7", 75, (€))7,
for all £ # 0 and u,v € T such that ||u —v|| < ~. Then by Lemmas 6.1 and 6.2 and (37), there
exists a finite positive constant Cg = Cs(T, K, €) such that

IZ,a,n(‘r7u7 U) - /d }ei(m,ﬁ) - ]-‘agQ,a,n(u?Uvg)adé S Cﬁ”“ - UHav
R
for all z € K and all u,v € T such that |ju — v|| <. The conclusion follows from

V2,00 (u, U)H —Ilan(QJ U U)+12an(1? u,v).
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Proof of Lemma 4.3. Let x € R?. Then, the random field

(pr (U))UERd - (Yaﬂ/)(U? I, x))UERd
is well-defined and is a harmonizable operator scaling a-stable random field in the sense of The-

orem 4.1 of [7] with respect to E(x)". Moreover,

Vs au(u,v) = Xy, (u) = Xy, (0).

Then, by stationarity of increments of X, and the operator scaling property (see Corollary 4.2
of [7]), when u # v
H}/Z’),a,x(ua U)HZ = TE(z)t (u - U)a']a ($, gE(m)t(u - U))

where

VOES, . Julw,0) = [ [e®) —1| "y @ (€)de.

E(z)t Y
R4
Since J, is positive and continuous on the compact set
{(y,e) ER!xRLy e K, and 0 € SEW},
there exist ¢,, = ¢, ,(a, K) and ¢, , = ¢, , (o, K) two finite positive constants such that

VQEK,VHES 4,3 <J<I,9)§C4,4,

E(y )t?

which concludes the proof. O

6.3. Modulus of continuity.

Proof of Lemma 4.7. If o = 2, assertion (2) is a direct consequence of Theorem 4.4. Let us now
assume that o € (0,2). Then, according to (17)

di = -2/« —z/x
Ui((ua U) ’ (Tn7£n>n) - ? E(|91’2) ZT” 2/ mxo(fn) ? ’fa(u>€n) - fa(va fn)|2
n=1
where f, is defined by (16). Similarly to the proof of Theorem 4.4 we write
fa(ua fn) - fa(v7 fn) = fl,a,u(ua v, fn) + f2,a,u(u> v, fn) + f3,a,v(ua v, fn)
where f1 . is defined by (32), f2.a.. by (39) and

f3.0y(w,0,8) = ( Ht) i) )wy(f) W,
We then denote for j € {1,2},

d2 =
0a((,0) | (T 6),) = 5 E(l91]*) D0 T/ mag (€0) ™" o (0, 60)
n=1

and
d2
Vi al(w,0) | (T, 60),) = = E(|g1]” ZT 20 (60) ™2 f a0 (w0, &) |

n=1

Hence,

val(u,v) | (Ths &n)y, <4Z _]Cv (u, 0) [ (Ths60),,)-
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Let €1 € (0, min (minyer 1/H(w) — 1,1)).

First Step: Study of v o
Using (38), Proposition 3.6 and the Lipschitz property of 3, on 7', one can find v = (&) €

(0,1) and a finite positive constant ¢; = ¢1(7,e1) such that

[ fraw(w,v,)] < erflu = vffmin (1, [€]]) 75, (€) "  max(r,,, ()7, 7y, (€)7?

for any € € RY\{0} and any u,v € T such that |ju — zo| < v and ||v — x| < 7. Hence, almost

surely
U al(w0) [ (Th,&),) < llu—v]*'W

where

+oo
W=c¢ Z T2, (41)

With G, = Mg () 2/ min (1, [61%) 7 (60) 20 max(ry ) (€)1 T (€))7
One easily checks that (,, n € N\{0} are i.i.d. integrable random variables and then that

W < oo almost surely (since T,,/n — 1 almost surely and 2/a > 1).

Second Step: Study of vy, Following the proof of Lemma 4.2, one can choose two finite

positive constants v = v(g1) and ¢y = c2(7T, 1) such that for n small enough,

€1
/ <||£|| £)<77 + 1TE(zo) (§)>1/77> TE(JCO) (£>_262(z0) max (TE(afo) (5)7 TE(aco) (5)_1)> S 627721/' (42)

Moreover, following the proof of Lemma 4.2 and using Proposition 3.6, choosing v = ~(&1)
smaller if necessary, one can also find a finite positive constant c¢3 = c¢3(7, &) such that for
lu — ol < /2 and |lv — ol < /2,

030 ((,0) | (T, &))< es(llu = 0" W + a3 ([|u — v]])),

where W is defined by (41) and for all h > 0,

+o0o
—2/a —2/a al@
a5 (h ZT gy () /* min (an” ) ( o) (En) <Y +1 Th(ag) én)>h" ””) ro)(gn) o)

n=1
x max(7,, (€)' 7y, (£)%°.

Let us recall that the density function of ¢, is m,,. Then, using the definition of m,,, of 3, and

fs, one can easily find a finite positive constant ¢y = ¢4(T, &1) such that for A > 0 small enough,
E (o5 (h)[(Th)n) < caca(h Z T

with

. 2 _ Z _
o (h)? = /R min (I 1) (L, e + Lo, @i ) Tay (72O max(ry (€77, ()7
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Then, (42) leads to the existence of a finite positive constant c5 = ¢;(e1) such that almost surely

for h > 0 small enough,

E (o3 (h)[(T,)n) < csh® Z T,

n=1
Then, since h +— o3(h) is monotone, almost surely
2
a5 (h)
lim —2— =0
B0 2

for any € € (0,1) (see for instance [6]).

Third Step: Study of vs o
Using Proposition 3.6, there exist v = y(g1) € (0,1) and a finite positive constant ¢ = c6(7', 1)
such that for any ||[u — zg|| < v/2 and ||v — || < 7/2,

V.0 (W, 0) | (T, €n),) < e605(7y (1w —0)),

where, for all A > 0,

+o0o
-2/« —2/« : x0 2 —20a (@ - €1
o) = 3T e (6)H min (|| AP 1) (60 max(ry . (6),7,.. (€7
n=1

Following the proof of Lemma 5.2 of [6], one obtains that

+oo
E (o3 (W)[(Th)n) < erh®= ZTJQ/Q,

n=1

where the finite positive constant ¢; = ¢7(¢1) does not depend on h. Therefore, almost surely

2
. o3(h) _
n e =0
for all € € (0,1).
Proposition 3.5, Step 1, 2 and 3 lead to the conclusion. [l
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