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Abstract

Topological properties of the domain of attraction for dynamical systems are
investigated. The main purpose of this paper is to prove that a compact, asymp-
totically stable attractor of a dynamical system defined on a locally compact
metric space is a deformation retract of its domain of attraction, in a weak sense
that is made precise. Under additional local assumptions, the attractor can be
shown to be a retract, a deformation retract, or a strong deformation retract.
The well known result that the domain of attraction of an asymptotically stable
equilibrium is contractible follows as a corollary.

Keywords: Asymptotically stable sets, domain of attraction, retraction,
Lyapunov functions.

1. Introduction

In [1, Thm. 21], Eduardo Sontag has shown that the domain of attrac-
tion of a dynamical system with an asymptotically stable equilibrium point is
contractible. In [2], it is proved that global asymptotic stability on a vector
bundle implies contractibility of the base manifold. In particular, a continuous
dynamical system on a state space that has the structure of a vector bundle on
a compact manifold possesses no globally asymptotically stable equilibrium.
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The main goal of this paper is to generalize Sontag’s result [1, Thm. 21] for
equilibria to compact, asymptotically stable sets. Our main result shows that
a compact, asymptotically stable attractor of a continuous dynamical system
defined on a locally compact metric space is a weak deformation retract of its
domain of attraction in a sense that we define. A weak version of our result
involving retract only has been stated in [3, Lemma 3.2]. We also show that,
under additional topological assumptions, a weak deformation retract is a re-
tract, a deformation retract, or a strong deformation retract. The additional
assumptions are trivially satisfied in the case of an equilibrium, and hence [1,
Thm. 21] follows as a corollary of our results.

We introduce the necessary notation and topological preliminaries in Section
2. Section 3 contains the main results. Finally, the conclusion is presented in
Section 4.

2. Preliminaries

Throughout this paper, we consider a continuous, time-invariant semi-flow
ϕ : R≥0 ×M →M on a locally compact topological space M. The semi-flow
ϕ satisfies ϕ (0, x) = x and ϕ (t, ϕ (s, x)) = ϕ (t+ s, x) for all t, s ∈ R≥0 and
x ∈ M. The topological space M, called the state space, and the semi flow ϕ,
also called the evolution function, together define a dynamical system, which
we denote by (M, ϕ) (see for instance [4] and [3]).

For each t ∈ R≥0, we let ϕt denote the map x 7→ ϕ(t, x). Next, we recall the
definition of stability.

Definition 1. The set K ⊂ M is asymptotically stable if the following two
conditions hold.

1. K is Lyapunov stable, that is, for every open neighborhood V ⊆M of K,
there exists an open neighborhood U ⊆ M of K such that ϕt(U) ⊆ V for
every t ≥ 0.

2. K is attractive, that is, there exists an open neighborhood W ⊆ M of K
such that, for every x ∈ W and every open neighborhood U ⊆ M of K,
there exists T ≥ 0 such that ϕ(t, x) ∈ U for all t > T .

The domain of attraction of an asymptotically stable set K ⊆ M is the set
A of points x such that, for every open neighborhood U of K, there exists T > 0
such that ϕ(t, x) ∈ V for all t ≥ T .

It is well known that the domain of attraction A of a compact asymptotically
stable set is open and invariant, that is, ϕt(A) = A for all t ≥ 0.

Next, we recall various different notions of retracts. A survey on the theory
of retracts can be founded in [5].

Definition 2. Let X ⊆ Y ⊆M.

1. X is a retract of Y if there exists a continuous map r : Y → X, called a
retraction, such that r(x) = x for all x ∈ X.
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2. X is a deformation retract of Y if there exists a continuous homotopy
h : [0, 1]× Y →M such that

h (0, y) = y,

h (1, y) ∈ X,
h (1, x) = x,

for all y ∈ Y and x ∈ X.

3. X is a strong deformation retract of Y if there exists a continuous homo-
topy h : [0, 1]× Y →M such that

h (0, y) = y,

h (1, y) ∈ X,
h (t, x) = x,

for all y ∈ Y , x ∈ X and t ∈ [0, 1].

4. X is a weak deformation retract of Y if every open neighborhood U ⊆M
of X contains a strong deformation retract V of Y such that X ⊆ V .

A set Y ⊆ M is contractible if there exists x ∈ M such that the singleton
set X = {x} is a strong deformation retract of Y .

We will also need the following definition.

Definition 3. X ⊆ M is a neighborhood retract (respectively, neighborhood
deformation retract, strong neighborhood deformation retract) of M if there
exists an open neighborhood Y ⊆M of X such that X is a retract (respectively,
deformation retract, strong deformation retract) of Y .

Our first result relates definitions 2 and 3.

Theorem 4. Suppose X ⊆M is a weak deformation retract of Y ⊆M. Then
the following statements hold.

1. If X is a neighborhood retract of M, then X is a retract of Y .

2. If X is a neighborhood deformation retract ofM, then X is a deformation
retract of Y .

3. If X is a strong neighborhood deformation retract ofM, then X is a strong
deformation retract of Y .

Proof. First, note that since X is a weak deformation retract of Y , for every
neighborhood U ⊆M, there exist a set V ⊆ U containing X, and a continuous
map h : [0, 1]× Y → V such that h(0, y) = y, h(1, y) ∈ V and h(t, v) = v for all
y ∈ Y , v ∈ V and t ∈ [0, 1].

To prove 1), suppose X is a neighborhood retract of M. Then there exists
an open neighborhood U ⊆ M of X and a continuous map s : U → X such
that s(x) = x for all x ∈ X. Upon choosing the set V and the homotopy h as
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above, the map r : Y → X given by r(y) = s(h(1, y)) can easily be verified to
be a retraction. Hence 1) follows.

Next,to prove 2), suppose X is a neighborhood deformation retract of M.
Then there exists an open neighborhood U ⊆M of X and a continuous defor-
mation retraction s : [0, 1] × U → X such that s(0, u) = u, s(1, u) ∈ X, and
s(1, x) = x for all u ∈ U and x ∈ X. On choosing the set V and the homotopy
h as in the first paragraph, it follows that the map r : [0, 1]× Y → X given by

r(t, y) = h(2t, y), t ∈
[
0, 12
]
, y ∈ Y,

= s (2t− 1, h(1, y)) , t ∈
(
1
2 , 1
]
, y ∈ Y,

is continuous and satisfies r(0, y) = y, r(1, y) ∈ X and r(1, x) = x for all y ∈ Y
and x ∈ X. Hence X is a deformation retract of Y .

The proof of 3) follows from the proof of 2) above by noting that, in the case
where X is a strong neighborhood deformation retract of M, the homotopy s
may be chosen to additionally satisfy s(t, x) = x for all x ∈ X. Consequently,
the homotopy r constructed above will also satisfy r(t, x) = x for all x ∈ X.
Hence X is a strong deformation retract of Y .

3. Main result

In this section, M is a locally compact metric space.

Theorem 5. Suppose K is a compact asymptotically stable set for the dynami-
cal system (M, ϕ) with domain of attraction A. Then K is a weak deformation
retract of A.

Proof. Because K is asymptotically stable, it follows from [3, Theorem
2.10] that there exists a continuous Lyapunov function V : A → R≥0 such that
V (x) > 0 for all x ∈ A \ K and V (x) = 0 for all x ∈ K, V is proper, that
is, V −1(B) is compact for every compact subset B of R≥0, and V is strictly
decreasing along orbits of ϕ, that is, V (ϕ (t, x)) < V (x) for all t > 0 and
x ∈ A \ K.

For each ρ > 0, define Uρ ⊆ A by

Uρ = {x ∈ A : V (x) ≤ ρ} .

The properties of V imply that, for each ρ > 0, Uρ is compact and positively
invariant, that is, ϕt(Uρ) ⊆ Uρ. Moreover, ∩ρ>0Uρ = K, so that for every open
neighborhood V ⊆M of K, there exists ρ > 0 such that Uρ ⊆ V.

Asymptotic stability implies that, for each x ∈ A, there exists T > 0 such
that ϕ (t, x) ∈ Uρ for all t > T . Hence, for each ρ > 0 and x ∈ A

Tρ (x) = inf {t ≥ 0 : ϕ (t, x) ∈ Uρ} (1)

is well defined. It is clear that Tρ (x) = 0 for all x ∈ Uρ.
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We claim that Tρ : A → R≥0 is continuous for each ρ > 0. To prove our
claim, let ρ > 0, ε > 0 and consider a sequence {xn}n∈N converging to x ∈ M.
By the continuity of V , we have

lim
n→+∞

V (ϕ (Tρ (x) + ε, xn)) = V (ϕ (Tρ (x) + ε, x)) < ρ.

Hence, the definition of Tρ implies that, for n sufficiently large, we have Tρ (xn) ≤
Tρ (x) + ε. Similarly,

lim
n→+∞

V (ϕ (Tρ (x)− ε, xn)) = V (ϕ (Tρ (x)− ε, x)) > ρ

leads to Tρ (xn) ≥ Tρ (x)− ε for n sufficiently large. We conclude that |Tρ(xn)−
Tρ(x)| < ε for all n sufficiently large. Since ε was chosen to be arbitrary, it
follows that limn→+∞ Tρ (xn) = Tρ (x), and hence Tρ is continuous.

To show that K is a weak deformation retract of A, choose an open neigh-
borhood V of K. Choose ρ > 0 such that Uρ ⊆ V. It is easy to verify that the
map h : [0, 1]×A → A defined by h(t, x) = ϕ(tTρ(x), x) is a continuous function
satisfying h(0, y) = y, h(1, y) ∈ Uρ, and h(t, x) = x for all y ∈ A, x ∈ Uρ and
t ∈ [0, 1]. Thus Uρ is a strong deformation retract of A. We have thus shown
that the arbitrarily chosen neighborhood V of K contains a strong deformation
retract of A that contains K. Hence it follows that K is a weak deformation
retract of A.

Remark 6. Theorem 5 remains valid when M is a locally compact Hausdorff
space and K is an invariant asymptotically stable set (see [4, Theorem 10.6]).

The following corollary of Theorem 5 follows in a straightforward manner
from Theorem 4.

Corollary 7. Suppose K is a compact asymptotically stable set for the dynam-
ical system (M, ϕ) with domain of attraction A. Then the following statements
hold.

1. If K is a neighborhood retract of M, then K is a retract of A.

2. If K is a neighborhood deformation retract of M, then K is a deformation
retract of A.

3. If K is a strong neighborhood deformation retract ofM, then K is a strong
deformation retract of A.

Remark 8. Sets which are neighborhood retracts are rather common. In par-
ticular for finite dimensional spaces, neighborhood retracts are also Euclidean
neighborhood retracts, which are well known and studied, for instance, in the
appendices of [6, 7]. Finite CW complex are Euclidean neighborhood retracts.
Corollary 7 yields a necessary condition for the continuous stabilizability of
neighborhood retracts.
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A point is always a strong neighborhood deformation retract ifM is locally
contractible. So, we recognize as a special case of Theorem 5, the following re-
sult [1, Theorem 21] dedicated to contractibility of systems with asymptotically
stable equilibrium point.

Corollary 9. Suppose that M is locally contractible. Let us consider the dy-
namical system (M, d, ϕ) with an equilibrium point xe. Suppose that xe is
asymptotically stable. The domain of attraction, which is given by

A =

{
x ∈M : lim

t→+∞
ϕ (t, x) = xe

}
is a contractible set.

In fact, the result [1, Theorem 21] remains true for general topological spaces
due to the fact that the flow provides a natural homotopy.

The following proposition describes a common situation in which the set K
of interest is a strong neighborhood deformation retract of M.

Proposition 10. Suppose M is a smooth finite-dimensional manifold, and K
is a compact, embedded submanifold of M. Then K is a strong neighborhood
deformation retract of M.

Proof. Under the hypotheses on M, there exists a tubular neighborhood
of K [8, Thm. IV.5.1]. More precisely, there exists a vector bundle π : E → K
over K with zero section z : K 7→ E , an open neighborhood V ⊆ E of z(K), an
open neighborhood U ⊆ M of K and a diffeomorphism g : U 7→ V such that
g−1(z(x)) = x for all x ∈ K. Since K is compact, we may choose V to further
satisfy tv ∈ V for all t ∈ [0, 1] and all v ∈ V. It is now easy to verify that
the map h : [0, 1] × U → U defined by h(t, x) = g−1[(1 − t)g(x)] is continuous
and satisfies h(0, y) = y, h(1, y) ∈ K and h(t, x) = x for all y ∈ U , x ∈ K and
t ∈ [0, 1]. Thus K is a strong deformation retract of the open neighborhood U ,
and the result follows.

Proposition 10 implies that a large class of invariant sets studied in auto-
matic control are strong neighborhood deformation retracts. In [9], the authors
prove that if M is a locally equiconnected set, then the property of being a
neighborhood retract, a neighborhood deformation retract, or a strong neigh-
borhood deformation retract are all equivalent.

If K is not a neighborhood retract, as Cantor or fractal sets (see for instance
[10, Remark 5]), there is no practical necessary condition. Nevertheless, if we
have no assumption on K we still have a theoretical result if the semi flow and
the functions Tρ are uniformly continuous.

Proposition 11. Let us consider the dynamical system (M, d, ϕ) with a com-
pact invariant asymptotically stable set K with domain of attraction A such
that the semi flow ϕ (t, x) is continuous in x uniformly in t. If the function
Tρ (x) given in (1) is also continuous in x uniformly in ρ, then K is a strong
neighborhood deformation retract of A.
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Proof. For each ρ > 0, define hρ : [0, 1]×A → A by hρ (t, x) = ϕ (tTρ (x) , x) .
By the same reasoning as in the proof of Theorem 5, it can be shown that,

for each ρ > 0, hρ yields a strong deformation retract from A onto Uρ.
Consider the family

F = {hρ : ρ ≤ 1} .
For each t ∈ [0, 1] and x ∈ A

F (t, x) = {hρ (t, x) : ρ ≤ 1}

is contained in the compact set U1 and hence has compact closure. Let us
prove that the family F is equicontinuous. Let x ∈ A and ε > 0. Due to the
assumption on the semi flow, there exists δ1 > 0 such that for all |t1 − t2| < δ1
and all y ∈ A such that d (x, y) < δ1 we have d (ϕ (t1, x) , ϕ (t2, y)) < ε. Due to
the assumption on Tρ (x), there exists δ2 such that for all |t1 − t2| < δ2 and all
y ∈ A such that d (x, y) < δ2 we have |t1Tρ (x)− t2Tρ (y)| < δ1 for all ρ > 0.

Let δ = min {δ1, δ2} and t ∈ [0, 1]. For all |t1 − t| < δ and all y ∈ A such
that d (x, y) < δ we have

d (hρ (t, x) , hρ (t1, y)) = d (ϕ (tTρ (x) , x) , ϕ (t1Tρ (y) , y)) < ε

because |tTρ (x)− t1Tρ (y)| < δ1.
By the Ascoli-Arzela theorem given in [11, Theorem XII. 6.4], it follows that

every sequence in F has a subsequence that converges uniformly on compact
subsets of [0, 1] × A. In particular, there exists a sequence ρn → 0 such that
the sequence {hρn}n∈N converges uniformly on compact subsets of [0, 1] × A.
Uniform convergence on compact subsets implies that the limit function h :
[0, 1] × A → A is continuous. Moreover, h has the following properties for all
x ∈ A, t ∈ [0, 1] and k ∈ K,

h (0, x) = lim
n→+∞

hρn (0, x) = lim
n→+∞

x = x,

h (1, x) = lim
n→+∞

hρn (1, x) ∈
∞⋂
n=1

Uρn = K,

h (t, k) = lim
n→+∞

hρn (t, x) = lim
n→+∞

x = x.

Thus K is a strong neighborhood deformation retract of A.

Remark 12. Proposition 11 is a theoretical result. It can not be used in practice
due to the fact that, in general, we have no information about the semi flow and
the functions Tρ.

4. Concluding remarks

In this paper, we prove some necessary conditions for asymptotic stability of
an invariant compact set. A Lyapunov function is used to design a retraction.
The main result generalizes a well know theorem of contractibility given by E.
Sontag to invariant set by using different topological notions on retractions.
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