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SHAPE DIAGRAMS FOR 2D COMPACT SETS - PART III:
CONVEXITY DISCRIMINATION FOR ANALYTIC AND
DISCRETIZED SIMPLY CONNECTED SETS

S. RIVOLLIER, J. DEBAYLE AND J.-C. PINOLI

ABSTRACT. Shape diagrams are representations in the Euclidean plane introduced
to study 3-dimensional and 2-dimensional compact convex sets. However, they
can also been applied to more general compact sets than compact convex sets. A
compact set is represented by a point within a shape diagram whose coordinates are
morphometrical functionals defined as normalized ratios of geometrical functionals.
Classically, the geometrical functionals are the area, the perimeter, the radii of
the inscribed and circumscribed circles, and the minimum and maximum Feret
diameters. They allow twenty-two shape diagrams to be built. Starting from
these six classical geometrical functionals, a detailed comparative study has been
performed in order to analyze the representation relevance and discrimination
power of these twenty-two shape diagrams. The two first parts of this study are
published in previous papers [8, 9]. They focus on analytic compact convex sets
and analytic simply connected compact sets, respectively. The purpose of this
paper is to present the third part, by focusing on the convexity discrimination for
analytic and discretized simply connected compact sets.

1 INTRODUCTION

The Santalo’s shape diagrams [10] allow to represent a 2D compact convex set
by a point in the Euclidean 2D plane from six geometrical functionals: the area, the
perimeter, the radii of the inscribed and circumscribed circles, and the minimum
and maximum Feret diameters [4]. The axes of each shape diagram are defined
from a pair of geometric inequalities relating these functionals. Sometimes, the
two geometric inequalities provide a complete system: for any range of numerical
values satisfying them, there exists a compact convex set with these values for the
geometrical functionals (in other words, a point within the 2D Santalo shape diagram
describes a 2D compact convex set). This is not valid for all the Santalo shape
diagrams.

This paper deals with the study of the convexity discrimination for shape di-
agrams of 2D non-empty analytic and discretized simply connected compact sets.
The two first parts [8, 9| of this study focus on the analytic compact convex sets
and analytic simply connected compact sets, respectively. This third part presents
an analysis of the convexity discrimination and extends the previous work to the
discretized simply connected compact sets. The considered discretized simply con-
nected sets are mapped onto points in these shape diagrams, and through disper-
sion quantification and convexity discrimination, the shape diagrams are classified
according to their ability to discriminate the simply connected compact sets.

Key words and phrases. Analytic and discretized simply connected compact sets, Convexity dis-
crimination, Geometrical and morphometrical functionals, Shape diagrams, Shape discrimination.
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2 SHAPE CONVEXITY

The following study on the convexity discrimination first requires the definition
of the shape convexity. A set is convex when the line segment which joins any two
points in it lies totally within the set. In other terms, the shape convexity could be
quantified with the probability that two points in the set lies totally within it.

Convexity parameters are commonly used in the analysis of shapes. The mea-
surement value of the shape convexity of any set ranges between 0 and 1 (it is a
probability). A convex set gives the value 1. Futhermore, the less the parameter
value is high, the less the shape is convex. The convexity measurement can be com-
puted, for instance, by the ratio A / A¢c where A¢ is the area of the convex hull of
the set, but this is not sensitive to boundary small variations (Figure 2.1). A second
convexity parameter is the ratio Po /P where P¢ is the Euclidean perimeter of the
convex hull of the set.

(a) A/JAc=1land P /P =1 (b) A/ Ac close to 1 (¢) Po /P far from 1

Figure 2.1: A/ Ac gives result values equal to 1 for the set (a) and close to 1 for the sets (b) and
(c¢). Newvertheless, the set (b) is far to check the convezity definition (the probability that two points
in the set lies totally within it is low). P /P gives result values equal to 1 for the set (a) and
far from 1 for the sets (b) and (c). Nevertheless, the set (c) is not very far to check the convexity
definition.

Futhermore, a suitable convexity parameter is particularly required for discretized
sets. For that purpose, the convexity parameter of Zunic and Rosin [12] will be used
for the following study on the convexity discrimination. For all polygon S of the
Euclidean 2D plane EZ2, it is defined by:

. P2 (R(S ) Oé))

(21> C<S> N ag[l()l,gﬂ] Pl(S, Oé)

P1(S, ) denotes the perimeter of the set S, rotated by the angle o with the origin
as the center of rotation, in the sense of the [; metric (/;(e) equals the sum of the
projections of the straight line segment e onto the coordinate axes). Pa(R(S,«))
denotes the Fuclidean perimeter of the minimal bounding rectangle R with edges
parallel to the coordinate axes which includes the rotated set of S by the angle a.

This convexity parameter ¢ has the following desirable properties:

e its value is always a number within (0, 1]
e its value is 1 if and only if the measured set is convex
e there are sets with its value arbitrarily close to 0
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e it is invariant under similitude transformations
e there is a simple and fast procedure for computing it.

3 CONVEXITY DISCRIMINATION FOR ANALYTIC SIMPLY CONNECTED SETS

Observing the 2D compact set locations in the shape diagrams Dy, k € [1,30] \
([7,10] U [17,20]) for the families F{ and Fi¢ [8, 9] (Figures 3.1 and 3.2), some
shape diagrams seem to stronger discriminate the convex shapes from the non-convex

shapes than others.

Segments Equilateral triangles Reuleaux triangles Squares "Reuleaux" squares Disks Semi-disks
Isosceles rectangle triangles "1/2" diamonds "1/2" rectangles "1/2" ellipses Regular pentagons Regular hexagons

Figure 3.1: Family F¢ of 2D analytic compact convex sets [8].

N N

Segments Asterisks-3 Asterisks-4 Asterisks-7 Asterisks-8
Disks Semi-disks "1/2" semi-rings Semi-circles
Equilateral triangles Squares Regular pentagons Regular pentagrams Regular hexagons Regular hexagrams

Reuleaux triangles Dual Reuleaux triangles Dual "Reuleaux" squares Regular crosses

Figure 3.2: Family Fi¢ of 2D analytic simply connected compact sets [9].
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Equation 3.1 quantifies (by values ranging between 0 and 1) this convexity dis-
crimination for each shape diagram Dy, k € [1,30] \ ([[7,10] U [17,20]). A high
(respectively low) resulting value means a weak (respectively strong) convexity dis-
crimination.

#FT
(3.1) Convexity _discrimination(Dy) = EFEUFET ]__C O Z|
$Fe
—c (argmin {dp (i, j)|j € F})| + Y [e(i) — c(argmin {ds(i, j)|j € F})|
i=1

where ¢(i) denotes the convexity value of the shape indexed by i in Figure 5.1, and
dg is the Euclidean distance.

Figure 3.3 shows the results of this quantification for every shape diagrams Dy,
ke [1,30] \ ([7,10] U [17,20]). The stronger convexity discrimination appears in
the shape diagrams Dayy, Dog, Dor, and Dag, that is in agreement with the visual

interpretation [9], and the weaker discrimination appears for the shape diagrams D,
and D14.

S I Y I
e e 8o 8 gdggdoocooco0aocooaooaa

Figure 3.3: Convezity discrimination for the families F{ and Fj°.

These results have to be confirmed with more general sets. This is not easy to
conclude with the restriction to analytic sets. For this reason, this study is extended
to the discrete case.

4 SHAPE FUNCTIONALS FOR A DISCRETIZED SIMPLY CONNECTED SET

In this paper, the non-empty discretized simply connected compact sets in the
discrete Euclidean 2-space E2Z are considered. They are represented by points. The
inter-point distance is the step discretization. The discretization is fine enough
to preserve the simple connectivity [5]. For the characterization of these sets, six
geometrical functionals are used allowing to define morphometrical functionals from
geometric inequalities.
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4.1 Geometrical functionals For a discretized simply connected compact
set in EZ let A, P, r, R, w, d, denote the estimations of its area, its perimeter, the
radii of its inscribed and circumscribed circles, its minimum and maximum Feret
diameters [4], respectively. Figure 4.1 illustrates these geometrical functionals for a
discretized simply connected compact set represented in a point lattice [5]. For all
non-empty discretized simply connected compact sets, these geometrical functionals
are greater or equal than zero.

Pl d

»N o o 0 O

Rl I
¢ o o I
+oo : ,
o 0 0 2 0 il
I I ,
o 06 0 0 0 7
I 1,7
;| & e ¢y
I A
I I
I w I

Figure 4.1: Geometrical functionals of a discretized simply connected compact set: radii of inscribed
(r) and circumscribed (R) circles, minimum (w) and mazimum (d) Feret diameters. The area A is

given by the point number, and the perimeter is estimated thanks to the Cauchy-Crofton-Poincaré
formula [2, 3, 6].

4.2 Geometric inequalities and morphometrical functionals Geometric
inequalities and morphometrical functionals for analytic simply connected compact
sets are referenced in [9]. There exists special cases where a discretized set has
geometrical functional values that do not verify a geometric inequality, due to the
estimation error (because of the discretization). This means that this set is a dis-
cretization of an extremal set for the associated geometric inequality. Consequently,
for practical reasons, the morphometrical functional value greater than one is re-
duced to one. Thus, the twenty-two shape diagrams referenced in [9] can be used
for discretized simply connected compact sets.

5 SHAPE DIAGRAMS FOR A BASIS
OF VARIOUS DISCRETIZED SIMPLY CONNECTED COMPACT SETS

5.1 Shape diagrams Figure 5.1 illustrates seventy-eight discretized patterns
constituting the family F@*. It is assumed that the discretization process is fine
enough such that each discretized pattern is a discretized simply connected compact
set on the points lattice [5|. Thus, the morphometrical functionals are computed
and located in each shape diagram.

The discretized patterns are numerated from one to seventy-eight. The pattern
number are mapped to its proper point in each shape diagram. Figure 5.2 illustrates
several of these twenty-two shape diagrams, chosen according to the synthesized
results of [9]. The color of the number is related to the convexity parameter value
¢ of the associated set (dark red for a high ¢ value, dark blue for a low ¢ value).
Moreover, the black curves indicate the convex domain boundary, if it is known [8].
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Sometimes, a dark red number appears slightly outside this domain. This is mainly
due to the estimation error (discretization) of the geometrical functionals. This
convexity range will enable to analyze the convexity discrimination within shape
diagrams.
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Figure 5.1: Family F{*¢ of seventy-eight 2D discretized simply connected compact sets (discretized
patterns). The color of each pattern number is related to the convexity parameter value using
non-linear color-tones.
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Figure 5.2: Family F{*¢ of discretized simply connected compact sets mapped into eleven shape
diagrams (chosen according to the results synthetized in [9]).
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Figure 5.3: Family F$5¢ of discretized simply connected compact sets mapped into eleven shape
diagrams (chosen according to the results synthetized in [9]).
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5.2 Dispersion quantification and convexity discrimination A wider
family Fg*¢ of 1370 discretized patterns is considered (Kimia database [11], not
illustrated here). These are twenty deformations of each of the sixty-eight first sets
of the family F@¢ plus the ten last sets of F{*; section 6 shows two examples of
these deformations). For each discretized pattern representing a discretized simply
connected compact set, the morphometrical functionals are computed and located
by a point in each shape diagram (Figure 5.3). The point color is associated to the
convexity parameter value ¢, and the convex domain boundary, if it is known, is
illustrated with black lines.

5.2.1 Dispersion quantification For each shape diagram, the dispersion of the
locations of the 2D discretized simply connected compact sets of the family Fg* is
studied.

The spatial distribution of discretized simply connected compact sets locations
in each shape diagram is characterized and quantified from algorithmic geometry
using Delaunay’s graph (DG) and minimum spanning tree (MST) [1]. Some useful
information about the disorder and the neighborhood relationships between sets can
be deduced. From each geometrical model, it is possible to compute two values from
the edge lengths, denoted p (average) and o (standard deviation) for DG or MST.
The simple reading of the coordinates in the (u, o)-plane eanables to determine the
type of spatial distribution of the discretized simply connected compact set (regular,
random, cluster, ... ) [7]. The decrease of 1 and the increase of o characterize the
shift from a regular distribution toward random and cluster distributions.

Figure 5.4 represents both values of parameters of the twenty-two shape diagrams
for each model, DG and MST.

0.0094 13 22

0.0084
2

é\lh 1
15
3 i =z

281 =

0.0074

o

< 0.006
S

0.005

6 18

standard deviati

0.0041 5 15
0.0034
30

0.002

0.0014

0

T T T T T T T il

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0
average p

T T T T T T T T T il
0001 0002 0003 0004 0005 0006 0007 0008 0009 001
average p

DG MST

Figure 5.4: Two dispersion quantifications for all shape diagrams applied on the family F$*¢. For
each representation (according to the models DG and MST, respectively), indices k € [1,30] \
([7,10] U [17,20]) of the shape diagrams Dy, is located according to its p and o values.

As in [9], the DG model allows to divide the shape diagrams into two groups,
mainly according to the average p value: the shape diagrams Dy, D5, Dy, D14, D5,
D16 and D3y have a weak average pu, thus the discretized simply connected compact
sets are located within a small domain in [0,1]?. In [9], the MST model confirmed
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this tendency for the average. Figure 5.4 shows also a distribution of these two
groups according to the standard deviation o. Note that the constitution of each of
the two groups is the same as in [9)].

5.2.2  Convexity discrimination Observing the colors dispersion in the shape
diagrams of Figure 5.3, some shape diagrams seem to stronger discriminate the
convex shapes from the non-convex shapes than others. This stronger discrimination
is visually highlighted by a color gradient, from dark red to dark blue. Within a
shape diagram, if the colors are irregularly distributed according to the color range,
this means that convex sets and non-convex sets can not be discriminated.

Equation 5.1 quantifies (by values ranging between 0 and 1) this discrimination
for each shape diagram Dy, k € [1,30] \ ([7,10] U [17,20]). A high (resp. low)
resulting value means a weak (resp. strong) convexity discrimination.

(5.1) Convexity discrimination(Dy) =
1 #]_—gsc
= c(i) — ¢ (argmin {dg(i, j)|j € Fise

i—
where ¢(i) denotes the convexity value of the shape indexed by i in Figure 5.1, and
dg is the Euclidean distance.

Figure 5.5 shows the results of this quantification for every shape diagrams.
The stronger convexity discrimination appears in the shape diagrams Day, Dos, Do,
Doz, Dog and Doy, that is in agreement with the visual interpretation. The weaker
discrimination appears for the shape diagrams Dy, Dy, D14 and Dig. Even if the
shape diagram Ds is not strong for the general shape discrimination [8, 9], it is
not weak for the convexity discrimination. In fact, these two discriminations are
independant.

mmmmmmmmmmmmmmmmmm

Figure 5.5: Convexity discrimination for the family F§s¢.
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6 SHAPE DIAGRAMS FOR SIMILAR DISCRETIZED
SIMPLY CONNECTED COMPACT SETS

This section focuses on the discrimination of shapes that are visually similar
enough, so that they can be considered as the same global shape. The shape di-
agrams Dy, D5, D¢, D14, D15, D1g and D3y provide a weak shape discrimination,
whatever the visual similarity of the sets. Thus, they are not considered from this
section and until the end of this paper. It remains the fifteen shape diagrams Dy,
ke [1,29] \ ([4,10] U [14,20]).

Let be three families F§*¢, Fi*¢ and F@¢ of discretized patterns representing
triangles (Figure 6.1), disks (Figure 6.2) and crosses (Figure 6.3), respectively, that
have undergone minor transformations, modifications, deformations. The morpho-
metrical functionals are computed, and the patterns are located by a point in each
shape diagram (Figures 6.1, 6.2 and 6.3). The color of the number is related to the
convexity parameter value ¢, and the convex domain boundary, if it is known, is
illustrated with black lines.

Figures 6.4, 6.5 and 6.6 give the dispersion quantification representation of the
fifteen shape diagrams for each model, DG and MST (method described in subsub-
section 5.2.1).
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Figure 6.1: Family F$*¢ of twenty 2D discretized simply connected compact sets with “triangle’
shape, mapped into nine shape diagrams (chosen according to the results synthetized in [9]). The
color of the number is related to the convexity parameter value.
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Figure 6.4: Two dispersion quantifications for all shape diagrams applied on the family F3¢. For
each representation (according to the models DG and MST, respectively), indices k € [1,29] \
([4,10] U [14,20]) of the shape diagrams Dy, is located according to its p and o values.

Figure 6.5: Two dispersion quantifications for all shape diagrams applied on the family Fi*¢. For
each representation (according to the models DG and MST, respectively), indices k € [1,29] \
([4,10] U [14,20]) of the shape diagrams Dy, is located according to its p and o values.
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Figure 6.6: Two dispersion quantifications for all shape diagrams applied on the family F5°°. For
each representation (according to the models DG and MST, respectively), indices k € [1,29] \
([4,10] U [14,20]) of the shape diagrams Dy, is located according to its p and o values.
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The results obtained allows to reveal that the shape diagrams D, and D;s do
not discriminate the sets in each family F¢*¢, F{*¢ and F¢*. This discrimination
appears little stronger for the shape diagrams D; and D;;. From a global vision, the
shape diagrams Dy; and Dy, strongest discriminate these sets.

7 SYNTHESIS

To obtain a strong discrimination of 2D discretized simply connected compact
sets, it is necessary to have both a strong dispersion and a strong convexity discrim-
ination.

e The shape diagram Dy, D5, D¢, D14, D15 and Dy are excluded due to their
weak dispersion and convexity discrimination results.

e The shape diagram Dsq presents a strong convexity discrimination although
its weak dispersion result.

e The dispersion quantification of the shape diagrams Dy, Dy, D3, D11, Dso,
1)137 Dgl, DQQ, D23, D24, 1)257 DQG, D27, Dgg and Dgg giVGS StI‘OHg values.

e The convexity discrimination is stronger for Day, Dos, Dag, Dor, Dag and Dag.

e The similar sets discrimination appears stronger for Doy and Das.

Futhermore, among the shape diagrams Doy, Das5, Dag, Dar, Dag and Doy that ob-
tain the best results for dispersion quantification and convexity discrimination, only
Doy, Dog and Doyg are based on known complete systems of inequalities. Observing
in details the representation of quantifications for these three shape diagrams, Doy
retained for shape discrimination of analytic simply connected compact sets, is also
retained for shape discrimination of discretized simply connected compact sets.

This analysis is summarized in Table 7.1.

Complete system
of inequalities

Non-complete system
of inequalities

Dis,

Elitg(?giination ’ Das, Das > Dy7, Day
Moderat D1, | Ds|, D11, | Do |, D

disocr?frirfation ’D:; ) b [Tz e D, ’
Wealk 7 D57 Dﬁa D147 7

discrimination

Table 7.1: Shape diagrams classification according to their quality of shape discrimination of dis-
cretized simply connected compact sets and according to the completeness of associated systems of
inequalities.
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8 GLOBAL SYNTHESIS FOR THE THREE PARTS OF THIS STUDY

For each part of this study [8, 9], the synthesis gives the shape diagrams that
provide the strongest shape discrimination. These are Dy and Dyy. Table 9.1
gathers the syntheses.

9 CONCLUSION

This paper has dealed with shape diagrams of 2D non-empty analytic and dis-
cretized simply connected compact sets built from six geometrical functionals: the
area, the perimeter, the radii of the inscribed and circumscribed circles, and the min-
imum and maximum Feret diameters. Each set is represented by a point within a
shape diagram whose coordinates are morphometrical functionals defined as normal-
ized ratios of geometrical functionals. From existing morphometrical functionals for
these sets, twenty-two shape diagrams can be built. A detailed comparative study
has been performed in order to analyze the representation relevance and discrimi-
nation power of these shape diagrams. It is based on the dispersion quantification
and convexity discrimination from compact set locations in diagrams. Among all the
shape diagrams, six present a strong convexity discrimination of sets, three are based
on complete system of inequalities. Among these three diagrams, the shape diagram
Doy : (A, R, P) is retained for its representation relevance and discrimination power.

The purpose of this paper was to present the third part of a general comparative
study of shape diagrams. The focus was placed on convexity discrimination of
analytic and discretized simply connected compact sets. The two first parts [8,
9] was restricted to the analytic compact convex and simply connected compact
sets, respectively. For an analytic set, the geometrical functionals were accurately
calculated. For a discretized set, they are estimated. Thus, in the discrete case, the
shape diagrams are based on estimated morphometrical functionals.

Actually, the authors work on the case of hollowed sets (analytic and discretized)
which is not specifically considered in this paper.



Complete system of inequalities

Non-complete system of inequalities

Analytic Analytic Analytic Analytic
compact simply connec- | Convexity compact simply connec- | Convexity
convex sets [§] ted compact sets | discrimination convex sets [§] ted compact sets | discrimination
19] 19]

SUWON8 Dy Dy, Doy, | Dy, Do, Dy Di3, Da1, D

discrimination ’ ’ ’ ’ ’ ’ D24, D267 Dgg DQ, DIS ’ ’ ’ D25, 2)277 D29
Do3 Day, Dog Doy

Moderate gl’ PD7’ ,D% Dlu D117 D127 D17 D37 D117 58’ IDY;?, %97 Dy. D Dy. D+12.D

discrimination 11, Dig, Doy, Dig D2, Do, Das 21, Das, Doz, 2, Das 2, D13, D2
Dag, Das Doy

Weak D47 D57 D67 D47 D57 D67 D47 D57 D67

discrimination | Dyg, D1a, D15, | D14, D15, Dig, | Dia, Dis, Dis, | Dan
Di6, Dao, D3 D3y Dy

Table 9.1: Shape diagrams classification according to their quality of shape discrimination and according to the completeness of associated systems of

inequalities.

8T

I'TONId "O-'f ANV ATAVIHAd ' “HAITTIOAIY 'S



SHAPE DIAGRAMS - CONVEXITY DISCRIMINATION 19

REFERENCES

[1] J.D. Boissonnat and M. Yvinec. Algorithmic geometry. Cambridge University
Press (1998).

[2] A. Cauchy. Notes sur divers théorémes relatifs a la rectification des courbes, et a
la quadrature des surfaces. Comptes-rendus a I’Académie des Sciences de Paris. 13:
1060-1063 (1841). Oeuvres complétes, Gauthier-Villars, Paris, 6: 369-375 (1888).

[3] M.W. Crofton. On the theory of local probability, applied to straight lines drawn
at random in a plane. Philosophical Transactions of the Royal Society of London.
158: 181-199 (1868).

[4] L.R. Feret. La grosseur des grains des matiéres pulvérulentes. Premiéres Com-
mumnications de la Nouvelle Association Internationale pour I’Essai des Matériaux.
Groupe D: 428-436 Ziirich (1930).

[5] R. Klette and A. Rosenfeld. Digital Geometry: Geometric Methods for Digi-
tal Picture Analysis. Morgan Kaufmann Publishers Inc. San Francisco, CA, USA
(2004).

[6] H. Poincaré. Calcul des Probabilités. (1896). Paris 1912, reprinted 1923.

[7] B.N. Raby, M. Polette, C. Gilles, C. Clavel, K. Strumane, M. Matos, J.M. Zahm,
F. Van Roy, N. Bonnet and P. Birembaut. Quantitative cell dispersion analysis: new
test to measure tumor cell aggressiveness. International Union Against Cancer. 93:
644-652 (2001).

[8] S. Rivollier, J. Debayle and J.C. Pinoli. Shape diagrams for 2D compact sets
- Part I: analytic convex sets. Australian Journal of Mathematical Analysis and
Applications. 7(2-3): 1-27 (2010).

[9] S. Rivollier, J. Debayle and J.C. Pinoli. Shape diagrams for 2D compact sets -
Part II: analytic simply connected sets. Australian Journal of Mathematical Analysis
and Applications. 7(2-4): 1-21 (2010).

[10] L.A. Santal6. Sobre los sistemas completos de desigualdades entre tres elementos
de una figura convexa plana. Math. Notae. 17: 82-104 (1961).

[11] D. Sharvit, J. Chan, H. Tek and B.B. Kimia. Symmetry-based indexing of image
databases. Visual Communication and Image Representation. 9: 366-380 (1998).

[12] J. Zunic and P.L. Rosin. A new convexity measure for polygons. IEEE Trans-
actions on Pattern Analysis and Machine Intelligence. 26: (7) 923-934 (2004).

ECOLE NATIONALE SUPERIEURE DES MINES DE SAINT-ETIENNE, CIS - LPMG, UMR CNRS
5148, 158 COURS FAURIEL, 42023 SAINT-ETIENNE CEDEX 2, FRANCE, TEL.: +33-477-420219
/ FAX: +33-477-499694,

E-mail address: rivollier@emse.fr ; debayle@emse.fr ; pinoliQemse.fr



