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Abstract 

A procedure to calculate the spatial fiber length in discontinuously reinforced composites 

from data of conventional metallographical images has been developed. The method is based 

on the following three assumptions: first, the measured length of a reinforcing fiber in a 

metallographical picture is a projection of the actual fiber length; second, the alignment of 

short fibers is axially symmetrical (for example, extruded composites in which the extrusion 

direction is a symmetry axis for the orientation of reinforcing fibers); third, for a 

representative number of fibers, the dependence of the projected length with the 

corresponding projected angle, along a given sample direction, is known. Either analytical or 

numerical solution can be found depending on the specific dependence of the projected length 

with the projected angle. This procedure has been applied to real 6061Al-15vol%SiCw 

composites obtained by a powder metallurgical route in which the final step for materials 

consolidation was extrusion of powder blends at different temperatures. 
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Introduction 

For predicting the mechanical properties of discontinuously reinforced metal matrix 

composites with short fibers; e.g., Al-SiCw, it is generally agreed that a very important 

mechanism in explaining the improved response of these materials (higher stiffness, yield 

stress, work hardening rate and strength) is the transfer of load from matrix to the rigid 

reinforcement (1-3). This mechanism is usually described either through Eshelby or Shear-

Lag models (4-11). In both cases, data of some microstructural parameters related to the 

reinforcement phase are required if reliable predictions of the mechanical properties are to be 

sought. These parameters include, volume fraction, aspect ratio, l/d (with l and d length and 

diameter of the fiber, respectively), and degree of alignment of the fibers with the applied load 

direction. Also, the degree of homogeneity of the reinforcement in the matrix plays an 

important role in the mechanical response of these composites (12, 13), but due to the 

intrinsic complexity of the mathematical treatment, it will not be treated here and, rather well 

homogeneous composites will be considered. 

Whereas the volume fraction does not depend on the fabrication procedure and is usually 

known from material specification, the aspect ratio of the short fibers and their degree of 

alignment are strongly dependent on the specific fabrication procedure and on the parameters 

involved in material preparation (14). For this reason, the mechanical properties of these 

composites are highly sensitive to the preparation procedures (15-17). Knowledge of the 

above two parameters requires, therefore, detailed measurements of a representative number 

of individual fibers. This operation is usually carried out directly from conventional 

observations in the optical or scanning electron microscope, SEM. 

It is usually asumed that the materials have perfectly aligned fibers when load transfer is 

calculated by either of the above two kind of models (Eshelby and Shear-Lag). This is 

because; first, it is difficult (or even unattainable) to obtain a complete and reliable description 

of the fiber alignment from conventional optical or scanning electron microscopy, 2D, and, 

second, it highly simplifies the mathematical treatment of the problem. The microstructure of 

real, 3D, composite materials is, however, far more complex. Typically, an unknown 

orientation distribution function, rather than perfectly aligned fibers (Dirac´s delta function), 

gives a proper description of fiber alignment. That is to say, the reinforcement is not perfectly 

aligned but misaligned to a certain degree, with a specific sample direction. 
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The results obtained from a two dimensional, 2D, description are very close to the 3D 

function in the case of well aligned fibers if the appropriate metallographical section is 

prepared. However, they become increasingly unreliable as the misalignment rises, since 

projections of the fiber length and misorientation angle are actually being measured. 

It is, therefore, of prime interest to develop a procedure which provides a 3D microstructural 

description of discontinuously reinforced composites in the light of common 2D 

metallographical observations. This is the purpose of the present investigation. The procedure 

described here will be applied to materials with an axial symmetry of the reinforcement 

orientation for which either an analytical or numerical solution can be obtained. This is the 

case when composites preparation involves extrusion into bars. Due to the axial symmetry 

imposed by this deformation process, fiber alignment achieves an axi-symmetrical 3D 

distribution in which the extrusion direction is the symmetry axis. The method described will 

be applied to some real 6061Al-15vol%SiCw composites obtained by a powder metallurgical 

route in which the final step for materials preparation was extrusion of powder blends at 

different temperatures. 

 

Analytical procedure 

Let us assume a metallographical section prepared on a surface containing the symmetrical 

axis of the sample. For a metallographic preparation in which fiber length is not modified 

(e.g. by polishing with diamond paste and/or silicon colloidal on a soft polishing cloth), 

individual fibers must jut out from the metallic matrix surface (metallographical plane) (18, 

19). The main parameters that can be measured are: the projected length, l´, of the fiber and 

the angle,  ´, of the fiber with the symmetry axis, as shown in the scheme of Figure 1. This 

figure also shows the azimuth angle,  . From elementary trigonometry we have, 

 

 
cos
cos 

θ
θ ′′= l l   [1a] 

θβθ tgcos  tg ⋅=′   [1b] 

( ) 2
12tg1

1cos
θ

θ
′+
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where,  /2       ´   0. 
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From equations [1b] and [1c], 

( ) 2
122 tgcos1

1cos
θβ

θ
⋅+

=′   [2] 

Replacing [2] into [1a], it is possible to get the dependence of the spatial length, l, with the 

projected length, l', in terms of   and  : 

( )
1

2
122 tgcos1cos 

−

⎥⎦
⎤

⎢⎣
⎡ ⋅+⋅⋅′= θβθll   [3] 

It can be seen from this equation, as well as directly from Figure 1, that both,   and  , besides 

the projected length l', are needed to calculate l for any given fiber. If a large number of fibers 

are measured, a representative value of l' as a function of the angle  ' is obtained. Then, l and l' 

in equation [3] can be replaced by l'( ´) and l( , ), respectively. So, the following correlation 

between values in three dimension (l,   and  ) and their projections in two dimensions (l',  ') is 

derived from equation [3]. 

( ) ( ) ( )βθβθθ ,, Lll ⋅=′′   [4] 

where 

( ) ⎥⎦
⎤

⎢⎣
⎡ ⋅+⋅= 2

122 tgcos1cos),( θβθβθL  

From equation [4], and using equation [1b], the following relation can be obtained, 

( ) ( ) ( )[ ] ( )( ) ( )
1

2
12211 tgcos1costgcostg,, 

−
−−

⎥⎦
⎤

⎢⎣
⎡ ⋅+⋅⋅⋅′=⋅′′= θβθθβθβθβθ lLll   [5] 

Equation [5] describes the dependence of the spatial length function on   and  , i.e. l( ,  ), using 

l'( ´), which is the measurable data for a representative number of fibers obtained through 

metallographical sections. 

In order to find a solution for equation [5] further hypotheses on   are required. This is 

because it is not possible to calculate the three dimensional length in terms of only the two 

dimensional projection of the above magnitudes. From a metallographical section it is 

possible to determine l' and  ', but not   and  . 

The fact that a large number of short fibers is taken into account for the analysis of the spatial 

length distribution allows us to select the necessary hypothesis to obtain l( ,  ). In axially 
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symmetrical materials, each fiber may lie at a given angle   with the extrusion axis, but its 

length, l, does not depend on the azimuth angle because of the symmetry around the extrusion 

axis  Therefore, the average value of l over    for a given    ( )θl   can be obtained by simple 

integration of equation [5]. 

( ) ( )[ ] ( )[ ]
( )

β
θβ

θβ
θπβ

βθ
θβθ

ππ

dld
L

ll ∫∫
⋅+

⋅′
=⋅′

=
−− 2

0 2
122

12

0

1

tgcos1

tgcostg
cos2

1
),(

tgcostg  [6] 

For materials in which an analytical expression for l'( ´) cannot be obtained or the resulting 

integral cannot be solved by a straightforward way, it is always possible to reach a solution of 

equation [6] by numerical integration. In the simplest case in which l'( ´) is a constant, 

l'( ´)=R, the integral of equation [6] can be reduced to a first class complete elliptical integral 

( )2,sin πθF  (see appendix): 

( )
( )

( )2,sin2

sinsin1

2 
2

0 2
122

πθ
πβθ

β
π

θ
π

FRdRl =
⋅−

= ∫   [7] 

The values for ( )2,sin πθF  are tabulated and can be obtained from an applied mathematics 

handbook (20). 

Figure 2 shows the dependence of the average length of the short fibers, in arbitrary units, 

with the misorientation angle, ( )θl   for the case in which l'( ´)=R; i.e., constant projected 

length (R=1 in arbitrary units). As can be seen, at low angles, both projected and actual 

lengths are very similar, but they strongly diverge with increasing the misorientation angle. 

 
Application to real composites and discussion 

In previous work, the influence of extrusion temperature, Text, on the microstructure and the 

texture of 6061Al-15vol%SiCw composites was investigated (14). It was seen that the 

extrusion process results in the alignment of a number of fibers with the extrusion flow 

direction, most of them remaining aligned at random. The extrusion temperature, Text, mostly 

influenced the degree of whisker orientation, which follows a Gaussian distribution function, 

I( )=a exp(-b  2), where a and b are constants, specifically of the SiC whiskers distribution in 
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each composite. The extrusion temperature, however, had little effect on the relative amount 

of oriented versus misoriented whiskers. 

Table 1 summarizes Text, the volume fraction of whiskers which are aligned with the extrusion 

axis, Fv (the remaining fraction, 1-Fv, refers to whiskers randomly oriented in the aluminum 

matrix or equiaxed SiC particles), and the parameters a and b of the Gaussian distribution 

function. The trend of SiC whiskers to be aligned with the extrusion axis can be seen in 

Figure 3. This figure, an inverse stereographic triangle for the extrusion axis (inverse pole 

figure), corresponds to the SiC phase of the composite material extruded at 498ºC. It was 

obtained by x-ray diffraction texture analysis as described in (14). Since the SiC whiskers are 

single crystals in which the crystallographic <111> is parallel to the long direction of the 

fiber, the intensity of the contours levels of such an inverse pole figure is directly related to 

the relative number of SiC whiskers misaligned at a given angle    with the extrusion axis. As 

can be seen from Figure 3, a maximum is obtained on the <111> corner of the stereographic 

triangle showing the trend of the SiC short fibers to be aligned with the extrusion axis. Figure 

3 also shows the axial symmetry of the oriented population of SiC whiskers around the 

extrusion axis. 

For the purpose of measuring l', and  ´ of individual short fibers in these four composites, a 

representative number of SiC whiskers have been analyzed in each material by means of 

quantitative metallography following a procedure similar to that used by Morimoto et al (18). 

Measurements were conducted on SEM images at X3000 magnification. It is assumed here, 

however, that part of the whisker is embedded in the matrix. On average, it can be assumed 

that ½ of the total length of the fiber juts out from the surface if no fiber breakage occurs 

during metallographical preparation. Figure 4 shows a longitudinal SEM micrograph of the 

composite extruded at 498ºC and the processed image used to carry out the measurements of 

l', and  '. Data was obtained using appropriate image analyzer software. A representative 

number of whiskers ( 600), with a minimum aspect ratio of about 1.5, were measured in each 

composite. 

Data of l' are shown in the plots of Figure 5. This figure presents average values of l' for each 

material as a function of  ´. As can be seen, l' is barely affected by Textr which leads to an 

average projected whisker length of about 1.75  m for all composites (projected aspect ratio 

about 4). It can also be seen that there is little variation of l' with  ' in the materials extruded at 
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low temperature, C32 and C34, whereas there is a slight tendency to decrease l' with the 

increase in  ' as extrusion temperature is raised, C38 and C45. 

Since the composite microstructure has axial symmetry around the extrusion axis, the actual 

length, l, does not depend on the azimuth angle,  , and its dependence with misorientation 

angle,  , can be obtained from equation [7]. 

The results from numerical integration of equation [7] for the four composites investigated are 

shown in Figure 6. It is observed that fiber length, l, increases with misorientation angle  , in 

all materials, and does not depend on the extrusion temperature, showing that the orientation 

process of short SiC fibers during composite extrusion is a source of fiber breakage. As stated 

in a previous work (14), plastic flow during extrusion at the microscopic scale occurs in a 

rather turbulent manner, and results in a Gaussian orientation distribution function for 

oriented fibers. Hence, the larger the rotation a whisker should undergo, the higher the 

probability of whisker breakage during rotation. 

It is finally worth mentioning the importance of careful sample metallographical preparation 

for reliable measurements. In other words, breakage of jutted out fibers should be avoided 

during sample preparation for a reliable three dimensional measurement. 

 

Summary 

In this work, a method to calculate the actual fiber length from data of two dimensional 

metallographical images in discontinuously reinforced composites has been developed. The 

following three assumptions should be made: 

1.- The measured length of any given individual fiber is a projection on the micrograph plane 

of the actual length of the reinforcing fiber. 

2.- Alignment of short fibers is axially symmetrical. Such is the case for extruded composites 

into cylindrical bars in which the extrusion direction is a symmetry axis for the orientation of 

the reinforcing fibers. 

3.- The dependence of projected length with projected angle on a given sample direction for a 

representative number of fibers is known, either in analytical or numerical form. 

The method has been applied to real composite materials obtained by powder metallurgy 

involving axially symmetrical extrusion as the final step in their preparation. The results show 
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that the fiber rotation during the extrusion process is a source of fiber breakage in the course 

of composite fabrication. 
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Appendix 

The following relations allow to state equation [6] in terms of a complete first class elliptical 

integral, equation [7] by means of basic trigonometry: 

 
( ) =⋅−+=⋅−+=⋅+ θβθθβθβ 2222222 tgsintg1tgsin11tgcos1  

 

=⋅−=⋅−+=
θ

θβ
θθ

θβ
θ
θ

θ
θ

2

22

22

2
2

2

2

2

2

cos
sinsin

cos
1

cos
sinsin

cos
sin

cos
cos  

 
Therefore: 

( )θβ
θ

θβ 22
2

22 sinsin1
cos

1tgcos1 ⋅−=⋅+  
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Material code Text (ºC) Fv (%) a b 

C32 300 26 0.742 5.493 
C34 359 25 0.972 7.762 
C38 498 31 2.511 17.552 
C45 532 31 1.635 10.841 

 

Table 1.- Extrusion temperature, Text, volume fraction of whiskers which are aligned with the 
extrusion axis, Fv (the remaining fraction, 1- Fv, are whiskers randomly oriented in the 
aluminum matrix), and the parameters a and b of the Gaussian function which determine the 
level of alignment of the population of oriented of whiskers of the 6061Al-15vol%SiCw 
composites investigated (14). 
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List of Figures 
 
Figure 1.- Schematic view of the jutted out part of a fiber of length l misaligned an angle   
with the symmetry axis. The corresponding projected length and projected angle on the 
metallographical plane (l' and  ´, respectively) and the azimuth angle,    are also shown. 
 
Figure 2.- Variation of the real spatial length, l, of individual fibers as function of their angle   
with the symmetry axis for the case in which the projected length, l', is constant with the 
projected angle  ´. In this case, an analytical solution of equation [5] can be found. 
 
Figure 3.- Inverse stereographic triangle (inverse pole figure of the extrusion axis) 
corresponding to the reinforcing phase of one of the SiC reinforcing 6061Al composites 
investigated (C38). It is seen the trend of the whiskers axis (<111> crystallographic direction) 
to align with the extrusion axis leading to a fiber texture on the reinforcing phase in these 
composites. 
 
Figure 4. Scanning electron micrograph showing a longitudinal section of the composite C38, 
extruded at 498ºC, and the corresponding processed picture used to measure l' and  ´ 
(extrusion direction is the horizontal). 
 
Figure 5.- Projected whisker length, l', (average) as a function of  ´, the projected angle with 
extrusion axis. Measurement dispersion is given at each angle. 
 
Figure 6.- Real whisker length, l, and projected whisker length, l', as a function of the 
misorientation angle,     with the symmetry (extrusion) axis for the four composites 
investigated. 
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