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A bidimensional analysis of 6 mm hexagonal resonators is described using a double orthonormal
basis set for the expansion of field quantities. The analysis takes into account the electrical voltage
source and by means of a unique formalism along with a single calculation restitutes all the types
of resonance whatever the thickness to width ratio value through either modal solutions or electrical
impedance. An illustrative example gives the capabilities of the method to investigate spurious
modes in laterally bounded resonators. © 2010 American Institute of Physics.
�doi:10.1063/1.3504611�

I. INTRODUCTION

The demand for monolithic integration of acoustic wave
resonators as core components in mobile communication
systems call for efficient tools of simulation. One-
dimensional �1D� models allow only a partial description of
resonator’s performances. A full description requires to take
into account the finite lateral dimensions of the resonator
what can be done with two-dimensional �2D� and/or three-
dimensional analytical models.1–4 However, these models are
computationally intensive, time consuming, and require a
large amount of memory space. Thus, semianalytical models
are highly desirable. We propose here a Legendre
polynomial-based 2D semianalytical approach able to take
into account a finite lateral dimension.

Up to now, the Legendre polynomial method was only
applied to 1D modeling.5 An extended formulation is pre-
sented here for 2D modeling. The method uses constitutive
and propagation equations to describe the structure. The
boundary conditions and the electrical source are incorpo-
rated into the field equations and are automatically accounted
for.5,6 The equations are solved by expanding each mechani-
cal displacement component and electrical potential in a
double series made up of products of Legendre polynomials.
Both the harmonic and modal analyses are then studied
through a unique formalism.5,6

In Sec. II, the mathematical modeling is described in
detail. The resolution method that allows reducing the com-
puting time and improving the calculation accuracy is given.
In Sec. III, the method is applied for validation to well-
known cases where solutions are available either in literature
or through approached analytical models or in literature for
Lead Zirconate Titanate PZT5H. Then a ZnO homogeneous
resonator is considered as illustrative example in order to
emphasize the capabilities of the method. A brief conclusion
is given in Sec. IV.

II. MATHEMATICAL FORMULATION

A. Structure

The studied structure is a piezolayer sandwiched be-
tween two infinitely thin electrodes assumed to be perfect
conductors, driven by a voltage source as shown in Fig. 1.
The coordinate axes x1, x2, and x3 coincide with the crystal
axes X, Y, and Z and the x3 axis is normal to the layer. The
media occupies the space −L1 /2�x1�+L1 /2, −L3 /2�x3

�+L3 /2 and is assumed to be infinite along x2–direction. It
is characterized by its mass density, �, stiffness tensor at
constant electric field, c, elastic viscosity tensor, �, piezo-
electric tensor, e, and permittivity tensor at constant strain, �.
Superscripts E on c and S on � are omitted for simplicity.
Throughout this paper, exp�i�t� time dependence is implicit.

B. Constitutive equations

Within the piezoelectric material, an electromechanical
coupling phenomenon occurs. This phenomenon is defined
by the constitutive equations:

Tac = cacbd
�ub

�xd
+ edac

��

�xd
, �1a�

a�Electronic mail: jean-etienne.lefebvre@univ-valenciennes.fr. FIG. 1. Schematic view of the resonator.

JOURNAL OF APPLIED PHYSICS 108, 104904 �2010�

0021-8979/2010/108�10�/104904/8/$30.00 © 2010 American Institute of Physics108, 104904-1

http://dx.doi.org/10.1063/1.3504611
http://dx.doi.org/10.1063/1.3504611
http://dx.doi.org/10.1063/1.3504611


Dc = ecbd
�ub

�xd
− �cd

��

�xd
, �1b�

where ub represents the components of particle displacement,
Tac and Dc are the stress and electrical displacement, and �
is the electric potential. The subscripts a, b, c, and d take on
the values 1, 2, and 3 and summation over repeated sub-
scripts is implied throughout this paper, unless otherwise
specified.

C. Equations of motion

The field equations governing wave propagation in pi-
ezoelectric media are given by:

�Tac
S

�xc
= − �S�2ua, �2a�

�Dc
S

�xc
= 0, �2b�

where the superscript s denotes the global structure.
The boundary conditions require that: �i� the normal

component of the stress should be zero at the mechanically
free surfaces; �ii� the normal component of the electrical dis-
placement should be zero at the lateral surfaces; �iii� the
component of the electrical displacement should be free at
the metalized surfaces. The changes in variables q1

= �2x1 /L1� and q3= �2x3 /L3� are introduced for mathematical
convenience.

D. Analytical solutions

In order �i� to describe the structure and �ii� to automati-
cally incorporate the boundary conditions at the outer
surfaces,5,6 the rectangular window function � defined as
follows:

��qc� = �1 if − 1 	 qc 	 1

0 otherwise
� , �3�

is introduced into the propagation Eqs. �2a� and �2b�.This
gives:

2

Lc

�

�qc
�Tac��q1���q3�� = − �2���q1���q3�ua, �4a�

2

Lc

�

�qc
�Dc��q1��
c1 + 
c3��q3��	 = 0, �4b�

where 
ab is the Kronecker symbol defined as:


ab = �1 if a = b ,

0 if a � b .
� �5�

The derivatives of the rectangular window functions
give rise to delta functions 
�qa�1� multiplying the normal
electric displacement component at lateral surfaces and the
normal stress component at the mechanically free surfaces
thus ensuring that D1�q1= �1�=0 and Tac�qa= �1�=0.

For mathematical and programming convenience, we
adopt the normalized physical constants:

c̄acbd =
cacbd

c33
D , �̄acbd =

�acbd�L

c33
D ,

ēcbd =
ecbd


c33
D �33

, �̄cd =
�cd

�33
,

where �L is the 1D thickness resonance angular frequency:

�L =
�

L3


c33
D

�
and c33

D = c3333 +
e333

2

�33
.

We also assume that the crystal of the piezolayer is a
hexagonal 6 mm class crystal with a complex normalized
elastic stiffness c̄acbd� = c̄acbd+ i�̄acbd
 where 
 denotes the
normalized angular frequency defined by 
=� /�L.

Under these conditions, substituting Eqs. �1a� and �1b�
into Eqs. �4a� and �4b� gives:

L3

Lc

�

�qc
��L3

Ld
c̄acbd�

� ūb

�qd
+

1

r

L3

Ld
ēdac

��

�qd
���q1���q3��

= −
�2

4

2ūa��q1���q3� �6a�

L3

Lc

�

�qc
��r

L3

Ld
ēcbd

� ūb

�qd
−

L3

Ld
�̄cd

��

�qd
�

���q1��
c1 + 
c3��q3��� = 0 �6b�

with r=10−10
c33
D /�33 �V Å−1� and ūa=ua�m��1010. More-

over, the subscripts a, b, c, and d take on only the values 1
and 3.

Since the field quantities are assumed to exist only
within the structure, they may be expanded in terms of a
complete orthonormal set of functions chosen according to
the geometry of the structure. Therefore, the mechanical dis-
placement components and the electric potential are ex-
panded as follows:

ūb�q1,q3� = pmn
b Qm�q1�Qn�q3� , �7a�

��q1,q3� =
V

2
q3

3 + �q3
2 − 1�rmnQm�q1�Qn�q3� , �7b�

with

Qk�qa� =
2k + 1

2
Pk�qa� ,

where Pk denotes the kth Legendre polynomial. The expan-
sion coefficients pmn

b and rmn are in angstrom and in volt,
respectively. The electric potential �7b� is expressed in such a
way that allows to automatically incorporate the electric
source ��q3=1�−��q3=−1�=V in the propagation equations
and where the rmn’s are devoted to fitting of the electric
potential gradient within the structure.5

Substituting the particle displacement �7a� and electric
potential �7b� into Eqs. �6a� and �6b�, multiplying by Qj and
Qk and integrating over q1 and q3 from �1 to +1, we finally
obtain an infinite system of linear equations with pmn

b as un-
knowns and 
 as parameter:
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− 
2MMjkmnpmn
a = �AAjmkn

ab + i
NNjmkn
ab �pmn

b + BBjmkn
a rmn

+ EEjk
a V , �8a�

CCjmkn
b pmn

b − DDjmknrmn − FFjkV = 0. �8b�

The matrices MMjkmn, NNjmkn
ab , AAjmkn

ab , BBjmkn
a , CCjmkn

b ,
DDjmkn, EEjk

a , and FFjk are evaluated in Appendix.
Substituting Eqs. �8b� into �8a� yields:

�AAjmkn
ab + BBjmkn

a DDjmkn
−1 CCjmkn

b + i
NNjmkn
ab �pmn

b

+ �EEjk
a − BBjmkn

a DDjmkn
−1 FFjk�V = − 
2MMjmknpmn

a . �9�

According to Ampere’s law, the displacement current
density through the piezolayer is:

J�q1,q3� = i�D3�q1,q3� , �10a�

and the current that flows through the metallic electrode of
area S is given by:

I�q3� = − i�
 

�S�

D3�q1,q3�dS . �10b�

Using the expression of D3 defined in �1b�, and calculat-
ing the spatial average current I over the piezolayer thick-
ness, we obtain:

I = iC0��V −
r

2
GGmn

b pmn
b � , �10c�

where C0=�33 /� is the static capacitance with �=L1 /L3, pmn
b

is the solution of �9�, and the factor GGmn
b is evaluated as

indicated in the Appendix.

1. Harmonic analysis

Our goal is to calculate the electric input admittance of
the micro electromechanical system �MEMS� resonator Y ex-
pressed in a normalized form:

Ȳ = Y/iC0� , �11�

with Y = I /V.
Dividing the electric current I in �10c� by the applied

voltage V, the normalized electric input admittance is given
by:

Ȳ = 1 −
r

2V
GGmn

b pmn
b . �12�

2. Modal analysis

The aim is to find out the resonance and antiresonance
frequencies and the associate field profiles within the struc-
ture. Modal analysis is a specific case of harmonic analysis
obtained by canceling the electric source voltage. Since the
resonance frequencies do not depend on the viscosity tensor,7

we can simplify the problem by considering a lossless reso-
nator ��=0 thus NNjmkn

ab =0�.

�1� Normalized resonance frequencies:
To obtain the normalized series resonance frequen-

cies 
r, we turn off the voltage source �V=0� in �9�.
This yields:


r
2
bapmn

b = − �MMjmkn�−1�AAjmkn
ab

+ BBjmkn
a DDjmkn

−1 CCjmkn
b �pmn

b . �13�

�2� Normalized antiresonance frequencies:
Similarly, to find out the normalized antiresonance

frequencies 
p, the electric current source should be
vanished �I=0�. Consequently, �10c� becomes:

V =
r

2
GGmn

b pmn
b . �14�

Substituting �14� into �9�, the normalized antiresonance
frequencies 
p are given by:


p
2
bapmn

b = − �MMjmkn�−1�AAjmkn
ab

+ BBjmkn
a DDjmkn

−1 CCjmkn
b +

r

2
HHjk

a GGmn
b �pmn

b .

�15�

with HHjk
a =EEj

a−BBjmkn
a DDjmkn

−1 FFj.
In both cases, the eigenvectors pmn

b allow the field pro-
files associated to the resonance and anti-resonance frequen-
cies to be calculated.

III. NUMERICAL RESULTS

The fields are expanded in an infinite series of orthonor-
mal polynomials. In practice, the infinite summations are
truncated to finite values M and N when higher-order terms
become essentially negligible. Depending on the analysis
type, the problem requires a system of �M +1�� �N+1� lin-
ear equations with �M +1�� �N+1� unknowns for the har-
monic analysis or an eigenvalue system with �M +1�� �N
+1� eigenmodes for the modal analysis to be solved. The
solutions to be accepted are those for which convergence is
obtained as M and N are increased.8–11

In order to reduce the computational time and to im-
prove the calculation accuracy, the symmetry of fields is
exploited.11

A. Approach validation

In order to check the effectiveness of the proposed
model and to validate our computer program, it is applied to
solving problems with geometrical configurations where ap-
proached analytical solutions are easy to establish or where
solutions are available in literature. Modes are calculated for
a ZnO resonator with four geometries:

�1� A ZnO homogeneous resonator with �=0 �1D case�;
�2� A ZnO homogeneous resonator with ��1 �thin plate

case�;
�3� A ZnO homogeneous resonator with ��1 �bar case�;
�4� A PZT5H homogeneous resonator with L1=1.53 mm

and L3=0.7 mm.12

In every case, the normalized electric input admittance is
presented and compared with that of the approached analyti-
cal method.11 For the first three geometries, the resonance
and antiresonance frequencies are also given and compared
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with the analytically determined ones. The associated rela-
tive accuracy is calculated as follows for, respectively, the
resonant and antiresonance normalized frequencies:

�r�%� = 100� �
r�an − �
r�pol

�
r�an
� , �16a�

�p�%� = 100� �
p�an − �
p�pol

�
p�an
� , �16b�

where the subscripts an and pol represent the analytical and
polynomial results, respectively. The material constants used
in simulations are shown in Table I.

1. A ZnO homogeneous resonator with �=0: 1D case

In the case, �=0, we check out the capability of the
method to restitute the 1D thickness resonances �see Fig. 2
and Tables II and III�.

2. A ZnO homogeneous resonator with �™1: Thin
plate case

In the case, ��1, we check out the capability of the
approach to restitute the lateral resonances �see Fig. 3 and
Tables IV and V�.

As the lateral dimension is much greater than the thick-
ness one, we obtain very low normalized frequencies.

3. A ZnO homogeneous resonator with �š1: Bar case

In this case, with ��1, as the lateral dimension is much
smaller than the thickness one, we obtain normalized fre-
quencies in the same range as thickness resonance frequen-
cies �see Fig. 4 and Tables VI and VII�.

The Tables II–VII and the Figs. 2–4 illustrate the nor-
malized resonance and antiresonance frequencies and nor-
malized admittances of resonator. Agreement between ap-

TABLE I. The material constants used in simulations.

Parameters Symbols ZnO

Mass density �103 kg m−3� � 5.676

Elastic stiffness �1010 N m−2� c �
20.97 12.11 10.51 0 0 0

12.11 20.97 10.51 0 0 0

10.51 10.51 21.09 0 0 0

0 0 0 4.25 0 0

0 0 0 0 4.25 0

0 0 0 0 0 4.43

�
Elastic viscosity �10−3 Pa s� � �

11.96 11.02 11.02 0 0 0

11.02 11.96 11.02 0 0 0

11.02 11.02 11.96 0 0 0

0 0 0 0.472 0 0

0 0 0 0 0.472 0

0 0 0 0 0 0.472

�
Piezoelectric constant �C m−2� e � 0 0 0 0 − 0.59 0

0 0 0 − 0.59 0 0

− 0.61 − 0.61 1.14 0 0 0
�

Permittivity �10−10 F m−1� � �0.738 0 0

0 0.738 0

0 0 0.783
�

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5

10
−1

10
0

10
1

Ω

N
o
rm

a
liz

e
d

a
d
m
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ta

n
c
e

analytical

polynomial

FIG. 2. �Color online� 1D Normalized admittance of ZnO resonator ��=0:
1D case�.
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TABLE II. 1D normalized resonance frequency of ZnO resonator ��=0�.

Modes �
r�an �
r�pol

�r

�%�

1 0.9695 0.9695 0.00
3 2.9901 2.9901 0.00
5 4.9941 4.9941 0.00
7 6.9958 6.9958 0.00
9 8.9967 8.9967 0.00

TABLE III. 1D normalized antiresonance frequency of ZnO resonator
��=0�.

Modes �
p�an �
p�pol

�p

�%�

1 1.00 1.00 0.00
3 3.00 3.00 0.00
5 5.00 5.00 0.00
7 7.00 7.00 0.00
9 9.00 9.00 0.00

TABLE IV. Normalized resonance frequency of ZnO resonator ��=0.02�.

Modes �
r�an �
r�pol

�r

�%�

1 0.0166 0.0166 0.00
3 0.0499 0.0499 0.00
5 0.0832 0.0832 0.00
7 0.1164 0.1164 0.00
9 0.1497 0.1497 0.00

TABLE V. Normalized antiresonance frequency of ZnO resonator
��=0.02�.

Modes �
p�an �
p�pol

�p

�%�

1 0.0173 0.0173 0.00
3 0.0519 0.0519 0.00
5 0.0865 0.0865 0.00
7 0.1211 0.1211 0.00
9 0.1558 0.1558 0.00

TABLE VI. Normalized resonance frequency of ZnO resonator ��=200�.

Modes �
r�an �
r�pol

�r

�%�

1 0.8453 0.8453 0.00
3 2.5359 2.5359 0.00
5 4.2264 4.2264 0.00
7 5.9170 5.9170 0.00
9 7.6076 7.6076 0.00

TABLE VII. Normalized antiresonance frequency of ZnO resonator
��=200�.

Modes �
p�an �
p�pol

�p

�%�

1 0.9001 0.9001 0.00
3 2.7004 2.7004 0.00
5 4.5006 4.5006 0.00
7 6.3010 6.3010 0.00
9 8.1012 8.1012 0.00

0 0.02 0.04 0.06 0.08 0.1

10
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10
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10
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FIG. 3. �Color online� Normalized admittance of ZnO resonator ��=0.02:
thin plate case�.
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FIG. 4. �Color online� Normalized admittance of ZnO resonator ��=200:
bar case�.
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proached analytical results and our 2D polynomial results is
quite good. This validates our model and our software pro-
gram for extreme geometries.

4. A PZT5H homogeneous resonator with L3=0.7 mm
and L1=1.53 mm

With this example, we check out the capability of our
approach to restitute the resonances for an intermediate ge-
ometry.

The Table VIII shows the resonance and antiresonance
frequencies of a 0.7 mm thick and 1.53 mm wide PZT5H
resonator. Here again, comparison of our polynomial results
against the experimental and theoretical ones taken from lit-
erature reveals a very good agreement.

The good agreement for any value of the thickness to
width ratio definitely validates our bidimensional approach
and the associate program. It is noteworthy to mention that
this latter restitutes, in a single calculation, all the types of
resonance modes: thickness, lateral, and bar modes.

B. Model exploitation

We propose here to illustrate the capabilities of our ap-
proach with regard to a 2 �m thick and 200 �m wide lossy
resonator. The losses are incorporated through a complex
normalized elastic stiffness as described previously thanks to
the quality factor Qu=1 / �̄33=1912.8.

The Fig. 5 shows the calculated normalized admittances
for two BAW resonators, laterally bounded and unbounded,
respectively. The laterally bounded resonator exhibits para-
sitic lateral resonances. The computation time, for 1200

points and truncation orders M =N=9, is about 5 min for an
ordinary laptop computer: CPU Intel Pentium IV and
memory size 1 GB. This allows to consider, with our ap-
proach, rapid and precise optimization of resonators, what-
ever the thickness/width ratio value.

The Table IX shows the resonance and antiresonance
frequencies of ZnO resonator with truncation orders M =N
=9. Modal results are consistent with harmonic ones. The
Fig. 6 shows the particle displacement profiles at the normal-
ized resonance frequencies 0.9696 and 0.9730, respectively.
The top figure displays the main thickness resonance, the
bottom one displays the main thickness resonance along with
a lateral spurious mode.

For a laterally bounded resonator, according to
Rosenbaum,13 the resonance frequencies are given by:

fr
m,n �

mVL

2L3
�1 + � nL3

mL1
�2�1/2

, �17�

where VL represents the velocity of the longitudinal mode. If
L1�L3, as in our previous illustration, the resonance fre-
quency for the first mode �m=1� is given by:

fr
1,n �

mVL

2L3
�1 +

n2

2
�L3

L1
�2�, n = 1,3, . . . . �18�

TABLE VIII. Resonance and antiresonance frequencies of PZT5H resona-
tor.

Results Modes
Resonance

�MHz�
Antiresonance

�MHz�

Experimentala 1 0.91 1.22
3 2.45 2.51

Theoreticala 1 0.99 1.29
3 2.47 2.49

Polynomial 1 0.94 1.26
3 2.43 2.46

aReference 12.

0.94 0.96 0.98 1 1.02 1.04
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FIG. 5. �Color online� 1D and 2D normalized admittances of ZnO lossy
resonators.

TABLE IX. Normalized resonance and antiresonance frequencies of ZnO
resonator �L1=200 �m and L3=2 �m�.

Modes Resonance Antiresonance

1 0.9696 0.9701
3 0.9730 0.9752
5 0.9770 0.9816
7 0.9867 0.9904
9 0.9995 1.0070
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FIG. 6. �Color online� Particle displacement u3 profiles into ZnO resonator
for 
r=0.9696 and 
r=0.9730.
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Our method and the associated program provide an op-
timization tool by which it is possible to choose the lateral
dimensions to remove the spurs from the operating region of
interest.

IV. SUMMARY

In this paper, we have extended the Legendre polyno-
mial approach to study 2D structures with full metallization
in order to take into account the lateral resonances. The de-
scription of the structure, the boundary conditions, and the
electrical voltage source are directly incorporated into the
propagation equations yielding a unique formalism allowing
both harmonic and modal analyses. All the types of reso-
nance, thickness modes, bar modes, anharmonic modes,
whatever the thickness to width ratio value, are restituted
through a single calculation. The approach was validated by
comparing its predictions with results from literature or ap-
proached analytical models. The ZnO resonator was dealt
with as an illustrative example in order to emphasize the
capabilities of the method with regard to spurious modes in
laterally bounded resonators. The method may be extended
to partially metalized resonator. It is hoped to consider this
problem in a subsequent paper.

APPENDIX: MATRICES OF THE INFINITE SYSTEM OF
LINEAR EQUATIONS
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0 + ē31J2 jm
0 �J2kn

0 ,

CCjmkn
3 = r��2ē15J5 jm
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